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PREFACE 


T his book has beea designed with two objects in view. The first is the 
development of applications of the fundamental processes of the theory of 
functions of complex variables. For this purpose Bessel functions are admirably 
adapted; while they offer at the same time a rather wider scope for the appli- 
cation of parts of the theory of functions of a real variable than is provided by 
trigonometrical functions in the theory of Fourier series. 

The second object is the compilation of a collection of results which would 
be of value to the increasing number of Mathematicians and Physicists who 
encounter Bessel functions in the course of their researches. The existence of 
such a collection seems to be demanded by the greater abstruseness of properties 
of Bessel functions (especially of functions of large order) which have been 
required in recent years in various problems of Mathematical Physics. 

While my endeavour has been to give an account of the theory of Bessel 
functions which a Pure Mathematician would regard as fairly complete, I have 
consequently also endeavoured to include all formulae, whether general or 
special, which, although without theoretical interest, are likely to be required 
in practical applications; and such results are given, sq far as possible, in a 
form appropriate for these purposes. The breadth of these aims, combined 
with the necessity for keeping the size of the book within bounds, has made 
it necessary to be as concise as is compatible with intelligibility. 

Since the book is, for the most part, a development of the theory of func- 
tions as expounded in the Course of Modern Analysis by Professor Whittaker 
and myself, it has been convenient to regard that treatise as a standard work 
of reference for general theorems, rather than to refer the reader to original 
sources. 

It is desirable to draw attention here to the function which I have regarded 
as the canonical function of the second kind, namely the function which was 
defined by Weber and used subsequently by Schlafli, by Graf and Gubler and 
by Nielsen. For historical and sentimental retusons it would have been pleasing 
to have felt justified in using Hankel’s function of the second kind; but three 
considerations prevented this. The first is the necessity for standardizing the 
function of the second kind; and, in my opinion, the authority of the group 
of mathematicians who use Weber’s function has greater weight than the 
authority of the mathematicians who use any other one function of the second 
kind. The second is the parallelism which the use of Weber’s function exhibits 
between the two kinds of Bessel functions and the two kinds (cosine and sine) 
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of trigonometrical functions. The third is the existence of the device by which 
interpolation is made possible in Tables I and III at the end of Chapter XX, 
which seems to make the use of Weber’s function inevitable in numerical work. 

It has been my policy to give, in connexion with each section, references 
to any memoirs or treatises in which the results of the section have been 
previously enunciated; but it is not to be inferred that proo& given in thin 
book are necessarily those given in any of the sources cited. The bibliography 
at the end of the book has been made as complete as possible, though doubtless 
Omissions will be found in it. While I do not profess to have inserted every 
memoir in which Bessel fiinctions are mentioned, I have not consciously omitted 
any memoir containing an original contribution, however slight to the theory 
of the functions; with regard to the related topic of Riccati’s equation, I have 
been eclectic to the extent of inserting only those memoirs which seemed to 
be relevant to the general scheme. 

In the case of an analytical treatise such as this, it is probably useless to 
hope that no mistakes, clerical or other, have remained undetected; but the 
number of such mistakes has been considerably diminisheii by the criticisms 
and the vigilance of my colleagues Mr C. T. Preece and Mr T. A. Lumsden, 
whose labours to remove errors and obscurities have been of the greatest 
value. To these gentlemen and to the staflF of the University Press, who have 
given every assistance, with unfeiling patience, in a work of great typographical 
complexity, I offer my grateful thanks. 

G. N. W. 


AuffiMt 21 , 1922 . 
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GENERAL INDEX 



To »tand upon every point, and go over things at large, and to he curious in 
partioulars, belongeth to the first author of the story : but to use brevity, 
and avoid much labouring of the work, is to be granted to him that will 
make an abridgement. 

2 Maccabebs ii. 30, 31. 



CHAPTEB I 

BESSEL FUNCTIONS BEFORE 18S6 


I'l. Riecaifa differenticU equcdion. » 

The tbeoiy of Bessel functions is intimately connected with the theoiy of 
a certain type of differential equation of the first order, known as Biccati's 
equation. In &ct a Bessel function is usually defined as a particular solution 
of a linear differential equation of the second order (known as Bessel’s equation) 
which is derived from Riccati’s equation by an elementaiy transformation. 

The earliest appearance in Analysis of an equation of Riocati’s type occurs 
in a paper* on curves which was published by John Bernoulli in 1694. In 
this paper Bernoulli gives, as an example, an equation of this type and states 
that he has not solved itf. 

In various letters^ to Leibniz, written between 1697 and 1704, James 
Bernoulli refers to the equation, which he gives in the form 

dy’=‘yyda)+xxd«e, 

and states, more than once, his inability to solve it. Thus he writes (Jan. 27, 
1697): “ Vellem porro ex Te scire num et hanc tentaveris dy^^yydx+xxdai. 
Ego in mille formas transmutavi, sed operam meam improbum Problema per- 
petuo lusit.” Five years later he succeeded in reducing the equation to a linear 
equation of the second order and wrote§ to Leibniz (Nov. 15, 1702): “Qua 
occasione recordor aequationes alias memoratae dy^yydx + a?dx in qua nun- 
quam separare potui indeterminatas a sc invicem, sicnt aequatio maneret 
simpliciter differentialis : sed separavi illas reducendo aequationem ad hanc 
differentio-differentialem || ddy : y = — da?!' 

When this discovery had been made, it was a simple step to solve the last 
equation in series, and so to obtain the solution of the equation of the first 
order as the quotient of two power-series. 

* Acta Erudiiorum publicata Lipmct 1694, pp. 436--487. 

^ t proposita aequatio differentialis haec + quae an per separationem 

indeterminatarum construi poseit nondum tentavi ” (p. 486). / 

t Bee Leibnmm gcaamllte Wcfke, Dritte Folge (Mathematik), iii, (Halle, 1855), pp. 50—87. 

I Ibid. p. 65. Bernoulli's prooedure was, effectively, to take a new variable u defined by the 
formula 

1 du 
a dx^^ 

iu the equation dyldx^x^-vy\ and then to replace u by p. 

II The oonnezion between this equation and a special form of Besaers equation will be seen 
in 1 4*8. 


W. B. F. 
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And, in fact, this form of the solution was communicated to Leibniz by 
James Bernoulli within a year (Oct. 3, 1703) in the following terms*: 

“Reduce auteni aequationein yydx+xxdx ad fractionem cujus uterque 
terminus per seriem exprimitur, ita 

^ .a;*® 

3 ~ 3 .177 3 .4 .7 . 17 ] 1 ~ 3. 4. 7. 8 . 1 1 . 12 !. 15 OT?’.!.! K 12.15. 16. 19 


‘-374 


3.4.7.8.11.12 


3. 4. 7. 8. 11. 12. 16“' 16 


quae series quideni actuali divisione in imam conflari possunt, sed in qua 
ratio progressionis non tarn facile patescat, scil. 

^ “ S iiTWTf 8 . 3 ; 3 . 01 3 T 3 T 3 T 3 . 5.7.7.11 

Of course, at that time, mathematicians concentrated their energy, so far 
as differential equations were concerned, on obtaining solutions terms, 

and consequently James Bernoulli seems to have received hardly the full credit 
to which his discovcuy entitled him. Thus, twenty-two years later, the paperf, 
in which Count Kiccati first referred to an equation of the type which now 
bears liis name, was followed by a noteij. by Daniel Bernoulli in which it was 
stated that the solution of the equation§ 

dx -I- vudx =: bdii 

was a hitherto unsolved jiroblem. Th«^ note ended with an announcement in 
an anagram of the solution : “ Solutio problematis ab 111. Riccato proposito 
characteribus occullis involuia 24-^, Gc, 336^ bf\ 2y, 4/i, 33^. 6/, 21?a, 
2(m, l()o, bq, l7r, 1()5, 2bt, bj\ 3y, -H, — , , ±, =, 4, 2, 1.” 

The anagram apjiears never to have been solvisd ; but Bernoulli published 
hiH solution II of the problem about a year after th(‘ publication of thi‘ anagram. 
The solution ccmsists ol’ the determination of a si>t of values of n, namely 
— \ml{2m + 1), when* m is any integer, for any one of which the equation is 
soluble in liniU* terms; the details of this solution will be given in §§ 4*1, 4-11. 

The jiromineiRM* given to the work of Riccati by Daniel Bernoulli, combined 
with the fact that Kiccati ’s equation was of a slightly more general type than 

* St'e l.ciJtinzms (jesatiullte U I’lkr, Diittc Folge (Matheuiatik), in. (Halle, lS.5.'j), p. 7^. 

Acta Kiadttoniw, Suppl. viii. (1724), pp. 06 — 73. The form in which lliccati took the 
equation aviis 

— du + iiudx ; »/, 

where q - .r'‘. 

I Jhid. pp. 73 — 75. Daniel Bernoulli mentioned that solutioiife had been obtained by three 
other iiu-mbeiti of hiB family — Jidin, NicholaH and the younger Nicholas. 

^ The leader should observe that the substitution 


gives rise to an equation which is easily soluble in series. 

li Excrcitationcit quaedam mathcviaticae (Venice, 1724), pp. 77 — 80, Acta Eruditorum^ 1725, 
pp. 465—473. 
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1*2] BESSEL FUNCTIONS BEFORE 1826^ 

John Bernoulli's equation* has resulted in the nanie of Riccati being associated 
not only with the equation which he discussed without solving, but also with 
a still more general type of equation. 

It is now customary to give the namef Riccati s generalised equation 
any equation of the form 

where P, Q, R are given functions of x. 

It is supposed that neither P nor R is identically zero. If the equation is linear; 
if P=s0, the equation is reducible to the linear form by taking 1/y as a new variable. 

The last equation was studied by Euler it is reducible to the general 
linear equation of the second order, and this equation is sometimes reducible 
to Bessel’s equation by an elementary transformation (cf. §§ 3*1, 4*3, 4*31). 

Mention should be made here of two memoirs by Euler. In the first§ it 
is proved that, when a particular integral y, of Riccati’s generalised equation 
is known, the equation is reducible to a linear equation of the first order by 
replacing y by 1/m, and so the general solution can be effected by two 
(|uadratures. It is also shewn {ibid. p. 59) that, if two particular solutions are 
known, the equation can be integrated ctunpletely by a single quadrature; and 
this result is also to be found in the second|| of the two papers. A brief dis- 
cussion of these theorems will be given in Chanter iv. 

1*2. Daniel Bernoulli s mechanical problem. 

In 1738 Daniel Bernoulli published a memoirlT (iontaining enunciations of 
a number of theorems on the oscillations of heavy chains. The eighth ** of 
these is eis follows: “ De fiyura catenae unifonniter oscillantis. Sit catena AC 
uniformiter gravis et perfecte ffexilis sus})ensa de puricto d, eaque osciliationes 
facere uniforrnes iiitelligatiir; |x*rvenerit catena in situni AMF; fuentque 
longitudo catenae = i: longitudo cujuscunque partis FM === x, surnatur n ejus 
valorLstt ot fit 

n ^ Ann 4 . ^4,9, 16m* 4.9. 16. ^ ^ 

* See JameB Bernoulli, Opera Omnia, ii. (Geneva, 1744), pp. 1054 — 1057 ; >t is stated that the 
point of Biccatr^ problem is the deteriuinatioQ uf a solution in finite teroiH, and a solutiou winch 
resenibies Ihc soliuion by Daniel Bernoulli is given. 

t The U*im • Uiccati’s equation ’ was used b\ D’Alembeit, Hmt. de I' Acad. R. dex Set. dr lirrliu, 
XIX (1703), [published 1770J, p. 242. 

* Inxlitutwnex Calculi Intcrjialm, ii. (Petersburg, 1769), §S31, pp. 8H — 89. In connexion with 
the leduction, see James BernoullTs letter to Leibniz already quoted. 

§ Novt Comm. Acad. Petrop. viii. (1760 — 1761), [published 1763], p. 32. 

II Ihid. IX. (1762 — 1763), [published 1764], pp 163 — 164. 

Ii * ‘ Theoremata do osoiJlationibus corporum filo flexili connexorum Pt catenae verticahter 
Huspensae,” Comm. Acad. Sci. Imp. Petrop. vi. (1732—3), [published L73B], pp. lOH — 122. 

•* Loc. ett. p. 116. 

ft The length of the simple equivalent pendulum is u. 


1—2 
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Poriatur porro distantia exlrerni puncti Fab liriea' vertical i = 1, dico fore 
disiaiitiain puncti iibicuTKjue assumpti M ab eadem linea vertical! aequalem 
_ .r ax xr^ 

7f. ^ 4nn 4 . 9?t^ 4.9. 4.9.16. 25n“ 

H(‘ go£\s (»n to say: “Jnveiiitur brevissimo calculo a = proxirne 0691 1.... 
11 abet auteiii littera /? infinitos valores alios.” 

"riu,‘ IjLSt series is now described as a Bessel function* of order zero and 
arguuK'Ut ^lyj{xjn)\ and the last (piotaiion states that this function has an 
infinite number of zeros. 

B(.Tnoulli published f proofs of his theorems soon afterwards; in theorem 
VIII, he (jbtained the equation of motion by considering the forces acting on 
th(5 portion FM of length x. The ecpiatioii of motion was also obtained by 
Killer^ many years later from a consideration of the forcea acting on an element 
of the chain. 


T)ie (ollowm^r is the substance of Euler’s investigation . 

Lot ,, he the line density of the chain ^supposed uniforn)) and let T be the tension at 
hi'igjit ./■ aliove tlie lowest j.oint of the ebon in its nndisturh(‘d iiosition. The motion being 
transversal, we obtain the equation ,/pg.r by resolving vertically for an element of 
( ham of liaigth The integral of the equation is T- (/px. 

The hon/.onbil eon.]»oncnt of the tension is, ofleetively, 7’(c////r/.r) whiTe y is the (hori- 
zontal; displacement of th(‘ element; and so the expiation of motion is 

If we substitute for 7' mid |iroeeed to tin; hunt, we (mil tliiit 

<l\'/ il / (lu\ 

rt,., *! **"‘''**' "* iH'iidiiliiiii for any one iioriiml eibration, we 


« l.eiv A and f are eonstaiKs , and then It (.,■;/ ) is a solution of the eijuation 

d { (lr\ r 

■/.r 

II ..'7 Me obtain the solution u, the foiui of liernoulh’s senes, namely 

e- 1 4, _ 

* ‘ I 1 . t I. I !). 10~ • 

* On the Continent, the functions are usuaJlv eulM f 

/ojon; alter Hrine, /,/riVar// lxix IlHCKl i . 

Ill (lS7n, |ii», hOO- (ild. ' 3/rtt/i. Ann. 

! ' 7'"' /■‘''■'V'. vn. (17;U--5,, [,„d,hsl,ed 1740|, pp. l(io_i7s,. 

u> 0 k ’tl,."we',gl‘,t of'lemrth Tof I'P- 157-177. Euler 

-anou Ueu fo,l„!:::"rif 'C: 1“ ‘n'V'r ff-ft. - a eecond. EuhVs 

p and ^ (for MRtuheunce of y and the introduction of 
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r« du 


where C and 


The general solution of the equation is then shewn to be 
D are constants. Since y is finite wlien x=0, C' must l)e zero. 

If a is the whole length of the chain, y «0 when a;* a, and so the equation to determine /' 


1 _ 

1 1 . 4/2 


1 .4. 9/» ■*■■■• 


By an extremely ingenious analysis, which will be given fully in Chapter xv, Eulor 
proceeded to shew that the three smallest roots of the equation in a// are l-44.*)795, 7*66r)H 
and 18‘63. [More accurate values are 1*4457965, 7*6178156 and 18*7217517.] 

In ‘the memoir* immediately following this investigation Euler obtained the general 

solution (in the form of aeries) of the equation statement of the 

law of formation of successive coefficients is rather incomplete. The law of formation had, 
however, been stated in his Imtitutiones Calculi Inteyralisi^ ii. (Petersburg, 1769), Ji 977, 
pp. 233- 235. 


1‘3. Eulers mechanical problem. 

The vibrations of a stretched membrane were investigated by Euler J in 
1764. He arrived at the equation 

I d^z ^d^z Idz 1 d^z 
e® di^ dr^ ^ r dr ^ r^d<jr ’ 

where z is the transverse displacement at time t at the point whose polar 
coordinates are (r, <f>); and e is a constant depending on the density and 
tension of the membrane. 

To obtain a normal solution he wrote 

z = u sin (at -I- -4)sin (l3if> + B), 

where a, A, 0, B are constants and n is a function of r ; and the result of 
substitution of this value of z is the differential equation 
d^a 1 du . /3^' 


dr^ 


1 du (a^ 

+ - y 1 w = 0. 

r dr \e- 


The solution of this equation which is finite at the origin is given on p. 256 
of Euler's memoir; it is 


u = U - -h 

1 2{n+ l)e^^2.4(? 




2 . 4(?i + 1 )(7i + 3)£?^ 

where n has been w ritten § in place of 2^ -f 1. 

This differential equation is now known as Bessel’s equation for functions 
of order ^ ; and B have 1| any of the values 0, 1, 2, .... 

Save for an omitted constant factor the series is now called a Bessel 
coefficient of order /8 and argument arje. The periods of vibration, 27r/a, of a 


* Acta Acad. Petrop. v, pars 1 (Mathematica), (1781), ^published 1784], pp. 178 — 190. 
t See also §§ 935, 936 (p. 187 et seq.) for the solution of au associated equation which will be 
discussed in § 3*52. 

J Novi Comm. Acad. Petrop. x. (1764), [published 1766], pp. *243 — 260. 

§ The reason why Euler made this chauge of notation is not obvious. 

II If were not an integer, the displacement would not be a one-valued function of position, 
in view of the factor sin (fi<p + B). 
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circular membrane of radius a with a fixed boundary* are to be determined 
from the consideration that u vanishes when r = a. 

This investigation by Euler contains the earliest appearance in Analysis of 
a Bessel coefficient of general integral order. 


1‘4. The researches of La(jran(je, Carlini and Laplace. 

Only a few years after Euler had arrived at the general Bessel coefficient 
in his researches on vibrating membranes, the functions reappeared, in an 
astronomical problem. It was shewn by Lagrangef in 1770 that, in the elliptic 
motion of a planet about the sun at the focus attracting according to the law 
of the inverse square, the relations between the radius vector r, the mean 
anomaly M and the eccentric anomaly E, which assume the forms 

M = E ^ € am E, r = a (1 — e cos E), 
give rise to the expansions 

E-AI+ Ansiniiil/, - = v B,,cos7)M, 

a, “ 

in which a and e are the semi-major axis and the eccentricity of the orbit, and 

^ V ^ “ (-)’"(« + 2m). 

" “™To2’‘+«"m!(«Vm)T’ m! (ri + m)! ' 

liagrange gave these expressions for n = 1, 2, 3. The object of the expansions 
is to obtain expressions for the eccentric anomaly and the radius vector in 
terms of the time. 

In modern notation these formulae are written 

A„^2J„ (n()ln, B„ = - 2 (e/n) J„' (ne). 

It was noted by Poisson, Conmosmnre dm Terns, 1836 [published 1833], p. 6 that 

p _ € dA,, 

n rtf 

a memoir by Journal de Math. xi. (1846), j.p. 142—152, in which an error made by 

PoiMKon is corrected, should also be consultecl. 

A remarkable investigation of the approximate value of A„ when n is large 
and 0 < f < 1 is due to C’arlini:; though the analysis is not rigorous (and it 
would be difficult to make it rigorous) it is of sufficient interest for a brief 
account of it to be given here. 


JonrZt. ® oTil'p; Si 

mLTum f ^ del probUnva. di KepUro 

reprinted in Uath An '‘'®° ‘"o Papers by Soheibner dated 1866, 

reprinted in Math. Ann. xvii. (1880), pp. 531—644, 545—560. 
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It is easy to shew that is a solution of the differential equation 




dA 




de 


Define u by the formula = ! and then 

<“ ^ - w- (1 — #2) = 0. 

Hence when u is large eitlier u or u- or must be large. 

If u=uO{n^^) we should cx^)ect w-* ^nd du/dt to be ^nd 0{n^) i-cspectivcly ; and 

on considering the highest powers of a in the various terms of tlie last differential e(iuatiou, 
we find that a= 1 . It is consequently assumed that u admits of an expansion in descending 
powers of n in the form 

u = nU(s + W| + n^ln + . . . , 
where ?/y, u^, ... are independent of n. 

On substituting this series in tlio differential equation of the first order and equatirig to 
zero the coefficients of the various powers of n, we find that 


?^r = (] - €(tto' + 2wo?q)+a„ = 0, ... 


where U{{=:dujdf ; so that ?<o= ± 


%/(]-€*) 



and therefore 


I udf = n 1***8 - €'•*)+ 1 | - i log (1 

and, since the value of J„ shews that — w log^c whefi € is small, the upper sign must 
be taken and no constant of integration is to l^e added. 


From Stirling’s formula it now follows at once that 


^ ^ f^Uixp (ti v/(I 

' ' ~ . « 5 (1 ->)j {! +■ V{1 - f**)} “ ’ 

and this is the result obtained by Carlini. This method of approximation has been carried 
much further by Meisscl (sec >5 8 ’] 1 ), while Cauchy* has also discussed approximate 
formulae for in the ca.se of comets moving in nearly parabolic orbits (see § 8*42), for 
which Carlirii’s approximation is obviously inadequate. 


The investigation of which an account has just been given is much more 
plausible than the arguments employed by Laplace + to establish the corre- 
sponding approximation for 

The investigation given by Laplace is quite rigorous and the method which 
he uses is of considerable importance when the value of Bn is modified by 
taking all the coefficients in the series to be positive — or, alternatively, by 
supposing that e is a pure imaginary. But Laplace goes on to argue that an 
approximation established in the case of purely imaginary variables may be 
used ‘ sans crainte ' in the case of real variables. To anyone who is acquainted 
with the modem theory of asymptotic series, 'the fallacious character of .such 
reasoning will be evident. 

* Comptea Rendus, xxxviii. (1854), pp. 990 — 993. 

t Mecanique Celeste^ supplement, t. v. [first published 1827]. Oeuvns^ v. (Paris, 1882), 
pp. 486 — 489. 
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The earlier portion of Laplace s investigation is based on the principle 
that, in the case of a series of positive terms in which the terms steadily in- 
crease up to a certain point and then steadily decrease, the order of magnitude 
of the sum of the series may frequently be obtained from a consideration of 
the order of magnitude of the greatest term of the scries. 

For other and more recent applications of this principle, see Stokes, Proc. Camh. Phil. 
Sor. VI. (1889), pp. 362—366 [Math, and Phys. Papers, v. (1905), pp. 221—226], and Hardy, 
Proc. Umdon Math. Soc. (2) ll. (1905), pp. 332—339; Messenger, xxxiv. (1905)., pp. 97—101. 
A statement of the ])rinciple was given by Borel, Acta Mathematica, xx. (1897), pp. 393 — 
394. 

The following exposition of the principle applied to the example considered 
by Laplace may not be without interest : 


The series considered is 

n m n V (w + 2 m) + 2m-2 ,» + 2m 

in which n is large and e has a hxod po.sitive value. The greatest term is that for which 
hi = /4, where /x is the greatest integer such that 

ifjL (?? + fi) {n + 2/ji - 2) ^ (?i + 2/x) 
and so ^ is ai)i)roxiTnately equal to 

hi {V(l+€2)-ll + ifW+,2). 

Now, if denotes the general term in it is easy to verify by Stirling’s theorem 
that, to a first approximation, where 


Hence 


since* y is nearly equal to 1. 
Now, by Stirling’s theorcin, 


log <7 =» - 2 V( 1 + 

{ 1 + 2g + 2(/H 2^'* + . . . i 


and so 


exp {n V(1 4-c'‘^)l 

7r7t^{l +^'(1 H-f*-*)}" ’ 

^ <”cxii 
} “{1 + 


n ^ ‘IlM' {« v0+^} 

“ I ) {i+v(i +«*)}“ ■ 


1 he inference which Laplace drew from this result is that 




/2V(1 - 

\ inf ) 


e’^jexp {n\/(l - 6^) } 


J his approximate formula happens to* be valid when e < 1 (though the reason 
for this restriction is not apparent, apart from the fact that it is obviously 
necessary), but it is difficult to prove it without using the methods of contout 


* The formula H-2 may bo inferred from general theorems on series; 

cf. Bromwioh, Thtory oj hxfinxU Henes, § 51. It is also a consequence of Jacobi’s transformation 
formula in the theory of elliptic functions, 


see Modem Anuli/sts, § 21-51. 
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integration (cf. § 8‘31). Laplace seems to have been dubious as to the validity 
of his inference because, immediately after his statement about real and 
imaginary variables, he mentioned, by way of confirmation, that he had 
another proof ; but the latter proof does not appear to be extant. 


1’6. The researches of Fourier. 

In 1822 appeared the classical treatise by Fourier*, La Thdorie analytique 
de la Chaleur ; in this work Bessel functions of order zero occur in the dis- 
cussion of the symmetrical motion of heat in a solid circular cylinder. It is 
shewn by Fcmrier (§§ 118 — 120) that the temperature v, at time ty at distance 
cc from the axis of the cylinder, satisfies the equation 

^ fdH 1 dv\ 
dt CD X dx) ' 

where Ky C, D denote respectively the Thermal Conductivity, Specific Heat 
and Density of the material of the cylinder; and he obtained the solution 


V 


|l - 


gx^ ^ g^x* 


g^af 

2* . . 6* ■■■ 


where g « mCDjK and m has to be so chosen that 

hv 'VK (dv/dx) = 0 

at the boundary of the cylinder, where h is the External Conductivity. 

Fourier proceeded to give a proof (§§ 307 — 309) by Rolle s theorem that 
the equation to determine the values of m hasf an infinity of real roots and 
no complex roots. His proof is slightly incomplete because he assumes that 
certain theorems which have been proved for polynomials are true of integral 
functions; the defect is not difficult to remedy, and a memoir by HurwitzJ 
has the object of making Fourier’s demonstration quite rigorous. 


It should also be mentioned that Fourier discovered the continued fraction 
formula (§ 313) for the quotient of a Bessel function of order zero and its 
der'vate; generalisations of this formula will be discussed in §§ 5*6, 9 65. 
Another formula given by Fourier, namely 

a* 


a* 

1 _ _ j — . 

2** 2^ 42 


2^ 4^ 6* 


+ 


-=-r 

•rrJo 


cos (a sin x) dx. 


had been proved some years earlier by Parseval§; it is a special case of what 
are now known as Bessel’s and Poisson’s integrals (§§ 2*2, 2*3). 

* The greater part of Fourier’s reBearches was ooiitained in a memoir deposited in the archives 
of the French Institute on Sept. 28, 1811, and crowned on Jan. 6, 1812. This memoir is to be 
found in the Mim. de VAcad. des Sci.y iv. (1819), [publiBhed 1824], pp. 185 — 666; v. (1820), 
[published 1826], pp. 153—246. 

t This is a generali nation of Bernoulli’s statement quoted in § 1-2. 

X Math. Ann. xxxiii. (1889), pp. 246—266. 

§ M^m. des savam dtraiiifcrsy i. (1806), pp. 639—648. This paper also contains the formal 
statement of the theorem on Fourier constants which is sometimes called Parseval’s theorem ; 
another paper by this little known writer, M4m. des savatis ^trangerSy i. (1806), pp. 379 — 398, con- 
tains a general solution of Laplace’s equation in a form involving arbitrary functions. 
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The expansion of an arbitrary function into a series of Bessel functions of 
order zero was also examined by Fourier (§§ 314 — 320); he gave the formula 
for the general coefficient in the expansion as a definite integral. 

The validity of Fourier’s expansion wa.s examined riiuch more recently by Hankel, 
Math. Ann. viii. (187r>), pp. 471 — 494; Schlafli, Math. Ann. x. (1876), pp. 137 — 142; Diiii, 
Snrie di Fourier, j. (Pisa, 1880), pj). 246—260 ; Hobson, Proc. London Math. Soc. (2) vii. 
(1909), pp. 359—388 ; and Young, Proc. Lo'ndon Math. &oc. (2) xvili. (1920), pp. 163-200. 
This ex})an8ion will bo dealt with in Chapter xviii. 


1'6. The researches of Poisson. 

The unsymmetrical motions of heat in a solid sphere and also in a solid 
cylinder were investigated by Poisson* in a lengthy memoir published in 1823. 
In the problem of the sphere f, he obtained the equation 
drR a (a 4* 1) 
dr" r- 


R = — R, 


where r denotes the distance troni the centre, p is a constant, n is a positive 
integer (zero included), and R is that factor of the temperature, in a normal 
mode, which is a function of the radius vector. It w^as shewn by Poisson that 
a solution of tlu* equation is 

j (JQQ 810“^*^+* O) (Zo) 

./o 

and he discussed the cases ?a = 0, 1, 2 in detail. It will appear subsequently 
(§ 3*8) that the definite integral is (save for a factor) a Bessel function of 
order n -f i. 

In the problem of the cylinder {ibid. p. 340 et seq.) the analogous integral is 
[ cos {h\ cos w) sin*^'‘a)d6i>, 

where 'a = 0, 1, 2, ... and \ is the distance from the axis of the cylinder. The 
integral is now known as Poisson s integral (§ 2*3). 

In the case 7i = 0, an importiint approximate formula for the last integral 
and its derivate was obtained by Poisson {ibid., pp. 350 — 352) when the variable 
IS largo; the following is the substance of his investigation: 

Ijet J (k ) « - I cos (k cos o») e?Q), ,/,/ (/*)= — ^ f cos a .sin (h cos co) da. 

n" J it TT J 

Then is a sitlution of the equation 

* Journal df I'Acole B. Polytechniqiie, xu. (cabier 19), (1823), pp. 249—403. 

+ Ibtd. p. 300 aeq. The equatiou was also studied by Plana, Menu della H. Accad. delle Sci. 
ill Torino, xxv. (1821), pp. 532 — 634, and has since been studied by numerous writers, some of 
whom are mentioned in § 4-3. See also Poisson, La TMorie Mathimatique de la Chaleur (Paris. 
1835), pp. 306, 369. 

: See also Rohrs, Proc. London Math. Soc. v. (1874), pp. 136_187. The notation J,(k) was 
not used by Poisson. 
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When h is large, l/(4/:‘‘*) may be neglected in comparison with unity and so we may expect 
that JQ(k)y/k is approximately of the form A cosXr+Bsin k where A and B are constants. 
To determine A and B observe that 

cos k . Jq {k) - sin ^ . Jq (k)^- I {cos* ^6) cos (2k sin* io>) + sin* cos (2/* cos* ^o))} (fw. 

Write TT — 0) for a in the latter half of the intcgial and then 

cos k . Jo (k) -* sin k . Jq (k)=- I cos* cos (2k sin* ^<a) dto 
^ J 0 

2^2 f'im/ 

y-ik) 

and similarly sin i.t/o (^) + coH/^. ./o' (i)— ainx'^dx. 

But lim 

k-m-ccjo \ 2k J sin J 1. am 

by a well known formula* 

[Note. It is not easy to prove rigorously that the passage to the limit is iierniissible ; 
the simplest procedure is to appeal to Bromwich’s integral form of Tannery’s theorem, 
Bromwich, Theory of hifnite Series^ § 174.] 


It follows that 


I cos k . Jo (k) - sin k . Jo' (k) = (1 + 

sin /• . Jo (k) + cos k . Jq' (k) « ( 1 f »7 a), 

where and 17* -*-0 as yt-^oo ; and therefore 

(^) = [(1 + ^k) cos 1- + (1 + 77*) sin X’], 

•V W t “ 7O COR k]. 

It was then assumed by Poisson that Jo(k) is expressible in the form 

7i^) 'i + ia + •••) °°® * + (^ + i > 

where A =//= 1. The series are, however, not convergent but asymptotic, and the validity 
of this expansion was not established, until nearly forty years later, when it was investi- 
gated by Lipschitz, Journal fur Math. LVi. (1859), pp. 189 — 196. 

The result of formally operating on the expansion assumed by Poisson for the function 


[nk) with the 

operator 

+ 1- 

1 

is 




"2.1. 

; 1 

; K 

h 

10 

.2//" 

-(1. 

2+i)^',, 2, 

..3^"-r2. 

3 + 1) ^"1 

— cos k 1 

L 




T 

X-* 



r 2 .i. 

A'+\B Z. 

2 A" 

+a- 

2+i)B' 2. 

3/1'" -f (2. 

3 + i)/J"^ 

+ sin k j 

[■ 




' • ■■ T — 

k^ 



* Cf. Watson, Complex Integration and Cauchifs Theorem (Camb. Math. Tracts, no. 15, 1914), 
p. 71, for a proof of these results by using contour integrals. 
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,n(l 80 , bj equating to zero the various coefficients, we find that 


( j, In j" ^ ^ j ^ Z? 

A 2 . 8 *'^’ ^ 2.3.83^’*'* 

/?' ^ A J?" Q 4 A 


and lienee the expansion of Poisson’s integral is 


I J cos (k cos a») ^O) ~ g) [(l - - 2 + 2 3 * + ... ) cos 1 : 

+(• +i - r. 8«F - + - )"“*]• 

But, since the series on the right are not convergent, the researches of Lipschitz and 
subsequent writers are a necessary preliminary to the investigation of the significance of 
the latter portion of Poisson’s investigation. 

It should lie mentioned that an explicit formula for the general term in the expansion 
was first given by W. R. Hamilton, Tram, Ji. Irish Acad. xix. (1843), p. 313; his result 
was expressed thus: 




2^Hina)rfa= 2 [0]-« ([- i]»)* ( 43 )-” COS (2^ - Jwtt - ^tt), 


and he described the expansion as serni-couvergent ; the expressions [0]“" and are 

to l»e interpreted as 1/a 1 and ( - .J) ( — i}) ... ( -Ji + i). 

A result of some importance, which was obtained by Poisson in a subsequent 
memoir*, is that the general solution of the equation 

. y AO 
4r* ^ 

is y = Ax^ I 4- /ix^ j log (x sin’^ (o)d(o, 

JO Jo 

where A and B are constants. 

It follows at once that the general solution of the equation 

daP' xdx - 0 


is y = A.j + J5 re-''*“''“log(®sin“ft))(ia,. 

• 0 Jo 

This n.-sult was quoted by Stokesf as a known theorem in 1850, and it is 
likely that he derived his knowledge of it from the integral given in Poisson’s 
memoir , but the fact that the integral is substantially due to Poisson has 
been sometimes overlooked J. 

* JourimJ df rKcote li. Polytechniqur, xii. (cahier 19), (1823), p. 476. The oorreaponding 
general integral of an aaaociated parOal diflerential equation was given in an earlier memoir 
ibid, p. 227. ’ 

t PhU. Tram. is. (1850), p. [38], [Math. a,,d Phy,. Paper,, in. (1901) p. 42]. 

t See Encyclopedic dcs Set. Math. ii. 28 {§ 53), p. 213. 
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1*7. The researches of Bessel 

The memoir* in which Bessel examined in detail the functions which now 
bear his name was written in 1824?, but in an earlier memoir + he had shewn 
that the expansion of the radius vector in planetary motion is 

“ = l + j€*4* 2 Bn cos nM, 

n-l 

where Bn — ^ ^ — I sin u sin (nu — ne sin u) du ; 

WTT j 0 

this expression for Bn should be compared with the series given in § 1*4. 

In the memoir of 1824 Bessel investigated systematically the function 
defined by the integral J 

1 r27r 

^ - I cos (Jiu — k sin u)du, 

J 0 

He took h to be an integer and obtained many of the results which will be 
given in detail in Chapter li. Bessels integral is not adapted for defining the 
function which is most worth study when h is not an integer (see § 10*1) ; the 
function which is of most interest for non-integral values of h is not Jf but 
the function defined by Lommel which will be studied in Chapter in. 

After the time of Bessel investigations on the functions became so numerous 
that it seems convenient at this stage to abandon the chronological account 
and to develop the theory in a systematic and logical order. 

An historical account of researches from the time of Fourier to 18r)8 has l>ccii coni}>ile(l 
by Wagner, Bern Afittheilungon^ 1894, pp. 204- 266; a briefer account of tlie early history 
was given by Maggi, A Hi della H. Accad. del Lincel {Trataauiti)^ (9) iv. (1880), pp. •2r)9— 263. 

* Berliner AUh. 1824 [pablished 1820], pp. 1 — 52. The date of this memoir, Untersiicbung 
des Theils der planetarischen Storungen, welcher aus der Bewegung der Sonne entsteht,” is 
Jarj. 29, 1821. 

t Berliner Abh. 181 G — 17 [pubJibhed 1819], pp. 49 — 55. 

X This integral occurs in the expansion of the eccentric anomaly ; with the notation of § 1'4, 
a formula given by Poisson, Connaissance des Terns, 1825 [published 1822], p. 383. 



CHAPTER II 


THE BESSEL COEFFICIENTS 

21. The definition of the Bessel coefficients. 

The object of this chapter is the discussion of the fundamental properties 
of a set of functions known as Bessel coefficients. There are several ways of 
defining these functions ; the method which will be adopted in this work is to 
define them as the coefficients in a certain expansion. This procedure is due 
to Schlomilch*, who derived many properties of the functions from his defi- 
nition, and proved incidentally that the functions thus defined are equal to the 
definite integrals by which they had previously been defined by Bessel f. It 
should, however, be mentioned that the converse theorem that Bessel's inte- 
grals are equal to the coefficients in the expansion, was discovered by HansenJ: 
fourteen years before the publication of Schlomilch s memoir. Some similar 
results had been published in 1836 by Jacobi (§2*22). 

The generating function of the Bessel coefficients is 



It will be shewn that this function can be developed into a Laurent series, 
qua function of t\ the coefficient ol in the expansion is called the Bessel 
coejffident of argument z and order w, and it is denoted by the symbol 
so that 

(1) 2 t-J^{z). 

Tt--? -00 

To establish this dovelopiiient, observe that e*'' can be expanded into an 
absolutely convergent series of ascending powers of t ; and for all values of t, 
with the exception of zero, can be expanded into an absolutely conver- 
gent series of descending powers of t. When these series are multiplied 
together, their product is an absolutely convergent series, and so it may be 
arranged according to powers of t ; that is to say, we have an expansion of the 
form (1), which is valid for all values of z and t,t = 0 excepted. 

• Znuchnjtfiir Math, und Phyi. ii. (1857), 137-165. For a somewhat simUar expansion, 

namely that of see Frullani, Mem. Svc. Hal (Modena), iviii. (1820), p. 603. It must be 

iwinted out that Schlomilch, followmg Hansen, denoted by what we now write as /„(2r); 
but the definition given in the text is now universaUy adopted. Traces of Hansen’s notation 
are to be found elBewhere, e.g. Schlafli, Math. Ann. ui. (1871), p. 148. 

t Berliner Abh. 1824 [published 1828], p. 22. 

; Krmiitelung der .ibmluten Stdrangen in Ellipeen von belUbiger Exeentricitat und Neigung 
I. theil, [Schrift. )! der Sternwarte Seeburg: Gotha, 1848], p. 106. See also the French transla- 
tion, Memoire $ut ta df termination dee perturbatioru abeolue, (Paris, 1846), p. 100, and Leipziger 
Ahh. II. (1856), pp. 250—251. ’ ^ ^ 
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If in (1) we write —Ijt for we get 

n- -30 

= 2 i-ty'J-niz), 

n^ — ec 

on replacing n by — n. Since the Laurent expansion of a function is unique*, 
a comparison of this formula with (1 ) shews that 

( 2 ) «/_n (^) = ("•)” *^n (-2^)1 

where n is any integer — a formula derived by Bessel from his definition of 
Jn(z) as an integral. 

From (2) it is evident that (1) may be written in the form 

(3) ( 2 ) + i + t-^} Jn (^). 

A summary of elementary results concerning t/„ (z) has been given by Hall, The Aiiali/si, 
I. (1874), pp. 81 — 84, and an account of elementary applications of these functions to 
problems of Mathematical Physics has been compiled by Harris, American Journal of 
Math. XXXIV. (1912), pp. 391—420. 

The function of order unity has been encountered by Turrifere, Nouv. Ann. de Math. (4) 
IX. (1909), pp. 433 — 441, in connexion with the steepest curves on the surface (5.r* -y*). 


2*11. The ascending series for J^izY 

An explicit expression for Jn (z) in the form of an ascending series of powers 
of z is obtainable by considering the series for exp (\zt) and exj)( — ^zlt), thus 


exp \iz(t—l/t)} 


y V 

r^o rl ml 


When n is a positive integer or zero, the only term of the first series on the 
right which, when associated with the general term of the second series gives 
rise to a term involving is the term for which r = w 4 - m ; and, since n ^ 0, 
there is always one term for which r has this value. On associating these 
terms for all the values of m, we see that the coefficient of in the product is 

We therefore have the result 


( 1 ) 


Jniz)=- 


m^o w!(m + w)! 


* For, if not, zero could be expanded into a Laurent series in r, in wliich some of the 
coefficients (say, in particular, that of f"*) were not zero. If we then multiplied the expansion by 
i~m-\ iiQd integrated it round a circle with centre at the origin, we should obtain a contradiction. 
This result was noticed by Cauchy, Comptes liendus, xiii. (1841), p. 911. 
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where w is a positive integer or zero. The first few terms of the series are 
given by the formula 

) 

(2) Jn (Z) = 2n a ! r “ 2^17 (^+ 1) 2M.2.(ri + l)(a4-2) “ * ‘ ’ 

In particular 

(3) •fo (^) ^ ^ 2® . 4* 2® 4® 6® " 


To obtain the Bessel coefficients of negative order, we select the terms in- 
volving t~^ in the product of the series representing exp (^zt) and exp( — iz/t), 
where n is still a positive integer. The term of the second series which, when 
associated with the general term of the first series gives rise to a term in 
is the terra for which vi = n -\-r ; and so we have 


J-„ (i) = 


» (jzy 

?*i=0 rl (?H- r) ! ’ 


whence we evidently obtain anew the formula § 2*1 (2), namely 

(-2) = ( — )” t/n ( 2 ). 

It is to be observed that, in the series (1), the ratio of the {m -I- l)th term 
to the mth term is - J.?®/[m (n 4- m)}, and this tends to zero as 7n 00 , for alt 
values of ^ and n. By D’Alembert’s ratio test for convergence, it follows that 
the series representing •/„(^) is convergent f(>r all values of z and and so it 
is an integral function (){ z when n = 0, + 1, +2, +3 

It will appear later (§4‘73) that Jniz) is not an algebraic function of z 
and so it is a transcendental function ; moreover, it is not an elementary 
transcendent, that is to say it is not expressible as a finite combination of 
exponential, logarithmic and algebraic functions operated on by signs of 
iriihifinite integration. 

From (I ) we can obtain two useful inequalities, which are of some irnport- 
anc(^ (cf. Chapter xvi) in the discussion of series whose general term is a 
multiple of a Bessel coefficient. 

Whether r b(j real or complex, \ve have 


I (^) I ^ 


and so, when n ^ 0, we have 


ui« i 


I if. I™ 
m\{n + m)\ 

in\(n. + i)’"’ 


(4) 






li^i" 

n! 


exp(J!^|»). 


ThiN result wn« given in aubstivncc by Cauchy, Comptes xiii. (1841), pp. 687 

854 ; a siliular but weaker inequality, namely ’ 

was given by Neumann, Theorie der BateCKhen Fnnetionen (Leipzig, 1867), p. 27. 
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By considering all the terms of the series for •/« (^) except the first, it is 
found that 


(5) 




where 


I ^kexp 


( i\z\ ^\ expai^|«)-l 
U + 1/ ^ n + i 


It should be observed that the series on the right in § 21 (1) converges uniformly in 
any bounded domain of the variables z and t which docs not contain the origin in the 
^-plane. For if d, A and R are jiositive constants and if 

\z\^\R\, 

the terms in the expansion of exp {^zt) exp do not exceed in absolute value the corre- 
sponding terms of the product exp (i/CA) exp (^Rld\ and the uniformity of the convergence 
follows from the test of Weierstrass. Similar considerations apply to the series obtained 
by term-by-term differentiations of the ex^mnsion It^Jn ( 2 ), whether the differentiations be 
performed with respect to a or i or both z and t. 


2*12. The recurrence formulae. 


The equations* 


(1) 

+ -JnO). 

z 

(2) 

II 

+ 

1 

T 


which connect three contiguous functions are useful in constructing Tables of 
Bessel coefficients ; they are known as recurrence formulae. 

To prove the former, differentiate the fundamental expansion of § 21, 
namely 

n= — 30 

with respect to f ; we get 

+ 2 nV'-'Jn(z), 

»= -X 

HO that 

izO + lIt*) 2 t”J^(z)= 2 at"-* /,(*). 

n=-ao »= — X 

If the expression on the left is arranged in powers of t and coefficients of 
are equated in the two Laurent series, which are identically equal, it is evident 
that 

^ ^ 1*^ r»— 1 (^) "1" «/n4 1 (^)) ~ (^)> 

which is the first of the formulaef. 

* Throughout the work primes are used to denote the derivate of a fii action with respect to 
its argument. 

I Differentiations are permissible because (§ 2*11) the resulting series are uniformly convergent. 
The equating of coefficients is permissible because Laurent expansions are unique. 


W. B. F. 


2 
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Again, differentiate the fundamental expansion with respect to and then 

«= -00 

80 that i 

n=-ao n-=-'ac 

By equating coefficients of on either side of this identity we obtain formula 
(2) immediately. 

The results of adding and subtracting (1) and (2) are 

(3) ^Jn (^) + nJn (z) = zJn^i {z), 

(4) zJf^ (^) — Wt/n (■3^) = “ -^t/n+i (“S')- 
These are equivalent to 

( 5 ) ~ {«" («)1 = (Z), 

(6) ^ [Z-"-Jn (^)l = - {z). 

In the case w=0, (]) is trivial while the other formulae reduce to 

( 7 ) Jq {z) = — 

The fornmlae (Ij and (4) from which the others may be derived were discovered by 
Bessel, Berliner Ab/u 1824, [182(5], pp. 31, 35. Tlie method of proof given here is due to 
Schlornilch, ZnUckrift fur Math, und Phy». ii. (1857), p. 138. Schlomilch proved (1) in 
this manner, but ho obtained (2) by direct differentiation of the senes for {z). 

A formula which Schlornilch derived {ibid. p. 143) from (2) is 

( 8 ) 

where is ^ binomial coefficient. 

By obvious inductions from (5) and ((J), we have 

( d 

Idz) 

/ d 
[zTz) 

whcro n is any integer and ?n is any positive integer. The formula (10) is due. 
to Bessel {ibid. p. 84). 

As an example of the results of this section observe that 
zJi{z) = 4J^ {z) - eJ, (^> 

= 4Ji{z)-iUt(z) + zJi{z) 


= 4 (-)’-«/» (.) + (-)^;,/^^,(,) 

= 4 2! (4 

ft- 1 

since ?./j.v+, (?) 0 as N oc , by § 211 (4). 
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The expansion thus obtained, 

( 11 ) ZJ,{Z)^^ 2 

is useful in the developments of Neumann’s theory of Bessel functions (§3'o7). 


2' 13. The differential equation satisfied hy 

When the formulae § 2*12 (5) and (6) are written in the forms 

dz ~ (^). ^ (^)1 — “ Z^~^J n (z), 

the result of eliminating (z) is seen to be 


that is to say 


dz 


dz 


Z^^Jn(2)] =-Z^-^^Jn 




and so we have Bessel’s differential equation* 

( 1 ) 




The analysis is simplified by using the operator defined as z(dldz). 
Thus the recurrence formulae are 


+n)Jn{z) = zJn^i(z), l)/n_i(^) = -2r./„(2r), 

and so 


that is 

and the equation 


+ 1) = -zJn{z), 

- n) + n)Jn (z) = -zJn (z). 


reduces at once to Bessel’s equation. 


Corollary. The .same ditforential equation is obtained if •/« + ! (<=) iw eliminated from the 
formulae 

(.9 + + 1 ) , 1 {z) = zJ,, {z\ {S-n) (z) = - zJ^ ^ I {z). 


2*2. Bessel* s integral for the Bessel coefficients. 

We shall now prove that 

( 1 ) Jn (z) = ^ I eos (n6 — z sin 6) dB. 

LIT 0 

This equation was taken by Bessel f as the definition of and he 

derivf^d the other properties of the functions from this definition. 

* Berliner Abh. 1824 [piiblishod 1826], p. »4; see also FruUani, Mem. Soc. Ital. {Modena), xvin. 
(1820), p. 604. 

t Ibid. pp. 22 and 35. 
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It is frequently convenient to modify (1) by bisecting the range of in- 
tegration and writing 2-ir-d for 6 in the latter part. This procedure gives 

1 f" 

(2) J„(^)=-j cos {n6 -z sin 6) d6. 

TT Jo 

Since the integrand has perioci 27r, the first equation may be transformed 
into 

1 r2ir-ra 

(8) Jn (2) = 2 ^ / (nO-z sin 6) dO, 

where a is any angle. 

To prove (1), multiply the fundamental expansion of § 21 (1) by and 
integrate* round a contour which encircles the origin once counterclockwise. 
We thus get 

ZTT'L J »n=-® ^TTl J 

The integrals on the right all vanish except the one for which in=^n\ and 
so we obtain the formula 

Take the contour to be a circle of unit radius and write t = so that 6 
may be taken to decrease from 27r + a to a. It is thus found that 

1 /-air+a 

(5) 

— J a 

a result given by Hansen f in the case a = 0. 

In this equation take a = - tt, bisect the range of integration and, in the 
former part, replace 0 by - This procedure gives 
1 T" 

Jn (z) =2^ j + e" 'v"*- »)} (id, 

and equation (2), from which (1) may be deduced, is now obvious. 

Various modifications of Bessels integral are obtainable by writing 

cos nffcoB(zsinff)c{ff+~ sin sin (i sin 

^ J 0 TT Jo 

If ff be replaced by ir - d in these two integrals, the former changes sign when 
ti is odd, the latter when n is even, the other being unaffected in each case • 


and thiuefore 

(C) 


1 r . 

*^n(z) = - sin fid sin (z sin d) dd 

2 f*" . 

= - j sin nd sin (z sin d) dd 


(w odd). 


* Tertn-by tenn integration i8 permitted because the expansion is uniformly convergent on the 
contour. It is convenient to use the symbol ]<«+> to denote integration round a contour encircling 
the point a once counterclockwise. 

+ Ernuttelung der absolnten St<)r ungen (Gotha, 1843), p. 106. 
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1 ' ' 

(z)^- I cos nfi cos (z sin ff) d0 
TT Jo 

2 

= - I COS nd cos (z sin ci0 
TT Jo 


(n even). 


If 0 be replaced by J tt — 17 in the latter parts of ( 6 ) and (7), it is found that 
2 

( 8 ) Jn (^) = ”* cos 717) sin cos 7)) (It) {n odd), 

TT Jo 

2 

( 9 ) J,i (^) = " ( ~)^” W 17 cos {z cos 7)) diT) (n even). 

TT jo 

The last two results are due substantially to Jacobi*. 

[Note. It was shewn by Parseval, M4m. des savans dtrangersy i. (1805), pp. 639 — 648, 
that 

1 - 25 + sTiS - 2r¥:6»+ - = .r j 0 

and so, in the special case in which 7i = 0, (2) will be described as ParsevaVs integral. It 
will be seen in § 2 3 that two integral representations of («), namely Bessel’s integral 
and Poisson’s integral become identical when w-»0, so a special name for thi.^ case is 
justified.] 

The reader will find it interesting to obtain (after Bessel) the formulae 2*12 (1) and 
55 2*12 (4) from Bessel’s integral. 

2*21. Modificaiiom of PareevaVs integral. 

Two formulae involving definite integrals w^hich are closely connected with Parseval’a 
integral formula are worth notice. The first, namely 

(1) ^0 {%/(** = ^ J'evco.*cos(«sin^)rftf, 

is due to Bessel +. The simplest method of proving it is to write the expression on the 
right in the form 

.L gvcose+wsintf 
27rj-,r 

expand in powers of y cos B + tz sin B and use the formulae 

fir • fir . . . .V, 2r(7l + i)r(i), „ 0 .^ 

I (y cos^ + wsin = / (y cos sin ^)^* CV J 

the formula then follows without difficulty. 

The other definite integral, due to Catalan J, namely 

(2) J'e(i+s)c<»«cos{(l-2)8intf}dd, 

is a special case of (1) obtained by substitutirfg 1 - z and 1 +z for z and y re8i)eotivcly. 

* Journal fUr Hath. xv. (1886), pp 12—13. [Or*. Hath. Werke, vi. (1891), pp. 100— 102]; the 
integrals actually given by Jacobi had limits 0 and ir with factors l/ir replacing the factors jv. 
See also Anger, Neueste Schrifttn dir Halurf. Qti. in Damxg, v. (1855), p. 1, and Cauchy, 

Comptes RenduSf xxxviii. (1854), pp. 910 — 913. « , . j xr 

+ Berliner Abh., 1824 [publiehed 1826], p. 87. See aUo Anger, Neueete Schri/tendermturf. 
Qes. in Danzig, v. (1866), p. 10, gnd Lommel, Zeiuchrift filr Math, und Phyt. xv. (1870), p. 161. 
t BuUetin de I’Acad. R. de Belgique, (2) lU. (1876), p. 988. 
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Oitttlun’s integral may be established independently by using the formula 


• tlmt 


= - I exp 

by triking the c^'iitour to he i\ unit circle ; the result then follows by bisecting the range of 
integration. 


1 

1 /'<■>+) 


- = ■ — ; 1 ^ 

01 

! im J 

1 

r -ni 


2 " , / t 

27r/ 

irt-i) ni . J 

1 


'llTl 

j elp (<+ 


2 ’ 22 . Jacdh'is e.rpdnsians in series of Bessel coefficients. 

Two 'series, which are closely connected with Bessel's integral, were dis- 
covered by Jacobi*. The simjilest method of obtaining them is to write 
t - in the fundamental expansion § 2-1 (3). We thus get 

= Jo(^) + '^ - J2,i(z)cos2/i0 ± 2t J2>Hi(^)«i^i(2/i 4- 1)^. 

W--1 n = 0 

(Jn adding and subtracting the two results which are combined in this formula, 
we find 

( 1 ) cos {z sin ^) = Jo (-s) 4 2 S J^h (^) tjos 2n6y 

n-^\ 

(2) sin {z sin 6)= 2 J^n+i {z) sin (2w -|- 1) ft 

n=0 

Writc,^ iTT — 7/ for 6, and we get 

(3) cos (z cos 1 )) = Jo {z) + 2 1 J 2 ,, (z) cos 2nrj, 

u-\ 

(4) sin(zcos7;)= 2 ^ J 2 ,n.i ( 2 ') cos(2a -h I)?;. 

U-i) 

The rcsnltH (3) and (4) were given by J.icobi, while the others were obtained later by 
Anger t. .Tac(»l>i’s procedure was to expand cos(ceos» 7 ) and sin (2 eos »;) into a series of 
(losines of multiples of i;, and use Fourier’s rule to obtain the coefficients in the form of 
integrals which are seen to be associated with Bessel’s integrals. 

Tn view of the fact that the first terms in (1) and (3) are not formed 
according to tlie .same law as the other terms, it is convenient to introduce 
Xeumanns farfor^^ e,,, which is defined to be e<pial to 2 when n is not zero, 
and to be (‘qual to 1 when n is zero. The employment of this factor, which 

" Journal filr Math. xv. (1S3G), p 12. [Grs. Math. M vi. (1891), p. lOl.J 
^\ nt)(te Schnftni tki Xutuif. (its. lu Danznj, v. (1S55), p. 2. 
t NeiimaTiu, Theune dcr Letuiel »chui Fuuctwnen (Leipzig, 18G7), p. 7. 
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will be of frequent occurrence in the sequel, enables us to write (1) and (2) in 
the compact forms: 

QO 

(5) cos (z am 6) — S fon «^2n («) cos 2w^, 

n = 0 
00 

(6) sin (2^ sin * 2 J2n+i(‘2)8in (2/1 -h 1) 

n = 0 

If we pub ^ = 0 in (5), we find 

(7) 1=2 ^2*1 (-2^)* 

n=:0 

If we differentiate (5) and (6) any number of times before putting ^ = 0, we 
obtain expressions for various polynomials as series of Bessel coefficients. We 
shall, however, use a slightly different method subsequently (§ 2’7) to prove 
that is expansible into a series of.Bessel coefficients when m is any positive 
integer. It is then obvious that any polynomial is thus expansible. This is a 
special case of an expansion theorem, due to Neumann, which will be investi- 
gated in Chapter xvi. 

For the present, we will merely notice that, if (6) be differentiated once 
before 6 is put equal to 0, there n^sults 

(8) 2=2 62rt+i (2a -f- 1) ^ 2>H-1 (^). 

n-O 

while, if 6 be put equal to ^tt after two differentiations of (5) and (6), then 

(9) 2 sin 2 = 2 {2^ J2 (2) — 4® J4 (2) -f 6^ (2) — ... j, 

(10) 2cos2 = 2 \ VJ,{z)-:r-J.,{z)-\-o^J,{z)- ...j. 

These results are due to Lommel*. 


Note. The expression exp 1/0} introduced in ’21 i» not a generating function 

in the strict sense. The generating function t associated with (:) is 2 

If this expression be called N, by using the recurrence forniiil.a 21 (2), we have 


If we solve this differential eej nation we get 

A result equivalent to this was given by Brcnkc, A??ir7‘ican Math. Soc. xvi. (1910), 
pp. 220—230. 


* Studien ilher die BesseVsehen Functioncn (Leipzig, 1868), p. 41. 

+ It will be seen in Chapter xvi. that this is a form of “ Lommel’s function of two variables. 
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2*3. Poisson s integral for tfie Bessel coefi>cients. 

Shortly before the appearance of BesseVs memoir on planetary perturbations, 
Poisson had published an important work on the Conduction of Heat^, in the 
course of which he investigated integrals of the types f 

f cos (z cos ff) sin'^”’*"' f cos (z cos ff) sin^'^ ffdff, 

Jo Jo 

where n is a positive integer or zero. He proved that these integrals are 
solutions of certain differential equations^ and gave the investigation, which 
has already been reproduced in § 1*6, to determine an approximation to the 
latter integral when s is large and positive, in the special case ?? = 0. 

We shall now prove that 
( 1 ) Jn(^) = j- 3 - 7 , ,„\2n-iy ^ /„ 

- r (. ? irrr 4 ) • 

and, in view of the importance of Poisson’s researches, it seems appropriate to 
d(‘scribe the expressions on the right § as Poisson* s integrals for In the 

case ?i = 0, Poissons integral reduces to Parsevals integral (§ 2*2). 

It is easy U) prove that the expressions under consideration are equal to 
i/„ { 2 )\ for, if wc‘ expand the integrand in powers of 2 and then integrate 
term-by-term II, we have 

1 /'w 1 * ( V” 

cos (z cos d) siri“” Sd6=^ S v I cos'-^'" 6 sin^ Odd 
tt-N) T^m-^o {2,in)\ jo 


» 1 .3. 5. .,(2/^- 1) . 1 3.5... (2»1 - 1) 

(2?7<.)! ' 2.4.6... (’ 2.71 4- 2?>?) 


= 1.3.5... (2n — 1 ) 
and the result is obvious. 






" Journal de V Kcole li. Folytechnujue, xii. (cabier 19), (1H23), pp. 249 — 408. 
t Ihid. p. 293, ft se(f. ; p. 340, et Hcq. IntegralB equivalent to them had previously been 
examined by Euler, lu.t. Calc. Ini. u. (Petersburg, 17G9), Ch. x. § 1036, but Poisson’s forms are 
more elegant, and bis stuily nf them is more systematic. See also § 3*3. 

X E.g. on p. 300, be proved that, if 


72 = 

then 72 satislies the differential equation 


/: 


cos {rp cos w) wdw. 


r?(n -t-1) 


P^R. 


§ NibIbcd, Handbuen der TheorU der CyUnder/unktionen (Leipzig, 1904), p. 61, calls them 
Bemu s second integral, but the above nomenclature seems preferable 

» 
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Poisson also observed* that 

/■' Bin*. ffdff=r COB (z cos ff) sin”' ffclff; 

Jo Jo 

this is evident when we consider the arithmetic mean of the integral on the 
left and the integral derived from it by replacing ^ by tt - 
We thus get 

® ■ 1 > rw //*'"'""" 

A slight modification of this formula, namely 

( 3 ) J„(^) = r(n+}]r(f)I.i ~ 

has suggested important developments (cf. § 61) in the theory of Bessel 
functions. 

It should also be noticed that 


(4) 


/• 


cos {z cos 6) sin^ 6d0 


/*i» 

= 2 / co8(.^cos^)sin®”^rf0 
Jo 

fiir 

= 2 cos (z sin 0) cos®" 0d0, 
Jo 


and each of these expressions gives rise to a modified form of Poisson s integral. 

An interesting application of Bessers and Poisson's integrals was obtained 
by Lommelf who multiplied the formula 

^ 4n® {4n® - 2*) . . . {4w.2 - (2m - 2)®} 


cos2w^= 5: (-)”»- TO 

Tit-o (2m)! 

by cos (z cos 0) and integi'ated. It thus follows that 


' sin®*" 0 


(5) (.)-(-) i( ) >-• 


2‘31. Bessel's investigation of Poisson's integral. 

The proof, that (z) is equal to Poisson s integral, which was given by 
Bessel J, is somewhat elaborate; it is substantially as follows : 

It is seen on differentiation that 

z 

cos 0 sin®""‘ 6 cos (z cos 0) — ^ , sin®"+^ 6 sin (z cos 0) 

Z/fl "T* X 

= (2n - 1) sin®"”® 0 — 2n sin®’^ 0 + sin®"*^® cos (z cos 0), 

* Poiasou actually made the statement (p. 293) concerning the integral which contains 
Bin 2 M+i $ ; but, as he points out on p. 340, odd powers may be replaced by even powers throughout 
his analysis. 

f Stndien liber die BeseeVsehen Fumtionen (Leipzig, 1868), p. 30. 

+ Berliner Abh. 1824 [published 1826], pp. 36—37. Jacobi, Journal fitr Math. xv. (1836), p. 13, 
[Qc 8. Math. JVerke, vi. (1891), p. 102], when giving bis proof (§ 2*32) of Poisson’s integral formula, 
objected to the artificial character of BesBel’s demonstration. 
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and hence, on integration, when ^ 1, 

(2n-l) r cos {z cos 6) sin"'”** SdO - 2n f cos (z cos d) sin"* 

Jo « 

-f — f cos (z cos 6) sin"*^® Bdd = 0. 

I f now we w'rite 


... r 

r (a 4- i) r (A ) Jo 


cos {z cos 0) sin"* ddO = if> (a), 


the last formula shews that 

z<fi {n — 1) — 2niJ> (n) + ^<^> (n + 1) = 0, 
so that <J>{n) and Jn{z) satisfy the same recurrence formula. 

But, by using Bessel’s integral, it is evident that 

</) (1) = ~ J cos {z cos 6) sin- 0d0 = — ^ jsin {z cos sin 0d0 

If’' 

= - sin (z cos 0) cos 0d0 = — Jo {z) = Jj (z\ 
j 0 

and so, by induction from the recurrence formula, we have 

^ («) = Jn {Z), 

when a = 0, 1, 2, 8, 


2'32. Jacobis investigation of Poissons integral. 

The problem of the direct transformation of Poisson s integral into Bessels 
integral was successfully attacked by Jjxcobi *; this method necessitates the use 
of Jacobi’s transformation formula 


rf«-i sin"*-^ 0 _ r 


(2/^ - 1) 


sin 110 , 


whoro = cos 6. We shall assnmo this fonnnla for the moment, and. since no 
smii>le direct proof of it seems to have been previously published, we shall 
jfivo an account of various proofs in ^ 2-321 — 2-323. 

11 we observe that the hrst n — 1 dewvatos of (1 with respect to 

fj., vanish when /i= ± 1, it is evident that, by n partial integrations, wo have 

£“ COR cos 0) sill-” ffd0 = z» f cos(2/i). (1 - d/j. 


^ ( -)“ I ^ cos (zfi — I htt) 


d”(l 


d/j.'‘ 


- — dM- 


* Journal fur Math. xv. (183G), pp. 12^ 13. 

i^Iho Journal de Math. i. (1830), pp. 195 - 19G. 


[(Jt's. Math. Werke, m. (1891), pp. 101—102.] See 
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If we now use Jacobi's formula, this becomes 

1.3.5...(2n — l)r^ dsiiinO j 

— j J cos{z/j. — ^?i7r) 

= 1 . 3 . 0 ... (2n ” 1 ) j cos (-3^ cos ^ { /^tt) cos n6(W 

= 1.3.5...(2a-l)'7r./n(^), 

by Jacobi’s modification of § 2*2 (8) and (9), since cos cos — J/itt) is equal 
to (— )*" cos (-? cos 6) or (^cos 6) according as n is even or odd; and 

this establishes the transformation. 


2*321. Proofs of Jacobs s tra nsformaiiou. 

Jacobi*H proof of the transformation formula used in 2-3:J consisted in deriving it 
as a special case of a formula due to Lacroix*; but the proof which Lacroix gave of 
his formula is open to objecition in that it involves the use of infinite scries to obtain 
a result of an elementary character. A proof, based on the theory of linear dift'erential 
equations, was discovered by Liouville, Journal de Math. vi. (1841), pp. 69 — 73; this 
proof will l>e given in § 2*322. Two years after Liouville, an interesting symbolic pnmf 
was published by Boole, Camh. Math. Journal., in. (1843), pp. 216 — 224. An elementary 
proof by induction was given by Grunert, Archio der Math, und Vhifs. iv. (1844), pp. 104 — 
109. This proof consists in shewing that, if 


e„=: 


then 


©n + 1 = (1 - ■ 


1 ) 


and that (-)"“* 1.3.5... (2n — 1) (sin n^)/?t satisfies the same i*ecurrence formula. 

Other proofs of this character have l>ccn given by Todhunter, Differential Calculus 
(London 1871), Ch. xxvni., and Crawford +, Proc. Edinburgh Math. Soc. XX. (1902), 
pp. 11 — 15, but all these proofs involve complicated algebra. 

A proof dcjiending on the use of contour integration is due to Sehliifli, Anfi. di Mat. (2) 
V. (1873), pp. 201 — 202. The contour integrals are of the type used in cistabhshing 
Lagrange’s expansion ; and in 2*323 we shiill give the modification of Schliifli’s proof, 
in which the use of contour integrals is replaced by a use of Lagrange’s expansion. 

To prove Jacobi’.s formula, differentiate by Leibniz’ theorem, thus: 


{( 1 . 

1.3.5... (2n- 




H . “-1 
= 2—1 2 (■ 
^ >n=0 


nCim + 1 (sin i^)-"* + ' (cos iS f*'- ~ ~ ‘ 


— sin {2n x ^^), 

and this is the transformation required J. 


* TriM dll Calc. Biff. i. (Paris, 1810, 2nd edition), pp. 182— 1 h:^. See also a note written by 
Catalan in 1868, M6m. de la Sac. li. des Sci. de Liege, (2) xii. (1885), pp. 312 — 316, 

t Crawford attributes tlie formula to Rodrigues, possibly in consequence of an incorrect state- 
ment by Frenet, Itecucil d'Kxercives (Paris, 1866), p. 93, that it is given ii; Rodrigues* dissertation, 
Correnp. Hur VKcole R. Poly technique, in. (1814—1816), pp. 361 — 38.>. 

X I owe this proof to Mr C. T. Preece. 
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but 

80 that 
Hciice 




2'322. Liouville^» proof of JacohCt transformation. 

The i)roof given by Liouville of Jacobi’8 formula is as follows : 

Ixjt and let D l)e written for dldp', then obviously 

Differentiate this equation n times ; and then 

(1 -/i2) + + : 

d\ , JK d cP 

/>« -^y= As\\\n6-\- B cos n6, 
where A and B are constants ; since is obviously an odd function of 6, B is zero. 

To determine A compare the coefficients of 6 in the expansions of and A sinnd in 

ascending ]>owers of B. The term involving B in is easily seen to be 

so that ?#.^ =( - )»- n . 3 . 5 ... (2n - 1 ), 

and thence we have the n‘Hult, namely 

j . =(-)“"* - ^ ' »m7iB. 

cf/i” ^ ' 71 


2‘323. SchliiflPs proof of Jacohi^s transformation. 

We first recall Ijagrauge’s expansion, whi»;h is that, if z = + then 

(m)+ i J [{/wr 


HO that 


n^l 71 : cf/i“ 


subject to the usual conditions of convergence*. 

iNow tiikv, f{z)s - J (1 -e*), (ji' ( 2 ) 3 ^/(l - 22 ), 

it IxMiig supposed that 0' {z) reduce.s to y/{l - i.c. to sin 6 when A -►0. 

J he singularities of z qua function of h are at A=*c^**^ j and so, when B is real, the ex- 
pansion of ^/(l — 22 ) in powers of h is convergent when both | h | and | z \ are less than unity. 
2={1 -^/(l - 2^A + A2)}/A, 

dz _ 1 


and I 




Hence it follows that 


( — d^ * sin 1 ^ 


pansion of ^/(] (^czjdfi) m ixiwers of k. But it is evident that 


is the coefficient of in the ex- 




?!!*>■*= . 1. 3.6...(2n_i) 
M-1 2 . 4 . 6 ... 


4-1, 


«-i 2.4.fi...(27t; I 

and a consideration of the coefficient of 4'*-i in the last expression establishes the truth of 
Jacobi’s formula. 


Cf. Modern Analysis^ § 7'82. 
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2 * 33 . An application of Jacobi's transformation. 

The formal expansion 

I /(cos a;) cos na; da; = j S (— (cos a;) da;, 
Jo 0 »i-0 


in which is the coefficient of in the expansion of dn(0/*^o(0 as- 
cending powers of f, has been studied by Jacobi*. To establish it, integrate 
the expression on the left n times by parts ; it transforms (§ 2 32) into 

1.3.5..\2h-1) //'"’(cos x) 


and, when sin*" a; is replaced by a series of cosines of multiples of a;, this becomes 


2.4.6 ...(2n) 


f (cos a;) 1 — 


2n (n — 1 ) 

(n + l)(n + 2) 


cos 4a; - . 


dx. 


We now integrate / (cos a;) cos 2a;, /<"» (cos a;) cos 4a;, ... by parts, and by 
continual repetitions of this process, we evidently arrive at a formal expansion 
of the type stated: When /{cos a;) is a polynomial in cos a;, the process 
obviously terminates and the transformation is certainly valid. 

To determine the values of the coefficients in the expansion 

f f (cos x) cos nxdx = f 2 (cos x) dx 

Jo J 0 m^O 


thus obtained, write 

f (cos x) = (—)*" cos {t cos x)y (— sin {t cos x), 
according as n is even or odd, and we deduce from § 2*2 (8) and (9) that 

m-O 

so that oim has the value stated. 

It has been stated that the expansion is valid when /(cos a?) is a poly- 
nomial in cos a;; it can, however, be established when /(cos a;) is merely 
stricted to be an integral function of cos a;, say 

® 6„co.s"a; 

n-O 

provided that Rm v'l &n I is less than the smallest positive root of the equation 

n-^30 

Jo the investigation of this will not be given since it seems to be of 
no practical importance. 

* Journal fUr Math, xv. (1836), pp. 25—26 [Qes. Math. Werke, vi. (1891), pp. 117—118]. See 
aluo Jacobi, Aatr. Nach. xxviii. (1849), col. 94 [Gen. Math. JFerke, vii. (1891), p. 174]. 
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2 ’ 4 . The addition formula for the Bessel coefficients. 

The Bessel coefficients possess an addition formula by which {y 4* z) 
may be expressed in terms of Bessel coefficients of y and z. This formula, 
which was first given by Neumann* and Lornmelf, is 


( 1 ) 


Jn(y + z)= 2 (y) J n^rn (z). 


The simplest way of pr(»ving this result is from the formula § 2‘2 (4), which 
gives 

Jn (y + Z) = j ei ‘2'+^- dt 

2 pofi 00 

= (y) dt 


27n 

1 ® rm 

-2S 




— !£ t/,„ (t/) (^), 

1/J — " cc 

on changing the order of summation and integration in the third line of the 
analysis ; and this is the result to be established. 

Numerous generalisations of this expansion will be given in Chapter XI. 


2*6. Hansens series of squares and products of Bessel coefficients. 

Special eases of Neumann’s addition formula were given by Hansen^ as 
J‘arly as 1H43. The first system of formulae is obtainable by squaring the 
fundanienta! expansion § 2T (1), so that. 

By i'xj))c.s.sing th.' pmluct on the right as a Laurent series in t. and equating 
the (•oefhcieiit of in the result to the coefficient of r in the Laurent cx- 
IKinsion of the expression on the left, we find that 


r= - oD 


In pell tie'll lar, taking n = 0, we have^ 


(1) J„(2«) = j>(z) + 2 i {-yj;^z) = i (-)v^^ 

I hcorie der Jie»»ergchen Functwnen (Leipzig, 1867), p. 40. 

+ (Leioziif w... of nn 

Ann. in. (1K71), pp. 135 137. Schlafli, 

: £:rmaMunff drr ahwluten ^torungen (Gotha, 1843), p. 107 et ,en ^ 

and be gave onI>- the special case of (2) in which n-1 Th. Hansen did not give (4). 

Lommcl. SludUn ,l.e Kcs.eMe,. Functio,.cn (rJip;ig, 

§ For brevity, J,» (::) is written in place of {,/„ (£))2. 
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From the general formula we find that 

(2) J,. (2z) - 2 Jr {Z) Jn-r (^) + 2 I (-)>• (z) (z), 

r=0 r=l 

when the Bessel coefficients of negative order are removed by using § 2*1 (2). 
Similarly, since 

{ i trjr{z)\\ i (-rr/,„(z)l 

= exp (^z (t - 1/t)} exp jiz (- 1 + Ijt)} 

= 1 > 

it follows that 

(3) + = 

r=l 

2n CD 

(4) 2 (-r J-,(z) J»_(z) + 22 Jr(z) ^anfr (z) = 0. 

r-0 r-1 

Equation (4) is derived by considering the coefficient of in the Laurent 
expansion ; the result of considering the coefficient of is nugatory. 

A very important consequence of (3), namely that, when x is real, 

(5) |^o(^)kL |/.(^)kl/V2, 
where r = 1, 2, 3, ..., was noticed by Hansen. 

2*6. Neumanns integral for Jf^{z). 

It is evident from § 2*2 (5) that 

Jn{z) = ^ 

and so 

./„» (z) = ^ I J e«*'(»++ p-KOinOH .111 

To reduce this double integral to a single integral take new variables defined 
by the ecj nations 

6 — <f>=2x, 6+ <f> = 2i/f, 

so that 

? = 2 

It follows that 

where the field of integration is the square for which 

Since the integrand is unaffected if both x y/r are increased by tt, or if x 
is increased by tt while is simultaneously decreased by tt, the field of intc'- 
gration may evidently bo taken to be the rectangle for which 
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Hence 


” 27r''* * * § J 0 J ~v 

= ^ \ (2« cos x) rfx- 

TT Jo 


If we replace x by i T according as x 
result 


( 1 ) 


2 

TT 0 


J 2»» (2-2? 


is acute or obtuse, we obtain the 
sin 6^ d6. 


This formula may obviously be written in the form 

(2) (^) = ^ J«. (22 sin 6) d0, 

which is the result actually given by Neumann*. It was derived by him by 
some elaborate transformations from the addition-theorem which will be given 
in § 11'2. The proof which has just been given is suggested by the proof of 
that addition-theorem which was published by Graf and Gublerf. 

We obtain a different form of the integral if we perform the integration 
with resjKict to % instead of with respect to y}r. This procedure gives 

Jn (2) = 2^ J 

sf) that 

1 

(J)) Jn^ ^ ‘277 f 


1 

TT 


’tr 

Jo (2^ win y/r) cos 2n\|r dyjr^ 
Jo 


a result which SchlaHiJ attributed to Neumann. 


2‘61. Neuvunins series for J,^ { 2 ). 


By taking the formula §2'6(1), expanding the Bessel coefficient on the 
right in powers of z and then integrating term-by-term, Neumann § shewed 
that 



V 

Jrt-O 


(_)w ^5»i-f2»n Q 

'ni\{2n -f 7n}\ 


dd 


I ( -)”* (2n -t 2 7n)\(^zy ^+’^^ 

m=o w: (2n + m)! [{n + m)! )*•* 


• TheoTie der BrmeVsehen Functionen (Leipzig, 1867), p. 70. 

t KinleiUini) in die Theorie der BesneVsehen Funktionen, ii. (Bern, 1000), pp. 81 — 85. 

X The formula is an immediate consequence of equation 10 on p. 69 of Nenmann’s treatise. 

§ Moth. Ann. in. (1871), p. OOH. The memoir, in which this result was given, was first pub- 
lished in the l.eipziger Berichte, xxi. (1869), pp. 221—256. 
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2-61, 2-3|^ 

This result was written by Neumann in the form 
(1) J Tl - «- ^ 

(1) Jn 1^1 

where 


( 2 ) 


Ta = 


(2w + l) 1.2.(2n + l)(2n + 2) 

2/14-1 

2nT2* 

(2/1 4-1) (2/1 4- 3) 

(2/14-2) (2/14-4)* 

(2 /^ 4-1) (2/1 4- 3) (2/1 4- 5 ) 

{2n 4- 2) (2/1 4- 4) (2n 4- 6) * 


This expansion is a special case of a more general expivnsion (due to 
Schlafli) for the product of any two Bessel functions as a series of powers with 
comparatively simple coefficients (§ 5*41). 


2*7. Schl6milch*s expansion of z^ in a series of Bessel coefficients. 

We shall now obtain the result which was foreshadowed in §2*22 con- 
cerning the expansibility of z”*' in a series of Bessel coefficients, where m is any 
positive integer. The result for /m = 0 has already been given in §2'22 (7). 

In the results §2*22(1) and (2) substitute for cos 2??^ and 8in(2/i4- 1)S 
their expansions in powers of sin*-* These expansions are* 


cos 2nd = S (— )* - 


/i. (/1 4- 5 — 1)1 


(/I — 5 )! (2j9)! 


(2 sin ^)“ 


sin (2/1 4- l)^==i 2 (-} 


^(2/i-M).(n4-.s*)! 
(/j- 6-)! (25 4- 1)1 


(2 sin ^)“+\ 


The results of substitution are 


cos sin 6) = J, (^) + 2 _ i {z) j (2 sin , 

f \ 

sin {z sin ^) = 2 Jan+j (^) 1 ^ (~ 

n=0 ( «=0 


(/J- 5)1 (25 4- 1)1 J 


If we rearrange the series on the right as power series in sin $ (assuming 
that it is permissible to do so), we have 

I / • f r / V n S r / J * (— )*(2sin^)“f 2/f .(m 4-5— 1)! jr . 

jco.(*„„«)_jj.(.)+2 £ + —(ay— {3 . („-,) r~ •'"<4 

,=0 (2s +1)! (n-s)! j 


W. B. F. 


* Cf. HobRon, Plane Trigonometiy (1918), §§80, 82. 


3 
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If we expand the left-hand sides in powers of sin $ and equate coefficients, 
we find that 


ntl 






(i^y 


V (2«-H).(n + s)! 
’ " ^ («-«)! 


(s = l, 2 , 3 ....) 

(*“0, 1, 2,...) 


The first of these is the result already obtained ; the others may be com- 
bined into the single formula 

(1) (m = l, 2,3,...) 

The particular cases of (1) for which m = 1, 2, 3, were given by Schlomilch*. 
He also shewed how to obtain the general formula which was given explicitly 
some years later by Neumann f and LommelJ. 

The roarrangcraent of the double ^leries now needs justification ; the rearrangement is 
|)onniasible if we can establish the absolute convergence of the double series. 

If wo mak(5 use of tlio ine<|ualitie8 

-l^„yUh («»*), 

in connexion with the series for sin {z sin 0) we see lliat 
I |2siMr. I (2« + l). («+,)! 

„„ (2.+I,! (Tr-irr - “■'i- 

‘ |2Hinfl|2«+i , ^ 

“siiili (i^sin^Dexp (JlxjZ), 

t-ted i„ 

Th. sonunvhut elaborate analysis which has just been given is avoided in 
L-mmels proof by induction, but this proof suffers froui^the fact that it is 
snp,s.s«l that the form of the exi«insion is known and merely needs verifica'- 
tion. If, following Lommel, we assume that 

(J4'’ = i: d- 2^. (lyt 4- n - 1)! r 

n =0 r?t *^rn-|.27i (4 

* ZeiUchriftfUr Math, und Phyn. (1857), pp. 140-141. 
t htane dev Peni^H'schfn Fnnctioneu (Leipzip, 1867) p 38 

. St«d,a, itb,,- die JI,„elWh,„ Funcliimen (Uipzin, mS) im 35 3f i 
iH Riven later in this section ^ * do^36. Lommel’s mvestiRatiou 
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[which has been proved in §2'22(8) in the special case m = 1], we have 

« = 0 

= 2 ^ iz)+y (z)] 

n=0 ^ • 

_ “ (mH-l + 2n).(m4-n)! ^ ^ ^ 

■" ^ *^mi-\+2n \Z)- 

n=0 W ! 

Since {m + «^m+ 2 n {z)ln\-*- 0 as w -► oo , the rearrangement in the third 

line of the analysis is permissible. It is obvious from this result that the in- 
duction holds for m == 2, 3, 4, 

An extremely elegant proof of the expansion, due to A. 0. Dixon*, is as follows . — 

Let t bo a complex variable and let n be defined by the equation when 

t describes a small circuit round the origin (inside the circle | ^ | = 1), u does the same 
We then have 

(iz)’" = gs+r;:,’ j 

= J «P { - (' - 1/01 • ^ * 

= 2^1- r' “"i’ ‘ * 

* (m + ‘2n) . 1) ! , 

= 2 — -j- •'m+2H 

when we calculate the sum of the residues at the origin for the last integral; the inter- 
change of the order of summation and integration is permitted Ixjcaiise the series converges 
uniformly on the contour ; and the required result is obtained. 

j^NoTE, When m is zero, ~ has to be replaced by • J 

2 ’71. iSchlomilch^a expa'imo7i8 of the type (c). 


The formulae 


2 (•2«)->'^*»(.-)= 2 


( 2 ) 2 + (z)= 2 /‘ZV,^ 

11^0 Ht"0 

ill which p is any positive integer [zero included in (2) but not in (1)] and is a numeri- 
cal coeflficient, are evidently very closely coiinccteil with the results of ^ 2‘7. The toriniil.ie 

• Meaaenger^ xxxii. (1903), p. 8 ; a proof on the same lines for the case m = l had been pre- 
viously given by Kapteyn, Nicuw Archief voor Wiaknnde, xx. (1893), p. 1*20. 


3- 2 
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were obtained by Schl«milch, Zeitschrift far Math, und Phys. II. (1857), p. 141, and he 
gave, as the value of 7*^^ 


(3) 


{~_y ^nOk 


where ih a binomial coefficient and the last term of the summation is that for which k 
iH La - I or i (w- J ). To prove the first formula, take the equation § 2*22 (1), differentiate 
2p tiincH with respect to d, and then make d equal to zero. It is thus found that 


2(-)^ 


” N.>n 7 /V r COS {z Sin 6)1 r 


X (_)«^8in2m d-j 

rn=0 ' (^" 0 ! ' Jtf= 0 * 


The terms of the series for which m>;>, when expaiidod in ascending powers of d, 
contain no term in d'^', and so it is sufficient to evaluate 


rd'iP r ( - 

V ( — 2m 

~ 2 ^ 2 


IL 

1 

i 

i 

II 

0 • 0 (2»/i) ! 

( (27)2"‘ J 


«» 2m 

to = lO 


= 2 (-)^ 2 
w-0 

since terms equidistant from the beginning and the end of the summation with respect to 
I arc equal. The truth of (3(juation (1) is now evident, and equation (2) is proved in a 
Mimlar manner from ^ 2 22 (2). 

The reader will easily establish the following sjiecial cases, which were stated by 
Sdilomilcli ; 

I PJ, (^) + 33 ^3 + 

2» J, (jl + 4V, (j ■ + 6* (s)+ , . . = yt, 

l2.3.4,/3(j) + 4 5.G4(j)+6.7.8,/7(i)+,.. = ^i:i. 


2-72. Neumunii’s expandon of as a series of squares of Bessel coefficients. 

F roiri Schliiinilch’s I'xpansion (§ 2-7) of as a series of Bessel coefficients 
of even order, it is easy to derive an expansion of as a series of squares of 
Bessel coefficients, by using Neum.ann’s integral given in § 2'6. 

Thus, if M'e take the expansion 


(z sin 

«-o 


(2m -f 2n) . (irn -p w _ ] ) | 

_ j ^ 2^ sin 6\ 


and integrate with respect to 6, we find that 


rir 

SI 

TT Jo 


sin»”'^(/d= 2 


n =-0 


(2m-p2w).(2m + n-l)! „ 


SO that (when m > 0) 


(1) 


{h^z)^ 


Y (2m + 2n) . (27n + 7i — 1) i 
(2m)! „~o Til m+ni^y 
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This result was given by Neumann*. An alternative form is 

( 2 ) 


I ne _r'(n + m) 

- (2m) ! ” r(n - m + 1)*'” 


and this is true when m = 0, for it then reduces to Hansen’s formula of § 2*5. 
As special cajaes, we have 


(3) 


i 


^ 4n*(4«*- 2*; .!.«(*), 

*5 • ^ »=2 

1.2.3 * 


2 . 471 ^ (4^2 - 2*) (4?i* - 4*) i/, * '/), 


If we diflFerentiate (1), use § 2*12 (2) and then rearrange, it is readily found that 
/.IV /I 1 wi!(wi-l)! * (2m + 27i- 1) . (2m-|-a--2)! , . . .. 

(4) (W*”-* = 72^1)1- „!/ -iy ■— 

an expansion whose existence was indicated by Neumann. 


Leipziger Berichte, xxi. (1869), p. 226. [Math. Ann. nr. (1871), p. 585.] 



CHAPTER 111 

BESSEL FUNCTIONS 


3*1. The generalisation of BesseVs differential equation. 


The Bessel coefficients, which were discussed in Chapter ii, are functions 
of two variables, z and w, of which z is unrestricted but n has hitherto been 
reijuired to be an integer. We shall now generalise these functions so as to 
have functions of two unrestricted (complex) variables. 

This generalisation was effected by Lomrnel*, whose definition of a Bessel 
fvnchon was effected by a generalisation of Poisson s integral ; in the course 
of his analysis he shewed that the function, so defined, is a solution of the 
linear differential equation which is to be discussed in this section. Lomniel's 
definition of the Bessel function Jp{z) of argument z and order v wasf 

J „ (z) = Y- -- £ rYTTTx I COS 0) siu^'' 0d0, 

and thf inti'gral on the right is convergent for general complex values .of v 
for which li{v) exceeds Lonimel apparently contemplated only real 
values of i>, the extension to complex values being effected by HankelJ; 
functions of order less than - ^ were defined by Loininel by means of an ex- 
tension of the recurrence formulae of § 2‘12. 

The readi'r will observe, on c<mi})aring § 3'3 with § 1-6 that Plana and 
Poisson had investigated Bessel functions whose order is half of an odd integer 
nearly half a century before the publication of Lommel’s treatise. 

We shall now replace the integer n which occurs in Bessel’s differential 
ts, nation by an unrestricted (real or complex) number§ e, and then define a 
JJessel function of order v to be a cerUin solution of this equation • it is of 
course desirable to select such a .solution as reduces to /„(«) when »-’assumes 
tru‘ integral value n. 


We shall therefore discuss solutions of the differential equation 
fl) 


„ d'l/ (in , 


which will be called Bessel's equation for functions of order v. 

Studteti hbe7 die Itessel schen b'unctionen (Leipzig, 1808) p 1 
t ^lath. Ann. i. p, .^>9. 

™ tmri"Lv:;rr';„re::. TM :: ^ ‘•■o -ymbols 

not yet come into general use in tlns*coL*try'"lt hirth'^'T ‘*«a‘gh it has 

«-c..ctWaresuU.strue.runrest:S^^^^^^^^ 
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Let us now construct a solution of (1) which is valid near the origin; the 
form assumed for such a solution is a series of ascending powers of z, say 

00 

y= 2 Cm «•+"*, 

where the index a and the coefficients are to be determined, with the pro- 
viso that Co is not zero. 

For brevity the differential operator which occurs in (1) will be called V„, 
so that 

It is easy to see that* 

V, i CmC*+’”= i c,„((a + m)»-v*} «•+'«+ S c^ «<■+’»+“. 

tH=(/ rn=0 m=0 

The expression on the right reduces to the first term of the first series, 
namely Co(a® — if we choose the coefficients c^^ so that the coefficients of 
corresponding powers of z in the two series on the right cancel. 

This choice gives the system of equations 

Ci {(a + I)’*— !/*) =0 

Ca {(a + 2)* — + Co =0 
Ca |(a 4- 3)* — 4- c, =0 

Cm {(a 4- inf - 4- c^.a = 0 


If, then, these equations are satisfied, we have 
(4) V, i c„,^+”‘=Co(a»-i/*)^. 

w-O 

From this result, it is evident that the postulated series can be a solution 
of (1) only if a = + 1 / ; for Co is not zero, and vanishes only for exceptional 
values of z. 

Now consider the /r^th equation in the system (3) when 7n > 1. It can be 
written in the form 

Cm{a-v + m){a + p^m)-\- c„»_2 = 0, 

and so it determines Cm in terms of c^-e for all values of rn greater than 1 
unless a~vor a + i/ is a negative integer, that is, unless — 2i/ is a negative 
integer (when a = — j/) or unless 2v is a negative integer (when a = v). 

We disregard these exceptional values of v for the moment (see §§311, 
3*5), and then {a + my — v^ does not vanish when m = l, 2, 3, .... It now 

* When the oonstante a and c„| have been determined by the following analysis, the series 
obtained by formal processes is easily seen to be convergent and differentiable, so that the formal 
procedure actually produces a solution of the differential equation. 
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follows from the equations (3) that Ci = C 3 = 0 ^= ... = 0, and that c^n is ex- 
pressible in terms of c® by the equation 

(~~ )^ Cq 

(a-v-h 2)(a-- v + 4) ... (a-~p + 2m)(a-hp 4- 2) (a + 4) ... (a + i/-|-2m)' 

The system of equations (3) is now satisfied; and, if we take a = i/,we see 
from (4) that 

(5) s , 

" L »i-i »i!(*' + 0(*' + 2)..- (v + nOj 

is a formal solution of equation (1). If we take a~ — p, we obtain a second 
formal solution 

,0 


r * 

1 -f S — - I . 

L w-i I' + !)(-*/ + 2)... + 


In the latter, c®' has been written in place of c®, because the procedure of 
obtaining (6) can evidently be carried out without reference to the existence 
of (5), so that the constants c® and c®' are independent. 

Any values independent of z may be assigned to the constants c® and c®' ; 
but, in view of the desirability of obtaining solutions reducible to Jn(s) when 
p n, we define them by the formulae* 

(7) - _ 1 , i 


On — , 


Th(' sej’i(js (5) and (6) may now be written 

-0 ! r (p + fn + i)' m ! F ^ + m f ~i ) * 

In tho cii-ctimstances considered, namely when 2 ris not an integer, these series 

of powers c.nvvrg., for all values of (^ = 0 excepted) and so tenn-by-tcrm 
differentiations art iterniissible. The operations involved in the analysisf by 

which they wore obtained are consetpiently legitimate, and so we have obtained 
(wo solutions of equation (1). 

The first of the two series defines a function called a Bessel function of 
09 e, e and a, yutnent c, of the first kindX ' and the function is denoted by 
he syrabo J {z). Since t ,s unrestricted (apart from the condition that, for 
tht presonf, 2c is not an integer), the second series is evidently {z) 
Accm-dim,ly, the function .f (^) u- defined by the eyaatiun 


(H) 


j,(z)= I - Wif):!!! 


„rom!r(i; + m+ !)• 

It is evident from § 211 that this definition continues to hold when is a 

§ 3 - 5 , 3 54 , 3 - 67 , 3 * 6 . 


. , ’ puicijf lormai. 

» Functions of the second and third kinds arc defined 


in j 
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An interesting symbolic solution of Bessel’s equation has been given by Cotter* in the 
form 

where Dsdjdz while A and B are constants. This may be derived by writing successively 

[D («Z>-2if)+^]2>=0, 

which gives Cotter^s result. 

3*11. Functions whose order is half of an odd integer. 

In § 31, two cases of Bessels generalised equation were temporarily omitted 
from consideration, namely (i) when v is half of an odd integer, (ii) when v is 
an integerf. It will now be shewn that case (i) may be included in the general 
theory for unrestricted values of v. 

When V is half of an odd integer, let 

i/" = (r 4- i)*, 

where r is a positive integer or zero. 

If we take a = 9^ + ^ in the analysis of § 3*1, we find that 
jCi.l(2r4-2) =0, 

(C;„.m(m + 2r4- l)4-c,n-2 = 0, ^ ^ 

and so 

/ 2 ') c = 

K^} ^ 2 m 2.4...(2m).(2r-h3)(2r + 5)...(2r + 2m + l)* 

which is the value of Oj,,, given by § 3*1 when a and v are replaced by r 4- 

If we take 

1 _ 

we obtain the solution 

,»=o»»!l’(r + OT + f)’ 

which is naturally denoted by the symbol Jr+i(z), so that the definition of 
§ 31 (8) i» .till valid. 

If, however, Ave take a = — ?* — the equations which determine Cm become 

<3i K-l(-2r) =0, fm>l) 

|c„ . m (m - 1 - 2r) + c™_j = 0. 

As before, Ci, Cg, ...,C 2 r-i are all zero, but the equation to determine c^r+i is 

0 • ^2r+i "b C2r— 1 == 

and this equation is satisfied by an arbitrary va^ue of Cs„+i; when m >r, Ca^-n 
is defined by the equation 

__ (“)”* ^ ^ar-fi 

Cam+i - 3 ) ^2r + 5) . . . ( 27 / 1 4- 1 ) . 2 . 4 . . . (2m - 2r) * 

* Proc. K. Irish. Acad, xxvii. (A), (1909), pp. 157—161. 
t The cases combine to form the case in which 2v is an integer. 


{m > 1 ) 
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If Jy{z) be defined by § 3*1 (8) when — the solution now con- 
structed is* 

Co 2— » r (i - r) J^r-i (^) + r (r + f ) (z). 

It follows that no modification in the definition of (z) is necessary when 
= + the real peculiarity of the solution in this case is that the 

negative root of the indicial equation gives rise to a series containing two 
arbitrary constants, Cq and Ca^+i, i.e. to the general solution of the differential 
equation. 


3 ‘ 12 . A fundamental system of solutions of Bessel's equation. 

It is well known that, if and are two solutions of a linear differential 
eipiation of the second order, and if y/ and y./ denote their derivates with 
respect to the independent variable, then the solutions are linearly inde- 
pendent if the Wronskian deter7riLiuint\ 

i y/ 

does not vanish identically; and if the Wronskian does vanish identically, 
then, either one of the two solutions vanishes identically, or else the ratio of 
the two solutions is a constant. 

If the Wronskian does not vanirh identiciilly, then any solution of the 
differential e(juation is exi.ressible in the lorin c. y, + c, y, where c, and c, are 
constants depending on the particular solution under Consideration; the 
solutions y, and y^ are then said to form a fundamental system. 

her brevity the Wronskian of y, and y.^ will be written in the forms 
®Bzlyi,y4. 51fflly„y„}, 

tlH> former being used when it is necessary to specify the independent variable. 
We now proceed to evaluate 

If we multiply the equations 


= V,4(^) = o 

by respectiv-ly and subtract. the results, we obtain 

which may be written in the form 


an equation 




,s i!";: m.'7LZ i- 

Uryuafions (1914), §§ 72 — 74 . I'orayth, Treatise on 
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and hence, on integration, 

(1) j_,(z)}=?, 

z 

where C is a determinate constant. 

To evaluate (7, we observe that, when v is not an integer, and |^| is small, 
we have 

W - r^TT) I' + ® I' + 0 (*■»• 

with similar expressions for J-v{z) and J'_, (z); and hence 


J, (Z) J («) — (z) J y (£) — - 


1 _ _ 1 

r ( V + i) r (- r) f (y) r (- i; +X) 

2 sin inr 


+ 0(^r) 


vz 


+ 0(z). 


If we compare this result with (1), it is evident that the expression on the 
right which is 0(z) must vanish, and so* 

(2) m[Jy {z\ J- . (^)) = - . 

irz 

Since sini^Tr is not zero (because v is not an integer), the functions Jy{z), 
J_„ {z) form a fundamental system of solutions of equation § 31 (1). 

When V is an integer, w, we have seen that, with the definition of § 21 (2), 

and when v is made equal to — n in § 3*1 (8), we find that 

^ , P ^ ^ 1) • 

Since the first n terms of the last series vanish, the series is easily reduced to 
(— )” ./n so that the two definitions of J^n(^) are equivalent, and the 
functions Jn(^), J^n{^) do not form a fundamental system of solutions of 
Bessel’s equation for functions of order n. The determination of a fundamental 
system in this case will be investigated in § 3‘63. 

To sum up, the function J^(z) is defined, for all values of v, by the 
expansion of § 3*1 (8); and J„ (z), so defined, is always a solution of the equation 
V„ 2 / = 0. When v is not an integer, a fundamental system of solutions of this 
equation is formed by the functions Jy (z) and J^y (z). 

A generalisation of the Bessel function has been effected by F. U. Jackson in his 
researches on ** basic numbers.” Briefly, a basic number [n] is defined as » where p is 

the base, and the basic Gamma function Tp (j^) is defined to satisfy the j*ecurrence formula 
rp(F+i)=M.rp(4 

The laisic Bessel function is then defined by replacing the numbers which occur in the 
series for the Bessel function by basic numbers. It has been shewn thai very many theorems 

* This result is due to Lommel, Math. Ann. iv. (1871), p. 104. He derived the value of C by 

making z -^<x> and using the approximate formulae which will be investigated in Chapter vii. 
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cojic(;rrni)g T>,h8c 1 furictioiiM have their aiialogiiCH in the theory of basic Bessel functions, 
l>ut the diNcUfision of these analogues is outside the scope of this work. Jackson’s main 
results are to be found in a senes of papers, Proc, Edinhurgh Math. Soc. XXI. (1903), pp. 
65—72; XXII. (1904), pp. 80-8.5; Proc. Royal Soc. Edinburgh, xxv. (1904), pp. 273—276; 
Tranit. Royal Soc. Edinburgh, XLi. (190.5), pp. 1 — 28, 10.5 — 118, 399—408; Proc. London 
Math. Soc. (2) 1. (1904), pp. 361— .366; (2) ii. (190.5), pp. 192—220; (2) III. (1905), pp. 1—23. 

Tlie more obvioii.s generalisation of the Bessel function, obtained by increasing the 
number of sets of factc^rs in the denominators of the terms of the senes, will be dealt with 
in 4-4. In connexion with tliis generalis^ition sec Cailler, Mem. de la Soc. de Phys. de 
Oenhc, XXXIV. (1905 ), p. 354; another generalisation, in the shajie of Bessel functions of two 
variables, has been dealt with by Whittaker, Math. Ann. LViL (1903), p. 351, and Pdrfes, 
Comptes Rendus, CLXi. (191.5), ])p. 168—170. 


^ ^ <1 
m ) ' 


3‘13. (Jeueral properties of J„(z). 

'J'lie series which defines ./„(.^) converges absolutely and uniformly* in any 
closed domain of valii(*s of .2 [the origin not being a point of the domain when 
R (v) < 0], and in any bounded domain of values of v. 

J^or, whtui 1/1 ^ iV and ^z\ < A, the tost ratio for this series is 

L_.TliL 

1 VI (v + ?«) 

wheiK'ver m is taken to be greater than the positive root of the equation 

JA'* = 0. 

This choice of m being imlepend.mt of v and z, tho result stated follows from 
the test of Weierstras.s. 

Hence j ./. (e) u an analytic function of z for all values of z{z = 0 possibly 
beimj excepted) and it is an analytic function of v for all values of v. 

An important consequence of this theorem is that term-by-term differen- 
tiatmns ami integrations (with respect to ^ or v) of the series for JJz) arc 
poniussilde. ' 

An ,.UH,uiiJity due to Nielsoi. J sl.ould be noticed hero, namely 

( 1 ) 




wlicrc 


[ <91 <oxp 


Iko+ilJ 


<tnd 1^+1 I m thcsnulk>^t <d’tluMmmljer8jp-Hl|j |p + 3|, ... 

lhi.s i*o«ult may be ])roved m exactly the same wav as S a■n^5^ .01 111 

pared with the iue4u.ilitie.s which will be given in 3-3. ^ ^ ^ ^ 

Finally, the function z", which is a factor of needs precise specifica- 

• Bromwich, Theor,i 0 / Injimte Series, § 82, 
t Modern .4nalifc(h, § 5*;4 
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tion. We define it to be exp (i; log where thep^cwe (or argument) of z is 
given its principal value so that 

— TT < arg z%TT. 

When it is necessary to “continue*' the function J^{z) outside this range of 
values of arg z, explicit mention will be made of the process to be carried out. 


3'2. The recurrence formulae for Jy{z). 

Lommel’s generalisations* of the recurrence formulae for the Bessel co- 
efficients (§ 2'12) are as follows: 

(1) J..,(z) + J^^,(z) = ^JAz) 

(2) J^.,(z)--J^+,(z)^2j;iz\ 

( 3 ) zJJ (z) + vJr (z) = zJy..i (z), 

( 4 ) zJJ (z) -vJy(z)==- zJ,+i (z). 

These are of precisely the same form as the results of § 2*12, the only difference 
being the substitution of the unrestricted number u for the integer n. 

To prove them, we observe first that 

— T (zV - — 5: — ^ ^ 

^ ^ ~ dz 2'+®'* . w! r (r + 7« -h 1) 

00 (“)”^ ^2v— l+2r/l 

= . m iTor+ln) 

= a''4_,(4 

When we differentiate out the product on the left, we ai once obtain (3). 
In like manner, 

^\z~*J ^ - 

dz^ dz , 7n\ T {v VI + \) 


— V 




.(m — 1)! r(v + wn- 1) 


® yn+i ^2»n+i 

m=o . m\ r (v -h mT^) 

~~ Z ^j^J^l{z)y 

whence (4) is obvious; and (2) and (1) may be obtained by adding and sub- 
tracting (3) and (4). 

* StUdien Uber die BenseVgchen Functionen (Leipzig, 186^), pp. 2, 6, 7. Formula (3) was given 
when V is half of an odd integer by Plana, Mem. della B. Accad. delle Sci. di Torino, xxvi. (1821), 
p. 533. 
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We can now obtain th(^ generalised formulae 

(«) [z-J, (z)] •= (-)’" (?) 

by repeated differentiations, w’hen m is any positive integer. 

Lommel obtained all these results from his generalisation of Poisson's 
integral which has been described in § 3*1. 

The formula (1) has boon extensively used* in the construction of Tables 
of Bessel functions. 


By expressing and Ji^^(z) in terms of J±v(^) and J'±,(z) by (3) 

and (4), we can derive Lominors formulaf 

(7 ) (r) (z) (z) = ^ 

TT Z 

from formula (2) T)f § 3*12. 


An interesting conHequcnc(‘ of (1) and (2) is that, if Qy (z) = {z\ then 

this fornnila was disioveivd l)y Loiiiinel, who derived various consequences of it, Studien 
itkr div Ikmi^M'hen Functumen (Leipzig, 1808), pp. 48 et seq. Sec nlso Neumann, Math. 
Ami, in. (1871), p. (I0(), 


3*21. Messel fnnchonii of complex order. 

The real aii<l .iiiiagitiaiy parts of the function >(«■), where v, fi and x 
ai’c real, have been discussed in some detail by LoimnelJ, and his results were 
siibsofjuontly ox tended by Bdchor§. 

fi. particular, after defining the real functions K.,^{x) and 8.,^(x) by the 
o(]iiation!| 

(.'I = + 

Lommel obtained the rosnlts 

d'^ 


^ ^ ^ (i:f ‘ ' ^ ^ ^ , H ) j + 1 K (x) i iSy^ ^ (.r)| 


(■i) 

(3) 


2 ( */ + ifi) -p 1 (7 
= Kr^fi(x) -P 


* Sri>, c.g. Lomuirt], Milurheiier Ahh. xv. (18H4— 1H8G), pp. 644 - 047 . 

associated formulae are given in § 3 * 03 . 

4 Math. Ann. in. (1S<1), pp, -mj — .|yg ® 

§ Annnh of Math, vi. (lS‘)2), pp. 137—160. 

es.ab^i'rM'3! will be 
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with numerous other formulae of like character. These results seem to be of 
no great importance, and consequently we merely refer the reader to the 
memoirs in which they were published. 

In the special case in which i/ = 0, Bessers equation becomes 




solutions of this equation in the form of series were given by Boole* many 
years ago. 


3*3. LommeVs expression of J^{z) by an integral of Poissons type. 

We shall now shew that, when lt(p)> - then 

It was proved by Poisson*!* that, when 2v is a positive integer (zero in- 
cluded), the expression on the right is a solution of Bessels equation ; and 
this expression was adopted by LommelJ as the definition of for positive 
values of 1 ^ + ^. 

Lommcl subsequently proved that the function, so defined, is a solution of Bessel’s 
generalised equation and that it satisfies the recuiTonce formulae of Ji 3 2 ; and he then 
defined Jy(z) for values of v in the intervals ( — i, ( — #, -f)» “J)> by suc- 

cessive applications of § 3‘2 (1). 

To deduce (1) from the. definition of Jv{z) adopted in this work, we trans- 
form the general term of the series for Jy(z) in the following manner; 

m! r(i^ 4- m -h 1) r(i/-f r(^ j ’(2m)! ’ f(r + m-+-l) 




r(v + i)r(J)-(2»n)!'o* 

provided that R{v)> — 

Now when the series 

00 / \m 


converges uniformly with respect to t throughout the interval (0, 1 ), and so it 
may be integrated term-by-term ; on adding to the result the term for which 


* Phil. Tians. of the Bmjal Soc. 1-844, p. 239. See also a question set in the Mathematical 
Tripos, 1894. 

•f Journal de VKcole P. Poly technique^ xii. (cahier 19), (1823), pp. 300 et seq., 340 et seq. 
Strictly speaking, Poisson shewed that, when 2i^ is an odd integer, the expression on the right 
multiplied by Jz is a solution of the equation derived from BeBsel’s equation by the appropriate 
change of dependent variable. 

X Studien uber die Be^seVsehen Functionen (Leipzig, 1868), pp. 1 et seq. 
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/y. a -.r,,, .w. 

,, . M''+or(^)yo i„to (2^ni [*. 

rir;» L\ts 

««. / \m^ 2 « ri 

»!, T 2 »^yr /'Ui-tr-^dt= i «:;i L-)"*"" r, , 

m^2v + i‘ (!2m)l *0?^ 

= f'‘-‘'**^%(~}'"i>n-i)z^” 

Jo^'+i U .2 ~mi--~ - 0 ”-*j dt 

~~ f'£.^.^ _‘i j %(.-rz'^” , 

^(V-il s ,1 

"■; l-y l«rts « «eco„d t„ne Thl ' f 

"X::::::::r t:irT *•’ « - ~o;:r"'r" 

(which a,, converge,.,, to the te;L“" r“lf 

It follows that, when 

./,(z,= /' , 

J''(''+i)r{j) //'' (i-<)“^cos(^n -ti‘]dt. 

H'lnnf /• , 1 . 


(2) 

(S) 

(+) 

(5) 

(')) 


vioustntnsfo,,n.at,on«ofthisresult..„add,tionto(l) . n 

2 ) _ 2 (j z)‘’ n ^ are the following: 


>«i«iuiucri to 

•4(^)= — [\ 

I’('' + i)l’(ij/„(>-<’rJcosU«)rf(, 

/,(^)= /> 

r(i)i./^ ' f’r^cos(zt)dt, 

-4(^)= - Jif)' /■' 

^ i ) r ( j ) y _ / 1 ~ *, 

./^ (i) = -_ .2(i£)' |■iI^ 

^<"+<)r(^) l„ ‘'■'’‘''(^■e"s^)sin»-6ld^, 

(z) = .— ilfl* I ' 


rn. „ ■ Z/ • V2/ .'0 

the form,, I, I obtained by at,.,,.,; , • , 

J H pciifci.il integration of f rv i 
l’> ./.,o.i%-i).(i,i-.,,. 

’ when/i(„)>j 
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An expansion involving Bernonllian polynomials has been obtained from (4) by Nielsen* 
with the help of the expansion 


.( 1 - 


(n + 1)! 


in which denotes the nth Bernoulliari polynomial and a^izt. 


[Note. Integrals of the type (3) were studied before Poisson by Plana, Mem. della R. 
Accad. delle Sd. di Toritio^ xxvi. (1821), pp. 619 — 538, and subsequently by Kummer, 
Journal fur Math. Xll. (1834), pp. 144 — 147; Lobatto, Journal far Math. xvii. (1837), pp. 
3()3— 371; and Diihamcl, Cours d' Analyse^ ii. (Paris, 1840), pp. 118—121. 

A function, substantially equivalent to Jy ( 2 ), defined by the equation 


J(fjif (I - cos i’j ? . dr, 

was investigated by Loinincl, Archiv dcr Math, und Phys. xxxvii. (IH61), pp, 349 — 3G0. 
The converse problem of obtaining the differential equation s>itisfied by 


(B-af"' (B-jS)""’ dv 

was also discussed by Lommel, Archir der Math, und Phys. XL. (18G3), pp. 101 — 120. In 
connexion with this integral see also Euler, /waL Calc. Jut. li. (Petersburg, 1769), § 1036, 
and Petzval, Integration der lincaren Dijfercntlalgleichungcn (Vienna, 1851), p. 48.] 


3-31. I neqnalities derived from Poissons integral. 

From § 3'3 ((J) it follows that, if v be real and greater than then 


( 1 ) 




KlO-i 

r(B+i) 


expl/(«)|. 


By using the recurrence formulae §3-‘2(l) and (4), we deduce in a similar 
iniinner that 


( 2 ) 

(3) 




rcB + i)! 


1 + 


|(b + 1)(b+2) 


exp I /(z) I 








By using the expression f ( 2 /( 7 r.^)]* cos .2 for {z) it may be shewn that 
(1 ) is valid when v = — ^. 

These inequalities should be compared with the less stringent irie<jualities 
obtained in §313. When v is complex, inequalities of a more complicated 
character can be obtained in the same manner, but they are of no great im- 
portance. 


* Math. Ann. lix. (1904), p. 108. The notation used in the text is that given in Modern 
A Italy. 'its, § 7-2; Nielsen usee a different notation. 

t The leader should liave no difficulty in verifying this result. A formal proof of a more 
general theorem will be given in § 3*4. 


W. B. P. 


4 
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3’32. Gegp.nbuiiei's generalisatim of Poissons mtegral. 

The integral formula 

/|x r 'sin-' 61. C'n' (cos 

in which is the coefficient of o" in the exi)ansion of (1 - •2o< + a’)-‘' in 

ascending |W)wers of a, is due to Gegenbauer* ; the formula is valid when 
R(v)> — ^ and n is any of the integers 0, 1, 2, — W hen n = 0, it obviouslj 
reduces to Poisson’s integral. 

In the special case in which i^ = i , the integral assumes the faim 

•/n4i (^) = (-*■)’* ( 2 ^) Y/" ^ ’ 

this equation has been tin; subject of d(‘tailed study by Whittakerf. 

To prove Gegenbauer’s formula, we take Poisson’s integral in thc‘ form 

and integrate* a times by parts ; the result is 

•/.-...‘‘i (_2ivr(,/ + a + Air(i)j-, ( <ir' l ' 

Now it is known thatj 

(- 2 V'u!r(,. !-/, + i)r( 2 ,d,, 

,n« ~ rTr+"A)T'( 2 (.T;;^ ' ' 

whence we have 

(3) J 

() O t) (..(Odt, 

and (jiegenbauL*r’s result is evident. 

A symbolic form of Gegenbauer’s equation is 

V) .+«i ) rc2„+n) ' ' " UrfJ ' 

Ibis was given by Payl(*igh§ in the special case v=l. 


riiu roiulor will find it inslnutuc to estiililish (3) by induction witli tlio aid of the 
recuriviK'c forniul.T 

(" + 1 ) , , (f)=< 2v +1/) uv (i.) - (1 - r-) . 

• ir,p»pr Lxvn, (2), (1873), p. 203; (2), (1875). p. 15. Rec also Bauer, 

Milnchener Sttzunffshn , elite, v. (1K75), p. 2G2, and 0. A. Smith, Giornale di Mat. (2) xir. (lOO-i), 
pp HCr)-373. The function CV'(0 hae been exlcneively studied hy Gef^cnbauci* in a scries of 
memoirs in the Wiener SiU'ungsherichte; some of the more important results obtained by him me 
Riven in Modern Anah/nu, glfi-S. 

1 Pror. London Math. Sor. xxxv. (1903), pp. 198-20(>. Sec §S 6-17, 10-5. 
t Cf. Modern Ann/t/ffin, § 15-8. ’ 

§ Proc. London Math. Soc. iv. (1873), pp. 100, 263. 
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A formula which 

(5) 


is a kind of converse of (4), namely* 
/>-»* » r(y->t + l) 

^ w(j^ + «*)/ r (v + 1 ) (p® + 





in which denotes a generalised Legendre function, is due to Filon, Phil. Mag. (6) vr. 
(1903), p. 198; the proof of this formula is loft to the reader. 


3*33. Qegenhauers double integral of Poisson's type. 

]t has been shewn by Gegenbaiierf that, when R{v) > 0, 

(!) Jy («r) = I exp [iZ cos 0 — iz (cos (f>cos6 + sin <fi sin 0 cos 

TtI (l/) J OJ Q 

sin**'-' yjr siii^*' 0dyltd0, 


where -bt* = Z** + — 2 Zsr cos and Z, z, <f> are unrestricted (complex) variables. 

This result was originally obtained by Gegenbauer by applying elaborate in- 
tegral transformations to certain addition formulae which will be discussed in 
Chapter xi It is possible, however, to obtain the formula in a quite natural 
manner by means of transformations of a type used in the geometry of the 
sphere J. 

After noticing that, when z =0, the formula reduces to a result \vhich is 
an obvious consequence of Poisson s integral, namely 


JAZ)- 


r 

TT r (l')Jo 


COH sin**' ^ . 8in*»'-i yfr dyjr, 


we proceed to regard yjr and 0 as longitude and colatitude of a point on a 
unit sphere ; we denote the di recti on-cosi ncs of the vector from the centre to 
this point by (I, vi, ?i) and the element of surface at the point by do). 

Wo then transform Poisson’s integral by making a cyclical interchange of 
the coordinate axes in the following manner§ : 

./,(»)= f" f sin®” sin®”-> yfrdOd-Jr 

ttI (v)Jo.’v 


[f 


' dco 


m>0 




ttP (l 

TrriAjIn 

= ^sin Odylrdd. 

7rr(v)/o J {) 


' n>0 


It is Kupposod that 

~ r(F-^+i) ■ 

t Wiener Sitzunysherichte, Lxxiv. (2), (1877), pp. 126 — 129. 

X This method is effective in proving numerous formulae of which analytical proofs woie 
given by Gegenbauer ; and it Bcems not unlikely that he discovered these formulae by the method 
in question; cf. §§12-12, 12-14. The device is used by Beltrami, Lombardo Rendtconti^ (2) xiii. 
(1880), p. 328, for a father different purpose. 

§ The symbol uieans that the iutegrntion extends over the surface <»f the hemippher*" on 

which in is positive. 

4—2 
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Now th(i integrand is an integral periodic function of yfr. and so the limits of 
integration with respect to yfr may be taken to be a and a H- 27 r, where cl is an 
arbitrary (complex) number. This follows from Cauchy s theorem. 

We thus get 

j /qj) — / f »cost/» 6? sin 

7rr(l/)/oJa 


7rr(/0 


/ ^ I ^ fa) 6 sin ddyjrdO, 

Jn Jo 


We now define a by the pair of etpiations 

'BT cos a = if — r cos <^, €r sin a = s sin 0, 

so that 

(Atsr)*' 

, A., ( o ) = ~ — I exp [? (if - ^ cos <f)) sin cos >/r - sin (f> sin i/r sin 0] 
TTl (ly) I i) 

cos**'-^ 0 sin 0dylrd0. 

Tin* only difference between this formula and the formula 

J^, (m) = f f exp [im sin 0 cos >/r] cos*“''“^ ^ sin 0dylrd0 

ttI V')Jo 'o 

is in tlu* form of the exponential factor; and we now retrace th(j steps of the 
analysis with the modified form of th(* exponential factor. When the steps are 
retraced the successive exjiomuits are 

i {Z - z cos <^) I — iz sin </> . ra, 
i{Z-~z cos 'f>} V — iz sin </> . I, 

? — ^ cos </)) cos 6 — iz sin cos >/r sip 0. 

The last expression is 

iZ cos 6 — iz (cos </> cos 0 -1- sin (/> sin 0 cos >/r), 
so tfiat. the result of retracing th(‘. steps is 

J 0 1 0 ^ [,lZ 0 — iz (cos cos 0 -f sin (f) sin 0 cos >/r)] 

sin*'’'-' yfr sin'^'' 0dylrd0, 

and conse(|uently Cegenbauer’s formula is established. 

INotk Till- d.'ViLO of using tiaoNformationH of imlar coordinates, after the manner of 
tills sivtioii, toj'viiluatc acfiiiite integrals sei'ins to lie due to Legendre. de VAcad. de» 
\ t , liH!), |i. 372, and Poisson, A/nn df I’Amd. do Sci. iii (1818), j>. 126.] 

3 4. The ejpression oj j, (^) in Jinite terms. 

We shall now deduce from Poisson’s integral the imiwrtant theorem that, 
u leu K IS KtlJ of an odd integer, the function •/,.(«) is expressible in jinite tei'ms 
01 / means oj algebraic and trigonometrical functions of z. 

It will ajuM-ar later (§ 4 74) that, when r has not such a value, then JAz) 
is not so expivssible ; hut ol course this converse theorem is of a much more 
i.iondite character than the theorem which is now about to be proved. 
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[Note. Solutions in finite terms of diftbrcntial equations associated with (^) were ob- 
tained by various early writers ; it was observed by Euler, J/igc. Tnurmcngia^ lil. (1762 — 
1 765), p. 76 that a solution of the equation for (2) is expressible in finite terms ; while 

the equation satisfied by (z) was sol veil in finite terms by Lajdace, Cohu. lUs Terns, 

1823 [1820], pp. 245 — 257 and JUcaviqtte Celeste^ v, (Paris, 1825), pp. 82 — 84 ; by Plana, Mem. 
della R. Accad. delle Sci. di Torino^ xxvi. (1821), pp. 5.33 — 534; by Paoli, Mem. di Mat. e 
di Fis. {Modena\ xx. (1828), pp. 183 — 188; and also l>y Stokes in 1850, Trans. Canih. Phil. 
Soc. IX. (1856), p. 187 \^Math. and Pht/s. Po./xjra, 11 . (1883), p. 356]. The investigation 
which will now be given is based on the work of Lominel, Studien nher di^i ResseVsehen 
Functionen (Leipzig, 1868), pp. 51 — 56.] 

It is convenient to restrict n to he a 2 ^ositive integei (zero included), and 
then, by § 3’3 (4), 




!,t V cFil-tTV 

n\»^Tr _ ^ yZo <iF _i’ 


when w-e integrate by parts 2?? + 1 times ; since (1 — PY polynomial of 
<legree 2/?, the process then terminates. 

To simplify the last expression we observe that if cF (\ —t'YjdV' be cal- 
culated from Leibniz’ theorem by writing (1 — PY' = (1 — ty' (1 -f the only 
term which does not vanish at the upper limit arises from diflerentiating a 
times the factor (1 — ty\ and therefore from differentiating the other factor 
r— a. times; so that we need consider only the terms for which r'^n. 

and similarly p* = (-)-» . . n ! ~~2rj\ ’ 


It follows that 


'Aj f i (■^) — 


iizY^^ r, 


2^’2n—r j, I 


/_yt+i ^iz V L — I 

rtr,, — (2n— r)! 


+ (-)“+> e- 


Jind hence 

r / X 1 r .z V i''"’*-' (w + O : , 
This result may be written in the form* 


(- iy*' 2-’'-’' . r 

r“n2''''^r'^ny(2n~^7j] j ’ 


” (-f)'-"-' (»( + >•)• 

rlii r! (11 - r)’. ( 2 zy 


(2) (2r); («-- 27-)! (2^)=' 


-P cos {z — \ fi’ir) 


(-)‘ .(/( P2r-fj^; ' 

,rn (^rTi ■ 


* A compnet method of obtaining; this formula is j'ivrn by de la ValliV* Poussin, Ann. Ae la 
Sor. Sci. de lirnxelles, xxix. (1905), pp. 140—143. 
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In particular we have 

/ 2 \* . , , / 2 /sin^ \ 

(3) ./j (z) = J «in r. ./, (z) = f --) - cos ; 

the former of these results is also obvious from the power series for 
Again, from the recurrence formula we have 

an/l hence, from (1), 


tz V ‘ in + r ) ! ^ (- 

^ r: (n-r)':(2zV * ,“o r'.ln-r)'. (2zY 

. d \’‘e“ , 


■ (.4)"?- (4)” T • 

But, obviously, by induction we can express 

\ 2 dz/ z 

as a ])olynomial in Xjz niultipliod by e^'^, and so we must have 

,-o /’! (2fK ' ^ \zdz) z ’ 

foj', if iKjt, the preceding identity would lead to a i-esiilt of the form 
6’^ (- ) — 02 {z) = 0, 

when* 0, {z) and 0a(^) are polynomials in 1/^; and such an identity is obviously 
impossible*. 

Hence it follow.s thatf 

r !(/<-?•") ;(2^y ,.7„ r\{n-r)\{2zY 

' \zdz) z 
/ \1 ,._L. f d ^ 


( d 


= (-)’* (27r^)i./_„_j(^). 


■ ' V ! '-H-SX-/. 

f onsequently 

V(27r^) I , r ' (« - r) ; (2^)' ^ r\{n-r)\{2zy _ 

* Cf. Hobson, Sqiuinng the Circle (Cambridge, 1913), p. 51. 
t From the series 


it is obvious that 


^ r (J) yn! ^ 

Zi (®) = 1 cosr. 



3 - 41 ] 

and hence 
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( 5 ) 


J.n-\ {z) = [^cos {z + ^ntr) 


<1» (_)r ^ 2r) ! 

y“o (2r)l(n — 2r)!(2«)"’ 


<*(«-!) 

— sm (z + ^nir) 2 

r-O 

In particular, we have 


(-/.(» + 2r + l)! 

(2r + 1)! (n - 2r - 1)1 (2a)“'‘+> 




(6) J_j (z) = Q* C08 J., (z) = - sin . 

We have now expressed in finite terms any Bessel function, whoso order is 
half of an odd integer, by means of algebraic and trigonometrical functions. 


The explicit expression of a number of these functions can be written down from 
numerical results contained in a letter from Herinite to Gordan, Journal fur Math. lxvi. 
(1873), pp. 303—311. 


3*41. Notations for functions whose order is half of an odd integer. 

Functions of the types J±{n+\){^) occur with such frequency in various 
branches of Mathematical Physics that various writers have found it desirable 
to denote them by a special functional symbol. Unfortunately no common 
notation has been agreed upon and none of the many existing notations can 
be said to predominate over the others. Consequently, apart from the summary 
which will now be given, the notations in question will not be used in this work. 


Ill his researches on vibrating spheres surrounded by a gas, Stokes, Phil. Trans, of the 
liogal Soc. CLVIII. (18(58), p. 451 [Math, and Phys. Papers^ iv. (1904), p. 306], made use of 
the series 

1 + 1 ) (?4~ l)74(a4-I)(a + 2 ) 

2.imr 2.4.(imr)^ 


which is annihilated by the operator 


dr^ 



n (»i + 1 ) 


This series Stokes denoted by the symbol /„(7’) and he wrote 


rsl^n = iSn ^ - ‘'""/n (0 + fn ( - /’), 


where 

operator 


and Sn are zonal surface harmonics; 

2 d ^ 


SO that yj/a is annihilated by the total 
n (a-t- 1) 


and by the partial operator 


(7*^ 2 1 ^ 


I 

I 


' 4 ) 


+ //14 


in this notation Stokes was followed hy Kayleigli, Proe. London Math. Soc. iv. { 1873;, 
pp 9 . 3 — 103 , 2r).3 — 28.3, and again Prov. Iloyal Soc. i.xxil. (1903), 1 > 1 ). 40 — 41 {Saentijic 
Papers^ V. (1912), pp. 112—114], ajKirl from the coniparativcdy ti'ivial change that Hayleigh 
would have written /„ (O/ir) where Stokes wrote /„ (^'). 
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In onler t(» obtain a solution finite at the origin, Rayleigh found it necessary to take 
,SV s (-)■** in the course of bis analysis, and then 

»*A-„ (ll)^ J„ + , (««>•). 


It foll(>^^s from :i-4 that - ^ [<■ , 


and tliat 




In order to hav'e a «im]de notation for the comhination« of the ty]>cft which 

are required for soJutioiiH finite at the origin, Lamb found it convenient to write 

Z2 -4 

(^) “ 1 - ^^/TTs) Si . 4 . (‘sda + + r>) ■ “ ’ 

in Ilia earlier papers, Proc. London Math. Soc. xiii. (1882), pp. 51 — 66; 189 — 212; XV. 
(1884., i»p.l39— 149; xvi. (IHH:)-), jip. 27—43; P/nl. Trans, of the Poi/a I Soc. ctxxiv. (1883), 
pp. 519—549; and he was followed by Rayleigh, Pror. Royal Soc. LXXVII. A, (1906), 
[ip. 486- 499 [Scicniifc Papers, v. (1912), pp. 300- 312], and by Love* Proc. London 
Math. Sor. XXX, (1899), pp. 308—321. 

Witli thi-s notation it is evident that 


r(/i + ;;) 


^Subsequently, howi'ver, T.(amb found it convenient to modify this notation, and accord- 
ingly in his treatise on Hydrodynamics and also Proc. London Math Soc. xxxii. (1901), 
j»]). 11 -20, 120— 150 he used the notation t 

*^1.3 " 5T.T(2a -f"! ) “ T{¥n -h 3) 2 ."4\27rf37(2/7 + 5*) ’ J ’ 

( d X” 

- j — = M'n f^) - iyj/n (- s 


fi? sin ; 


and he also wrote 








!i) 


whili' Rayleigh, Phd. Trans, of the Royal Soc. cciii. A, (1904), pp. 87— 110 [^Scientific Papers, 
V. (1!)12) }»p. 149 — 161] huind it eonvenient to rcjdace the symbol /„(s) by Xni^)' Love, 
J*hii. Trains, of the Roy<d Sue. ccAV A, (1915), p. 112 omitted the factor ( — )” and wrote 

(.-(/s') ; ’ ; ’ 

while yet another notation has been used by Sommerfold, Ann. der Physik und Chemie, (4) 
XXViTi. (1909), j)]). 6(55 — 736, and two of his ]nij)il.s, namely March, A 7 w. der Physik 7 tMd 
Chema\ (4i XXX vii. (1912), p. 29 and Rybczyiiski, Ann. der Physik vnd Chemie, (4) XLI. 
(1913), i». 191 ; this notation is 

(c)-(U.)5 (.) =.•*->( - ""y* , 

f« fj) = [.I, (s) + ( - )“ l./_„ j (j)], 

and it is eertainly the best ada])tod for the investigation on electric waves Avhich W'as the 
subject of their researches. 


• In this paper Love defined the function K,, (c) as ( - . 1 . 3 . (2a - 1) V* — , but, as 

stated, he modifled the dehnition m his later work. 

t This is nearer the notation used hy Heino, Handhuch der Kupelfunctionen, i. (Berlin, 1878), 
p. 82 ; except that Heine defined {z) to be twice the expres.sion on the right in his treatise, but 
not in his memoir, Journal fiir Math, i.xix. (18G9), pp. 128 — 141. 
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Somiiierfeld’s notation is a slightly modified form of the notation used by L. Lorenz, who 
used Vn and Vn+( ” place of and J s®® memoir on reflexion and refraction 
of light, K. Damlce Videmkahernes Sehkaha Skrifter^ (6) vi. (1890), [Oeuvres scientifiquc^y I. 
(1898), pp. 406—502.] 


3 * 6 . A second solution of BesseVs equation for functions of integral order. 

It has been seen (§ 3*1 2) that, whenever v is not an integer, a fundamental 
system of solutions of Bessers equation for functions of order v is formed by 
the pair of functions Jv{z) and J^p{z). When v is an integer (= 7 i), this is no 
longer the case, on account of the relation (^) = (-)” 

It is therefore necessary to obtain a solution of Bessels equation which is 
linearly independent of Jn (z); and the combination of this solution with Jui^) 
will give a fundamental system of solutions. 

The solution which will now be constructed was obtained by Hankel*; 
the full details of the analysis involved in the construction were first published 
by Bocherf. 

An alternative method of constructing Hankel’s solution was discovered by Forsyth ; 
his proced\ire is based on the general method of Frobenius, Journal f Hr Math, Lxxvi. (1874), 
pp. 214 — 236, for dealing witli any linear differential equation. Forsyth’s solution was 
contained in his lectures on differential equations delivered in Cambridge in 1894, and it 
has since been published in his Theory of Differential Equations, iv. (Cambridge, 1902), 
pp. 101 — 102, and in his Treatise on Differential Equations (London, 1903 and 1914), 
CJhapter vi. note 1 . 


It is evident that, if v be unrestricted, and if n be .any integer (positive, 
negative or zero), the function 

is a solution of Bessel’s equation for functions of order p ; and this function 
vanishes when v = n. 

Consequently, so long as the function 

V '-n 


is also a solution of Bessel s equation for functions of order v ; and this function 
assumes an undetermined formij; when 


We shall now evaluate 


lim 

V~^H 


V n 


and we shall shew that it is a solution of Bessel’s equation for functions of 


* Math. Ann. i. (1869), pp 469—472. 

t Annals of Math. vi. (189*2), pp. 85—90. See alsc^ NiemOller, Zeitschrift filr Math, und Phys. 
XXV. (1880), pp. 65—71 

* The esnence of Hankel’s iiiveBtigation is the construction of an expression which satisfies 
the equation when v is not an integer, which assumes an undetermined form when v is equal to 
the integer n and which has a limit when p-m-n. 
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order n and that it is linearly independent of /»(*); so that it may be taken 
U> be the second solution required*. 

It is evident that 

j,(z) - i-rJ-.iz) _ ■/> ( g) - •/» (^) . ... -f-y (^) - <^> 

p — n ^ V - n 


V — n 


dJ V {z) . _ „ dJ^v j z) 

^ dv ^ ^ da 


as V «, since both of the differential coefficients existf 
Hence 

liijj ^ ('^) 

„ V — n 

exists: it is called a Bessel function of the second kind of order n. 

To distinguish it from other functions which are also called functions of 
the second kind it may be described as HankeVs function. F'ollowing Hankel, 
we shall denote it by the symbol J Y„(^) so that 


( 1 ) 

and also 

( 2 ) 


dJAz) . 

dv dp Jy^n 


Y„(^) = 


Jt has now to be shewn that Y’ni^) is solution of Bessel’s equation. 

Since the two functions are analytic functions of both z and i/, the 

order of performing partial differentiations on J±v{z) with 7'espcct to z and v 
is a matter of indiff ere rice §. Hence the result of diflbrentiating the pair of 
e( I nations 

V. J±.,U) = 0 

with respect to v may be written 

f . +zj- + {z^ - V-) - 2vJ.^. iz) = 0 . 

dz^ dv dz (>v dv 

Whon wt! combine the results coutaiiiod in this fornmla, we find that 




■ dv ’ dv ' 


= 2v [./, (j) - (-)'* J-, (z)’, 


* The reader will realise that, given a Bolutioii of a differential c«iLiiLtioii, it !.“< not obvious that 
a limiting form of thi.s solution ik a solution ot the corresponding limiting form of the equation. 

+ Sec ^i31. It is conventional to write differentiations with respect to z as total differential 
ctiollicients while differentiationM willi respect to v are written ns partial differential coefficient-'. 
Of course, in many parts of the theory, variations in v are not contemi>hited. 

•J. The symbol y,^{2), aliich was actuallv used by Hankel, is used in this work to denote a 
function e([ual to l/ir times Hankel’s function (§3*54). 

See, e.g. Hobson, Fnnrttoiis of a Heal Variable (1921), §§ 312, 313. 
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+ 2v {Jy(z)-(-)<^J.,(z)}. 

Now make p^n. All the expressions in the last equation are continuous 
functions of p, and so we have 




Y_,(^)= Urn 


where p is to be made equal to n immediately after the differentiations with 
respect to p have been performed. We have therefore proved that 

(3) V„Y„(^) = 0, 

so that Y„(«) is a solution of Bessel's equation for functions of order n. 

It is to be noticed that 

1/ + « 

/*-*-» — /i- -f 

whence follows a result substantially due to LommeP, 

(4) y.„(z)=(-)’*Y„(z). 

Again, 

while, because J^, (z) is a monogenic function of p at p = 0, we have 




oJ, (zf 

dv J._. 

d{- 



and hence it follows that 
(5, 

A result equivalent to this was given by Duhamelf as early as 1840. 


3*51. The expansion ofYoiz) in an ascending series. 


Before considering the expansion of the general function 'Yjfz), it is con- 
venient to examine the function of order zero because the analysis is simpler 
and the resulting expansion is more compact. 

We use the formula just obtained, 


Yo(^) = 2 


(m-oW! + 1)1 J,, = o’ 


* Stndien fiber die BesseVschen Functionen (Leipzig, 18C8), p. 87. Lommel actually proved 
this result for what ia sometimes called Neumann's function of the second kind. See § 3*58 (8). 
t Coura d' Analyse f ii. (Paris, 1840), pp. 122 — 124. 
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and the result of terni-by-terrn diflferentiation is 

Y = 2 r N . |log (U) - 1- log r (v + m 4 1)11 

= 22 (log U -■«/"("*+ 1 ) 1 . 

m-« ("'O' 

where •yjr denotes, as is c<istomary, the logarithmic derivate of the Gamma- 
function^. 

Since 0<i/r (wi + l;<')/i when 2, 3, ... the convergence of the series for YqW 

iiirty ])e 0 .S tab! i shed by using J)’Al(‘inbprt’s ratio-te.st for the scries in which >/^(wi + l) is 
replaced by m. Tlie convergiGice is also an imniediato consequence of a general theorem 
concerning analytic functions. See Modern Analystts^ 5*3. 


The folhjwing f‘oi*ins of the expansion are to be noticed ; 

(log(U)->/r (7/^ + 1)}, 




m) 


(2) Y«(^) = 2 

L 

(.‘D Y„(^) = 2l74l..g(^^)i.^(^)-2 |j + 2 + 

The readtir will observe that 

iY,.U) + (l<»g2-7) J,{z) 

IS a solution of ih'ssel’s ecpiutioii for functions of ordiu- zero. The expansion of 
this function is 

* (_)»«(! -pm » (_)mM^pm rj J 1] 


{m\Y 


{m 


This fiinrtion wa.s atlojited ras the canonical function of the second kind of order zero by 
XiMiinann, Theorie der Jhs.'ifl'srhen Fnnrtionei} (Leipzig, IHfiT), pp. 42 — 44; see § 3‘o7. 

r*ut the series wa.s ohtaini'd as a solution of Ijessel’s equation, long before, by Euler f- 
Euler’.s result in bis own iiot.ition is that the general .solution of tlu* equation 


»■ rt'y + .iTu’c^ 0 

lOOdr/* 

1 .H727.h4)^» 



(,A;r 

22.1 fi^ 


” iTn7- 

1 . H . 27 

A- A (l - 


7" .. 7‘ 

r /•-!' ’ ' - -> 

\ 

HH 

. Li * ’ 1.4, 

an 

+ a- 7 

HU 

"^7 

^ 1 . hr 

l' l.t.'jH'* ^ 


.H" + ctc. 


1.4. S) . 


-- - etc., 


Modern Anahjf^it^, Cli. .\ii. It is to he i einenibered that, when vi is a positive integer, then 

i/.(i)zr. - 7 , 

where y denotes Euler’s constant, 0-57721 g7 . . 

f- hint. Calc. hit. II. (Putersbiirg, ITHD), S 1177, pp. 23.3— 2.^5. See also Acta Acad. Petrop. v. 
(17H1) [published 17H4], pars i. Matliematica, pp. 186 — 190. 
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where A and a are arbitrary couetaiits. He gave the following law to detenuiiie suucesaive 
numerators in the first line : 

6 = 3. 2-1.0, 22 -6.6 - 4.2, 100= 7.22 - 9.6, 

648 = 9.100-16.22, 3828 = 11.648-25. lOOetc. 




this law is evidently expressed by the formula 

o'm + i = (2m+l)cr^-mV,n-i- 

3 *62. The expansion of {z) in an ascending series and the definition of 

31.(4 

We shall now obtain Hankels^ expansion of the more general function 
Yn{z\ where n is any positive integer. [Cf. equation (4) of § 3*5.] 

It is clear that 

3/, ( 2 )^ - 3 I ) 

00 / \m / I «\v4 2m 

„^«w!r(i/ + m+l) I 8\2 / r \ 

(log(i«)-i/r(j?+m+l)}, 
m--o ml{n + m)\ ^ ’ 

when v-^n, where n is a positive integer. That i.s to say 

L „Zo rn ! (a + 711) ! (1 2‘'' ' ’ ' n+m ' ' 

The evaluation of [9./_„(^)/0i/]„.n is a little more tedious because of the pole 
of >/r (- 7/ + m + 1 ) fit v = n in the terms for which m = 0, 1. 2, ...» w — 1. We 
break the series for J-y(z) into two parts, thus 

mtorn! r(^v + m-\^iy ,Znm\ n-v + m + iy 

and in the former part we replace 

1 , r(i/ — ?/j) sin (i^ — ??i) TT 

r(— I' + m+l) ^ TT 

Now, when O^nic^ n, 

sin (r - m)7r)’] 


“ [(i r (i^ — m) 

[tt"' (i^ — m) sin (i/— m)7r + cos tt — tt"^ log (^z) sin {v—m)ir]]yr^a 

= r (n - m) cos {n — m) tt. 


Math, Ann, i. (1SC9), p. 471. 
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Hence 


(/)1 ^ 

_ |/ = n 1)1 = u ffl\ 


+ i„ t- log(i^) + 1 (-« + « + D). 

that is to say 

L aV ^ ™t»«t!(« + m)! 

X {log(i«)-'f()»+ 1)}. 

when we replace m by ?? + m in the second series. 

On combining (1) and (2) w^e have Hankels formula, namely 


in \ ' rtZi) m \ (n + mj ! 

X 12log(i2:)“>|r(m + 1 ) - >/r(a + m+ 1 )) 

in - 0 


= 2 [7 4 log ( U)i («) - (i z)-« 2 (i 


(1 1 111 1 ) 

— 2 - 'If + o'f •••H ■hT + ti’b*" , — f • 

(12 ya 1 2 n + 7H] 

In the first term (m * 0) of the last summation, the expression in [ } is 

1 1 1 

-+S + ... + -. 

1 2 It 

It is frequently convenient (following Lommel*) to write 
(4) 

so that 
(•'>) 


3. (^) = - j, (z) log 0, 




when r is a negative integer, 3li'(^) defined by the limit of the expression 
on the right. 

We thus have* 

(6) Y, (r) = 2Jn (z) log z-\-% (z) + (-y^ (z). 

The complete Nohition of was given in the form of a scries (part of which 

contained a logarithmic factor) liy Euler, Inst. Calc. Lit. ii. (Petersburg, 1769), S§ 935, 
930; solutions of this equation are 

.r^ ./i (2ai jc^)y Y j (2a^ ,v^ ). 

Euler also gave {ilnd. 937, 938) the complete solution of .r 2 ^^ + »y = 0; solutions of 
tliis equation are 

.r4Y2(4al .»•*). 

* StuiUen uber die JiesseVsehen Fvnetionen (Leipzig, 1868), p. 77. 
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3-53, 3-54] 


3 ’ 63 . The definition ofYy {z). 

Hitherto the function of the second kind has been defined only when its 
order is an integer. The definition which was adopted by Hankel* for un~ 
restricted values of v (integral values of 2i^ excepted) is 

( 1 ) 

This definition fails both when v is an integer and when v is half of an 
odd integer, because of the vanishing of sin 2i/7r. The failure is complete in 
the latter case ; but, in the former case, the function is defined by the limit 
of the expression on the right and it is easy to reconcile this definition with 
the definition of § 3*5. 

To prove this statement, observe that 


Tre*'^ y — n (z) cos vir — (^)’j 

cos vTT ‘ sin vtt' v — n 

{z) cos yTT ~ (zy\ 
y — n 


lim Yy (z) = lim 

v~^n v~*‘n 

= (— )" lim \- 

!'-•« L 

«. / V 1- r(~)”coswr — 1 T / nT 
= Y„ {z) + hm ^ J,{z) 

L ^ J 


1 


= Y„(^), 


and so we have proved that 

( 2 ) 


limY.(^) = Y„(^). 


It is now evident that Y,, {z\ defined either by (1) or by the limiting form 
of that equation, is a solution of BesseFs equation for functions of order y both 
when (i) y has any value for which 2y is not an integer, and when (ii) v is an 
integer : the latter result follows from equation (2) combined with § 3*5 (3). 

The function Y„ {z\ defined in this way, is called a Bessel function of the 
second kind (of Hankel’s type) of order v\ and the definition fails only when 
y + J is an integer. 


Notk. The reader should be careful to observe that, in spite of the change of form, the 
function Y,/ (e), (pui function of i/, is continuous at except when z is zero; and, in 
fact, Jv{z) and Y,, (^) api)roach their limits t/„( 2 :) and Yn W, as uniformly with 

respect to except in the neighbourhood of 2 *» 0 , where w is any integer, positive or negative. 


3*64. The W eher-Schldfii function of the second kind. 

The definition of the function of the second kind which was given by 
Hankcl (§ 3*53) was modified slightly by Webert and SchlafliJ in order to 
avoid the inconveniences produced by the failure of th<^ definition when the 
order of the function is half of an odd integer. 

* Math. Ann. i. (1869), p. 472. 

^ Journal f Ur Math. Lxxvi. (1873), p. 9; Math. Aim. vi. (1873), p. 148. These papers are 
dated Sept. 1872 and Got. 1872 respectively. In a paper written a few months before these. 
Journal fUr Math. lxxv. (1873), pp. 75—105, dated May 1872, Weber had used Neumann’s 
function of the second kind (see §§ 3-57, 3'58). 

X Ann. di Mat. (2) vii. (1875), p. 17 ; this paper is dated Got. 4, 1872. 
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The function which was acloj»ted by Weber as the canonical function of the 
second kind is expressible in terms of functions of the first kind by the formiila* * * § 

( Z) cos VTT — J^A^ ) 

sin VTT 


(or tlu! limit of this, when v is an integer). 

SchlaHi, however, inserted a factor ^> 7 r; and he denoted his function by 
the symbol K, so that, with his definition, 


K, (z)=^\7r 


J,. (z) cos VTT — J-t, (z) 
sin VTT 


Subsecjuent writers, however, have usually omitted this factor e.g. Graf 
and Gubler in tluur treatise f, and also Nielsen, so that these writers work with 
Weber s function. 


Tlie symbol K is, however, used largely in this country, especially by 
Physicists, to diuiote a completely difierent type of Bessel function (§ 8*7), 
and so it is advisable to use a different notation. 1’h(' procedure which seems 
to produce least confusion is to nse the symbol Vt,(z) to denote Weber s function ^ 
after the mannci- of Niels<‘nJ, and to adopt this as the canonical function of 
the s(Hrond kind, save in rare instanc(‘s when the use of Hankel’s function of 
integral order saves the insertion of the number tt in certain formulae. 


We thus have 

(I) 


(.) Y. (.), 

Sin I/TT TTC""' 


(■i) l„(s)=hin ' - "' = Y4s). 

Sin VTT ^ 


[Note. Si-lilarirH runction lias been ust*d by Jibclier, Annals of Math. vi. (1892), 
|i|>, sr) — 90, and b} McMahon, Annals of Math. viii. (1894), [>}). 57 — fJl ; IX. (1895), 
p|i ’l\l — '.10. Srhafheitlin ami Ho-avuside use Weber’s function witli the sign changed, so 
that the fumtion whitli we (wnth Niel.sen) ilenote b) (c) is written as —1^(2) by 
SchaflieitlinJ^ and (w'licn i/ = /i) as - {z) by Ueavi.side||. 

(ii’.iy ami Matluwvs Morm'tiinesll use Webers function, and they denote it by tlie 
syiidu)! Y„. 


* Webur’s (h^tirntion was by an integral (s(*e §t»’l) which ih CM[iial to this expression; the 
oxprosNioji (with tlie faetor inserted) W'as actually given by SchlaHi. 

t Eiuti'ituto} in die Theorie der lie^seVschen Funktionen^ i. (Hern, 1898), p. 134 ct seq. 

:|: Nielson, as m the case of othoi functions, writes the nuiiibei indicating tlie order as nn 
index, thus Hondhiich dcr Thenrw der Ct^lindeijunkliontni (Leii»zig, 1901), ]>. 11. There 

aie obvious objectious to such a notation, and xVe reseive it foi the obsolete function used by 
Neumann (^.‘3 -58). 

§ See, e.g. dimnial j Ur Math. cxiv. (1895), pp. 31 — 44, and other papeis; also Die Theorie der 
Ilrsscl'f.rlini ruuktioncn (Leipzig, 1908). 

i: lioi/al Sue. Liv. (1893), p 138, and Elfctromaijnetie Theory, ii. (London, 1899), p. 255; 

a change in sign lias been made fiom Ins Electrical Papeis, ii. (London, 1892), p. 445. 

1i A Treati!,e on Bessel Functions {London, 1895), pp. 05—66. 
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Lommel, in his later work, used Neumann’s function of the second kind (see § 3* * * § 57), but 
in his Studim iiher die BesseVachen Functioned (Leipzig, 1868), pp. 86 — 86, he used the 
function 

Jtt Fn {z) + (W+i)4-log 2} Jn (2), 

where F„( 2 ) is the function of Weber. One disadvantage of this function is that the 
presence of the term yjr (n + ^) makes the recurrence formulae for the function much more 
complicated; see Julius, Arc/neea N kerlandaiaea^ xxviii. (1895), pp. 221 — 225, in this 
connexion.] 

3*66. Heines definition of the function of the second kind. 

The definition given bj Heine* of the function of the second kind possesses 
some advantages from the aspect of the theory of Legendre functions; it 
enables certain generalisations of Mehlers formula (§ 5*7 1), namely 

lim Pn(cos 6?/w) = t/o(0), 

to be expressed in a compact form. The function, which Heine denoted by 
the symbol Kn (z), ia expressible in terms of the canonical functions, and it is 
equal to — ^7rFn(^) and to — the function consequently differs only 

in sign from the function originally used by Schliidi. 

The use of Heine’s function seems to have died out on the Continetjt ntfiny years ago ; 
the function was occasionally used by Gray and Mathow^s in their treatise t, and they term 
it On (z). In this form the function has been extensively tabulated first by Aldist iind 
Airey§, and subsequently in British Asaociation Beporta^ 1913, 1914 and 1916. 

This revival of the use of Heine’s function seems distinctly unfortunate, both on account 
of the existing multiplicity of function.s of the second kind and also on account of the fact 
(which will become more apparent in Chapters vi and vii) that the relations between the 
functions {z) and )"»(2) present many points of resemblance to the relations Ixjtween the 
cosine and sine; so that the adoption || of Jn{z) and (Jn{z) as canonical functions is com- 
parable to the u.se of cos 2 and -^rrsin^ as canonical functions. It must also be pointed 
out that the symbol has i>ccn used in .senses other than that just explained by at least 

two writers, namely Heaviside, Proc. Royal Roc. Liv. (1893), p. 138 (as was stated in 3-64), 
and Hougall, Proc. Edinburgh Math. Ro<\ xviii. (1900), p. 3G. 

Note. An error in sign on p. 246 of Heine’s treatise has lieen pointed out by Morton, 
Nature., LXIII. (1901), p. 29 ; the error is equivalent to a change in the sign of y in formula 
§ 3‘61 (3) supra. It was also stated by Morton that this error had apparently been cojiied 
by various other writers, including (as had been previously noticed by GraylT) J. J. Thomson, 
Recent Researches in Electricity and Magnetism (Oxford, 1893), p. 263. A further error 

* Ilandbuch der Kugelfunctionenj i. (Berlin, 1878), pp. 186 — 218. 

f A Treatise on Bessel Functions (London, 1895), pp. 91, 147, 242. 

t Proc. Royal Soc. lxvi. (1900), pp. 32 — 43. 

§ Phil. Mag. (6) xxii. (1911), -pp. 658 — 663. ' 

f| From the historical point of view there is something to be said for using Hankers function, 
and also for using Neumann’s function ; but Heine’s function, being more modern than either, 
has not even this in its favour. 

II Nature, XLix. (1894), p. 359. 


W. B. F. 
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noticed by Morton in Thomson’s work seems to be due to a most confusing notation employed 
by Heine ; for on p. 245 of his treatise Heine uses the symbol to denote the function 
called - i»r >0 in this work, while on p. 248 the same symbol A'o denotes iVq). 


3*66. Recui'rence formulae for y\(z) and Y„( 2 ^). 

The recurrence formulae which are satisfied by Y^i^) are of the same form 
as those which are satisfied by Jv{z)\ they are consequently as follows: 

( 1 ) = 

(2) n_.o)- n^,0) = 2F;o). 

(3) zyj(z) + pY,(z) = zV,.,(2), 

(4) zYJ (z) -pY^ (z) = -zY^^^ (z), 

and in these formulae the function Y may be replaced throughout by the 
function Y. 

To pi'ovo them we take § 3‘2 (3) and (4) in the forms 

^ [z" J, (z)} = z'’ (z) , ^ ./_^ ( «)j = - «•' J-y +1 (z ) ; 

if w’o multiply th(^se by cot vir and cosocj/tt, and then subtract, we have 

whence (3) follows at onci*. Equation (4) is derived in a similar manner from 
the formulae 

4 (r)l = - z- (z), Iz-" (z)] = e- {z}. 

By addition and subtraction of (3) and (4) we obtain (2) and (1). 

The formulae are, so fiir, proved on the hypothesis that v is not an integer ; 
but since 1^,, (r) and its derivatives are continuous functions of v, the result of 
procetiding to the limit when v tends to an integral value n, is simply to 
replace p by n. 

Again, the effect of multiplying the four equations by sec pit, which 
is equal to sec ± l)7r, is to replace the functions Y by the functions 

Y throughout. 

In the case of functions of integral order, these formulae were given by Lommol, 
Studien uher die BesseVsrhen Fimctionen (Leipzig, 18G8), p. 87. The reader will find it 
instructive to establish them for such functions directly from the series of § 3 52. 

NfMiuiann’s investigation connected with the formula (4) will be discussed in § 3-58. 
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3 * 67 . Neumann* 8 function of the second kind. 

The function which Neumann* adopted as the canonical function of the 
second kind possesses the advantage that it is represented more simply by 
integrals of Poisson's type than the functions of the second kind which have 
been hitherto discussed ; but this is its only merit. 

We first define the function of order zerof, which will be called (z). 

The second solution of Bessel's equation for functions of order zero being 
known to contain logarithms, Neumann assumed as a solution the expression 

Jo (z) log z + w, 

where w is a function of z to be determined. 

If this expression is to be annihilated by we must have 

{Jo (z) log z] 

= -2zJ,'{z). 

But, by §212(11), 

- 2z Jo' (z) = 2z J, (z) = 8 i (-)«-‘n {z ) ; 

na»l 

and so, since V, (z) = 4n* Jm (z), we have 

VoW= 2 1 Jg„(^)/n 

n=l 

= 2Voi (-)»-• 

nal 

the change of the order of the operations S and Vo is easily justified. 

Hence a possible value for w is 

2 I 

n-l 

and therefore Neumann’s function {z), defined by the equation 

(1) r'»' {z) = J. (z) log « + 2 i (-)"-> , 

n-l ^ 

is a solution of Bessel's equation for functions of order zero. 

Since 0 as ^ -►0, (the series for w being an analytic function of z near 
the origin), it is evident that Jo{z) and {z) form a fundamental system of 
solutions, and hence Yo{z) is expressible as a linear combination of Jo(z) and 
Y^^^(z); a comparison of the behaviours of the three functions near the origin 
shews that the relation connecting them is 

(2) F'"' (z) = i Y„ (z) + (log 2-7) ./„ (z). 

* Theorie der BesscVschen Functionen (Leipzig, 1867), pp. 42 — 44. “Neumann calls this function 
BesseVs associated function, and he describes another function, («), as the function of the second 
kind (§9*1). But, because 0,^{z) is not a solution of Boasors equation, this description is un- 
desirable and it has not survived. 

t Neumann’s function is distinguished from the Weber-Schlafli function bj the position of the 
sutlix which indicates the order. 


5-2 
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3*571. The integral of Poissons type for (z). 

It was shewn by Poisson* that 

I jQg 

Jo 

is a solution of Bessel’s equation for functions of order zero and argument ^r; 
and subsequently Stokes obtained an expression of the integral in the form of 
an ascending series (see § 3 ‘5 7 2). 

The associated integral 
2 

cos (z sin 0) . log (4j cos'* dO 

TT Jo 

was identified by Neumann f with the function F'®'(5); and the analysis by 
which he obtained this result is of sufficient interest to be given here, with 
some slight inoflifications in matters of detail. 

From § 2*2 (9) we have 

- -- — I cos (z cos 0) cos 2/10 d0, 

and so, if \sv assume that the order of summation and integration can be 
changed, we deduce that 


n 


4 

Trio 
2 

— I cos (z cos 0 ) . log (4 sin'-* 0) d0 ; 


' / nx V 2y}0 , . 

cos cos ^ -- - dO 

n - 1 


from this result combined with Parseval’s integral (§ '1 2) and the definition of 
1 {z), wi! Jit. once obtjiin the formula 


Iroiri which Neumann's result is obvious. 


till (Imiigc III the ijrdor ol siuiimiition and intcgratinn Iihh now to be exanuned, 
l.ecau.se S« ' !■,« ii«0 is non-uniforinly oi.nvcrgent near ^=0. To overcome this difficulty 
wc Iihaerve tlmt, Miice 2 ( is iHiuvorgent, it follow.s from Al«l>a theorem J that 


2 hm 2 li,„ 2 " /**cos(.cos(9)‘'’l^e«?”<l 

* a-^l'O TT n=J y ^ 71 


N I 


* i/oiinml ,/,■ I’y^.olr Jf. I'ohjtc-hnique, xn. (cahi«r 19). a82.S), p. 476. The solution of an 
assoc.iUed partial (hllc„.„tittl ei, nation had been Kiveii earlier (ibul. p. 227). See also Dilliamcl 

/«' e*."" 

.J.nZ'hti f"" (I*i|»l«, 1867), J5-H. B.. .Uo Uri,. 

fcnnft Jur iMaf/t. und Phys. xxv. (1S80), pp. 65 71, 

t Cf. liroiiiwich, Theory of Infinite Senes, § 51. 
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Now, since a is less than 1, £ (a" oos 2nB)/n does converge uniformly throughout the 
range of integration (by comparison with £a'‘)i and so the interchange is i)ermissible ; that 
is to say 


2 * yix a" C 08 * 2 » a’‘cos2wd 

- £ / cos {i cos B) * (^B"" “ I cos (z cos B) £ dB 

1 / Jir 

* - - / cos (z cos B) log (1 - 2a cos 2d+a^) dB. 
^ Jo 

Hence we have 

£ - - lini I cos (i cos B) log (1 - 2a cos 2B + n*-*) dB. 

W-l W a-»l-0’>’yy 


We now proceed to shew that* 


fltr 

liin I cos (2cosd)(log(l-2acos2d4-a®)-log(4asin'-*d)}rftf = 0. 

*-►1-0 j 0 

It is evident that 1 — 2a cos 2B + a^ — 4a sin* (1 - a)* ^ 0, 
and so log (1 - 2a cos 2B + a*) ^ log (4a sin* B). 

Hence, if be the upper bound t of | cos (z cos B) [ when 0 ^ d ^ iir, we have 


I cos (z cos B) {log (1 - 2a cos 2d+a*) ~ log (4a sin* B)] dB 
1/0 ' 

{log (I - 2a cos 2d + a*) - log (4a sin* d)} dB 

Jo 

« -4 f*"" ( - 2 £ + log ( 1 /a)'- 2 log (2 sin d)l dB 

Ji) ( n J 

log(l/a), 

term-by-term integration being j^iermissible since a< 1. Hence, when a< 1, 


f cos (z COB B) {log (1 - 2a cos 2d + a*) - log (4a sin* d)} rfd ^ Jird log (l/a)-*-0, 
I/O ' 

as a-^1 -0, and this is the result to be proved. 

Consequently 

2 - Urn ~ cos (2 cos d) . log (4a sin* d) c/d 

n—I ^ o-»’l-0’*’ / 0 


= - i cos( 2 cosd). log(4sin*d)rfd, 

^ / 0 

and the interchange is finally justified. 

The reader will find it interesting to deduce this result from Poisson’s integral for J „ (z) 
combined with Jj 3‘.5 (5). 


3*572. Stokes' series for the Pouson-Neuimnn integral. 

The differential equation considered by Stokes J in 1850 was -I- ^ 7a*y=0, where 

m is a constant. This is Bessel’s equation for functions of order zero and argument imz. 
Stokes stated (presumably with reference to Poisson) that it was known that the general 
solution was 

y = {C-l- /> log (2 sin* d)} cosh (wi 2 cos d) dB. 

Jo 

* The value of this limit was assumed by Neumann, 
t If 2 is real, A = l\ if not, 4 ^ exp { 1 1 ( 2 ;) i | • 

X Tram. Camb. Phil. Soc. ix. (1856), p. [38]. [ilfat/wnwncal dnd Physical Papers, in. (1901), 
p. 42.] 
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It is easy to see that, with Neumann’s notation, the value of the expression on the right 

is 

[C-D log (4im)} Jq (iW 2 )+ FW {imz). 

The expression was expanded into a series by Stokes ; it is equal to 

oc 2ii jj2ti C Lit 

Jtt (C+ D log z) Jo {imz) 4- 2/) 2 t / cos*" B log sin B dB^ 

11=0 ( 55 ^; - J 0 

and, by integrating by parts, Stokes obtained a recurrence formula from which it may be 
deduced that 

- j ^1' cos^" 6 log sin 6de^ log 2 + i"- + ^ + . . . + j- . 

3‘68. Neumanns dejinition of {z). 

The Bessel function of the second kind, of integral order w, was defined by 
Neumann* in terms of (z) by induction from the formula 

( 1 ) ^ -nY<’‘>(i) = -z Fi“+‘< (z), 

dz 

which is a recurrence fonnula of the same type as §2*12(4). It is evident 
from this equation that 

( 2 ) = 

Now satisfies the equation 

'■ (*)’ " w + 2 C4) 0) + w - 0 : 

and, if we apply the oj)eratorf to this equation n times, and use Leibniz’ 
theorem, we get 

*■ Cir o> ^ + 2) {^T'y w + w » ». 

and so 

(z)) + (2ft + 2) (^~\ {Z)] + {z) = 0. 

This equation is at once reducible to 
(•!■) V„Fi”t(^)=0. 

and so F'"' (z) is a solution of Bessel’s equation for functions of order n. 

Again, (3) may be written in the form 

^ Jz 2) Fi-'+x (z) + r-» F'«> (z) = 0. 

• Thtorif dtr Be$,eVtchm Functwnen (Leipzig, 1887), p. 51. The function is undefined when 
its order is not an integer. 

t The analysis is simplified by taking ^ 2 * = ^ so that 

zdz “ df ’ 



3'68, 3-681] 
so that 


BESSEL FtJNOTIOirS 


71 


y**+" (*) - F<»' (z) = 0, 

whence we obtain another recurrence formula 

(5) + 

When we combine (1) with (5) we at once deduce the other recurrence 
formulae 

(6) F'“-« (z) + F'«+» (z) = — F'»' (z), 

z 

(7 ) F'»->< (z) - F<»+« (z) = 2 . 

clz 

Consequently {z) satisfies the same recurrence formulae as «/„ {z\ Yn (^) 
and Yn(2). It follows from § 3*57 (2) that 

(8) {z) = Itt Fn (^) + (log 2 - 7 ) {z) 

= iY«(^) + (log2-7)J„(4 

A solution of the equation Vu (y) = 0 in the form of a definite integral, which reduces to 
the integral of § 3*671 when ?i = 0, has l^n constructed by Spitzer, Zeitschrift fllr Math, 
und Phys. in. (1858), pp. 244-24G; cf. § 3*583. 


3*681. Neumanns expansion of {z). 

The generalisation of the formula §3*57 (1) has been given by Neumann^; 
it is 


(I ) f™ w . A w |log . - ..I -'il 


, 111 1 
where «„ = j + . 


»(-)”•->(» + 2m) ^ 
^ m (« + »«)“ 


-0. 


To establish 
the equations 

( 2 ) 

( 3 ) 


this result, we first define the functions £„ {z) and {z) by 


£„(«) = /„(«) log«- 


n-1 . 71 ! 

„=o(»- Wi). /)t! 


gn-m > 


FT- / ^ I- / ^ . V (-)"* (" + 2»0 r , ^ 

Un («) - s„ («) + ^2 ^ m(n + m ) ' 


so that F<®> (z) = Lq (z) — Uo {z). 

We shall prove that Ln(z) and Un(z) satisfy the recurrence formulae 
(4) (z) = - Z„' (z) + (n/z) Z„ (z), (z) = - U„' (z) + (n/z) U„ (z). 

and then (1) will be evident by inductionf from § 3-58 (2). 


* Theorie tier BesseVschen Functioncn (Leipzig, 1867), p. 52. See also Lommel, Studien Uber 
die BesseVschen Fnnctionen (Leipzig, 1868), pp. 82 — 84 ; Otti, Bern Mittheilungerij 1898, pp. 34 — 35 ; 
and Haentzschel, Zeitschrift filr Math. undPhys. xxxi. (1886), pp. 25 — 33. 
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It is evident that 


^ 1 1*^)1 ^ ± l-^l 

dz\ z" )“ ^^dz] z” ,1 ^’‘+' m“n(»->n).m!dz\z’‘’> ”• ) 


■M- 


>/»+i (^) iogz -I + Z ; r : 

/ft ^ w! 

r /M (?i + ^)J„(z) 

J.,, (.) log . 4- — 


^m(^) 




■m+i ^n- 


J m+\ 




L 


n+l (f) 


and the first part of* (4) is proved. To prove the second part, we have 

/ME-WU. V (-y n^^4 2 m) d iJn^,n,{z)\ 

dz\ ] ^^^(lz\ z'"' ) m{n + m) dz\ ) 

= - »„ ^ + -i. ^ I j»i (^) - (n + m) 0)} 

•7n+i (^) 2 V / \»nV' I 

•’Iwi n + m + l| 


— 5/1 


^71+1 ('^) 


and the second part of (4) is proved. It follows from § 3*58 (2) that 

^-LH > (^ > + M ~ i ^-^A.ArLk\^ (^')-f Urtjz) ) 

z'^ dz ( J ' 

and since the expression on the right vanishes when n = 0, it is evident by 
induction that it vanishes for all integral values of?/. Hence 

{z) = Ln(z)-Un(z). 

and the truth of equation (1) ivS therefore established. 


3'582. The power series for Un(z)» 


The function ILAzX which was defined in §3-581 (3) as a series of Bessel 
coefficituits, has been expres.sed by Schlafli* as a power series wdth simple 
coefficients, namely 


( 1 ) 


Un{z) = 




To establish this result, observe that it is true when w = 0 by §3*51(3) and 
§3-57 (1); and that, by straightforward differentiation, the expression on the 
right .satisfies the same recurrence formula as that of § 3*581 (4) for {z ) ; 
equation (1) is then evident by induction. 


Note. It will bo found interestiug to establish thi.s result by evaluating the coefl&cient 
of iij expansion on the right of §3*681 (3). 


Math. Ann. in. (1871), pp. 146—147. 
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The reader will now easily prove the following formulae : 

(2) 3I« (^) ={y- log 2} J„ (z) - Un (z), 

(3) (z) = L„ (z) + % (z) + {log 2 - 7 } (z), 

(4) iirYn (z) = L„ (z) + gj„ (z). 


3*583. integral of Poisson^ a type for FW (a). 

The Poissou-Neiimann formula of § 3*671 for Flo) {z) waa gcnoraliaed by Lominel, 
Stiidien fiber die BesseVachen Fnnction&n (Leipzig, 1868), p. 86, with a notation rather 
different from Neumann’s; to obtain Lommel’s result in Neumann’s notation, we first 
observe that, by differentiation of Poisson’s integral for Jy («), we have 

- J, («) log ? = p COS (z sin ff) cos*-' & {log ( J oos» tf) - f (. +i)} rffl, 

and so, from § 3*582 (3), 

r (i) / ,)" ^ ^'"8 co»» - V' (« + i) - y} di? + Z„ (*), 

and hence, since (J) = ( 1 ) - 2 log 2 = - y - 2 log 2, we have the formula 
(1) F(”) ( 2 ) = — j cos (2 sin d) cos*-' log (4 cos* 6) d6 

-{f(«+i)-i(i)}J-„(2) + i.(2), 

in which it is to be remembered that Ln {z) is expressible as a finite combination of Bessel 
coefficients and powers of z. 


3’6. Functions of the third kind. 

In numerous developments of the theory of Bessel functions, especially 
those which are based on Han kePs researches (Chapters Vl and vii) on integral 
representations and asymptotic expansions of {z) and (z), two combina- 
tions of Bessel functions, namely Jv{z) ±i\\{z), are of frequent occurrence. 
The combinations also present themselves in the theory of “Bessel functions 
of purely imaginary argument” (§ 3*7). 

It has consequently seemed desirable to Nielsen* to regard the pair of 
functions Jv{z) ±iYy{z) as standard solutions of Bessel’s equation, and he 
describes them as f auctions of the third hind ; and, in honour of Hankel, 
Nielsen denotes them by the symbol H. The two functions of the third kind 
are defined by the equationsf 

(1) H''^\z) = Mz) + iY,(z), H^^\z) = J,{z)-iY,{z). 

From these definitions, combined with § 3'54 (1), we have 


( 2 ) H^^\z) = 




% Sin vir 




— i sm vir 


When V is an integer, the right-hand sides are to be replaced by their limits. 

Since Jy{z) and Yy(^z) satisfy the same recurrence formulae (§§3’2, 356), 
in which the functions enter linearly, andeince the functions of the third kind 


* O/versigt over del K. Davske Videnakabernes Selakaba Forhandlinger, 1902, p. 125. Hand- 
buck der Theorie dcr Cylinderfunktionen (Leipzig, 1904), p. 16. 
t Nielsen uses the symbols Hf{z), 
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are linear functions (with constant coefficients) of J, {z) and Y,{z), it follows that 
these same recurrence formulae are satisfied by functions of the third kind. 


Hence wo can at once write down the following formulae ; 

(Z) //y.\ W + //'l' (z) = % //”> ( 2 ), (Z) + (z) = j ( 2 ), 


(4) //'» 


( 1 ) 




- .//'*> (2) = - 2H<» (2), Z^JL^ - (2) = - 2H (2), 


dz ’ 


m f2) dHf{z) 


(r) 


,( 2 )/ 




( 6 ) 


(7) 


. djyl‘\2) 

„0) 






(8) v„^i'’(2) = 0, 


dz 

dll*-^\z) ,o> 

(2) = 0, 




27 (» 

= (-> 




Note. Rajlcigh on Hoveral occasions, e.g, Phil. Mag, (b) XLiii. (1897), p. 266 ; (6) xiv. 
(1907), pp. .350 — 369 [Scientific Papers,, iv. (1904), p. 290; V. (1912), pp. 410—418], has used the 

symbol i)„( 2 ) to denote the function which Nielsen calls (z). 


3*61. Relations connecting the three kinds of Bessel functions. 

It is easy to obtain the following set of formulae, which express each 
function in terms of functions of the other two kinds. The reader will observe 
that some of the formulae are simply the definitions of the functions on the 
left. 


(1) 


_ F_ „ {z) - y„ (^) cos vir 

2 

sin VTT ' 

(2) 

e”" /f“\2) + e'‘'’" ( 2 ) 

J-M - - 2 

_ y_, ( 2 ) cos I/TT - Yy ( 2 ) 
sin VTT * 

(3) 

Y u\ _ (f) 

sin vir 

_H'-^\z)-Hf\z) 

‘2i 

(4) 

Y *f vif) VTT 

sin VTT 

_ e--"' (z) - e-*"* jyf’ ( 2 ) 

(5) 

//<0 / ^ 

*' i sin vTT 

_ F_,(2)-e-''’^' Y.{z) 
sin PIT * 

(6) 

H Iz) = — ’ 

*' ^ sin VTT 

sin w 


F roni (5) and (6) it is obvious that 
(7) (z) = ev,; ^ (1) W ^ ^ ^ 
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S*62. Bessel functions with argument —z and ze”^*K 

Since Bessers equation is unaltered if z is replaced by - z, we must expect 
the functions J^y(-‘z) to be solutions of the equation satisfied by J^y{z), 

To avoid the slight diBSculty produced by supposing that the phases of 
both of the complex variables z and —z have their principal values*, we 
shall construct Bessel functions of argument where m is any integer, 
arg z has its principal value, and it is supposed that 

arg (^0"*'*) = mir + arg z. 

Since J^{z)l 2 ^ is definable as a one-valued function, it is obviously con- 
venient to assume that, when the phase of z is unrestricted, »/„ (^) is to be 
defined by the same convention as that by which is defined; and accoi-dingly 
we have the equations 

( 1 ) 

(2) J-y = 0“”**^* (z). 

The functions of the second and third kinds will now be defined for all 
values of the argument by means of the equations § 3*54 (1), § 3*6 (1); and 
then the construction of the following set of formulae is an easy matter: 

(3) y„ (ze^^^) = 0-*”**'*" Yf, (z) + 2i sin mvir cot ptt (z), 

(4) (-20'""O = e" (z) + 2i sin mvir cosec vtt {z)i 

(5) = (^)-2e— 

' ' ^ ^ ' Sin PIT 

^ 8in(l-m)i >7r sin mim 

sin VTT ^ ^ ^ sini^TT •' 

(6) ' ize”‘”) = e-«-- (z) + 2e-' J. W 

^ sin (l +m)vw ^ jy(') 

sin PTT ^ ^ sin pit " 

Of these results, (3) was given by Hankel, Math. Ann. viii. (1875), p. 464, in the special 
case when m=l and v is an integer. Formulae equivalent to (5) and (6) were obtained by 
Weber, Math. Ann. xxxvii. (1890), pp. 411, 412, when w=l ; see § 6*11. And a memoir 
by Graf, Zeitachrift fUr Math, und Phya. xxxviii. (1893), pp. 115—120, contains the general 
formulae. 


3’63. Fundamental systems of solutions of BesseVs equation. 

It has been seen (§ 3*1 2) that {z) and (z) form a fundamental system of 
solutions of Bessel’s equation when, and only when, p is not an integer. We shall 
now examine the Wronskians of other pairs of solutions with a view to deter- 
mining fundamental systems in the critical case when p is an integer. 

* For Arg ( - «) = Arg z^w, according as I (z) < 0. 
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It is clear from § 3’54(1) that 

m {J, (z), n (^)} = - cosec vir.miJy (z), J-. {Z)] 

irz' 

This result is established on the hypothesis that i/ is not an integer; but con- 
siderations of continuity shew that 

(I) n(^)}=2/(7r^), 

whether v be an integer or not. Hence Jv{z) and Yy {z) always form a funda- 
mental system of solutions. 

It is easy to deduce that 
and, in particular*, 

(3) m{Jn{z)zYn{z)]^2/z. 

When we express the function.s of the third kind in terms of Jy (z) and 
Yy(z), it is found that 

(4) 5® (i/ (Z), II? (^)l = - 2i ?® { ./. (z), y, (^)l = - iili-irz), 

m that the functions of the third kind also form a fundamental system of 
solutioUvS for all values of v. 

Variovis formulae connected with (1) and (3) have lieen given hy Basset, Proc. London 
Math. Sor. XXI (1889), [). 55; they are readily obtainable by exprowsing successive differ- 
ential coefficients of ./„ (c) and in terms of Jy{z\ ( 5 ), and F„(s), Yif {^) by re- 

peated differentiations of Bessef" equation. Basset’s results (of which the earlier ones 
arc frequently iwjuired in physical iiroblenis) are expressed in the notation used in this 
work by the following formulae : 

(s) {-) i\" (*)- y. (z)j." (s)= - 

(0 j; ( 2 ) } V' (--) - ) V ( 2 ) J." (z) -- f^(i- , 

(7) (z) IV" (Z) - )V (.') -V" ( 2 )=^^ (-— - 1 ) , 

(8) (r) i\‘" ( 2 )- IV {z)j;" (2)=-2.^(^^’‘_i), 

(9) .//'(2) jv" {z) - )V(z) j"' (1 -?’y I + "^ --?:!) , 

(101 .V (2) }V'')(2)-j; (2)y.(''>(^)=-l 

(II) y; (2) }V'0(2)- }■; (2)y,co(2)--- 1 - ^ ®+i) • 

Throughout these formulae Yy may be replaced by if the expressions on the right 

are multiplied by -siui/ir; and «/„, Yy may be replaced by throughout if the 

expressions on the right are multiplied by — 2t. 

* Cf. Lommel, Math. Ann. iv. (1871), p. 106, and Hankel, Math. Ann. viii. (1875), p. 457. 
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An associated formula, due to Lommel* Math. Ann. iv. (1871), p. 106, and Hankel, 
Math. Ann. viii. (1875), p. 458, is 

(12) Jv («) Y 1,^.1 (a)— •/i.4.i(^) ~ • 

irz 

This is proved in the same way as § 3*2 (7). 


3‘7. Bessel functions of purely imaginary argument. 
The differential equation 

(1) 




which differs from BessePs equation only in the coefficient of y, is of frequent 
occurrence in problems of Mathematical Physics; in such problems, it is usually 
desirable to present the solution in a real form, and the fundamental systems 
Jv{iz) and or Jv{iz) and Y^,(iz) are unsuited for this purpose. 

However the function (fz) is a real function of z which is a solution 

of the equation. It is customary to denote it by the symbol {z) so that 


( 2 ) 


Io{z) = 


»i«o • P (i' "H /a + 1) 


When z is regarded as a complex variable, it is usually convenient to define 
its phase, not with reference to the principal value of nvgiz, as the consideration 
of the function {iz) would suggest, but with reference to the principal value 
of arg Zj so that 

I {z) = (ze^^^), (- TT < arg ^ i tt), 

( f (z) = t/„ (ze'’^^% ^ tt). 

The introduction of the symbol /y(z) to denote “the function of imaginary 
argument ” is due to Bassetf and it is now in common use. It should be men- 
tioned that four years before the publication of Basset’s work, Nicolas J had 
suggested the use of the symbol (z), but this notation has not been used by 
other writers. 


The relative positions of Pure and Applied Mathematics on the Continent as compared 
with this country are remarkably illustrated by the fact that, in Niolben’s standard 
treatise 55, neither the function Iv{z\ nor the second solution Ky{z\ which will be defined 
immediately, is even mentioned, in spite of their importance in physical applications. 

The function I-v{z) is also a solution of (1), and it is easy to prove (cf. 
§3T2) that 

(3) 5I®(/.(*). = 


* Lomniel gave the correHponding formula for Neiimann’B function of the seconrl kind, 
f Vroc. Camb. PhiL Soc. vi. (1889), p. 11. [Thin paper waa first published in 188(5.] Basset, 
in this paper, defined the function of integral order t5 bo ( 12 ), but he Bubsequently changed 

it, in his Hydrodynamics. 11 . (Cambridge, 1888), p. 17, to that given in the text. The more 
recent definition is now universally u^^ed. 

:J: Ann. Sci. de V&cole norm. sup. (2) xi. (1882), suppldment, p. 17. 

§ Ilandhuch der Theoric der Cy Under funktionen (Leipzig, 1904). 
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It follows that, when v is not an integer, the functions 7„(r) and /_,(r) form 
a fundamental system of solutions of equation (1). 

In the case of functions of integral order, a second solution has to be con- 
structed by the methods of §§ 3'5 — 3'54. 

The function K„ (z), which will be adopted throughout this work as the 
second solution, is defined by the equation 


(4) 




An equivalent definition (cf. § 3*5) is 

(5) 


dlAz)" 

dp Jr:xn’ 


It may be verified, by the methods of § 3*5, that Kn (^) is a solution of (1) when 
the order v is equal to ti. 

The function K^iz) has been defined, for unrestricted values of i/, by 
Macdonald*, by the e(iuation 


( 6 ) 


^ ^ smi^TT 


and, with this definition, it may be verified that 

(7) Kn{z)^\im K^{z). 

It is easy to deduce from (6) that 

(8) Ky (z) = I r\. (iz) = H^Jy {iz). 

The physical importance of the function Ky(z) lies in the fact that it is a 
solution of equation (1) which tends exponentially to zero as through 

positive values. This fundamental property of the function will be established 
in § 7-23. 


The dofinition of A',, (^) is due to Basset, Proc. Camb. Phil. Soc. vi. (1889), p. 11, and 
hih definition is equivalent to that given hy equations (4) and (5) ; the infinite integrals by 
which he actual!) defined the function will bo discussed in §5^ 6T4, 6*15. Basset subse- 
quently modified his definition of the function in his Hydrodynamics.^ ii. (Cambridge, 1888), 

pp. 18 — 19, and hi.s final dofinition is equivalent to — Vi 

01 / vv J„-« 

In order to obtain a function which satisfies the same recurrence formulae as ly (z), 
Gray and Mathews in their work, A Treatise o-n Bessel Fum'.tions (Loudon, 1895), p. 67, 
omit the factor l/2’‘, so that their definition is equivalent to 

ira/-.(^) ciym 
2[_ CV Ov J|/ = M 


The only sinqile extension of this definition to functions of unrestricted order is by the 
formula 


Ki/ (z) = W cot P7T [l^y («) - ly («)}, 


* Proc. London Math. Sor. xxx. (1899), p. 167. 
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(cf. Modem Analtfsie^ § 17*71) but this function suffers from the serious disadvantage that 
it vanishes whenever 2i/ is an odd integer. Consequently in this work, Macdonald’s 
function will be used although it has the disadvantage of not satisfying the same recur- 
rence formulae as ly (z). 

An inspection of formula (8) shews that it would have been advantageous if a factor ^ir had 
been omitted from the definition of Ky (z ) ; but in view of the existence of extensive tables 
of Macdonald’s function it is now inadvisable to make the change, and the presence of the 
factor is not so undesirable as the presence of the corresponding factor in Schlafli’s function 
(§ 3*64) because linear combinations of Iy(z) and Ky (z) are not of common occurrence. 


3*71. Formulae connected with Iy{it) and Ky{z), 

We shall now give various formulae for Iv{z) and Ky{z) analogous to 
those constructed in §§ 3*2 — 3*6 for the ordinary Bessel functions. The proofs 


of the 

formulae are left to the reader. 




(1) 

•^1— 1 (■*) ~ (^) ■ 

2p T / y. 

Ky., 

(«) — Ky.^, (Z) 

^Ky(z), 

(2) 

■^.—1 (^) + .+1 ° 

= 2/; 

(^). 

Ky., 

(z) + Ky.,., (z) 

= - 2Ky' (z), 

(3) 

Zl,'(z)+Vly(z) = 

Zjy^l 

(^). 

ZKy' 

(z) + pKy(z) 

= -ZKy.,(z), 

(4) 

zlj (z) - vly (z) = 

Zly+, 

(«). 

ZKy' 

(z) - vKy (z) 

= — zir y^l (z), 

5) 


~mT 

J. y-.] 

m 

/_£> 

\zdzj 

r {^''Ky(z)} = 

{z\ 

(6) 

/ d f/. («)) _ 

\zdz) t j z”-^ 

9 

(J.' 

\zdz, 


* * 

(7) 



K,'{z) = - 

■ ('^)i 


(8) 

I-n (^) = -^11 (^)> 


K.y 

iz)==Kyiz). 



The following integral formulae are valid only when fi(i/ -i- J) > 0 : 
(hzY 

(9) I,. («) = (I) l» 

(yy 


r(p + i)r(i)J-y 


j (1 — cosh (et) dt 

= frT-^^rTTTTTx f Odd 
= - ^ [' cosh (z cos d) 

- f (1 — <’)'“* cosh (zt) dt. 
fJo 


2(i^y 


r(., + i)r(i)j 
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( 10 ) /, 


/v+i ' 


1 r “ 

= V(2^) Ir^o r^-r) f(2zY 

+ (-r ^for!(«-r)!W] ’ 

( 11 ) 

, 12 ) . 

(i-‘) 

(14) K, (z) = - log (i . /„ (z) + V 'if f(r,i+l ), 

w-u 

(15) K (-) = ’ V ' - ”1- ^1’ 

nt) 

■*■ w ' (»r+ m)! + 1 ) - (» + ni + 1 )), 


1 r*^ 

(IC) /ru(ir)~-^| |log(2.^sin- ^) + 7J 

(17) /,(2e’''"‘)= e”‘'’"4(c), 

( 1 H) K,. (ze”‘’'<) = e-'"'-'' A', {z)- vi /, ( 2 ), 

Sin I/TT 

(10) 3i!aiA..(s), h\(z)\=-llz, 

(20) TAz)K,^,(z)+ J^,,(z)KAz)^ Ijz. 


The intej^ral iiivtilvfd in (lO) lias bft*n di.scu.SHod by Stoko« (cf. t3’572). 

rb»'. intograls iinnlved in (9) and tht* series m (14) were disenssed by Riemann in his 
inenioir “Znr 1 heone dor Nobili’sehen Farbenringo,” Anv. c/er Ph^fsik und Chemie^ (2) xcv. 

j)p. 130 -139, in the special case in which p~0; ho also discussed the ascending 
power senes for /y {z). 

The recurrence forinnlao have been given by Basset, Proc. Camb. Phil. Soc. vi. (1889), 
pp. 2 19; by Macdtmald, Prop. London Math, Soc. xxix. (1899), pp. 110—115; and by 

Aichi, Proc. Phy,^. Math. Soc. of Japan, (3) ir. (1920), pp. 8—19. 

functions ol this typo wdiosc order is half an odd integer, as in equations (10) and (12), 
were used by Hertz in hi.s Berlin Dissertation, 1880 [Ges. Werke, i. (1895), pp. 77— 91j; 
and lie added yet another notation to those described in § 3*41. 
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3 * * * § 8 . Thomsons functions her {z) and bei {z) and their generalisations. 

A class of functions which occurs in certain electrical problems consists of 
Bessel functions whose arguments have their phases equal to ^tt or fTr. 

The functions of order zero were first examined by W. Thomson*; they 
may be defined by the equation f 

( 1 ) ber (j;) H- i bei {x) = {xi sji) = 1^ (x >Ji\ 

where x is real, and ber and bei denote real functions. For complex argu- 
ments we adopt the definitions expressed by the formulae 

(2) ber {z) i i bei (z) = Jq (zi V± t) = 4 ± i)- 

Hence we have 


( 3 ) 

(4) 


Dtr^^;-! ^2!)=* (4!y-‘ ‘ ’ 


Extensions of these definitions to functions of any order of the first, second and 
third kinds have been effected by Russell J and Whitehead§. 

The functions of the second kind of order zero were defined by Russell by 
a pair of equations resembling (2), the function 4 being replaced by the 
function Koy thus 


(5) ker (z) ± i kei {z) -Kq{z •sjt i). 

Functions of unrestricted order v were defined by Whitehead with reference 
to Bessel functions of the first and third kinds, thus 

(6) ber,, {z) + i bei„ {z) = {ze‘^^''% 

(7) her„ {z) ± i hei„ {z) = (ze^^^^). 

It will be observed that|| 

(8) ker (z) = - Jtt hei (z), kei (z) = ^tt her (z), 
in consequence of § 3 7 (8). 

The following series, due to Russell, are obtainable without difficulty : 

(3) ker (z) = - log (iz) . ber (z) -f bei {z) 


* PrcHidential Addr(>H8 to the Institute of Electrical Engineers, 1889. [Math, and Phyit. 
Papers, in. (1890), p. 492.] 

t In the case of fanctioiis of zero order, it is customary to omit the suffix which indicates 
the order. , 

t Phil. Mag. (6) xvii. (1909), pp. 624—552. 

§ Quarterly Journal, xui. (1911), pp. 316 — 342. 

II Integrals equal to ker {z) and kei [z) occur in a memoir by Hertz, Ann. der Phyzih und Chemie. 
(3) xxiT. (1884), p. 460 [Ges. Wtrke, i. (1895), p. 289]. 


W. B. F. 


6 
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( 10 ) 


kei (z) = — log (iz) . bei (z) — Jtt ber (z) 


+ l(2m+l)!r 


^fr (2m + 2). 


It has also been ol)served by Russell that the first few terms of the expansion of 
ber* * * § (r)+l)ei*(*) have simple coefficients, thus 


( 11 ) 


ber* (r) + bei* (r) = 1 + + • • . , 


but this result had previously been obtained, with a different notation, by Nielsen (of, 
§ 6-41) ; the coeflQcient of in the expansion on the right is l/[(m !)2 . (2m) !]. 


Numerous expansions involving squares and products of the general 
functions have been obtained by Russell; for such formulae the reader is 
referred to Russell’s memoir and also to a paper by Savidge*. 

Formulae analogous to the results of §§ 3*61, 3*62 have been discussed by 
Whitehead ; it is sufficient to quote the following here : 

(12) ber^„ (2) — cos pn . ber„ (2) — sin ptt , [hei„ (2) — bei,; (2)], 

(13) bei-.„ {2) = cos vtt . bei,; {2) + sin i/tt . [her,; {2) — ber„ {2)\ 

(14) her^t,{z) = cos vw . her,, (z) — sin ptt . hei,; (z), 

( 15 ) hei.,; (2) = sin pw . her,; {z) + cos pit . hei„ (2). 


The reader will be able to construct the recurrence formulae which have 
been worked out at length by Whitehead. 

The functions of order unity have recently been examined in some detail 
by B. A. Smith f. 


3*9. The dejinitim of cylinder functions. 

Various writers, especially Sonine J and Nielsen§, have studied the general 
theory of analytic functions of two variables (z) which satisfy the pair of 
recurrence formulae 

9.U 

(1) (^) + ^^.+1 (^) = 

z 

( 2 ) = 

in which z and v are unrestricted complex variables. These recurrence formulae 
are satisfied by each of the thre(^ kinds of Bessel functions. 

Functions which satisfy only one of, the two formulae are also discussed by 
Sonine in his elaborate memoir ; a brief account of his researches will be given 
in Chapter X. 

• Vhil. Mag. (6) xix. (1910), pp. 49—58. 

t Proc. Artifrtcan Soc. of Civil Efigirieem^ xi.vi. (1920), pp. .S76 — 426. 

i Math. Ann. xvi. (18S0), pp. 1—80. 

§ Ilandbuch d4;r Thtorie der CyliTiderfunktionen (Leipzig, 1904), pp. 1, 42 et seq. 
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Following Sonine we shall call any function which satisfies both of 
the formulae, a cylinder function. It will now be shewn that cylinder functions 
are expressible in terms of Bessel functions. 

When we combine the formulae (1) and (2), we find that 

(3) {Z) + V^y (z) = z9^y^i (z), 

(4) z^/ (z) - (z) = - z^^+i (z), 

and so, if be written for z (dfdz), we deduce that 

( 5 ) {^ + p)K{z)^zWy^,{zl 

( 6 ) 

It follows that 

that is to say 

( 7 ) = 

Hence (z) = (z) -h 6,. {z\ 

where a„ and b^, are independent of z, though they may depend on p. When 
we substitute in (3) we find that 

ayJ^^i (z) + bj\^, (z) = (z) + (z\ 

and so, since J,,_, (z)/ F„_, {z) is not independent of Zy we must have 

Cly, = a,.— 1 , by ~ by^l . 

Hence and must be periodic functions of p with period unity ; and, 
conversely, if they are such functions of p, it is easy to see that both (1) and 
(2) are satisfied. 

Hence the general solution of (1) and (2) is 

(8) (z) = «r, (p) Jy, {z) + era (i;) F, {z\ 

where and •sr.^i^p) are arbitrary periodic functions of p with period unity. 
It may be observed that an equivalent solution is 

(9) {z) = tsT;, {v) (z) + Tsr, {p) {z), 

A difference equation, which is more general than (1), has been exauiincd by Barnes, 
Mesaengery xxxiv. (1905), pp. 52 — 71 ; in certain circumstances the solution is expressible 
l)y Bessel functions, though it usually involves hypergeomctric functions. 

Notk. The name cylinder function is used by Nielsen to denote Jy (i), (^)y //,,0) (:') 

and ( 2 ) as well as the more general functions discussed in this section. This procedure 
is in accordance with the principle laid down by Mittag-Leffler that it is, in general, 
undesirable to associate functions with the names of particular mathematicians. 

The name cylinder function is derived from the fact that normal .solutions <if Laj>lacc’.N 
equation in cylindrical coordinates are 

r , , , cos 

fcf. § 4'8 and Modern AnalyaiSy 18*5). 


(j— 2 
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Some writers*, following Heine t who called Jni^) Fourier- Bessel functiony call Jn{s) 
a Fourier function. 

Although Bessel coefficients of any order were used long before the time of Bessel 
(ef. l-.l, J 4), it seems desirable to associate Bessel’s name with them, not only because 
it has become generally customary to do so, but also because of the great advance made by 
licssel on the work of his predecessors in the invention of a simple and compact notation 
for the functions. 

Bessel’s name was associated with the functions by Jacobi, Journal filr Math. xv. 
(J83C), p. 13 \(Jes. Math. Werke^ vi. (1891), p. JOI]. “Transcendentium 4* naturam varios- 
que usus in determinandis integralibua dcfinitis oxj>osuit ill. Bessel in commentatione 
celel)errima.” 

A more recent controversy on the name to be applied to the functions is to be found in 
a senes of letters in Nature^ LX. (1899), pp. 101, 149, 174; Lxxxi. (1909), p. 68. 

* E.g. Nicolas, Ann. Sci. de-VKcole norm. sup. (2) xi. (1882), Buppl4ment. 

f Journal /Hr Math, lxix. (1868), p. 128. Heme also seems to be responsible for the term 
cylinder function. 



CHAPTER IV 

DIFFERENTIAL EQUATIONS 


4 * 1 . Daniel Bernoulli’s solution of Riccati's equation. 

The solution given by Bernoulli* of the equation 

( 1 ) ^^^=az^ + btf 

consisted in shewing that when the index n has any of the values 


0 ; -l-ii 




while a and b have any constant valuesf, then the equation is soluble by 
means of algebraic, exponential and logarithmic functions. The values of n 
just given are comprised in the formula 


( 2 ) 


4m 

2 »i ± 1 ’ 


where m is zero or a positive integer. 

Bernoulli’s method of solution is as follows : If n be called the index of the 
equation, it is first proved that the general equation} of index n is transformable 
into the general equation of index N, where 


( 3 ) 


N = - 


n 

nTI’ 


and it is also proved that the general equation of index n is transformable 
into the general equation of index p, where 

(4) v = — H — 4. 

The Riccati equation of index zero is obviously integrable, because the 
variables are separable. Hence, by (4), the equation of index — 4 is integrable. 
Hence by (3), the equation of index — ^ is integrable. If this process be con- 
tinued by using the transformations (3) and (4) alternately, we arrive at the 
set of soluble cases given above, and it is easy to see that these cases are 
comprised in the general formula (2). 

Kxcrcitationes quaedam muthemaiicae (Venice, 1724), pp. 77—80; Acta Eruditonnn, 1725, 
pp. 47H — 475. The notation used by Bernoulli has been slightly modified ; and in this analysis 
n is nut restricted to be an integer. 

t It is assumed that neither a nor h is zero. If either were zero the variables would obviously 
be separable. 

X That is, the equation in which a and b have arbitrary values. 
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4 ' 11 . Daniel Bernoulli 8 transformations of RiccatVs equation. 

Now that the outlines of Bernoulli s procedure have been indicated, we 
proceed to give the analysis by which the requisite transformations are effected. 
Take § 4*1 ( 1 ) as the standard e(iuation of index n and make the substitutions 


y = - 

7i + 1 ’ ^ 


1 

y 


[Note. The substitutions are possible because — 1 is not included among the values ot 
//. The factor n-\-i in the denominator was not inserted by Bernoulli ; the effect of its 
presence is that the transformed equation is more simple than if it were omitted.] 

'Phe equation becomes 

1 ^ _ h 

that IS 

where N ^ nl(n 4- 1) ; and this is the general equation of index N. 

Again in §41 (1) make the substitutions 



The equation becomes 

f^ = af + br,^ 

where i/ = — n — 4 ; and this is the general equation of index v. 

The transformations described in § 4T are therefore effected, and so the 
equation is soluble in the cases stated. But this procedure does not give the 
solution in a compact form. 


4 * 12 . The limiting form of Riccatrs equation^ unth index — 2 . 


When the processes described in §§41, 4T1 are continually applied to 
Kiccatis equation, the value to which the index tends, when m oo in 
§41 (2), is - 2. The equation with index - 2 is consequently not soluble by 
a finite number of transformations of the types hitherto under consideration. 
To solve the equation with index —2, namely 


( 1 ) 


write y = vjz, and the equation becomes 

dv 

z , - (t + v H- ; 
dz 


.ind this is an equation with the variables separable. 

Hence, in this limiting case, liiccati's equation is still soluble by the use 
of elementary functions. 
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This solution was implicitly given by Euler, Inst. Calc. IrU. ii. (Petersburg, 1769), § 933, 
p. 185. If we write (cf. § 4*14) ^ ^ ^ equation which determines 17 is 




which is homogeneous, and consequently it is immediately soluble. 

Euler does not seem to mention the limiting case of Riccati’s equation explicitly, 
although he gave both the solution of the homogeneous linear equation and the transforma- 
tion which connects any equation of Riccati’s type with a linear equation. 

It will appear subsequently (§§ 4*7 — 4*75) that the only cases in which 
Riccati’s equation is soluble in finite terms are the cases which have now been 
examined ; that is to say, those in which the index has one of the values 

■“§» ““2, 

and also the trivial cases in which a or 6 (or both) is zero. 

This converse theorem, due to Liouville, is, of course, much more recondite 
than Bernoulli’s theorem that the equation is soluble in the specified cases. 


4*13. Euler's solution of Riccati's equation. 

A practical method of constructing a solution of Riccati’s equation in the 
soluble cases was devised by Euler*, and this method (with some slight changes 
in notation), will now be explained. 

First transform Riccati’s equation, § 4*1 (1), by taking new variables and 
constants as follows : 

(1) y = ^7)jb, ab^-c\ w = 2q-2; 

the transformed equation is 

drj 


( 2 ) 


dz 


+ 9 ;® - c^z^9-^ = 0 ; 


and the soluble cases are those in which 1/q is an odd integer. 
Define a new variable w by the equation 

1 dw 


( 3 ) 


77 = cz^-^ + 


w dz ’ 


so that the equation in w is 

(4) + 2c2^“‘ ^ ^ ^ cz^^-w = 0. 

A solution in series of the last equation is 
w = i 

r-O 

provided that 

4i±i = (2g?’ + g + l>(2yr + <j- 1 ) 

Ar 8qc{r + l) 

* Nov. Comm. Acad. Petrop. vm. (1760 — 3701) [1763], pp. 3—63; and ix. (176*2—1763) 
[1764], pp. 154—169. 
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and so the series terminates with the term if q has either of the values 

± l/(2m 4- 1) ; and this procedure gives the solution* examined by Bernoulli. 

The general solution of Riccati’s equation, which is not obvious by this method, was 
given explicitly by Hargreave, Quarterly Journal^ vii. (1866), pp. 266—258, but Hargieave’s 
form of the solution was unnecessarily complicated ; two years later Cayley, Phil. Mag. (4) 
XXXVI. (1868), pp. 348 —351 [Collected Papers^ vii. (1894), pp. 9 — 12], gave the general solu- 
tion in a form which closely resembles Euler’s particular solution, the chief difference between 
the two solutions being the reversal of the order of the terms of the series involved. 

Cayley used a slightly siinplcr form of the equation than (2), because he took constant 
multiples of both variables in Riccati’s equation in such a way as to reduce it to 

(O) 


4*14. Cayley 8 general solution of RiccatVs equation. 

We have just seen that Riccati s equation is reducible to the form 


dz 

given in § 4*13 (2); and we shall now explain Cayley sf method of solving 
this equation, which is to be regarded as a canonical form of Riccati’s 
<;quation. 

When we make the substitutionj r) = d {\og;v)ldz. the equation becomes 


( 1 ) 

and, if //, and are a fundaiiicntal system of solutions of this equation, the 
general solution of the canonical form of Riccati’s equation is 


( 2 ) 


C,U,+ U,U,’ 


where (7, and (7, are arbitrary constants and primes denote diflferentiations with 
respect to z. 


To express ?7, and U.^ in a finite form, we write 


V == w exp {cz^lqX 

HO that the equation satisfied by w is § 413 (4). A solution of this equation 
in w proceeding in ascending powers of is 

__ t?-l)(35-l)(5g-l) 
q{q-l)m2q-\)^q (3g 

and we take U, to be exp {cz^jq) multiplied by this series. 

* When the index n of the Riccati equation ia - 2, equation (4) U homogeneous, 
t Phil Mag- (4) xxxvi. (1868), pp. 348-3.51 [CoUecud Paper., yn. (.1894), pp. 9-121. Cf. also 
the memoirs by Euler which were cited in § 4*13. 

t This is, of course, the substitution used in 1702 by James Bernoulli ; cf. § 11. 
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Now equation (1) is unaffected by changing the sign of c, and so we take 

!r„ i;.- «p(± 

+ <?(g-l)2g(2g-l)3y(3j-l)‘^* +--J’ 
and both of these series terminate when q is the reciprocal of an odd positive 
integer. Since the ratio Uy : U2 is the exponential function exp 
multiplied by an algebraic function of it cannot be a constant ; and so 
f/i, U2 form a fundamental system of solutions of (1). 

If q were the reciprocal of an odd negative integer, we should write 
equation (1) in the form 

whence it follows that 

’? = 5^1og(7.F. + 7,r,), 
where 7, and 72 are constants, and 
F., F.-.„p(P «,/,) [. 

The series which have now been obtained will be examined in much greater 
detail in §§ 4*4 — 4*42. 

The reader nhould have uu difficulty in constructing the following solutions of Iliccati’s 
equation, wJ»on it is soluble in finite terms. 



Equation 

Valoesof t/,, l/g 

(i) 


exp(±z) 

(ii) 


(1 + exp ( ± 

(iii) 

(dl^/cfe) + I/^ « z ~ 

(1 + + ^ 2 ^®) exp ( + bz^‘^) 
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Among the writers who have studied equation (1) are Kummer, Journal fUr Math^ Xil. 
(1834), pp. 144—147, Lobatto, Journal fUr Math. xvii. (1837), pp. 363—371, Glaisher (in 
the memoir to which reference has just been made), and Suchar, Bull, do la Soc. Math, de 
Franco^ xxxii. (1904), pp. 103 — 116 ; for other references see § 4*3. 

Thu reader will observe that when 9 ~ 0 , the equation (1) is homogeneous and imme- 
diately soluble ; and that the second order equation solved by James Bernoulli (§ 1*1) is 
obtainable by taking in (1), and so it is not included among the soluble cases. 


4 ’ 16 . Schldjlis canonical form of Riccatis equation. 

The form of Riccatis equation which was examined by Schlafli* was 

( 1 ) ^ = 

This is easily reduced to the form of § 413 (2) by taking — ^“®/a as a new 
independent variable. 

To solve the equation, SchlaHi wrote 

“ ~ ' dt ' 

and arrived at the equation 


Iff 


F{a, t)~l 


fm 


lo m\ r(a4- + 1) ’ 

the general solution of the equation in y is 

y = c^F {a, t) 4- {— a, t). 

The solution of (1) is then 

1, a -1, t) 

c^F{a, i) 4 (— a, t) 


Th(i connexion between Riccatis equation and Bessel's equation is thus 
rendered evident ; but a somewhat tedious investigation is necessary (§ 4*43) 
to exhibit the connexion between Cayley’s solution and Schlafli’s solution. 


Note. Thu function : 2, dcfiiuKl as the series 

1 _ _ 
z 2 ' 2(3 + 1 )"*" 2.3 '2(241) ( 242 ) 

which is evidently u.xprcssible in terms of. Schlafli’s function, was used by Legendre, 
Flenumts de (Jeometric (Paris, 1802), note 4, iri the course of his proof that w is irrational. 

Later the function was studied (with a diflerent notation) by Cliftbrd; sec a posthumous 
fragment in his Math. Papers (London, 1882), pp. .346—349. 


Ann. di Mat. (2) i. (18G8), p. 232. The reader will see that James Bernoulli’s solution in 
series (§ 1*1) is to be associated with Schlafli’s solution rather than with Cayley's solution, 
t This notation should be compared with the notation of § 4-4. 
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4 - 16 , 4 - 16 ] 

It is obvious that Jy (z) -= (}«)•' F (v, - Jz*), 

and it has recently been suggested* that, because the Schlafli*Clifford notation simplifies 
the analysis in the discussion of certain problems on the stability of vertical wires under 
gravity, the standard notation for Bessel functions should be al^ndoned in favour of a 
notation resembling the notation used by Schlafli-Clifibrd : — a procedure which seems com- 
parable to a proposal to replace the ordinary tables of trigonometrical functions by tables 
of the functions 

oo oo 

„!o(2^TT)r 


4 * 16 . Mizcellaiijeom researckez on RiccatHz equation. 

A solution of Riccati’s equation, which involves definite integrals, was given by Murphy, 
Trane. Camb. Phil. Soc. iii. (1830), pp. 440 — 443. The equation which he considered is 

and, if a be written for l/(»n4-2) and d (log y)ldt for m, his solution (when ABd^= 1) is 
y^-\t j h~^[^ (h) exp (1/A) exp (A<*/“)] cfA, 

where </> (A)=«c*A"® / c“*A®“*fl?A= S — 

^ yo «=oa(a-|-l)(fe + 2)...(a-f?i) 

If 1/A be written for A in the second part of the integral, then the last expression given 
for y reduces to rrit multiplied by the residue at the origin of A“"* <|) (A) exp and the 

connexion between Murphy’s solution and Schlafli’s solution (§ 4-15) is evident. 

An investigation was published by Challis, Quarterly Journal, vii. (1806), pp. 51 — 53, 
which shewed how to connect two equations of the type of ^ 4*13 (2), namely 

az 

in one of which Ijq is an odd positive integer, and in the other it is an odd negative 
integer. This investigation is to be associated with the discovery of tin; two types of 
solution given in § 4-14. 

au , „ ^ 

The equation dr ~z^ ' 

which is easily transformed into an equation of Riccati’s type by taking + » and z^ii as 
new variables, was investigated by Rawson, Messemjer, vii. (1878), pp. 69 — 72. He trans- 
formed it into the equation 

^ y -h " y^ - cz'‘ ^ " =0, 

by taking bu^cz^jy, two such equations are called cognate Riccati equations. A somewhat 
similar equation was reduced to Riccati’s type by Bras.sinne, xvi. (1H5J ), 

pp. 256—256. 

The connexions between the various types of equations which difFercnt writers have 
adopted as canonical forms of Riccati’s equation have been .set out in a paper by Grccnhill, 
Quarterly Journal, xvi. (1879), pp. 294 — 298. 

* Greenhill, Engineering, cvii. (1919), p. 334; Phil. Mag. (6) xxxviii. (1919), pp. 501 — 528; 
see also Engineering, cix. (1920), p. 851. 
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Tho reader should also consult a short paj>er by Siacci, Napoli Rendxconti^ (3) vii. 
(li>01), pj). 139 — 143. And a monograph ou Riccati’s equation, which apjw-rently contains 
thc‘ liiajority of the results of tliis chapter, has been produced by Feldltlum, Warschan 
UniiK Nadu 1898, nos. n. 7, and 1899, no. 4. 


4 ' 2 . The generalised Riccati equation. 

An obvious generalisation of the equation discussed in § 4*1 is 

( 1 ) + 

where P, Q, R are any given functions of z. This equation was investigated 
by Euler*. It is supposed that neither P nor R is identically zero ; for, if 
either P or R is zero, the equation is easily integrable by quadratures. 


It was {K)inted out by Enestroui, Encydop4dip des Set. Math. il. 16, S 16, p. 75, that a 
special equation of this typo namely 

nj\rd.v - nyydx ■\-xxdy^ xy dx 

was studied by Manfredius, De consiritctionv at^quationum differenttalum pnmi gradtts 
(bologna, 1707), j>. 167. “Sed tamtm baec eadem aequatio non apparet quomodo construi- 
bilis sit, neque enhu \ideiiius quomodo illam integremiis, nec (piomodo indeterminatas ab 
invicc'iji sopareiiuis.” 


The equation (1) is easily reduced to the linear equation of the second 
order, by taking a new dependent variable a defined by the equation f 

1 d log u 


( 2 ) 

The eejuation th(ui beconu's 

d^K 


,y=- 


R dz 


(*‘i) 


1 dU] dll 


(t’ff 1, . I if il l an 


Conversely, if in the general linear eijuation of the second order, 

d^u dn ^ 

( 4 ) + 

(where po, p., are given functions of z), we writ(‘ 

(">) « = 
the equation to determine y is 

( 6 ) 

dz Pit Pff 

which is of the same typ(‘ as(l ). The complete equivalence of the generalised 
Riccati equation with the linear equation of the second order is consequently 
established. 

The equations of this soctiiui have boon oxaniined b\ Anisimov, Wanfchau Univ. Nadu 
1896, j>p. l~-33. [Jahrhndi tth^.r die Fortsrhritte der Math. 1896, p. 206 .] 


Now Comm. Acad. Pfiro}). viii. (1760 — 1761) [1703], p. 32 ; see also a short paper by W, W. 
Johnson, Ann. of Moth. in. (1887), pp. 112 — llo. 

t This IS the generalisation of James Bernoulh s substitution (§1T). See also Euler, Inst. 
Cole. lift. n. (Petersburg, 1769), §§831, 852, pp. 88, 104. 
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4’21. Euler's theorems concerning the generalised Riccati equation. 

It has been shewn by Euler* that, if a particular solution of the 
generalised Riccati equation is known, the general solution can be obtained 
by two quadratures; if two particular solutions are known the general 
solution is obtainable by a single quadraturef. And it follows from theorems 
discovered by Weyr and Picard that, if three particular solutions are known, 
the general solution can be effected without a quadrature. 

To prove the first result, let be a particular solution of 

l-p+ej+v, 

and write y = The equation in v is 

^ -h (Q + 2flyo) v + = 0, 

of which the solution is 

V exp {/ (Q + 2JRyo) dz] + JR exp {f(Q + 2Ryo) dz] .dz^O, 
and, since v = 1/(2/ — 2/o)» the truth of the first theorem is manifest. 

To prove the second, let y© and yi be two particular solutions, and write 


y-yi 

The result of substituting (yiW --yo)l(w — 1) for y in the equation is 

y o - yi ^ ^ ^ 1 ^ f^y? ^ P + Q + p /yi w-y, y 

{w — iydz w — 1 dz V) — 1 dz ^ w-\ \ w — \ ' 


and, when we substitute for (dy^jdz) and {dy^fdz) the values P + Qy, + Ry^^ 
and P + Qyo + Ry^^, the last equation is reduced to 


so that w=^c exp \ J(Ry^ — Ryi) dz], 

where c is the constant of integration. Hence, from the equation defining w, 
we see that y is expressed as a function involving a single quadrature. 

To prove the third result, let y^ and y, be the solutions already specified, 
let y 2 be a third solution, and let c' be the value to be assigned to c to make 
y reduce to y.^. Then 

y - Vo y^ - yo 

y-yi c ' y, - y, ’ 

and this is the integral in a form free from quadratures. 

* Nov. Comm. Acad. Petrop. viii. (1760 — 1761) [1763], p. 32. 

t Ibid. p. 69, and ix. (1762—1763) [1764], pp. 163—164. See also Minding, Jmrnal fiir 
Math. XL. (1850), p. 361. 
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It follows that the general solution is expressible in the form 

GfAz)+M^ ) 

y Cf, (z) +/4 {z) ■ 

Hence it is evident that, if y,, y^, y*, y^ be ajiy four solutions, obtained by 
giving C the values C',, Cj, C\, (7, respectively, then the cross-ratio 

( yi-y^)(y>-'U^) 

is independent of z ; for it is ecjual to 


{G-CMC.-o,) 

In spite of the obvious character of this theorem, it does not seem to have 
been noticed until some forty years ago*. 

Other properties of the generalised Riccati ecjuation may be derived from 
properties of the corresponding linear equation (§ 4'2). Thus Rafiyf has given 
two methods of reducing the Riccati equation to the canonical form 

du, r. / 1-\ 

thas(i correspond to the methods of reducing a linear equation to its normal 
form by changes of th(‘ dependent and independent variables respectively. 

Various properties of tlio solution of Riecati’s equation in which P, R are rational 
functions liave been (»btained b} J. D. Hill, Journal fur Math, xxv. (1843), pp. 23—37 ; 
Aut«>nne, Rendus, xcvi. (1883), pp. 1354—1350; cxxviii. (1899), pp. 410 — 412; and 

.laniet, Comptes llcndm dtt V Anmc. Fravi^auf {Ajaccio)^ (1901), pp. 207 — 228; Ann. de la 
Far. des •Sri. dr Marseille., Xll. (1902), pp. 1 — 21. 

Tlie behaviour of the solution near singularities of P, {f R has been studied by Falken- 
hagen, Fieuw Arrhirf roor Wiskundr, (2) vi. (1905), pp. 209 — 248. 

The equation of the second order who.se jinmitive is of the t^ pe 

wh(Te f'l, Co, c.j are constants of integration (whicli is an obvious generalisation of the 
prnniti\e of the Hiccati efiuation), has been studied by Vossiot, Ann. da la Fac. des Rci. de 

Toulousr, IX. (1895), no. U and b\ Wallonburg,*Jo?/r/n7//?Vr Math. CXXI. (1900), pjj. 210 217; 

and (\nnptrs Rend us, lxxxvii. (1903), pp. 1033 — 1035. 

“ Weyr, Ahh. hhhm. Grs. U^^.s. (i*,) viii. (1875-1H75), Math, i. p. 30; Picard, Ann. Sci. 
dr VKcoh norm. sup. (2) vi. (1 h 77), pp. 342-313. Picard’s thesrs, in which the result * con- 
tained, is devoted to the theory of suif.trcs and twisted curves— a theory in which Riccati’s 
ecpiKtiun has various applications. 

I Nouv. .Inn. dc Math. (4) ii. (1902), pp. 529—543. 
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4 * 3 . Various transformations of BesseVs equation. 

The equations which we are now about to investigate are derived from 
Bessers equation by elementary transformations of the dependent and inde- 
pendent variables. 

The first type which we shall consider is* 


( 1 ) 


d^a . jo(p+l) 

= - — w, 


dz* 


where c is an unrestricted constant. The equation is of frequent occurrence 
in physical investigations, and, in such problems, p is usually an integer. 

Tbo equation has been encountered in the Theory of Conduction of Heat and the 
Theory of Sound by Poisson, Journal de I* Boole Polytechnique^- xn. (cahier 19), (1823), 
pp. 249 — 403; Stokes, Phil, Trans, of the Royal Soc. 1868, pp. 447 — 464 [Phil. Mag. (4) 
XXXVI, (1868), pp. 401—421, Math, and Phys. Papers^ iv. (1904), pp. 299 — 324]; Rayleigh, 
Proc. London Math. Soc. iv. (1873), pp. 93 — 103, 253“ -283 [Scientific Papers.^ i. (1899), 
pp. 138, 139]. The special equation in which /)=2 occurs in the Theory of the Figure of 
the Earth; see Ellis, Camh. Math. Journal^ li. (1841), pp, 169 — 177, 193—201. 


Since equation (1) may be written in the form 

<r + M 

its general solution is 

( 2 ) u ^ z^^p+^(ciz). 


Consequently the equation is equivalent to Bessels equation when p is 
unrestricted, and no advantage is to be gained by studying equations of the 
form (1) rather than BesseFs equation. But, when p is an integer, the solu- 
tions of (1) are expressible “in finite termsf” (cf. § 3 4), and it is then 
frequently desirable to regard (1) as a canonical form. The relations between 
various types of solutions of (1) will be examined in detail in §§ 4*41 — 4*4:1. 


The second type of equation is derived from (1) by a transformation of 
the dependent variable which makes the indicial equation have a zero root. 
The roots of the indicial equation of (1) are p^-\ and — p, and so we write 
ii^vz^P', we are thus led to the equation 


( 3 ) 


dH 

dz^ 


2p dv 
z dz 


— c*i; = 0, 


of which the general solution is 

(4) V = (ciz). 

* See Plana, Mem. della JR. Accad. delle Sci. di Torino, xxvi. (1821), pp. 619 — 638, andPaoli, 
Mem. di Mat. e di Fis. della Soc. Italiana delle Sci. xx. (1828), pp. 183 — 188. 

t This was known to Plana, who studied equations (1) and (5) in tUe paper to which reference 
has just been made. 
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Equation (3), which has been siiidied in detail by Bach, Ann. Sci. de V^eole norm. tup. 
(2) HI. (1874), pp. 47—68, occurs in certain physical investigations; see L. Lorenz, Ann. 
der Phyidk und Chemie, (2) xx. (1883), pp. 1—21 [Oeuvres ScienUfiqv.es, I. (1898), pp. 371— 
396]; and Lamb, Hydrodynamics (Cambridge, 1906), 287—291. Solutions of equation (3) 

in tlie form of continued fractions (cf. 6‘C, 9'65) have been examined by Catalan, Bulletin 
de I'Arad. R. de Belgique, (2) xx-vi. (1871), pp. 68—73. Sec also Le Paige, ibid. (2) XLI. 
(1876), pp. 1011—1016, 93.')— 939. 

Next, we derive from (3), by a change of independent variable, an equation 
in its normal form. We write z = where q =1/(2/) +1), the equation then 
becomes 

(5) = 
and its solution is 

(6) r = W («■?»/(/)• 

When a constant factor is absorbed into the symbol the solution may be 
taken to b(i 

Kqviation (fij, which has already been encountered in § 4‘14, has been studied by Plana, 
Mem. (Ifilla R. A read, dvllv Sci. di Tonnoy xxvi. (1821), pp. 519 538; Cayley, Phil. Mag. 

(4) xxxvi. (1868), pp. 348-. 351 [Collected Papers, vii. (1894), pp. 9-12]; and Lonimel, 
Studicn ither die liesseVsehen Fanvtionea (Leipzig, 1868), pp. 112 — 118. 

The system of e() nations which has now been constructed has been dis- 
cussed systematically by Glaisher*, whose important memoir contains an 
interesting account of the researches of earlier writers. 

The ecpiations have been studied from a different aspect by Haentzschel f 
who n*garded them as degenerate forms of Lame’s equations in which both of 
the invariants and are zero. 

The following papers by CJlaisher should also be consulted : Phil. Mag. (4) XLlll. (1872), 
pp. 433 438; Messenger, vin. (1879), pp. 20—23; Proc. London Math. Soc. IX. (1878), 

pp. 197 20-2. 

It may be noted tliat the forms of equation (1) used by various writers are as follows: 



(Plana), 


(Poisson), 


((ilaisher). 


Equation (5) ha.s been encountered by QreenhillJ mi his researches on the stability of a 
vtirtical pole of variable cross-section, under.the action of gravity. When the cross-section 
is constant, the special equation in w'hich y=j| is obtained, and the solution of it leads to 
Bes.sel functions of order + J. 

* Phil. Trafis. of the Royal Soc. clxxii. (1881), pp. 759—828 ; sec also a paper by Curtis, Cam- 
bridge and Dublin Math. Journal, ix. (1854), pp. 272 — 290. 

i ZeiUchrift fur Math, und Phy^. xxxi. (1886), pp. 25 33. 

J Proc. Cumh. Phil. Soc. iv. (1883), pp. 66 — 73. 
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4 * 31 . LommeVs transfornwbtions of BeaseVs equation. 

Various types of transformations of Bessel’s equation were examined by 
Loramel on two occasions; his earlier researches* were of a somewhat special 
type, the later f were much more general. 

In the earlier investigation, after observing that the general solution of 


( 1 ) 

( 2 ) 


d^y dy 

dF z dz 


-f-y = 0 




Lommel proceeded by direct transformations to construct the equation whose 
general solution is where o, By 7 constants. His result, 

which it will be sufficient to quote, is that the general solution of 


4i //}/ 

(3) ^ + (2a - 2/9*/ + 1) ^ ™ + a (a - 2^1/)) w = 0 

is 

(4) a = (yz^). 


When /3»=0, the general solution of (3) degenerates into 

14=2:““ (Ci + Ca log «); 

and when 7 ~ 0 , it degenerates into 
unless (iv is zero. 

The solution of (3) was given explicitly by Lotnniel in niiinerouri special cases. It will 
be sufficient to quote the following for reference : 


(5) 

cPw Ic/u /„ v2\ 

a = (^*). 

(6) 

d^u du 1 /_ v^\ 

s 

II 

(7) 



(8) 

d^ u du 1 


(9) 


« = «* ^1/(23) 

(10) 


zi'aidizi). 

(11) 

d^u 

_ + 2M = 0; 

dz^ 

u=^i^^ (iji*), zi '(0‘^ (jj«J). 


An account of Stokes’ I'osoarchc.s on the solutions of oquatioii (II) will be given in 
§§ 6-4, 10-2. 

* Stud I en ilher die BesgeVsehen Fanctionen (Leipzig, 1868), pp. 98—120; Math. Ann. in. 
(1871), pp. 475—487. 

t Math. Ann. xiv. (1879), pp. 510 — 536. 


W. B. F. 
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Lommers later researches appeared at about the same time as a memoir 
by Pearson*, and several results are common to the two papers. Lommel's 
procedure was to simplify the equation f 

d'{ylx(^ )\ 2v- l rf[.v/ y(g )l j_ ^ Q 

rfli/f(«)p d\lr{z) x(^) 

of which the solution is {§ 4*3) 

(12) y = X (^) (V" (•^)}’’ Wl- 

On reduction the equation becomes 


‘^‘2/ 


! + (2v-1) 




’Of) + (2„ - + 2 XLW _ xjf) ^ r ., . xu] 0 

ir'(z)^'' x(^)) x(^) x(^) ^ 'y 


Now define the function (f>(z) by the equation 

il'i = +(2.- 1) . 

<#>(■?) (Z) V'(^) x(^) 

It will be adequate to take 
(14) 4>(2) = {x(^)P (^)1“’'-'. 

I( we eliminate x(^)' >8 apparent that the general solution of 

M >; . ^.‘1 ^1<^) a. I ‘ A (f) 


dz'^ ^\z) dz L4|<^(j;i 2 <^(«) 






d>^^)^jr{z)l 




As a s|H'eial case, if we tiike <^ (?) = 1, it is seen that the general solution of 


< 1 7 1 4. r A 't'” Ai) _ 'M t ' ) ^) 

dz- jl \fr' (z) 4(^'(?) 




+ ( 2 ) — v'^ + 


<i«) y = 

Next, returning to (13), we take ^ ( 2 ) ~ j-^/r ( 2 )}'*“'', and we find that the general 
solution ol’ 


d\i/ (^"( 2 ) 








* M(‘$iiengt‘r, ix. (1880), pp. 127 —131. 


t Tho Iniictions x {2) and \p (z) are arbitrary. 
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The following are special cases of (17) ; 

(21) + y = 

( 22 ) y^z^Ae^ 


The independent researches of Pearson proceeded on very similar lines 
except that he started from Bessers equation instead of from the modified 
form of it. The reader will find many special cases of equation (17) worked 
out in his paper. 


A partial differential equation closely connected with (7) and (8), namely 


has been investigated by Kepinski, Math. Ann. ixi. (1906), pp. 397 — 405, and Myller- 
Lebedeff, Math. Ann. lxvi. (1909), pp. 325—330. The reader may verify that Kepinski’s 
formula 

-‘ 4 ' 

is a solution, when / (w) denotes an arbitrary function of iv. 

The special case of the equation when v— — 1 was also investigated by Kepinski, Bufl. 
int. de V Acad, des Sci. de Cracovie^ 1906, pp. 198 — 205. 


4*32. MalmsMs differential equation. 

Twenty years before Lommel published his researches on transformations of Bessel’s 
equation, Malmstdii* investigated conditions for the integrability in finite terms of the 
equation 

which is obviously a generalisation of Bessel’s equation ; and it is a special case of § 4*31 
(15). 

To reduce the equation, Malmstdn chose new variables defined by the formulae 

where p and q are constants to be suitably chosen. 

The transformed equation is 

We choo.se p and q so that this may reduce to the equation of § 4*3 (1) considered by 
Plana, and therefore we take 

-fy + l+gr^O, (m + 2)9-2, 

so that jD = - ir - Jwi. 

The equation then reduces to 

_ r y»{4».f(l-r)^}-n 

dC L(»» + 2)’ J • 

* Camb. and Dublin Math. Journal^ v. (1850), pp. 180 — 182. The case in which « = 0 had been 
previously considered by Malmsten, Journal fUr Math, xxxii. (1850), pp. 108 — 116, 


7—2 
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When p has any of the values , the solutions which contain 

as a factor have to be replaced by series involving logarithms (§§3’51, 3*52), 
and there is only one solution which involves only powers of z. By the 
previous reasoning, equation (1) still holds. 

When p has any of the values 0, 1, 2, ... a comparison of the lowest powers 
of z involved in the solutions shews that (1) still holds ; but it is not obvious 
that there are no relations of the form 

\(^z'^) = z'^^\F,{-p\ -2p; -2cz)^hzP^\F,{p^^^\ \c^z^) 

= z-Pe-^,F,(-p; -2p; 2c^) + (p + f ; ic^z% 

where A:,, k,^ are constants which are not zero. 

Wo shall consequently have to give an independent investigation of (1) 
and (2) which depends on direct multiplication of series. 

Note. In addition to Kummer’s researches, the reader should consult the investiga- 
tions of the scricis by Cayley, P/nl. Mag. (4) xxxvi. (1868), pp. .348 — 351 [Collected Papers^ 
V[i. (1894), pp. 9 — 12] and Claisher, Phil. Mag. (4) XLiii. (1872), pp. 433 — 438; Phil. 
Tram, of the Royal Soc. CL.xxii. (J881), pp. 759—828. 


4*42. Relations between the solutions iu series. 


The equation 

(p + 1 ; 2p + 2 ; - 2cz) = e-^\F^ (p + 1 i 2p -f 2 ; 2c^), 
which forms part of equation (I) of § 4*41, is a particular case of the more 
general formula due to Kummer* 

(1) p\ 0 = e^tP’i(p-a; p; -f). , 


which holds for all values of a and p subject to certain conventions (which will 
be stated presently) which have to be made when a and p are negative integers. 

We first suppose that p is not a negative integer and then the coefficient of 
f" in the expansion of the product of the series for gf and j/'', (/> — «; p ; -?) is 


V L-)l 

v,Zo(n-vi)\ m!(p)„ n!(p)„ 


« nO,n-(p-a),n(l 

m-0 


P - 'On- 


^ (g)n 

«Kp)n’ 

if wo firat use Vandermonde s theorem f and then reverse the order of the factors 
in the numerator; and the last expression is the coefficient of in iFi (a] pi f). 
J he result required is therefore established when a and p have general complex 
values J. 

Journal Jiir Math. xv. (1836), pp. 13H — 141; see aho^Bach, Ann. Sri. de Vflcole Twrm. sup. (2) 
111. (1874), p. 55. 

t See, e.g. Cbrystal, Alfjehra, ii. (1900), p. 9. 

t Another proof depending on the theory of contour integration has been given by Barnes, 
Trant. Camb. Phil. Soc. xx. (1908), pp. 254—257. 
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When p is a negative integer, equation (1) is obviously meaningless unless 
also a is a negative integer and | a | < | p |. The interpretation of (1) in these 
circumstances will be derived by an appropriate limiting process. 

First let a be a negative integer (= — N) and let p not be an integer, so 
that the preceding analysis is valid. The series jFi (- iV'; p ; J') is now a 
terminating series, while iFi(p-h N \ p ; - ?) is an infinite series which con- 
sists of JV + 1 terms followed by terms in which the earlier factors p + iV’, 
p-hJV-|-l,p-fJV’ + 2, ... in the sequences in the numerators can be cancelled 
with the later factors of the sequences p, p -1- 1, p 2, ... in the denominators. 

When these factors have been cancelled, the series for N ; p ; f) and 
iFi(p-|-i\r; p; — f) are both continuous functions of pnear p = — i/, where 
M is any of the integers N, N + I, N 

Hence we may proceed to the limit when p - il/, and the limiting form 
of (1) may then be written* 

(2) -Ml Ol^e^,F,(N-M; -M; -01, 

in which the symbol ") means that the series is to stop at the term in 0^ i-<^- 
the last term in which the numerator does not contain a zero factor, while 
the symbol means that the series is to proceed normally as far as the term 
in 0^“^, and then it is to continue with terms in ••• » the vanishing 

factors in numerator and denominator being cancelled as though their ratio 
were one of equality. 

With this convention, it is easy to see that 
(8) -Ml -Jf; Ol 

+ f ^F,U\I-N+l-, M + 2; 0. 

When we replace N hy M — N and f by — f , we have 

(4) ,F,iN-M; -M; - ?)1 = itf; -J»/; -^)1 

+ S!^TTVt-<- + 1 ; .¥ + 2 ; - ?)• 

As an ordinary case of (1) we have 

M+2; 0 = ^ + 2; -f), 

and from this result combined with (2), (8) and (4) we deduce that 

(5) -M; ?)1 =e^,F,{N-M; -M;-^)!. 

This could have been derived directly fro^n (1) by giving p - a (instead of o) 
an integral value, and then making p tend to its limit. 

* Of. Cayley, (old aeries), v. (1871), pp.77 — 82 [Collected Faperit, mil (1895), pp. 468 — 

462], and Glaisher, Messenger, vni. (1879), pp. 20—23. 
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Wp next examine the equation 
(6) + 2 jb + 2; -2cz)<= ^F^ip + ^; {(fz'), 

which forms the remainder of equation (1) in §4'41, and which is also due to 
Kumrner*. 

If we suppose that 2p is not a negative intesger, the coefficient of (ezY in 
the product of the series on the left in (6) is 

f (-2r ( p + l) „. (-)” $ O’" 

W -.0 f« - rn)! rn! (2p + 2)„ (2p + 2)„ ,„“o 7 «!(h-»i)! 

1 

Now - S 2"' . nCm (p + l)m(-n-2p - is the coefficient of t" in the 

expansion of (1 — (1 — and so it is equal to 

1 1 no+) 

2^^. J (1 - 20-^-^ (1 - dt = I (1 - 

where u = tj{\ — t) and the contours enclose 1 he origin but no other singularities 
of the integrands. By expanding the integrand in ascending powers of u, we 

sec that the integml is zero if n is odd, but it is equal to when n is 

V2 ^V’ 

(‘V(‘n. 

Hence it follows that 

(p + 1 ; 2p + 2 ; - 2cz) = I 

„„o (2p + 2>«.n! 

” (czY‘' 

, . ~n“o2»«.n!(p + §)„’ 

and this is the result to be proved. 

V\ hen we make p tend to the value of a negative integer, — N, we find by 
th<‘ same limiting process as before that 

(P + 1 ; 2p + 2 ; - 2 c 2 ) = ,P’, (1 - JV; 2 ~ 2N; - 2cz) I 
. (iV - l)!iV! 

(2N - 2)\ (2N)T ! 2IV ; - 2cz). 

It follows that 

ic-z^) = e'^^.,F,(l-N; 2-2N; ~2cz)l 

(-yiK-iy.N'i 

2i\r; -2cz). 

If we change the signs of c and ^ throughout and add the results so obtained 
we find that ' ' 

(7) 2.^^q-N- JcV)=e'^,^’,(l-iV; 2-2A^; -2c.z)n 

+ e-“.,F,(l-iV; 2-2JV; 2ca) 1, 

PP- ‘b« proof given here, see 

Baines, Iran*. Cani6. Phil. Soe. xx. (1908), p. 272. 
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the other terms on the right cancelling by a use of equation (1) This is, of 
course, the expression for in finite terms with a dilferent notation. 

For Barnes’ proof of Kummer’s formulae, by the methods of contour inte- 
gration, see § 6*5. 


4 • 43 . Sharpes differential equation. 


The equation 

( 1 ) 




0 . 


which is a generalisation of Bessel’s equation for functions of order zero, 
occurs in the theory of the reflexion of sound by a paraboloid. It has been 
investigated by Sharpe*, who has shewn that the integral which reduces to 
unity at the origin is 

r\ir 

(2) p=C cos (z cos -hA log cot dff, 

J 0 

where 

(3) 1 (7 [ cos (.A log cot ^6) dO. 

Jo 


This is the appropriate modification of Parse val’s integral (§ 2*3). To in- 
vestigate its convergence write cos & = tanh <^, and it becomes 


(4) 


y-cf 


cos (A4> 2 tanh <^) 

cosh <f> 


d<f>. 


It is easy to see from this form of the integral that it converges for (complex) 
values of A for which 1 1(A) j < 1, andf 

2 

C = — cosh h^A . 

TT 


The integral has been investigated in great detail by Sharpe and he has 
given elaborate rules for calculating successive coefficients in the expansion of 
y in powers of z, 

A simple form of the solution (which was not given by Sharpe) is 




The reader should have no difficulty in verifying this result. 

* Messenger, x. (1881), pp. 174—185 ; xii. (1884), pp. 66—79 ; Proc. Camh. Phil. Soc. x. (1900), 
pp. 101—136. 

t See, e.K* Watson, Complex Integration and Cauchy's Theorem (1914), pp. 64 --65. 
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4’ 6. Equations of order higher than the second. 

The construction of a differential equation of any order, which is soluble 
by means of Bessel functions, has been effected by Lornmel* ; its possibility 
depends on the fact that cylinder functions exist for which the quotient 
(2) is independent of z. 

Each of the functions Jni^) and of integral order, possesses this 

property [§§ 2*81, 3*5]; and the functions of the third kind (-j), (z) 

possess it (§ 3'61), whether v is an integer or not. 

Now when § 3*9 (5) is written in the form 

dm 

(1 ) (7 '^"y-rn {j s/ z\ 

the cylinder function on the right is of order — v m=^ 2 v. 

This is the case either (i) if v is an integer, a, and m = 2n, or (ii) if 
V = n + \ and in = 2 n + 1. 

Hence denotes either or we have 


From this equation we obtain Lommers result that the functions Jniy 
z^^^Vniy 's/z) are solutions off 




where 7 has any value such that 7^"= (— so that 

7 - ic exp {ririjn). (/ = 0, 1, 2, . . . , n - 1) 

By giving 7 all possible values we obtain 2a solutions of (2), and these 
form a fundamental system. 

Next, if denotes we have so that 




e}nH) - ( ^-4 H-i 


and hence (7 is a solution of 

.3 ^+‘y^(icr+iy 

' ’ dz"'*' ^»+l 

where y has any value such that 7**+* = so that 

7 = - tc exp (r7ri7(n + i)], (r = 0, 1, 2 2n) 

and the solutions so obtained form a fundamental system. 


* Studitu liber die Heetel'schen Fuiictionen (Leipzig, 1868), p. 120 ; Math. Ann. u. (1870), 
pp. 6*24 — 636. 

■f The more K^ncral equation 


dz^ 


— az^tj 


hae been discussed by Molins, MSm. de VAcad. des Set. de Touloute, (7) viii. (1876), pp. 167—189. 
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For some applicatioDS of these results, see Forsyth, Quarterly Journal^ xix. (1883), 
pp. 317—320. 

In view of (1), which holds when m is an integer, Lommel, Math. Ann. ii. (1870), p. 635, 
has suggested an interpretation of a ** fractional differential coefficient.” Thus he would 

interpret ( i 7 mean (yi jjz). The idea has been developed at some 

length by Heaviside in various papers. 


Lommels formulae may be generalised by considering equation (3) of 
§ 4*31, after writing it in the form 

+ a) -b a — 2l3v) u = — a, 

the solution of the equation being u = For it is easy to verify 

by induction that, with this value of u, 

H~\ 

n (^ + a - 2r^) + a - 2iSv - 2ry9) a = 

r=0 

and so solutions of 

4) ”n + a - 2r/9) (^ + a - 2;9i/ - 2r/3) u = {^y^c^z'^ u 

r=0 

are of the form u = ( 7 ^^), 

where 7 = c exp {ririjn). (r = 0 , 1, . . . , - 1) 

By giving 7 these values, we obtain 2 n solutions which form a fundamental 
system. 

In the special case in which n = 2 , equation (4) reduces to 
(^ + a) 4 - a - 2^) -f a - 2^i/) 4 - a - 2/9i/ - 2/9) u = 

This equation resembles an equation which has been encountered by Nicholson* in the 
investigation of the shapes of Sponge Spicules, namely 



that is to say S (5 — 1 ) (5 + 4/4 - 2) + 4/i — 3) V u. 

If we identify this with the special form of (4) we obtain the following four distinct sets 
of values for a, /9, /i, 1 / : 



* Proc. Royal Soc. xciii. A (1917), pp. 506—519. See also Dendy and Nicholson, Proc. Royal 
Soc. Lxxxix. B (1917), pp. 673—687 ; the special cases of (5) in which /4 = 0 or 1 had been solved 
previously by Kirchhofl, Berliner Monatsberichte^ 1879, pp. 816 — 828. [Ann. der Phytik and 
Chemie, (3) x. (1880), pp. 501—612.] 
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Tho»e four caj^es give the following equations and their solutions : 


(6) 

d*u 

u^^zi («) + («)}> 

(7) 


(2 ^z) + (21 ^z)!, 

(«) 

d~ ( JO d'^u) 8 


(9) 

dz*] * ' 

„ = (2z - i) +^?,o (2zz - 1)} 


These seem to be the only equations of Nicholson’s type which are soluble with the aid 
of Bessel functions ; in the case = the equation (5) is homogonoous. Nicholson’s general 
et^uation is associated with the function 

rp 2 + 2;i 1 4- 2 m . 

=*\4-2m’ 4 -2m’ 4-2m’ (4-2m)V' 


4*6. Symbolic solutions of differential equations. 

Numerous mathematician.', have given solutions of the equation § 4’3 (1) 
namely 


( 1 ) 


dhi 

dz^ 




in symbolic forms, when is a positive integer (zero included). These forms 
are intimately connected with the recurrence formulae for Bessel functions. 

It has been vseen (§ 4*3) that the general solution of the equation is 

and from the recurrence formula § 3 9 (G) we have 
zH'),^^_{ciz) = (— ci^zv^^ 

Since any cylindt*r function of the form (oiz) is expressible avS 

(ae^^ 4 - &e-^^)lslz, 

where a and are consUints, it follows that the general solution of (1) may 
be written 

(2) 

\zdz) z 

A modiheation of this, due to Glaisher*, is 
(3) „ = 

where a' = a/c, fi'=-/3lc. This may be seen by differentiating once. 

Phil. Tniiu. of the Iloyal Sor. clxxti. (IHSI), p. 813. It was remarked by Glainher that 
equation (3) is Hubstantially fiiven by Earnahaw, Partial Differential Equations (London, 1871), 
p. 92. See also Glaisher, i^iinrterly Journal, xi. (1871), p. 269, formula (9), and p. 270. 
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Note. A result equivalent to (2) was set by Gaskin as a problem* in the Senate House 
Examination, 1839 ; and a proof was published by Leslie Ellis, Camlh Math. Journal.^ il. 
(1841), pp. 193 — 196, and also by Donkin, Phil. T’raTia. of the Royal Soc. CXLVII. (1867), 
pp. 43 — 57. In the question as set by Gaskin, the sign of was changed, so that the solu- 
tion involved circular functions instead of exponential functions. 

Next we shall prove the symbolic theorem, due to Glaisherf, that 



In operating on a function with the operfitor on the right, it is supposed 
that the function is multiplied by before the application of the 

operators ^ (d/dz). 

It is convenient to write 



and then to use the symbolic formula 

(5) 

in which a is a constant and Z is any function of z. 

The proof of this formula presents no special difficulties wht‘n f{S) is a polynomial in 
3, os is the case in the present investigation. See, e.g. Forsyth, Treatise Differential 
Equations (1914), jij 33. 


It is easy to see from (5) that 

= ... 

= - 2j 9 + 2)(^ - 2p + 4)(a - 2p + 6) ... 

when we bring the successive functions e~'^ (beginning with those on the left) 
past the operators one at a time, by repeated applications of (o). 

We now rt'verse the orderj of the operators in the* last result, and by a 
revf'-rsal of the previous procedure we get 

(^ - 2) (^ - 4) . . . (^ - 2j» + 2) 

= [(2^ + 2ju - 2) (^ + 2;> - 4) . . . (a + 2) & . e- '^-*1'] 

= [(e2«a) («»»»)... 



* The problem was the second part of question 8, Tuesday afternoon, Jan. 8, 1839; see the 
Cambridge University Calendar ^ 1839, p. 319. 

•j- Nouvelie Corr. Math. ii. (1870), pp. 240 — 243, 349 — 360 ; and Phil. Trans, of the Royal Soc. 
CLXXii. (1881), pp. 803 — 805. 

X It was remarked by Cayley, Quarterly Journal^ xii. (1872), p. 132, in a footnote to a paper by 
Glaisher, that differential operators of the form 2 **+^ s~“, i.o %-a, obey the commutative law. 
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and thiH is the result to be proved. If we replace p by jo + 1, we find that 

( d N*"*’' If/ d 1 ~\ 

^ d'^ z^\' 

When we transform (2) and (3) with the aid of (4) and (6), we see that 
the general solution of (1) is expressible in the following forms: 

1 ( .dyaef^ + ^e-^ 




dz) 

dy^^ -h jg e- 

dz) z^P 


The solutions of the equation 

d'v_2pdv_ 

■ dz^ z dz ' 

[(3) of § 4*3], which correspond to (2), (3), (7) and (8) are 


(9) 

y«c»* + )3e-« 
\zdz) z ' 

(10) 

V = (aV^ + /3'e-“). 

(11) 



(12) 

r* V dz) z'^ 


A ditterent and more direct method of obtaining (7) is due to Boole, Phil. Tram, of the 
Royal Soc. 1844, iip. 251, 252 ; Treatise on Pifferential Equations (London, 1872), ch. xvii. 
j»]). 423—425; wee also (Hirtiis, Cambridge and Puhlm Math. Journal., ix. (1854), p. 281. 
The Holiition (9) was first given i»y Leslie Ellis, Cainh. Math. Journal^ ii. (1841), pp. 169, 
li)3, and Lebosguo, Journal <ie Math. xi. (1846), p. 338; developments in series were 
obtained from it by Bach, Ann. Sci. de, VEcole norm. sup. (2) iii. (1874), p. 61. 

Similar symbolic solutions for the equation — were discussed by Fields, 
John Hopkins University Circulars, vi. (1886 - 7), p. 29. 

A transformation of the solution (9), due to Williamson, Phil, Mag. (4) xi. (1856), 
pp. 364 — 371, is 

(13) 




1 his is derivtni fivm tlio c<]uivfl.leii(*o of the operators ^ ^ ^ ^ , when they operate on 


functions of cz. 

We thus obtain the equivalence of the following operators 


[Cin]- [Q'i]. 


it l>eing supposed that the operators operate on a function of cz\ and Williamson’s formula 
is then manifest. 
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4* * * § 7. Liouville 8 classification of elementary transcendental functions. 

Before we give a proof of Liouville*s general theorem (which was mentioned 
in §4’12) concerning the impossibility of solving Riccati’s equation “in finite 
terms except in the classical cases discovered by Daniel Bernoulli (and the 
limiting form of index — 2), we shall give an account of Liouville s* theory 
of a class of functions known as elementary transcendental functions', and we 
shall introduce a convenient notation for handling such functions. 

For brevity we write f 

k{z)=l(,z)^\ 0 gz, k(z) = liliz)), 

e,{z) = e(z) = ^, Cj(z) = e(e(^)), e,{z) = eie^iz)), 

= 9./(^^) = f {?/(«)}, 

A function of z is then said to be an elementary transcendental function ^ 
if it is expressible as an algebraic function of z and of functions of the types 
lr^{z\ erylr(z), where the auxiliary functions <f>(z), yfr(z), ;^(^) are 

expressible in terms of z and of a second set of auxiliary functions, and so on; 
provided that there exists a finite number n, such that the nth set of auxiliary 
functions are all algebraic functions of z. 

The order of an elementary transcendental function of z is then defined 
inductively as follows: 

(I) Any algebraic function of z is of order zero§. 

(II) If fr (z) denotes any function of order r, then any algebraic function 
of functions of the types 

ifr{z), efr{z), <!friz), . /o («) 

(into which at least one of the first three enters) is said to be of order r -f 1. 

(III) Any function is supposed to be expressed as a function of the lowest 
possible order. Thus elf^ (z) is to be replaced by fr{z), and it is a function of 
order r, not of order r 4- 2. 

In connexion with this and the following sections, the muler should study Hardy, 
Orders of Infinity (Camb. Matli. Tracts, no. 12, 1910). The functions discussed by Hardy 
were of i sliglitly more restricted character than those now under consideration, since, for 
his purjioses, the symbol r is not required, and also, for his purposes, it is convenient to 
})ostulate the reality of the functions which he investigates. 

It may be noted that Liouville did not study properties of the symbol r in detail, but 
merely remarked that it had many properties akin to tliosc of the symbol 1. 

* Journal de Math. ii. (1837), pp. 56 — 105 ; iii. (1838), pp. 623 — 547 ; iv. (1839), pp. 423 — 450. 

t It in supposed that the integrals are all indefinite. 

X “Une fonctiou finie explicitc.” 

§ For the purposes of this investigation, irrational powers of c, such as of course must 
not be legaided as algebraic functions. 
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4‘71. Liouville’ 8 first theorem* concerning linear differential equations. 
The investigation of the character of the solution of the equation 


( 1 ) 




in which x trauscendant of orderf n, has been made by Liouville, who 

has established the following theorem : 

If equation (1) haa a solution which is a transcendant of order m-f 1, where 
tn ^ Hy then either there exists a solution of the equation which is of orderf riy 
or else there exists a solutiotiy a, , of the equation expressible in the form 

( 2 ) u, = (l)^{z).ef^{z), 

where jii{z) is of order /^, and the order of (f>ts(z) does not exceed /x, and p is 
such that n^p< m. 

If the equation ( 1 ) has a solution of order m + ] , let it be /w+i (z) ; then 
fn+y(z) is an algebraic function of one or more functions of the types lfm(z)^ 
'>fm(^)y rfni (^) (p(xssibly) of functions whose order does not exceed 

m. Let us conc(‘ntrate our attention on a particular function of one of the 
three types, and let it bo called ^ or B according to its typo. 

(1) We shall first shew how to prove that, if (1) has a solution of order 
m + 1, then a solution can be constructed which does not involve functions of 
the types 6 and 

For, if i)ossible, let f,„^i {z) = F(Zy 0), where F is an algebraic function of 0; 
and any function of z (other than 0 itself) of order 7 / 1 + 1 which occurs in F 
is algebraically indc[)f'ndent of 0. 

Then it is easy to shew that 


(3) 


d^F 

dz‘ 


F 




+ } 

(/.« («) 


' fm (z) 

(fz ■■ ) 


dfyniz) d‘F 

dz d6dz 

d 
dz 


1 1 d/m {2) 

{/m (■^) dz 


\1-F.x{2). 


it bi'ing supposed that z and 0 are the independent variables in performing 
the partial <btferentiati<>ns 


I he expression on the right in (M) is an algebraic function of 6 which 
vanishes identically when 0 is replaced by lf,a{z). Hence it must vanish 
identicalli/ for all values of 0 lor if it did not, the result of equating it to 
zero wouhi express as an algebraic function of transcendants w^hose 

orders do not exceed nt together witli transcendants ol order m -H 1 which are, 
ex hiipothesiy algebraically independent of 0. 


'■ Journal dr Math. iv. pi>. 435—442. 

t Ibis jihiase is used as an abbreviation of ** tlementary transcendental function of order u.’’ 

: Null solutions are disregarded ; if u were of order lens than then - would be of order 
111., 

lush than ft, whicli IS contrary to hypothesis. 
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In particular, the expression on the right of (3) vanishes when 0 is replaced 
by ^ H- c, where c is an arbitrary constant ; and when this change is made the 
expression on the left of (3) changes into 
d‘^F{z, ^ + c) 

(iz^" 


-F(z, ff + c).x(2l 


which is therefore zero. That is to say 

When we differentiate (4) partially with regard to c, we find that 
dF( z, g-fc) o^Fjz , g + c) 

' Sc- 

are solutions of (1) for all values of c independent of z. If we put c = 0 after 
performing the differentiations, these expressions become 
dF(z^0) d^F(z, 6) 

* ■*’ 

which are consequently solutions of (1). For brevity they will be called 
Fe, Fee 

Now either F and F^ form a fundamental system of solutions of (1) or 
they do not. 

If they do not, we must have* 

Fe^AF, 

where A is independent both of ^ and 6. On integration we find that 

F=^e^^, 

where d> involves transcendants (of order not exceeding m-f 1) which are 
algebraically^ independent of 0. But this is impossible because is not Jin 
algebraic function of 6 ; and therefore F and Fe form a fundamental system 
of solutions of ( 1 ). 

Hence F^e is expressible in terms of F and Fe by an equation of the form 

Fee ~ AFe H- BF, 

where A and B are constants. Now this may be regarded as a linear equation 
in 0 (with constant coefficients) and its solution is 

F = or F = + ^^0\y 

where and 4>a are functions of the same nature as <1>, while a and ^ are 
the roots of the equation 

x^-Ax-B = 0. 

The only value of F which is an algebraic function of 6 is obtained when 
a = — 0 ; and then F is a linear function of 0. 

Similarly, if (z) involves a function of the type we can prove that 
it must be a linear function of 


Since F muet involve F$ cannot be identically zero. 
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It follows that, in so far as frn+i (2) involves functions of the types 0 and 
it involves them linearly, so that we may write 

/m+i (^) = ^0. (^) e. (^) . . . ffp (^) . (^) ^2 (^) . . . (^) . tp. , 

where the functions ylrp,g(s) are of order m -h 1 at most, and the only functions 
of order m-h 1 involved in them are of the type 0. 

Take any one of the terms in (r) which is of the highest degree, qua 
function of 0i, 0. ^ 2 , and let it be 


0,(z)02{z) ... 0p(z).%{z) ... ^Q(z).irp^(z). 

Then, by arguments resembling those previously used, it follows that 

' d d ^ ± ± LI/ ( ) 

30] 30, ‘ ‘ ‘ 30p * * ' * d^Qj 

is a solution of (1); i.e. i|rp g(^) is a solution of (1). 

But yfrp Qiz) is eithe?' a function of order not exceeding m, or else it is a 
function of order in + 1 which involves functions of the type @ and not of 
the types 0 and 

In th(^ former case, we repeat the process of reduction to functions of lowei* 
order, and in the latter case we see that some solution of the equation is an 
algebraic function of I’unctions of the type 0. 

We have therefore proved that, if (1) has a solution which is a transcendant 
of order greater than a, then either it has a solution of order n or else it has a 
solution which is an algebraic function of functions of the type efp{z) and 
<f)p (z), where (z) is of order /n and (f>p (z) is of an order which does not exceed g. 

(II) We shall next pr(»ve that, whenever (1) has a solution which is a 
transcendant of order greater than n, then it has a solution which involves 
the transcendant e/p(z) only in having a power of it as a factor. 

We concentrate our attention on a particular transcendant 0 of the form 
e/f,(z), and then the postulated solution may be written in the form G(z, 0), 
where 0 is an algebraic function of 0; and any function (other than 0 itself) 
of order fjL + 1 which occurs in G is algebraically independent of 0. 

Then it is easy to shew that 


(r>) 


dH} 

dz^ 


-G.x(z) 


3^(r 


an* 


+ « [/m"(^) + !/; (^)Y] II -G.x (^)- 

Ihe expression on the right is an algebraic function of 0 which vanishes 
when 0 is replaced by ef^iz), and so it vanishes identically, by the arguments 
used in (I). In paiticular it vanishes when 0 is replaced by c0, where c is 
indepcMident of z. But its value is then 

d^G(z, c0) 
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so that 

When we differentiate this with regard to c, we find that 
dO {z, cS) 3*6? (z, c0) 

a3 * §0^ * 

are solutions of (1) for dll values of c independent of z. If we put cs= 1, these 
expressions become 

®-0e— ’ ® ~ a# ' 

Hence, by the reasoning used in (I), we have 06® == -dG or else 

0»6®® = ^0Ge + 56, 
where A and B are constants. 

In the former case G * <I>0'^, and in the latter G has one of the values 

0,0V H- 0a 0* or 0V {0, + 02 log 0} =:= 0v {0, + 02 /m (z)}, 

where 0, 0, , 0a are functions of z of order /a + 1 at most, any functions of 
order /x -f I which are involved being algebraically independent of 0 ; while 
7 and S are the roots of the equation 

a? (a? — 1) — Ax — 5*0. 

In any case, G either contains 0 only by a factor which is a power of 0 or else 
G is the sum of two expressions which contain 0 only in that manner. In the 
latter case *, 

G (z, c0) - c«6 (z, 0) 

is a solution of (1) which contains 0 only by a factor which is a power of 0. 

By repetitions of this procedure, we see that, if 0,, 02, ... 0^ are all the 
transcendants of order /x + I which occur in the postulated solution, we can 
derive from that solution a sequence of solutions of which the «th contains 

0. , 02 , ... 0^ only by factors which are powers of 0,, 0,, ... 0#; and the rth 
member of the sequence consequently consists of a product of powers of 

01 , 02 , ... 0r multiplied by a transcendant which is of order /a at most; this 
solution is of the form 


<l>^ («) exp 1/ 7, log , 

which is of the form (^) • (‘^)- 

* If 4>, is not identically zero ; if it is, then <^ 2 ^^ ^ solution of the specified type. 

8—2 
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4*72. Lionville's second theorem concerning linear differential 
We have just seen that, if the equation 

d'^u 


equations. 


(V 


[in which order /i] has a solution which is an elementary tran- 

scendant of order greater than n, then it must have a solution of the form 


W ^:/m 

where /x > x. if the e(|uation has more than one solution of this type, let a 
solution for which /x has the smallest value be chosen, and let it be called Hi. 
Lion VI lie’s theorem, which wc shall now prove, is that, for this solutioiiy the 
order of d (log Ui)jdz is equal to n. 


JjCt 


d log Wj 
dz " 


and th(‘n i is of order /x at most; let the order of t be N, where iV ^/x. 

If N - n, the theorem required is proved. If jV>w, then the equation 
satisfied by t, namely 

(2) t + = 

hiis a solution whose order N is greater than n. 

Now t IS an alg<’l)raic luiiction of at least one transcendant of the types 
v/v-i (5), ey'v., (5) and (possibly) of transcendants whose order does 
not excee<l N — 1. We call the first three transcendants 6, respectively. 

iff. contains more than one transcendant of the type 0, we concentrate 
our attention on a particular function of this type, and w'e write 

t=--F(z. 0). 

By arguments resembling tho.se u.sed in §4-71, we find that, if iV> k, then 

FU.0 + r) 

is also a .solution of (2). The corresponding solution of (1) is 

expl/’f^, 0 + c)dz, 

and this is a solution for all values of c independent of z. Hence, by 
dirt'erentiation with respect to v, we find that the function «, defined as 

Y [exp /FI j, 0 + 

L' J c-o 

is also a solution of (1); and wc have 


so that 


iiijFedz, 


dii^ dill _ 

dz di" ~ "* 
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But the Wronskian of any two solutions of (1) is a constant*; and so 
where C is a constant. 

If Css 0, is independent of 0, which is contrary to hypothesis ; so C ^ 0, and 

= ^/{C|F,). 

Hence Wi is an algebraic function of 6 \ and similarly it is an algebraic function 
of all the functions of the types 6 and ^ which occur in t 

Next consider any function of the type which occurs in t ; we write 

and, by arguments resembling those used in §4-71 and those used earlitu* in 
this section, we find that the function defined as 

^ exp/(?( 2 , ^ 

is a solution of (1); and we have 


so that 


du^ dltx 

Tz ~ rfT " 


This Wronskian is a constant, (7i, and so 

u,^s/{C,l(^G^)], 

Consequently is an algebraic function, not only of all the transcendants of 
the types 6 and but also of those of type (1) which occur in < ; and therefore 
?/, is of order N. This is contrary to the hypothesis that is of order + 1 , 
where ^ jV', if N > n. 

The contradiction shews that N cannot be greater than n ; hence the order 
of d{\og Ui)/dz is n. And this is the theorem to be established. 


4*73. LiouvilWs theorem'^ that BesseVs equation has no algebraic integral. 
We shall now shew that the equation 




has no integral (other than a null-function) which is an algebraic function of z. 
We first reduce the equation to its normal form 


pip+^)[ 




by writing 


y = p = ±v — \. 


* See e.R. Forsyth, Treatise on Differential Equations (1914), § 65. 

t Journal lie Math. iv. (1839), pp. 429—436 ; vi. (i841), pp. 4—7. Liouvillo'n Brst investigation 
was concerned with the general case in which x (*) polynomial ; the application (with 

various modifications) to Bessel’s equation was given in his later paper, Journal de Math. vi. 
(1841), pp. 1—13, 86. 
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This is of the form 


whei'e 

< 2 ) 


d^u 


= «X («)> 


x(«) 


_ j 


If jjossible, let Bessel’s equation have an algebraic integral; then (1) also 
has an algebraic integral. I.et the equation which expresses this integral, m, 
as an algebraic function of z be 

(3) = 

where is a polynomial both in u and in z ; and it is supposed that 64' is 
irreducible*. 


Since u is a solution of (1) we have 


(4) 64uu64z — ^64yji,z^^u*S4^z “h H" 646^^^ (z^ — 0. 

The equations (3) and (4) have a common root, and hence all the roots 
of (3) satisfy (4). 

For, if not, the left-hand sides of (3) and (4) {qua functions of u) would 
have a highest common factor other than rW itself, and this would be a 
polynomial in n and in z. Hence 64 would be reducible, which is contrary to 
hypothesis. 

hvt all the roots of (3) be ... Then, if 6* is any positive integer, 

a/ -f ... -h 

is a rational function of z ; and there is at least one value of not exceeding 
M for which this sum is not zerof. 


Let any such value of s be taken, and let 

M 

W.. — ^ u,6. 


Also k‘t 


IT, = .v (s - 1 ) . . . - r + 1 )'± ^ „„‘-r . 


wheii* /’= 1, 2, ... s. Sinct; ... a,/ ar4» all solutions^ of (1), it is easy to 

pro\e that 

dz ~ 


(■>) 

(«)) 

(7) 


d\V, 

lf,-,i + r(s-r+ DxW W,_„ (r= 1, 2,...s-l) 


^ That IS to say. -V has no factom which arc polynomialH in h or in 2 or in both u and z. 
■I ]f not. nil the* loots of (.S) would be zero. 

^ Because (4) is satibficd by all the roots of (3), qun equation in ?/, 
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Since Wq is a rational function of z, it is expressible in partial fractions, 

Tr.= 2 2 — . 

where An ftnd Bn,q are constants, k and \ are integers, n assumes positive 

integral values only in the last summation and aq ^ 0. 

Let the highest power of 1/(2 — a,) which occurs in be ll(z - a^)^. 

It follows by an easy induction from (5) and (6) that the highest power of 

1/(2 — Qq) in Wr is l/(z — where r = 1, 2, 

Hence there is a higher power on the left of (7) than on the right. This 

contradiction shews that there are no terms of the type Bn^q {z — a,)”** in TV'o 

and so iir >• « 

t AnZ^. 

n= -* 

We may now assume that .4x^0, because this expression for must 
have a last term if it does not vanish identically. 

From (5) and (6) it is easy to see that the terms of highest degree in z 
which occur in Wq, Wi, W^y ... are* 


A^z^y \AkZ^-\ A),8z^y \A„(Ss -2) z^-\ .... 

By a simple induction it is possible bo shew that the term of highest degree 
in W^iti A^z^.l .S...(2r-}).8(s-2) ...{s-2r-^2). 


An induction of a more complicated nature is then necessary to shew that the 
term of highest degree in is 
XAx^^->2.4...(2r).(^-l)(^-3)...(5-2r + l).^,(i, 
where the sulfix r + 1 indicates that the first r + 1 terms only of the hyper- 
geometric series arc to be taken. 

If 8 is odd, the terms of highest degree on the left and right of (7) are 
of degrees \ — 2 and X respectively, which is impossible. Hence TFo vanishes 
whenever s is odd. 


When 8 is even, the result of equating coefficients of 2 :^“^ in (7) is 

XAx . . 9 ! = — X4^ . jy! jF i ~ i'SJ i “■ l)4s’ 


That is to say X.4 a . #! 2^1 ii » - i*’; i — 1) = 

and so, by Vandermonde’s theorem. 


XAx.^! 


2.4.6... s 
1.3.5 ..T“(9-1) 


= 0. 


The expression on the left vanishes only when X is zerof. 


* It 18 to be remembered that the term of highest degree iu x(2) 

t The analysis given by Liouville, Jourmil de Math. vi. (1841), p. 7, seems to fail at this 
point, because he apparently overlooked the possibility of X vanishing. The failure seems in- 
evitable in view of the fact that (z) + j (*) is an algebraic function of z, by § 3-4. The 
subsequent part of the proof given here is based ou a suggestion made by Liouville, Journal de 
Math. IV. (1839), p. 435; see also Genocchi, Mem. Accad. delle Sci. di Torino, xxiii. (1860), 
pp. 299 — 362 ; Coviptez Jiendus, lxxxv. (1877), pp. 391 — 394. 
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We have therefore proved that, when s is odd, Wq vanishes, and that, when 
s is even, Wo is expressible in the form 

V A v—n 
— » 

where does not vanish. 

From Newton’s th(‘orem which expresses the coefficients in an equation 
in terms of the sums of powers of the roots, it appears that M must be even, 
and that the equation /A (?/, = 0 is expressible in the form 

hM 

(8) S = 

r~-\ 

where the functions l^r are polynomials in Ijz. 

When W(j solve (8) in a series of ascending powers of Ijz^ we find that 

each of the branches of ti is expressible in the form 

00 

y c ^-mjn 

«f =0 

where n is a positive integer and, in the case of one branch at least, Cq does 
not vanish because the constant terms in the functions are not all zero. 
And th(j series which are of the form 

OT) 

V /» w/w 
m-0 

are convergent* for all sufficiently large values of 

Wh(m we substitute the series into the left-hand side of (1), we find that 
the coefficient of the constant tern in the result is Co, and so, for every branch, 
6*0 must b<j zero, contrary to what has just been proved. The contradiction 
thus obtained shews that Bessel’s equation ha.s no algebx'aic integral. 


4'74. On the ivipossihility of integrating Bessel's equation in finite terms. 
We are now in a position to prove Liouville’s theorem f that Bessel’s 
equation for functions of order v has no .solution (except a null-function) 
w'hich is expressible in finite terms by means of elementary transcendental 
functions, if 2r is not an odd integer. 

As in § 4*73, we reduce Bessel’s equation to its normal form 


( 1 ) 


d'^u 

dzr 




whiTo (^ 2 ) = - 1 + p{p + \)jz- and p = + „ _ ^ . 

Now write d (log «)/«?« = t, and we have 


( 2 ) 


dt 

dz 


+ <= + 1 - 




-0. 


Goursat, (Jourg d^Analyse^ n. (Pans, 1911), pp. 273 — 281. Many treatises tacitly asBumc the 
convergence of a series derived in this manner from an algebraic equation, 
t .Journal de Math. vi. (1841), pp. 1- -13, 30. 
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Since x(^) is order zero, it follows from § 4*72 that, if Besses equation 
has an integral expressible in finite terms, then (2) must have a solution 
which is of order zero, i.e. it must have an algebraic integral. 

If (2) has an algebraic integral, let the equation which expresses this 
integral, t, as an algebraic function of z, be 

(3) S4(t,z)^0, 

where is an irreducible polynomial in t and z. 

Since ^ is a solution of (2), we have 


(4) 




As in the corresponding analysis of | 4*73, all the branches of ^ satisfy (4). 


First suppose that there are more than two branches of t, and let three 
of them be called ti, tg* the corresponding values of?/- (defined as exp jtdz) 
being ?/i, Wa. ^s* These functions are ail solutions of (1) and so the Wronskians 




du^ 

dz 


dii^ 
dz * 


dUi 

''di 


- u. 


du^ 



dui 

dz 


are constants, which will be called Gi, C,j,y G^. 


Now it is easy to verify that 


^ ditiji dv>2 /A ji ' 

Uj — 1/^ ?/,g — t/2^8 (^3 H)\ 


and ^3 — is not zero, because, if it were zero, the equation (3) would have a 
pair of equal roots, and would therefore be reducible. 

Hence C', ^ 0, and so 

^ 3^3 = Gil{t^ 

Therefore u.jU^ (and similarly and UiU^ is an algebraic function of z. 


But 


///g ?/ I . ?/] 

' V IL^U^ ’ 


and therefore is an algebraic function of z. This, as we have seen in §4*73, 
cannot be the case, and so t has not more than two branches. 


Next suppose that t has two branches, so that (^, z) is quadratic in t. 
Let the branches be U ± K, where U and V are rational function^ of z. By 
substituting in (2) we find that 

(5) 

Let V be factorised so that 

where A is constant, Kg and \ are integers, and Kg and (tg are not zero. 


F' + 4C^r=0. 



122 


THEORY OP BESSEL FUNCTIONS 


[CHAP. IV 


From the second member of (5) it follows that 

jj _ Y 

4^ g^(Z- Ug) ' 

and then by substituting into the first member of (o) we have 


42* f 4 (2 


+ 1 - 

- 07 )' (4 


>. . V __!E2 

^ 4f(z — Uff) 


+ Az^ n(z- UgY^ -x(2) = 0 . 


Now consider the principal part of the expression on the left near a^. It 
is evident that none of the numbers can be less than — 2, and, if any one 
of them is greater than — 2 it must satisfy the equation 

+ 4*/Cg = 0 , 

so that Kq is 0 or —4, which are both excluded from consideration. Hence all 
th(‘ numbers Kq are equal' to — 2. 

Again, if we consider the principal part near oo , we see that the highest 
power in V must cancel with the — 1 in {z), so that X = — 2 ac,. 

It follows that ^JV rational, and consequently M {t, z) is reducible, which 

is contrary to hypothesis. 

Hence t cannot have as many as two branches and so it must be rational. 
Accordingly, let the expression for t in partial fractions be 

/= V J . V q 

^ + — iz—ii * 

n,q\^ '^q) 

when? and Sn, fl-re constants, k and, X are integers, n assumes positive 
values only in the last summotion and Uq ^ 0 . 

If we substitute this value of t m (2) we find that 

n. . In--. ^ a,rj ^ ^ 

If we consider the principal part of the left-hand side near aq we see that 

l/(^ - (iq) cannot occur in t to a higher power than the first and that 

so that -^ 1 . 7 = 1- 

Similarly, if we consider the principal parts near 0 and oo , we find that 
1)‘ ~ = p (p q- 1) ; X = 0, = — 1. 

Since p = i ia — we may take A_i = — p without loss of generality. 

It then follows that 

u = z~p e^^‘^U{z-aq). 

V 

Accordingly, if we rejilace u by z~Pe^^^w in (1), we see that the equation 
i* 7 \ . o / . • p\dw^2ip 

(0 d2^ + n±'‘-Ddz + -2 ^ = ® 

must have a solution which is a ixilynoinial in 2 , and the constant term in 
this polynomial does not vanish. 
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When we substitute 2 for w in (7) we find that the relation connecting 
successive coefficients is 

w (m - 2^ - 1) + 2ic,n^j (m - - 1) = 0, 

and so the series for w cannot terminate unless m — p — 1 can vanish, i.e. unless 
p is zero or a positive integer. 

Hence the hypothesis that BesseFs equation is soluble in finite terms leads 
of necessity to the consequence that one of the numbers ± ^ is zero or a 

positive integer; and this is the case if, and only if, 2t^ is an odd integer. 

Conversely we have seen (§ 3*4) that, when 2v is an odd integer, Bessel’s 
equation actually possesses a fundamental system of solutions expressible in 
finite terms. The investigation of the solubility of the equation is therefore 
complete. 

Some iipp1icatiou8 of this theorem to equations of the types discussed in § 4*3 have 
been recorded by Lebesgue, Journal de Math. xi. (1846), pp. 338 — 340. 


4*76. On the impossibility of integrating Riccatis equation in finite terms. 
By means of the result just obtained, we can discuss Riccati’s equation 


with a view to proving that it is, in general, not integrable in finite terms. 
It has been seen (§ 4’21) that the equation is reducible to 


d^u 




where — 2; and, by § 4'3, the last equation in reducible to Bessels 

equation for functions of order ll(2q) unless q = 0. 

Hence the only possible cases in which Riccatis equation is integrable in 
finite terms are those in which q is zero or Ijq is an odd integer ; and these 
are precisely the cases in ivhich n is equal — 2 or to 


4?a 

2m + 1 ’ 


(nf = 0, 1, 2, ...) 


Consequently the only cases in which Riccati’s equation is integrable in finite 
terms are the classical cases discovered by Daniel Bernoulli (cf. § 4*1 1) and the 
limiting case discussed after the manner of Euler in § 4T2. 


This theorem was proved by Lioiiville, Journal dv Math. vr. (1841), p^). I — 13. It 
seems impossible to e.stablish it by any method which apj>reciably more brief than tlic 
analysis used in the preceding sections. 
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4 ‘ 8 . Solutions of Laplaces equation. 

The first appearance in analysis of the general Bessel coefficient has been 
seen (§ 1*3) to be in conrn^xiun with an equation, equivalent to Laplaces 
equation, which occurs in the problem of the vibrations of a circular membrane. 

We shall now shew how Bessel coefficients arise in a natural manner from 
Whittaker’s* solution of Laplace's equation 


( 1 ) 


02 F dfV 0^ 
doF dy ^ 


The solution in question is 


( 2 ) ~ I ./ (^ + ^ “k W ^ ’ 

J -IT 

in w'hich /’denotes an arbitrary function of the two variables involved. 
In particular, a solution is 


'’ + ixroHu+t»/8inu) 


in whiclj k is any constant and m is any integer. 

If we take cylindi ical-polai’ coordinates, defined by the equations 
,r = p cos y = p sin <^, 

this solution becomes 

(•kz j ^ikpi'oniu-ily) rlfi -- j ^tkpr.osv ^ 

— ir — TT 

= 2e^^ I cos mv cos m(f> dVy 

J 0 

cos vi<f) . {kp)y 

by § 2’2 In like manner a solution is 

j + ixcoHu -4 iysiuv) g- 

and this is eipial to 27ri’" sin ?7i0 . ,7,,^ (A:p). Both of these solutions are 
analytic near the origin. 

Again, if Laplaces equation be transformed "I* to cylindrical -polar coordi- 
nates, it is found to bocome 

1-02F 02F__ 

0p- p dp p- 00“ dz- ~ ’ 

Monthhj Niftici's of the R. A. S. Lxri. (1902), pp. G17 — 620; Math. Ann. Lvii. (1902), 
pp. H33 — a41. 

i The simplest uiothod of effectinj^ tlie tranHforiiiation is by using Green’s theorem. See 
W. Thomson, (^amb. Math. Journal^ iv. (1845), pp. 33 — 42. 
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and a normal solution of this equation of which is a factor must be such that 

is independent of and, if the solution is to be one-valued, it must be equal 
to — w* where m is an integer. Consequently the function of p which is a 
factor of y must be annihilated by 


and therefore it must be a 
line p =. 0. 


+1 + 

p^)' 

multiple of Jmijcp) if it is to be analytic along the 


We thus obtain anew the solutions 




These solutions have been derived by Hobson* from the solution €^Jo(Jhp) by Clerk 
Maxwell’s method of differentiating harmonics with re8i)ect to axes. 

Another solution of Laplace’s equation involving Bessel functions has boon obtained by 
Hobson (ibid. p. 447) from the equation in cylindrical-polar coordinates by regarding djdz 
as a symbolic o^)erator. The solution so obtained is 


cos 

sin 


m<l) . 



where/( 2 ) is an arbitrary function; but the interpretation of this solution when involves 
a function of the second kind is open to question. Other solutions involving a Bessel 
function of an operator acting on an arbitrary function have been given by Hobson, Proc. 
London Math. Soc. xxiv, (1893), pp. 55—67; xxvi. (1895), pp. 492 -494. 


4*81. Solutions of the equations of wave motions. 

We shall now examine the equation of wave motions 

dx^ dy^ ^ dz^ dP 

in which t represents the time and c the velocity of propagation of the waves, 
from the same aspect. 

Whittaker’s f solution of this ecpiation is 

X sin u cos V -h y sin M sin v + z cos u + ct, u, v) dudv, 

where f denotes an arbitrary function of the three variables involved. 

In particular, a solution is 

]/■_ j I ^iifc|JCwiiMco8w + 2/8lnuiIniP4-«no8u + rO o) dudVy 

where F denotes an arbitrary function ot u and v. 


* Proc. London Math. Soc. xxii. (1892), pp. 431 — 449. 

t Math. Ann. lvii, (1902), pp. 342 — 345. See also Havelock, Proc. London Math. Soc. (2) ii. 
(1904), pp. 122 — 137, and Watson, MessenpeVt xxxvi. (1907), pp. 98 — 106, 
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The physical importance of this particular solution lies in the fact that it 
is the general solution in which the waves all have the same frequency kc. 

Now let the polar coordinates of (a*, y, z) be (r, 6, (f>), and let (to, i^) be the 
angular coordinates of the direction (u, v) referred to new axes for which the 
polar axis is the direction {0, </>) and the plane = 0 passes through the 
^-axis. The well-known formulae of spherical trigonometry then shew that 

cos 6) = cos 0 cos u -h sin 0 sin u cos (v — 0), 

sin u sin (v-~(f>) = sin o) sin 

Now take the arbitrary function F(u, v) to be Sn(u, t;)8in m, where Sn de- 
notes a surface harmonic in (u, v) of degree n ; we may then write 

Sn (u, v) = Sn (0» (f> ; ft), ), 

where Sn is a surface harmonic* in (cd, ‘^) of degree n. 

We thus get the solution 


Wi Sn{0, ff> y o), y/r) sin tod foidyfr, 

J ~‘irJ 0 

Since Sn is a surface harmonic of degree ti in (w, y/r), we may write 
Sn (0, <f> ; w^ylr)- An (0y <f>) . 1\ (cos (d) 

-h 2 cos 4- c^)sin P„»»(cosa)), 

m=l 

where A„ (0, <f>), An^”^H^> i>) and are independent of a> and yjr. 

Performing the integration with respect to yjr, we get 

Vn = 27re^*‘*^^An(0y </>) 


by §8-32. 


= (27r)« 


Jn-^h^kr) 

yl{kr) 


An(e, <f>) 


Now' the equation of wave motions is unafiected if we multiply x, y, z and 
t by the same constant factor, i,e. if we multiply r and t by the same constant 
factor, leaving 0 and unaltered ; so that An {0^ <f>) may be taken to be in- 
dependentf of the constant k which multiplies r and t. 

Hence hm^ (A; ” Vn) is a solution of the equation of wave motions, that is 

to say, r^^An{0y <^>) is a solution (independent of t) of the equation of wave 
motions, and is consequently a solution of Laplace s equation. Hence An {0, <f>) 


* This follows from the fact that Laplace’s operator is an invariant for changes of rectangular 
axes. 

t This is otherwise obvious, because may be taken independent of k. 
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is a surface harmonic of degree n. If we assume it to be permissible to take 
An (0, <f>) to be any such harmonic, we obtain the result that 

{kr) Pn^ (cos 6) 

is a solution of the equation of wavk* motions*) and the motion represented by 
this solution has frequency Ac. 

To justify the assumption that 0) may be any surface harmonic of degree w, we 
construct the normal solution of the equation of wave motions 

\ y ■*" sin 6 dO ^ dB ) sin^B dfi ’ 

which has factors of the form nuh. The factor which involves B must then be of 

sin ^ 

the form (cos B) ; and the factor which involves r is annihilated by the operator 

so that if this factor is to bo analytic at the origin it must be a multiple ot (kr)lsjr. 

4’82. Theorems derived from solutions of the equations of Mathematical 
Physics. 

It is possible to prove (or, at any rate, to render probable) theorems con- 
cerning Bessel functions by a comparison of various solutions of Laplace’s 
equation or of the equation of wave motions. 

Thus, if we take the function 

c** Jo {A\/(p® + a* — 2a p cos i^)}, 

by making a change of origin to the point (a, 0, 0), we see that it is a solution 
of Laplace s equation in cylindrical-polar coordinates. This solution has as 
a factor and it is analytic at all points of space. It is therefore natural to 
expect it to be expansible in the form 

r * 

e** {kp) + 22 (Am cos m<f> + B„ sin m<^) Jm (kp) 

Assuming the possibility of this expansion, we observe that the function under 
consideration is an even function of </>, and so = 0 ; and, from the symmetry 
in p and a, is of the form CmJm{ha), where Cm is independent of p and a. 

We thus get 

00 

Jo \h\L{p'^ -ha’* - 2ap cos <f>)} = ^ (hp) Jm (ka) cos m<f>. 

m=0 

If we expand both sides in powers of p, a and cos (f), and compare the 
coefficients of pa cos <^)"*, we get 

Cm 1» 

* Cf. Bryan, Nature, lxxx. (1909), p. 309. 
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and so we are led to the expansion* 

00 

./o !A.V(p'^ -fa* - 2(tp cos <fi)] = 2£ (kp) J„^, (ka) cos m<f>, 

»l = 0 

of which a inore formal proof will be given in § 11*2. 

Again, if we take which is a solution of the equation of w^ave motions, 

and which represents a wave moving in the direction of the axis of z from 
f X to - X with frequency kc and wave-length 27r/k, we expect this expression 
to be expansible + in the form 

(ir) ^^Cni^Jn+^{k7') J\^{cos 6), 
where is a constant ; so that 

" (I? I'n (COS 6 ). 

If WO compare the coefficients of (Ivcos $T on each side, we find that 



2 “+‘r (« + !)■ 2 ". («!)»’ 

and so c„ = a + J ; we are thus led to the ex{)ansion:J 

ji V P„ (cos 6), 

\f^f/ n- 0 

of which a more formal proof will be given in § 11 *5. 


4-83. S(duti(n(ff of the ware equation in space of p ditnemions. 


The analysis just explained has been extended by Uobsong to the case of 
the equation 

d‘^V Id-V 

C“ dt- 


- "f 

()./ry 


-1- ^ ... ^ . = J: v._:_ 

Vr n- • 


A normal solution of this equation of frequency kc which is expressible as a 
function of r and t only, where 

r = + . .. + Xp"), 

must be annihilated by the operator 

0^ , p—\ ? , 

r 9 ,. + ^" 

and so such a solution, containing a-t.me-factor e«-«, must be of the form 

'6' (k'r)/\kr)i'p-^>. 

J Th.« expansion is due to Bauer, Joumal /Ur Math. nv,. ““ *' 

I roc. London Math, Soc. xxv. (1894), pp. 49 75^ ^ ’ 
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Hobson describes the quotient 'if as a cylinder function 
of rank p ; such a function may be written in the form 

By using this notation combined with the concept of jp-dimensional space, 
Hobson succeeded in proving a number of theorems for cylinder functions of 
integral order and of order equal to half an odd integer simultaneously. 

As an example of such theorems we shall consider an expansion for 

J (A; v/(r® + a* — 2ar cos <f>) | p], 

where it is convenient to regard ^ as being connected with Xy by the equation 
Xp^r cos 0. This function multiplied by is a solution of the wave equation, 
and when we write p = r sin <(), it is expressible as a function of p, t and of 
no other coordinates. 

Hence 

+ a® — 2ttr cos <f>) \ p] 

is annihilated by the operator 

9! . iL , A. 


that is to say, by the operator 

P~^ 9 (p - 2) cos 0 . 1 
9r=* ^ r dr r* sin r“ d<f>^ 

Now normal functions which are annihilated by this operator are of the form 

where Pn (cos jp) is the coefficient* of a” in the expansion of 

(1 - 2a cos <^ + a'*)*‘“l^. 

By the reasoning used in § 4*82, we infer that 
J \k »J{f^ + — 2ar cos | p] 

1 ® 

” (kr) Jn+ip^i (ka) (cos (jy |p). 

Now expand all the Bessel functions and equate the coefficients of 
{k^ar cos <^>)” on each side ; we find that 

2“ _ An 2*^ r(7i + — 1) 

so that An = 2*^“^ (m + Jp - 1) r (ip - T). 

* So that, iu Gtigenbauer’s notation, 

Pn (eos 01/?) - * (co8 0). 


w. u, F. 


9 
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We thus obtain the expansion 

7- ^ 4- - 2ar c os </>)} 

(V-* + a® — iar cos 

= (« + ikr) (^‘») ^)- 

An analytical proof of this expansion, which holds for Bessel functions of 
all orders (though the proof given here is valid only when p is an integer), will 
be given in § 11*4. 


4*84. Batemavs solutions of the generalised equation of wave motions. 
Two systems of normal solutions of the equation 


( 1 ) 


a*F ?*F dfV dfV^ ^d^V 
dx;‘ + 


dx.} ' 3ar,’ ' 0a;.* c* » 
have been investigated by Bateman who also established a connexion between 
the two systems. 

If we take new variables p, <t, x* defined by the equations 
a:, = p cos Xf ^3 — cos 
iPe = p sin Xy ^4 = sin yjr, 
the efjuation transforms into 

1 0p* p dp ^ p^ dx^ j \da^ ^ <r da 0^^*'') c* di^ 

A normal solution of this equation with frequency kc is 
(kp cos <J>) (ka sin <t>) e?' 
where <1> is any constant. 

Further, if we write 

p s= r cos a=^r sin <^, 

.so that(r, >/r, <^) form a system of polar coordinates, equation (2) transforms 


into 


(3) 


d‘ V dV 10= V cot (f) ~ tan <j> dV 
dr^ V dr ^ r* d<f>'^ 


r* 
. + 


d<f> 

1 ^ 1 d'^v _ 1 0=K 

7'* CO.S' <f> d-)^ ^ ?•“ sin*'^ dyfr- dt^ 

Now normal solutions of this equation which have e»(Mx+*'‘^'+A:co as a factor 
are annihilated by the operator 


L r t + r» {aV + tan <^) It " " . 


I/® 

dn® (f> ’ 


00 cos* 0 sin* 0J 
* xixiii. {190i), pp. 182—188; Proc. London Math. Soc. (2) tii. (1905), pp. 111—123. 
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and since such solutions are expressible as the product of a function of r and 
a function of ^ they must be annihilated by each of the operators 


or* r or 


4X.(X.+ 1) 


^ 4- (cot^ - tan 0) ^ 4- 4X (X + 1) , 

0 ^* ' ^ ^ op ' cos*<^ Rin*^ 

where X is a constant whose value depends on the particular solution under 
consideration. The normal solutions so obtained are now easily verified to be 
of the form 

(kry~^ Jgx+j {kr) cos'* ^ sin*' ^ 

X s + X + 1 ; !» + 1 ; sin* 

It is therefore suggested that 

(kr cos <f> cos d>) Jt, (kr sin <{> sin <t>) 
is expressible in the form 


2 aA (Arr)-' (kr) cos^p sin”*^ . g-Pi - X, 4- X 4- 1 ; p^\] sin*<^^ , 

where the summation extends over various values of X, and the coefficients ax 
depend on X and d>, but not on r or <f>» By symmetry it is clear that 

«x = bx C 08 »<I> sin" <1> . ajP, + X + 1 ; »» + 1 ; 8in»<l) ^ , 

where bx is independent of <J>. 

It is not difficult to see that 


X = ^ 4- 1') 4“ a, (a — 0, 1, 2, . . .) 


and Bateman has proved that 


6a = 2 ( (/i + 4- 2n 4- 1 ) 


r(/a4-i/4-nH-l)r(i/ + w4-l) 
«! r(M4-?i4- l)(l'(i'4- 1))=^ ■ 


We shall not give Bateman s proof, which is based on the theory of linear 
differential equations,* but later (§ 11*6) we shall establish the expansion of 
(kr cos <f> cos d>) (kr sin <f) sin 4>) b}’ a direct transformation. 


9-2 



CHAPTER V 

MISCELLANEOUS PROPERTIES OF BESSEL FUNCTIONS 

6*1. Indefimte integrals containing a single Bessel function. 

In this chapter we shall discuss some properties of Bessel functions which 
have not found a place in the two preceding chapters, and which have but 
one feature in common, namely that they arc all obtainable by processes of a 
d(^finitely elementary character. 

We shall first evaluate some indefinite integrals. 

The recurrence formulae § fS‘.9 (5) and (6) at once lead to the results 

( 1 ) j' Z'+'K ( 2 )dz = ' % +,(z), 

(2) [' z--^' '«!. (z) dz = - z-*' {z). 

To generali.se these formulae, consider 

J z^'^\f{z) (^z)dz\ 

let this integral be equal to 

\A {zy(r\{z) -f B{z) (^)l. 
where A {z) and B{z) are to be determined. 

The result of difi'erentiation is that 

z'^'f{z) K {z) - U' (z) <^:,(z) + A (z) '<^Az)-A{z)^.^, (^)| 

4- 2 ’"^' [B' {z) (z) 4 B (z) (z)}. 

In order that A (z) and B{z) may not depend on the cylinder function, we 
take A (z) = B' (z), and then 

/(z)=A’{z) + ^‘'-'^^ A(z) + B(z). 
z 

Hence it follows that 

(S) j' ^iz) + B' {z) -i B (2)| 'C («) dz 

•. = IF (z) K (z) + B (z) (2)1. 

I’hiH re.sult was obtained by Soiiine, Math. Ann. xvi. (1880), p. 30, though an e(]|uivalent 
formula (with a different notation) had been obtained previously by Loniinel, Studie^i iiher 
die Ue^^erAchen Functwnen (Leipzig, 1808), p. 70. Some developments of formula (3) are 
due to Nielsen, Nj/t Tidsekrift, ix. (1898), pj). 73—83 and Ann. di Mat. (3) vi. (1901), 
j)p. 43— 46. 

l^or some associated integrals which involve the functions her and bei, see Whitehead, 
Quarterly Journal^ xm. (1911), pp. 338 — 340. 
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The following reduction formula, which is an obvious consequence of (3), 
should be noted: 

(4) J = p^)j 

+ ^^.+1 (^) + (m - 1 /) {z)l 


6‘11. LommeVs integrals containing two cylinder functions. 

The simplest integrals which contain two Bessel functions are those 
derived fr6m the Wronskian formula of § 312 (2), namely 

2 sin i/TT 


Jy {Z) J'-, iz) - J^y {Z)jy' ^ 


irz 


which gives 

(n 

( 2 ) 


dz _ TT J^y (z ) 

J z Jy^ (z) 2 sin i/TT Jy (z) * 

r __ 

J zJ, 


w 



2 sin vnr ® J, (z) 


and similarly, from § 3'63 (1), 

dz TT Y,{z) 


(3) 

(4) 

(5) 


p dz _ TT y, {z) 

r ^ 


zJr(Z) Y,(Z) 
dz 


/■ 


TT, Y.{z) 

IT Jy(z) 


ZVy^iz) 2 Yy{zy 


The reader should have no difficulty in evaluating the similar integrals which contain 
any two cylinder functions of the same order in the denominator. The formulae actually 
given are due to Lommel, Math. Ann. iv. (1871), pp. 103 — 116. The reader should compare 
(3) with the result due to Euler which was quoted in § 1*2. 

Some more interesting results, also due to Loinmel*, are obtained from 
generalisations of Bessel’s equation. 

It is at once verified by differentiation that, if y and rj satisfy the equations 


g+J“y = o. 


dhl 

dz'^ 


then 


j\p-Q)y,dz~y£-v£. 


+ Qn = 0. 
dri dy 


Math. Anfi, xiv. (1879), pp. 620 — 636. 
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Now apply this result to any two equations of the type of § 4‘31 (17). If 
V, denote any two cylinder functions of ordei-s /x and v respectively, we have 

- 1 - 1?/ - w * H'} 

*'imT 

_ £3j) ^ 3 =_ j£M>-| 

2^' W 4 1 1' (^)| ^ J 

xs*i|^WI#,|+(,)|.y{4^^ 


dz, 

where <f} (z) and yfr (z) are arbitrary functions of z. 

This formula is too general to be of practical use. As a special case, take 
</>U) and ylr(z) to be multiples of z, say kz and Iz. It is then found that 


(7) J' |()ir' - l'‘)z - ^-’1 ^^{kzW. {lz)dz 




= 2: {kz) (Iz) - (kz) (Iz)] - (ft - r) (kz) {lz\ 

The expression on the left simplifies still further in two special cases (i)/Lt=s v, 
(ii) k^L 

If we take ft = i/, it is found that 


(«)/■ 


z^€^{kz)^^\ (Iz) dz^-^^ 


z (kz) (Iz) - (kz) (Iz)] 




This formula may be verified by differentiating the expression on the right. 
It becomes nugatory when k^l, for the denominator is then zero, while the 
numerator is a constant. 

If this constant is omitted, an application of rHospital’s rule shews that, 
when I 


(9) 


/■ 


z^^ (kz) (kz) dz=- ^ \kz (kz)%'^’ (kz) 

- kz'K (kz) '^\^^(kz) - (kz) (kz)]. 

The result of using recurrence formulae to remove the derivates on the 
right of (9) is 

(10) (kz)^^ (kz) dz = \ z!‘ {2^^ (kz) (kz) - (kz) (kz) 
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Special cases of these formulae are: 

(11) Jr {kz) dz<==\z* {kz) — {kz) (fcr)) 

“ {(l - jfe) , 

(12) |%^^(A:«)#_^(ifc«)dz»ir’ [2'^^ (*«) #_^ (fcr) + if (fcr) (l-i) 

+ ^^^+1 {kz) (A*-?)}, 

the latter equation being obtained by regarding {kz) as a cylinder 

function of order —fi. 

To obtain a different class of elementary integrals take ^ — Hn (7) and it 
is found that 


(13, /-g.Cfajg.lfelf — 


The result of making v fx in this formula is 
(14) j’<t^,(kzy^Akt)~ (kz)^-^!^ 


’i ^^(kz)^^{kz) 

fl+V 


_ ^ (Jcz) 

' dfi ) 2fi 


The last equation is also readily obtainable by multiplying the equations 
(z) = 0, (z) 

1 (z) 1 

a: -'--’ - (i?) respectively, subtracting and integrating, and then re- 

,2 (7/X Z 

placing z by kz. 


As a special case we have 

(15) |V,« {kz) (1-z) (fcz) - J, (kz) %+.(A:r)) + L 

An alternative method of obtaining this result will be given immediately. 


Results equivalent to (11) are as old as Fourier’s treatise, La Thiorie Analytique de la 
Chaleur (Paris, 1822), §S5 318 — 319, in the case of functions of order zero ; but none of the 
other formulae of this section seem to have been discovered before the publication of 
Loinmers momoir. 

Various special cases of the formulae havfe been worked out iu detail by Marcolongo, 
Napoli Rendiconti, (2) in. (1889), pp. 91 — 99 and by Chessin, Trans. Actui. Set. of St Louis, 
xii. (1902), pp. 99—108. 



]36 THEORY OF BESSEL FUNCTIONS [OHAP. V 

6‘12. Indefinite integrals containing two cylinder functions; LonvmeVs 
second method- 

An alternative method has been given by Lommel* for evaluating some 
of the integrals just discussed. By this method their values are obtained in a 
form more suitable for numerical computation. 

The method consists in adding the two results 

(z) (^)} = (z) {z) + %,,(z) (^)l 

+ {p + H-\-v) ze-' {z) 9^, (z), 

~ [z^ (Z) (^)i = W) 

+ (p - jit - V - 2) (z) («), 

80 that 

(p + fi + v)!^ ze-'9^^(z)'^^(z)dz +(p- p,-v-2)j z>~'9^^+,(z)9^ ,+i{z)dz 

= ^0 (^) (^) + (z)). 

and then giving special values to p. 

Thus we have 

( 1 ) j z->‘-’'-‘ (z) (z) dz 

“ ■ 2{p^+ ~v\\) (^^1- 

CZ — »fi+P+2 

(2) I (^) (z) dz 2(-:jr7;n ) 

As special cases of these 

(3) ir^V(^) + (^)l. 

r 2 y^+2 

(4) I z^*‘ (z) dz = ^ (z) + (z)}. 

Again, if p be made zero, it is found that 

(M +/')]' K («) K (z)‘^-(ji + n + 2) (e) '^.+. («) y 

= 9^^ (z) {z) + (z) {z\ 

so that, by summing formulae of this type, we get 

(5) (p + r)j K(^)^,(^)y-(p + i' + 2ti)J''9^^^„(z)^,+„(z)j 

= K W K (^) + 2 2 ;^M+m (^) Kna (^) + %i.n (* ) (4 

* Math. Ann. iiv. (1879), pp. 630- 63G. 



MISOBIiLAimOXJS THEOREMS 


137 


6-12-6-14] 

In particular, if ^ * i' « 0, 

( 6 ) ]’>„(*) 

^ ^ ' 

where 7i » 1, 2, 3, .... But there seems to be no simple formula for 

For a special case of (1) see Rayleigh, PhiL Mag, (5) xi. (1881 ), p. 217. [Scientific Papers^ 
I. (1899), p. 516.] 

5*13. Sonine^s integrals containing two cylinder functions. 

The analysis of § .51 has been extended by Sonine, Math. Ann. xvi. (1880), pp. 30 — 33, 
to the discussion of conditions that 

may be expressible in the form 

^ (*) {«/> . O' W)+-B w {<!> W) f , {^r W} 

+ 0 (z) {</, (Z)l 'if {V' «} +2) w {<^ (Z)} tV' W). 

but the results are too complicated and not sufiiciently important to justify their insertion 
here. 

6*14. Schafheitlin* s reduction formula, 

A reduction formula for 

l‘z^^(^.*{z)dz, 

which is a natural extension of the formula § 5*1 (4), has been discovered by 
Schafheitlin* and applied by him to discuss the rate of change of the zeros of 
^y(z) as V varies (§ 15*6). 

To obtain the formula we observe that 

[ p^)W(2)dz 

= -fz'^K (^) (Z) dz 

= [- ^'“W'if, (z) 'o;: (z)] + I ■' [z'‘+*'if;‘ (z) + (m + 1 ) '6'. (z) («)) dz. 

Now, by a partial integration, 

(m + 3) [ (z) dz = [z'‘+* '4',’^ (z)] 

+ 2 J V-M (z) \m: (z) + (z* - v‘) k (z)} dz, 

* JierUner Sitzwiffsberichte, v. (1906), p. 88. 
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and so 

(m + 1) (■«) dz = [z'‘+* {z)] + 2 1%'*+’ («) (i) dz. 

Hence, on substitution, 

(/i+DC^" {z'‘-v^)^^:-{z)dz 

= (^) - (A* + 1 ) r'‘+* (z) Yg: {z)-\ 

+ (^)rf^+ |(m + i)“- 

+ [i (m + 1)®- ’’^x* (■«)] 

- (/!+ 3) '^v («) - (m + 1) (i (m + 1 )® - «'=) /*«“ ^x* («) 

By rearranging we find that 

(/Lt + 2) I 2:^+* 'i^V (>^) = (/A + 1) {i/* — ^ (/i. + ] )^} I' (z) dz 

+ i [2^+^ (^) - i (m + 1 ) {^)Y + + j (m + ^ (^)]* 

and this is the reduction formula in question. 


6*2. Expansions in series of Bessel functions. 


We shall now discuss some of the simplest expansions of the type ob- 
tained for (izy^ in § 2*7. The general theory of such expansions is reserved 
for Chapter XVI. 

The result of § 2 7 at once suggests the possibility of the expansion 


( 1 ) 




which is due to Gegenbauer* and is valid when p. is not a negative integer. 
To establish the expansion, ob.serve that 


— ;r! (b) 


is a series of analytic functions which converges uniformly throughout any 
bounded domain of the ^-plane (cf. § 3*1x3); and since 

(/i ■” (/^ + '0 «^^+2»i+i (^)1> 

it is evident that the derivate of the series now under consideration is 


(i^)' 


^ (z)— — '^M+an+i 

»-o nl ,^.0 w! 


Wiener SitzungHherichte, lxxiv. (2), (1877), pp. 124 — 130. 
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and so the sum is a constant. When we make we see that the constant 
is unity; that is to say 

n*0 

and the required result is established. 

The reader will find that it is not difficult to veiify that when the expansion on the 
right in (1) is rearranged in powers of x, all the coefficients except that of ^ vanish ; but 
this is a crude method of proving the result. 


6*21. The expansion of a Bessel function as a series of Bessel functions. 
The expansion 

(1) (^) = (v + 1 - m) 

j- V (/t + 2w) r (^ + w) j , . 

,ron!r(.- + l-/i-n)TTv + n + l) 

is a generalisation of a formula proved by Sonine* when the difference v — p 
is a positive integer; it is valid when v and i/ — ^ are not negative 
integers. 

It is most easily obtained by expanding each power of z in the expansion 
of {^zY~^Jy{z) with the aid of §5*2, and rearranging the resulting double 
series, which is easily seen to be absolutely convergent. 

It is thus found that 

'h {z) r („ + + 1) 


,toni!r(i/ + m + l)„_, 


• (-)"• « (^ + 2m + 2jB)r(M + 2m+/)) , 

“„t«m!r(./ + m+l)p:o’ pV ■" 

* * (^ + 2n)r(/i + wt + n) ^ 

-„Zori^n'{v + m + l),tn («-»«)! “ 

. V H . -'I <<- W 

Ii-o lm-0 w! (n -w)! 1 + 

„.0 w! r(i/ 4- 1 — /i-- w) 1 (|/ + w-h 1 ) 
by Vandermonde’s theorem ; and the result is established. 

If w^e put v = /i- + w, we find that 

(2) (Z) mCn 

which is Sonine’s form of the result, and is readily proved by induction. 

• Math. Ann. xvi. (1880). p. 22. 
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By a slight modification of the analysis, we may prove that, if k is any 
constant, 




71 •O 


?iir{p + i) 


X 2 ^, i/ -h 1; k*)(/i^ 2n)J^+^(z). 

This formula will be required in establishing some more general expansions 
in § 11*6. 


6'22. LomrmVs expansions of {z + \s/{z + A))* 

It is evident that (z -h {\/(z + ^)j, qua function of z + h, is analytic 

for all values of the variable, and consequently, by Taylor’s theorem combined 
with § 3*2] (6), we have 

(1) (z + y(z + A)} =2 Wz)} 

TM-0 nil 

Again, (z-^h) {\/U -f //)[ is analytic except when z-^ h = 0; and so, 

provided that | 4 | < 1 ^ | , we have 

(2) +A)^4 yy + A)! (v^)l 

Thcso formulae are due to Lomniel*. If we take v= - ^ in (1) and i/= ^ in 
(2) we deduce from § 3'4, after making some slight changes in notation, 

€M]uation (4) being true only when \ t\<\\z\. These formulae are due to 
Glaisherf, who regarded the left-hand sides as the generating functions 
associated with the functions whose order is half of an odd integer, just as 
exp — l/i)| is the generating function associated with the Bessel co- 
efficients. 

Proofs of (3) and (4) by direct expansion of the right-hand sides have 
been given by Glaisher ; the algebra involved in investigations of this nature 
is somewhat formidable. 

* Stndien uher die liesseVschen Functionen (Leipzig, 1868), pp, 11—16. Formula (1) was given 
by Bessel, Berliner Abh. 1824 [1826], p. 35, for the Bessel coefficients. 

t Quarterly Journal, xn. (1873), p. 136 ; Bntish Asuociation Report, 1878, pp. 469—470. PhiL 
T I'ans. of the Royal Soc. clxxh. (1881), pp. 774 — 781, 813. 
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We shall now enumerate various modifications of (1) and (2). 

In (1) replace z and K by z® and and then 

(5) j, {w(i + k )} = (1 + *)*► i 

and, in particular, 

(6) J. (W2) = 2i- i (^). 

i»i=o Wii 

If we divide (5) by (1 -}- A:)**' and then make A: -i- — 1, we find that 

1 (1/ + 1) ra! 

In like manner, from (2), 

(8) J, {z^(l + A:)} = (1 + Ar)-*' t J,_,, (z), 

7n = 0 

provided that | A; | < 1. 

If we make ^ ~ 1 + 0, we find, by Abels theorem, 

litn [(1 + k)i''J^ V( 1 + *))] = 2 (z), 

m=0 Wl! 

provided that the series on the right is convergent. The convergence is obvious 
when 1 / is an integer. If v is not an integer, then, for large values of w, 

™“ (.) . ™ 0 (1 M 

Hence the condition for convergence is R{v)>0, and if the condition is 
satisfied, the convergence is absolute. Consequently, when B(i^) >0, and also 
when V is any integer, 

(9, J 

f«=o 7nl 

In like manner, if K(i^) > — 1, and also when i/ is any integer, we have 

(10) J. V2) = 2-» ' S (z). 

m-0 W.! 

It should be observed that functions of the second kind may be substituted 
for functions of the first kind in (1), (2), (5) and (8) provided that j A | < | z | 
and I A; I < 1 ; so that 

( 11 ) (z + h)-i ' r, y(z + ;()}=!: w^), 

m=« nt 1 


(12) (z + A)i' n y{z + /,)i = i wz), 

fn={i Tn\ 

(18) F, V(1 + 4:)1 = (1 + ^)*' S F,+„ (^), 


r, 1^ v(i + *)) = (1 + A)-*' i 

ni»0 • 


( 14 ) 



142 


THBOEY OF BESSEL FUNCTIONS 


[chap. V 


These may be proved by expressing the functions of the second kind as a 
linear combination of functions of the first kind ; by proceeding to the limit 
when p tends to an integral value, we see that they hold for functions of 
integral order. 

By combining (11) — (14) with the corresponding results for functions of 
the first kind, we see that we may substitute the symbol ^ for the symbol 
throughout. 

These last formulae were noted by Lommel, Shidien, p. 87. N umeroiis generalisations 
of them will be given in Chapter xr. It has been observed by Airey, Phil. Mag. (6) xxxvi. 
(1918), pp. 234 — 242, that they are of some use in calculations connected with zeros of 
Bessel functions. 


When we combine (5) and (13), and then replace \/(l + h) by we find 
that, when | X.* — 1 1 < 1, 

(,6, 




and, in particular, when X is unrestricted, 

(,6) y.(U) . V. I 

i »-0 

These two results are frequently described* as multiplication theorems for 
Bessel functions. 


It may be observed that the result of treating (14) in the same way as (8) is that 
(when V is taken equal to an integer n) 

(17) -(»-!)! (2/2)»=,r 2 

m=o Wl ' 

An alternative proof of the multiplication formula has been given by Bohmer, Berliner 
Sitzvngsberichte^ xiii. (1913), p. 35, with the aid of the methods of complex integration; 
see also Nielsen, Math. Ann. Lix. (1904), j) 108, and (for numerous extensions of the 
formulae) Wagner, Bern Mittheilungen^ 1895, pp. 115 — 119; 1896, pp. 53—60. 

[Note. A special case of formula (1), namely that in which */ = !, was discovered by 
Lommel seven years l)eforc the publication, of his treatise; see Archiv der Math, xxxvii. 
(1861), p. 356. 

His method consisted in taking the integral 


“ ^ I cos (^r cos dA-r}r .sin B) d( drj 

over the area of the circle and evaluating it by two difi'erent methods. 

The result of integrating with rosjiect to i/ is 

“ f I sin (fr cos d + i;r sin ^ 

^ - I cos ((r cos B) sin {v/( 1 - (‘■^) . r sin d} 

^ J -1 ^ r sin B 


r sin f * 


- 2 — 

TT (2m 

sa 2 ( ~~ )*” (i ^ ^hi d)^"" -n (y cos B) 
m=o wi! (r cos d)'"'*'* ’ 


cos (fr cos ^) . (1 - f*)*"-!-! d( 


* See, e.g. Sohafheithn, Die Theorie der Bessehchen Funktionen (Leipzig, 1908), p. 83. 
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and the result of changing to polar coordinates (p, 0) is 

^ j COB {rp qob( 4>~‘0)} pdf} d(l> ^ " j j coa (rp cob ip) pdpd</> 

= ir J f = I ~ 

If we compare these equations we obtain (1) in the case i/ = l with z and h replaced by 
r® cos'^ B and sin^ d.] 

5*23. The expansion of a Bessel function as a series of Bessel functions. 

From formula § 5*22 (7), Lommel has deduced an interesting series of 
Bessel functions which represents any given Bessel function. 

If fjL and p are unequal, and p is not a negative integer, we have 

The repeated series is absolutely convergent; consequently we may re 
arrange it by replacing p by m — n, and then we have 

and hence, by Vandermonde's theorem, 

n'l r r(/t + i) “ r(.--^ + TO) . 

This formula was given by Lommol, Stwlien uher die Bessel achen Functione^i (Leipzig, 
1868), pp. 22 — 23, in the special case ^»0; by differentiating with respect to v and then 
putting v = 0, it is found that 

(2) 4^ K„ (^)=y„ w log (4,) _yi?±A) (z) 


and, when /isO, we have LommeVs formula 


X {y/^ 4* 1)-HV'(-^) 


(3) 4" n W = *^0 (^) • {r +log (4*)) +J^ • 

This should be compared with Neumann’e expansion given in § 3'57. 


6 3. ^ n addition formula for Bessel functions. 

An extension of the formula of § 2 4 to Bessel functions of any order is 

(1) t/i, = 2 

m— — oD 

where | ^ | < j ^ |, v being unrestricted. This formula is due to Schlafli* ; and 
the similar but more general formula 

( 2 ) + 

m=- “ 

is due to Soninef. 

* Math. Ann. iii. (1871), pp. 135—187. 


t Ibid. XVI. (1880), pp. 7 — 8. 
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It will first be shewn that the series on the right of (1) is a uniformly 
convergent scries of analytic functions of both z and t when 

where r, 72, A are unequal positive numbers in ascending order of magnitude. 
When in is large and positive, is comparable with 

sin PIT . (^Ry . (r/72)”* 

and the convergence of the series is comparable with that of the binomial 
series for (1 ^rjRy. When m is large and negative (= — n), the general 
term is comparable with 

(-)»(iA)'^(iAr)- 

r(v -I- R-f 1). ?i! 

and the uniformity of the convergence follows for both sets of values of m by 
the test of Weierstrass. 

Term-by-term differentiation is consequently permissible*, so that 
^ 0 ^) ^ (0 ~ ^ \J v—mify J m(^)} 

” o ^ m-l (0 v—m+l (0} •^rn (^) 

" 711=- -00 

j 00 

“9 ^ Jy-rn (0 t*-^ >«-l 

^ m — -QD 

and it is seen, on rearrangement, that all the terms on the right cancel, so 
that 

(at “ dz) 

00 

Hciice, when | z | < U i , the series 1 4_,„ (t) (z) is an analytic function 

III ~ -00 

of z and t which is expressible as a fimctum of z + t only, since its derivates 
with respect to z and t are identically equal. If this function be called 
F (z -f 0, then 

F{z^t)~ i 

rn= — fx> 

It we put 2 = 0, we see that F {t) = J ,,{t\ and the truth of (1) becomes 
(‘videiit. 

Again, it the signs of p and m in (1) be changed, we have 

in <30 

and when this result is combined with (1). we see that 

(« + /)= S ¥,.,„{t)J„(z). 


* Ci'. Modern Analysh, §5-3. 
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6 - 4 ] 

When this is combined with (1), equation (2) becomes evident. 

The reader will readily prove by the same method that, when | z | < » f |, 


OD 


(4) 

— z) — 

2 

J (0 J m (^z\ 




oo 

(5) 


« 

2 

(0 m (z), 



«■=- 

eo 

(6) 

II 

1 

X 

2 

(0 (^)‘ 


ni=-~cc 


Of these results, (3) was given by Lommel, Stvdien iiber die BemVechen Functiotien 
(Leipzig, 1868), when v is an integer; while (4), (5) and (6) were given* explicitly by Oraf, 
Math. Ann, XLlii. (1893), pp. 141 — 142. Various generalisations of these formulae will be 
given in Chapter xi. 


6 * 4 . Products of Bessel functions. 


The ascending series for the product Jpl(z) (^) has been given by various 
writers ; the expansion is sometimes stated to be due to Schdnholzcrf , who 
published it in 1877, but it had, in fact, been previously published (in 1870) 
by SchlafliJ. More recently the product has been examined by Orr§, while 
Nicholsonll has given expansions (cf. § 5*42) for products of the forms 


JA^)Yn(z) and Y„,iz)Yn{z), 

In the present section we shall construct the differential equation satisfied 
by the product of two Bessel functions, and solve it in series. We shall then 
(§ 5*41) obtain the expansion anew by direct multiplication of series. 

Given two differential equations in their normal forms 

d^w 


(Pv ^ 


dz^ 


+ *7w; ** 0, 


if y denotes the product vw, we have 

y" = v'w + 2vw + vw' 

= - (/ + /)y + 2v 

where primes indicate differentiations with respect to z. 


* See also Epsteiu, Die vier Eechnungaoperationen mit BesaeVachen Fnnetionen (Bern, 1894), 
[Jahrbuch Uber die Fortachritte der Math, 1893—1894, pp. 845—846]. 

t Ueber die Auawerthung beatinimter Integrate mit Hiilfe von Veriindezangen dea Integrationawegea 
(Bern, 1877), p. 13. The authoriticB who attribute the expansion to Sch6nholzer include Graf and 
Gubler, Kinleitvng in die Theorie der BeaaeVachen Funktionen, ii. (Bern, 1900), pp. 86 — 87, and 
Nielsen, Ann. ScL de VJ^cole norm. aup. (3) xviii. (1901), p. 60 ; Handhuch der Theorie der Cylin- 
derjunktionen (Leipzig, 1904), p. fiO. According to Nielsen, Nouv, Ann. de Math. (4) ii. (1902), 
p. 396, Meiasel obtained eome eeries for products in the Isetiohn Programme 1862. 

J Math. Ann. iii. (1871), pp. 141 — 142. A trivial defect in Schlafli’s proof is that he uses a 
contour integral which (as he points out) converges only when (fi + F + l)>0. 

§ Proc, Camb. Phil. Soc, x. (1900), pp. 93—100. 

II Quarterly Journal, xliii. (1912), pp. 78 — 100. 


w. B. F. 


10 
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It follows that ^ (y" + (/ + «f) y| “ 2»"w' + 2t»'w" 

= — 21 vw' — 2Jv'w 

and hence y'" + 2 (/ + ^) ^ + (/' + y = (/ - •^) iv'w - vw'). 
Hence, in the special case when I ^J, y satisfies the equation 
(1) y"' + 4/y' + 2/'y=0; 

but, it is easy to shew by differentiation that 


( 2 ) 


d f y-+2(/ + J)y- + (r + J-)y [ ^ _/j_ j-. 
dz\ I — J J 


This is the form of the differential equation used by Orr; in connexion with (1), see 
Appell, Comptea Rendua^ xci. (1880), pp. 211 — 214. 


To apply these results to Bessel's equation, the equation has to be reduced 
to a normal form ; both Orr and Nicholson effect the reduction by taking 
(z) as a new dependent variable, but, for purposes of solution in series, it 
is simpler to take a new independent variable by writing 


so that 




d 

^dz~de 




d?J, {z) 
dd^ 


■\-{d^-v^)J„{z) = 0. 


Hence the equation satisfied by Jp,{z)Jv{z), when /Lt® is 






that is to say 

(3) - 2 (/i* + v^) a* + (m’ - y + 4e“» (^ + 1 ) (^ + 2) y = 0, 

and the equation satisfied by J,{z)J±,{z) is 

(4) ^(^»-4«/’)y+4e«'(^ +])y = 0. 

Solutions in scries of (3) are 

W=0 

where a = ± /a ± i/ and 

4 (g 4- 2.m -- ])(g-h 2m) 

^ (g + /LA + + 2m) (g + /X — 1 / + 2m) {a — fi v -k- 2//? ) (g — /x — j/ + 2w/) * 
If wo take g = /x + j/ and 

1 

2<‘+'r(/^ + i)r(i' + i)’ 

we obtain the series 


^ + 2 m + 1 ) 

ni^i) m I r(/x -h 1 / -f m + l)r {p + m -f- 1)1' {v + vi + 1) ’ 
and the other series which are solutions of (3) are obtained by changing the 
signs of either /x or r or both /x and p. 
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By considering the powers of z which occur in the product {z) {z) it 

is easy to infer that, if 2/Lt, 2u and 2 (/a + j^) are not negative integers and if 
/X* 4^ then ^ 


(5) J^(z)J.(z) 


^ r (/X 4- V + 2m + 1 ) 

m^onil r (/Lt-h +m + l)r(/x + m + 1) r(i/ + w + 1)' 


In like manner, by solving (4) in series, we find that, when 2p is not a 
negative integer, then 


( 6 ) 


" ^ ,H.o'mir(2i/ + m-hl){r(i; + 7M+l))*^* 


and, when v is not a negative integer, then 

(-y^iizY*^(2m)\ 


( 7 ) 


J^(z)J^,(z)= 2 


o(m!)- r(i/ + m + 1) r(- I' + 7W + 1) * 


By reasoning which resembles that given in § 4*42, it may be shewm that 
(6) holds when v is half of an odd negative integer, provided that the quotient 
r (2v + 2m + l)/r (2i; + m + 1) is replaced by the product (2i; + m + 1),„. 


5*41. Products of series representing Bessel functions. 

It is easy to obtain the results of § 5*4 by direct multiplication of series. 
This method has the advantage that special investigations, for the cases in 
which = and those in which /i, + v is a negative integer, are 8iipei*fluous. 

The coefficient of (-)'»» in the product of the two absolutely 
convergent series 

I (-)" ^ I 

m=0 Wll r (/X -H m + 1) n=0 r* (*' + ^ + 1) 


n=on\ r(i/ -fru- l).(m-7i)! r(/H- 1) 




‘ml r(/i + w + 1) r(v -h WI + l)„=o 

ml r(/x + m+l)r(i/ + m + l) 


^ nf^n • ( ^ M 


(fl V + m + l)„ 


’“ml r (/X H- m + 1) r (i/ + m + 1) ' 
when Vandermonde’s theorem is used to sum the finite series. 
Hence, for all values of fi and i/, 

{l) r(/x + tn + l)r(i/ + m + l)’ 

and this formula comprises the formulae (5), (6) and (7) of § 5*4. 
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This obvious mode of procedure does not seem to have been noticed by any of the 
earlier writers; it was given by Nielsen, Math. Ann. lii. (1899), p. 228. 

The scries for Jq(z)qo^z and obtained by Bessel, Berliner Abh, 1824, 

[1826], pp. 38 — 39, and the corresponding results for Jv{z)co%z and •/„(«) sin « were 
deduced from Poisson’s integral by Lonimel, Stvdien Uher die Beeed'echen Functionen 
(Leipzig, 1868), pp. 16—18. Some deductions concerning the functions ber and bei have 
been made by Whitehead, Qwirterly Journal, XLII. (1911), p. 342. 

More generally, if we multiply the series for J^(az) and we obtain 

an expansion in which the coefficient of {\zY'^*'^ is 

M Qtm-7n 

r(i; + w + l).(wi -n)! F {/x Jii - n 1) 

_ 2^1 (~ - ft - m; 1/ H- 1 ; b^/a^) 

m! r f/A + + 1 ) r (*' + 1 ) 

and so 

( 2 ) 

^ V (-)*” 2^1 ( - \ 1/ + 1 ; b^ja^) 

an<l this result can be simplified whenever the hypergeometric series is 
expressible in a compact form. 

One Ciise of reduction is the case h = a, which has already been discussed ; 
another is the case h = ia, provided that = v\ 

In this case we use the formula* 

r(«>^^i)r(i) 


a-)9+l; -1) = 


and then we see that 
(3) J,ia2)l,{az)= 1 


2ar(ia + i)r(iat-;9 + l) 


cos JmTT 


-0 F (Jm -h 1) r (i/ H- + 1) f (i/ + m + 1) 

= V (-)”» {jazy^-^*^ 

,,^0 ! r (j/ + + 1) r*(f/ -H 2m + 1 ) ’ 

(4) J.,{az)I.{az)= I t 


m=o wi! r (iv + \ni + 1) r (- + Jw + 1) ’ 


(5) J.{az)I.,{az)= I ^7-^” (jary”- C(w + jm) tt 


m“o»»! r(jj»+ j»i + 1) r(- |j/ + im + 1)' 

If we take a = ei” in (3) we find that 
(6) her.* {z) + bei.« {z) = 2 

m=oWiI I (i'-bm + l)r(i/ + 2m + l)’ 
an expansion of which the leading terms were given in § 3*8. 

* Cf. Rummer, Journal fUr Math. xv. (1836), p. 78, formula (63). 
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The fonnulae (3), (4), (5) were discovered by Nielsen, Atti ddla R. Aooad. dei Liticeiy (5) 
XV. (1906), pp. 490—497 and Monatshefte filr Math, und Phys. xix. (1908), pp. 164 — 170, 
from a consideration of the differential equation satisfied by J^{az)J^y{hz). 

Some series have been given, Quarterly Journal^ xli. (1910), p. 65, for products of the 
typos •/’„* {z) and J„^ (z) „ (z), but they are too cumbrous to be of any importance. 

By giving /i the special values ± J in (2), it is easy to prove that 

(7) (z sin 6) = (2 sin r(2y + w) 

The special case of this formula in which 2v is an integer has been given 
by Hobson*. 


5’42. Products involving Bessel functions of the second kind. 

The series for the products J^{z)Yn(z)y J^{z)Yr,{z\ and Yr,^{z)Yn{z) 
have been the subject of detailed study by Nicholsonf ; the following is an 
outline of his analysis with some modifications. 

We have 

{z) r„ {z) = i [J^ {z) J, (z)\ - (-)» I {J, (z) (z)} . 

where v is to be made equal to n after the differentiations have been performed. 
Now 

^ \J^ (z) J. («)} = log (J^). (z) J. {z) 

* r (-)•• r (n + y + 2r- + 1 ) 

^ r=o h'! r(/i +i/+r 4- 1) r(M+»*+ 1) r(i» +»’ + 1) 

X {^(/i + «' + 2r+ 1) — ^(/i+ *' + r+ 1) — •^(K + r + l)}J 

and 


dp 


[J^ {z) iz)] = - log {\z) . (z) {z) 


-I [.T 




r(^-r + r+l)r(/t + r + l)r(-i/ + r + l) 

— «/ + 2 r+-l) — — y + r + l) — r + r + l)) 


We divide the last series into two parts, 2 and 2 . In the former part we 

r=o r-n 

have 


* Proc. London Math. Soc. xxv. (1894), p. C6 , also Cailler, de la Soc. de Phija. de 
Oen^ve, xxxiv. (1902—1905), p. 316. 

t Quarterly Journal, xliii. (1912), pp. 78—100. The expansion of Jo(z) lo(«) had been given 
previously by Nielsen, Handbuch der Theorie der Cylinderjunktionen (Leipzig, 1904), p. 21, 
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while in the latter part there is no undetermined form to be evaluated. When 
r is replaced in this part by n + r, it is seen that 


( 1 ) 


7rJ^(z) Yn(z) = - 


,ro r!r(/. + r+l) 


I (/i + n -h r -f l)r 

r-o r:(w +r)!r(/x.H-r+ 1 ) 

X {2 log(i^) + 2yfr (/LL + 7i + 2r + 1) 

— (/i 4- + r 4- 1) — (/^ + ^ + 1) 

— >|r(?i 4- r 4- 1) — H- 1)}. 

The expression on the right is a continuous function of /x at /a = 7n where 
//I = 0, 1, 2, ... , and so the series for 7rJ,„ (z) (z) is obtained by replacing /t 

by yn on the right in (1). 

'I'he series for (r) Vni^) can be calculated by constructing series for 

in a similar manner. The details of the analysis, which is extremely laborious, 
ha\e been given by Nicholson, and will not be repeated here. 


6*43. The integral foi' Jf, (s) (z). 


A geneialisation of Neumann’s integral (§ 2*6) for Jn{z) is obtainable by 
applying the formula* 


nir 

J i) 


0 cos (fl — p) 0(10 


TT r (/X 4- 4“ 2yn 4- 1) 

2#4+.'-f2m+i p 7}i-\~l) V(p + m 4- 1) 


to the result of § 5’41 ; the integral has this value when m = 0, 1, 2, . . . , provided 
that R (g. v) > — 1. 

It is then evident that 


m-O . 0 

SC) tliar when W (/x 4- 1 ^) > — 1 , 




111 ! 1 + 1/ 4" 7a 4* 1 ) 


cos (/X— p)6d0, 


9 , 

(1) I (^' 2 ' COS 0^ cos — 1 ^) 0d0 \ 

TT J {) 

the change of the order of summation .and integration presents no serious 
difficulty. 


* This formula is due to Cauchy ; for a proof by contour integration, see Modern Analysis, 
p. 263. 
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6 - 43 - 5 - 51 ] 

If n be a positive integer and i? 0* — n) > — 1, then 

(2) Ji* (e) Jn (z) * - f (2z cos 0) cos + n) 0d0, 

•n* Jo 

and this formula is also true if /i and n are both integers, but are otherwise 
unrestricted. 

Formula (1) was given by SchlaOi, MalA. Ann. iii. (1871), p. 142, when fi±v are both 
integers; the general formula is due to Q^nbauer, W/ener Sitzuingsherichte.^ cxi. (2a), 
(1902), p. 667. 


6 * 6 . Thz expansion of as a series of products. 

A natural generalisation of the formulae of Neumann (§2'7) and Gegenbauer 
(§ 5 2) is that 

(1) r(/i+v+i) 

X I ~ w W- 

m-0 Wl! 

The formula is true if p and v are not negative integers, but the following 
proof applies only ifi2(/i + i/ + l)> — 1. 

From § 6*2 we have 

(2cos^>‘+‘'= 2 /.+.+»» (2^ C08 6). 

m-0 


If we multiply by cos {p — v)d and integrate, it is clear from § 5*43 that 

^-^("'co^^>ecos(^-v)9d0^ I 

TT Jo m-0 w! 

^ "^M+m ( z)Jy+ni{z)t 

and the result follows by evaluating the integral on the left ; for other values 
of p and V the result may be established by analytic continuation. 


The formula is at once deducible from formulae given by Qegeubauer, Wiener Sitzunge- 
herichte^ Lxxv. (2), (1877), p. 220. 


6*61. LommeVs series of squares of Bessel functions. 

An expansion derived by Lommel* from the formula 

is A-, (z) = i ^ , 

n=sO Z ClZ 

SO that 

^ J {z) dz-^ % (i^ + 2w) J ^*-+2n w]. 

* The resultB of this section will be found in Math. Ann. u. (1870), pp. 632 — 633; xiv. (1878), 
p. 532 ; MUnchener Abh. xv. (1886), pp. 548—549. 
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Hence, by §5‘11 (11), we have 

(1 ) i j./ v_, (z) - (z) J, (z:)} = 2 (y + 2») A-h!» («). 

n"0 

on taking zero as the lower limit when 72 (i^) > 0 ; by adding on terms at the 
beginning of the series, it may be seen that the restriction 72/i/) > 0 is super- 
fluous. 

If we take in turn i; = ^, v = ? , and add and subtract the results so obtained, 
we have (§3*4) 

( 2 ) - = S (n + i) J^n4 i (^)» 

'H’ »-o 

(3) 2 (-)»(« + 

n -0 

while, by taking r= 1, we see that 
(4) i [*^o' (■^) "^ ^ (2 h 4- 1) t/*2n+i (^)* 

M-O 

Another formula of the snme type is derived by differentiating the series 

S €n (-S') ; 

n-O 

for it is evident that 

^ €n «7®»»+n ~ 2 ^ (^) *7^ i^+n (^) 

(IZ n-^O 11^0 

ao 

= S €n Jv+M (z) [»/ ,.+n — 1 (-2^) ““ k+n+i (^)} 

= ,4 (z) {4-1 (^) 4- 4+1 (^)l 

= 2v 4- {z)lz, 

and so, when ]i(v) >0, we obtain a modification of Hansens formula (§2‘5), 
nainc*ly 

i^) ^ enJ^^n(z) = 2r 

n - 0 J H t 

An iinj)ortant conse(|uence of this formula, namely the value of an upper 
bound for , 4 (-r) , will be given in § 13 42. 

By taking J, it is found that 
^ €„/V 4 (z) = -f 

fi=^v 

and so 

(*’> ^ J\+i(z) = -Si(2z), 

»»- 0 TT 

where, as usual, the symbol Si denotes the “sine integral/* This result is given 
b\ Lonimel in the third of the memoirs to which reference has been made. 


r 2, sinHy 
L ^ Jo 


2 

+ - 


TT.' 0 


sin 2i 


dt 



MISCELLAI7E0US THEOREMS 


153 


6 - 6 ] 


6 * 6 . Continued fraction formulae. 

Expressions for quotients of Bessel functions as continued fractions are 
deducible immediately from the recurrence formula given by §3-2(1); thus, 
if the formula be written 


Jv-M 


it is at once apparent that 


1 _ (^)l ^ ‘ 

JAz) 


m ijy{u_(v_+i)} i«VK*'+i)(*' + 2)i 

' ^ 1 - 1 _ ■ "1 ~ 


This formula is easily transformed into 

/2\ I; ^ f+m+i (^) 

J,-iiz) 2vlz-'2.{v{-\)lz- ...-2{v + m)jz- J,^.m{z) 

These results are true for general values of v; (1) was discovered by 
Bessel* for integral values of v. An equivalent result, due to Schlomilchf, is 
that, if then 


(3) 


Q,(^) = 


1 

!»+ 1 


IfL 

i; + 2--i'4-3 — 


(^) 

— V -h w — 4 


Other formulae, given by LommelJ, are 

/A\ ^ ^ '2l«A^+ni+i (^) 

^ ^ J,(^) 2(i. + l)-2(i; + 2)-2(i; + 3;-...-2(i. + m)-' ' 

/e\ •A/+2(^) __ _ 1 1 2 (l/ 4~ 1) 

JJz) ‘^2(i; + l)-2(i; + 2)-...-2(i. + m)- ’ 

The Bessel functions in all these formulae may obviously be replaced by any 
cylinder functions. 

It was tissumed by Bessel that, when wi oo , the last quotient may be 
neglected, so that 

J.{z) _UIp ^zy\v{p + l)} iz^/{{p+l)(p-^2)] 

J,^,(z) 1 - 1 - ■ l" 


* Berliner Abh. (1824), [IS’iC], p. 31. Formula (2) seems not to have been given by the earlier 
writers ; see Encyclop^.die dea Sci. Math. ii. 28, § 58, p. 217. A slightly different form is used by 
Graf, Ann. di Mat. (2) xxiii. (1896), p. 47. 

t Zeitachrift fiir Math, und Phya. n. (1657), p. 142 „ Bchlomilch considered Integral values of 
V only. 

{ Studien iiher die BeaaeVachen Functionen (Leipzig, 1868), p. 6 ; see also Spitzer, Archiv der 
Math, und Phya. xxx. (1858), p. 332, and Gunther, Archiv der Math, und Phya. lvi. (1874), 
pp. 292—297. 
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It is not obvious that this assumption is justifiable, though it happens to 
be so, and a rigorous proof of the expansion of a quotient of Bessel functions 
into an infinite continued fraction will be given in § 9’65 with the help of the 
theory of “ Lommel’s polynomials/* 

[Note. The reason why the assumption is not obviously correct is that, even though 
the fraction Pml^m tends to a limit as m-^ao , it is not necessarily the case that 
tends to that limit ; this may be seen by taking 

^„, = m + 8inm, a, „=-!.] 

The reader will find an elaborate discussion on the representation of ( 2 ) as a 

continued fraction in a memoir* by Perron, Munchener Sitzungsbenchte^ xxxvii. (1907)> 
[)p. 483—504; solutions of Riccati’s equation, dejMinding on such a representation, have 
been considered by Wilton, Quarterly Journal, xlvi. (1915), pp. 320 — 323. The connexion 
between continued fractions of the types considered in this section and the relations con- 
necting contiguous hypergoometric functions has been noticed by Heine, Journal fiir 
Math. LVii. (1860), pp. 231- 247 and Christoflel, Jourml fiir Math, lviii. (1861), 
PI). 90—92. 


5 * 7 . Hansens expression for Jy(z) as a limit of a hyper geometric function. 
It was stated by Hansen f that 

(1 ) /.(.)= lim =1^ . , F, (x, M ; - + 1 ; - 4^) . 

We shall prove this result for general (complex) values of v and z when \ and 
p tend to infinity through complex values. 

If \= 1/8, /i = 1/77, the (/M-b l)th term of the expansion on the right is 


mW {v -{■ m + \) 




This is a continuous function of 8 and tj ; and, if 80, tjq are arbitrary positive 
numbers (less than 2 | 2 |“^), the series of which it is the (m + l)th term con- 
verges uniformly with respect to 8 and rj whenever both | 8 | ^ 8® and 1 77 1 < t/o. 
For the term in question is numerically less than the modulus of the (m -b 1 )th 
term of the (absolutely convergent) expansion of 


• 5»^l(l/8or 1/^0 j J ' + 1 ; i-2*So77o), 

and the uniformity of the convergence follows from the test of Weierstrass. 
Since the convergence is uniform, the sum of the terms is a continuous 


* This memoir is the subject of a paper by Nielsen, MUiichener Sitzungsberichte , xxxviii. 
(1908), pp. 85—88. 

t Leipziger Abh. 11 . (1856), p. 252 ; see also a Halberstadt diasertatiou by F. Neumann, 1909. 
[Jahrbuch Uher dir Fortechritte dcr Math. 1909, p. 675.] 



5-7, 6-71] 


MISCELLANEOUS THEOREMS 


165 


function of both the variables (S, i;) at (0, 0), and so the limit of the series is 
the sum of the limits of the individual terms ; that is to say 



r(r + i) 



p + l; 


4 / w^owi! r(i; -f- m + 1) * 


and this is the result stated. 


6*71. Bessel functions as limits of Legendre functions. 

It is well known that solutions of Laplace’s equation, which are analytic 
near the origin and which are appropriate for the discussion of physical 
problems connected with a sphere, may be conveniently expressed as linear 
combinations of functions of the type 

?’"Pn (cos 6\ (cos 6) m 0 ; 

sin 

these arc normal solutions of Laplace’s equation when referred to polar 
coordinates (?•, 0, <f>). 

Now consider the nature of the structure of spheres, cones and planes 
associated with polar coordinates in a region of space at a great distance from 
the origin near the axis of harmonics. The spheres approximate to planes and 
the cones approximate to cylinders, and the structure resembles the structure 
associated with cylindrical-polar coordinates ; and normal solutions of Laplace’s 
equation referred to such coordinates are of the form (§ 4*8) 

It is therefore to be expected that, when r and n are large * while 0 is small 
in such a way that r sin 0 (i.e. p) remains bounded, the Legendre function 
should approximate to a Bessel function; in other words, we must expect 
Bessel functions to be expressible as limits of Legendre functions. 

The actual formulae by which Bessel functions are so expressed are, in 
effect, special cases of Hansen’s limit. 

The most important formula of this type is 

(1) lim P„ fcos = e/o (^)- 

?l oo \ 

This result, which soems to have been known to Neumannt in 1862, has been investi- 
gated by Mehler, Journal fur Math. Lxviii. (1868), p. 140; Math. Ann. v. (1872), pp. 136, 
141 — 144; Heine, Joimial filr Math. LXix. (1869), p. 130; Rayleigh, Proc. London Math. 
Soc. IX. (1^78), pp. 61 — 64 ; Proc. Royal Soc. xcn. A, (1916), pp. 433 — 437 [Scientifc Papers^ 
I. (1899), pp. 338 — 341 ; vi. (1920), pp. 393 — 397]; and Giuliani, Oiorn. di Mat. xxil. (1884), 
pp. 236 — 239. The result ha.s been extended to generalised Legendre functions by Heine 
and Rayleigh. 

It has usually been assumed that n tends to infinity through integral 
values in proving (1); but it is easier to prpve it when n tends to infinity as 
a continuous real variable. 

* If n were not large, the approximate formula for (cos 6) would be (ain»"^)/m!. 
t Cf. Journal filr Math. Lxii. (1863), pp. 36 — 49. 
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We take Murphys formula 

Pn (cos zjn) =* 2 F 1 (- n, ?i + 1 ; 1 ; sin* 

and the reasoning of the preceding section is applicable with the slight 
modification that we use the inequality 

Isin {^zln)\^^\{zln)\, 

when j ^ I ^ 2 I ?i |, and then we can compare the two series 

.F, (- n, n + 1 ; 1 ; sin* ^F, (1/So, + 1 ; 1 ; i !0, 

where So is an arbitrary positive number less than tod the comparison 

is made when | n | > 1/So. The details of the proof may now be left to the reader. 

When }i is restricted to be a positive integer, the series for P„(cos^/n) 
terminates, and it is convenient to appeal to Tannery’s theorem* to complete 
the proof. This fact was first noticed by Giuliani ; the earlier writers took for 
granted the permissibility of the passage to the limit. 

In the case of generalised Legendre functions (of unrestricted order ?u), 
the definition depends on whether the argument of the functions is between 
+ 1 and - 1 or not ; for real values of x (between 0 and tt) we have 

PrT^ ^COS 

so that 

(2) lim (cos -) = J„ (x), 

n-i^<x> \ 71/ 

but otherwise, we have 

-Pn'*'” fcosh ^ 

\ n 

SO that 

(‘^) jim (cosh = /,„ {z). 

The corresponding formula for functions of the second kind may be deduced 
from the equation which expressesf Qn™ in terms of P, ™ and P„-"* ; it is 

lim r Q « fcosh -VI - K 

This formula has been given (with a different notation) by Heinct; it is most 
easily proved by substituting the integral of Laplace’s type for the Legendre 
lunction, proceeding to the limit and using formula (5) of §6 22. 

Cf. Bromwich, Theory of Infinite Series, § 49. 
t Cf. Barnes, Quarterly Journal, xxxix. (1908), p. 109 ; the equation is 

2r ( - m - n) n „ ^ />»-»;_ i»„.» 

. „ , iri> r(i-m+«)'r(iTi;ri:;r) 

in BariU'R’ notation, which is adopted in this work. 

X fur Math, i.xix. (1868), p. 131. 


\ tanh"‘(iz/ri) ^ . 

/ * r(w -h 1) -h 1 ; ?n + 1 ; - sinh** J z/n), 


£r\ _ tan*" (^xjn) 
n) ~ 


r (m + 1) ^ ^ > w*- + 1 ; sin* ^ xjn), 
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Another formula, slightly different from those just discussed, is 

(5) 

this is due to Laurent*, and it may be proved by using the second of Murphy’s 
formulae, namely 

Fn (cos 0) - cos" . 2 ^^ (— ^ ; 1 ; - tan* 

[Note. The existence of the formulae of this section must be emphasized because it 
used to be generally believed that there was no connexion between Legendre functions and 
Bessel functions. Thus it was stated by Todhunter in his Elementary Treatise on Laplace's 
Functions^ Lame's Functions and Bessel's Functions (London, 1875), p. vi, that ‘‘these 
[i.e. Bessel functions] are not connected with the main subject of this book.”] 


6’72. Integrals associated with Mehler^s for^mula. 

A completely different method of establishing the formulae of the last 
section was given by Mehler and also, later, by Rayleigh ; this method depends 
on a use of Laplace’s integral, thus 

1 f"’ 

Fn (cos 0) - — ] (cos 0 + i sin tf cos dd> 

TT/ 0 

aa 1 f"gnl 0 K( 00 i«+< 8 inac 08 ^) 

TT/ 0 

Since 

n log jeos (z/n) -f i sin (z/n) cos (^) iz cos <f> 
uniformly as n oo when 0 we have at once 

lim Fn (cos zin) = ~ T d<f> = {z). 

Heine t and de Ball^ have made similar passages to the limit with integrals 
of Laplace’s type for Legendre functions. In this way Heine has defined 
Bessel functions of the second and third kinds ; reference will be made to his 
results in § 6*22 when we deal with integral representations of Yy (z). 


Mehler has also given a proof of his formula by using the Mehler- Dirichlet integral 

/> (C09fl)=- 

If n^=}l^, it may be shewn that 


2 r» 

Fn (cos z/n) I 

IT J 0 


* COS \^d}jr 


but the passage to the limit presents some little difficulty because the integral is an im 
proper integral. 


Various formulae have been given recently which exhibit the way in which 


* Journal ile Math, (8) i. (1875), pp. 884 — 885; the formula actually given by Laurent is 
en oneous on account of an arithmetical error. 

t Journal fur Math. lxiz. [1868), p. 181. See also Sharpe, Quarterly Journal^ (1890), 
pp. 883—886. 

X A»tr, Nach. cxxviii. (1691), col. 1 — 4. 
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the Legendre function approaches its limit as its degree tends to infinity. 
Thus, a formal expansion due to Macdonald* is 


(1) P„-»(cosd) 

= (» + i)""* (cos id)-” [Pm (®) 

+ sin* id — + (a;)} + 

where a? « (2» + 1) sin id. 

Other foiTOulae, which exhibit an upper limit for the error due to replacing 
a Legendre function of large degree by a Bessel function, aref 

(2) Pn (cos Ij) ± iV"* Qn (cos i;) 

= v/(8ec 17) . [P, {(n + i) tan 17} ± |(»i + i) tan 17)] 

4d,V(8ec»)) 

■^^{P(«) + il’ 


(3) 


Pn (cosh f ) = ( 


Vsinh f , 


V r /„tx . 

;j Po(«f)+ • 


(4) Q„(c 08 h f) = .^(sech f) . A”, {(n + i) tanh f) 

§d,P(8echf).e-<»+*)f 
P (n) + i 


where, in (2), 0 < ?; < ^tt, and, in (3) and (4), f ^ 0 ; the numbers 0^, 6^, 0^ are 
less than unity in absolute magnitude, and n may be complex provided that 
its real part is positive. But the proof of these results is too lengthy to be 
given here. 


6‘73. The formulae of Olbricht 

The fact that a Bessel function is expressible by Hansen’s formula as a 
limit of a hypergeometric function has led OlbrichtJ to investigate methods 
by which Bessel’s equation is expressible as a confluent form of equations 
associated with Riemann’s P-functions. 


If we take the equation 


^ . 2 ^ 4-1 dy 
dz^ z dz 



y = 0, 


of which a fundamental system of solutions is the pair of functions 

and compare the equation with the equation defined by the scheme 

ra, 6, c, \ 

^j«. /S. 7. 4> 

W. 0, 7. J 

Proc London Math. Soc, (2) xiii. (1214), pp. 220 — 221 ; eome aBBociuted results had been 
obtained previously by the same writer, Proc. London Math. Soc. xxxi. (1899), p. 269. 

tWateon, Trans. Camb. Phil. Soc xxii. (1918), pp. 277—308; Meaenyer, xlvii. (1918), 

pp. 161—160 

t Nova Acta Caet.-Leop.-Acad. {Halle), 1888, pp. 1—48. 
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X U- =0 

{z -a)(z - b) — c) ’ 

we see that the latter reduces to the former if 

a = 0, a = 1 / — /A, a' = — i; — /A, 

while 6, Cy j 3 y I 3 \ 7, y tend to infinity in such a way that l 3 + 0 and 7 + 7' 
remain finite (their sum being 2 /a -h 1) while = yy and 6 + c = 0. 

We thus obtain the scheme 


( 0 , 2i0 - 2i0 \ 

limPJ I/-/A, 0 yy z\y 

i-i/-/A, -A 7, J 
where 7, 7 = M + i ± V{(m + hY + 

Another similar scheme is 

( 0, 10 00 , \ 

limP< I/- /A, 0 7, z\ 

Ui;-./A, ^0 y\ J 

with the same values of 7 and y as before. 

A scheme for Jy, (z) derived directly from Hansen’s formula is 
r 0, 00, -4a/?, \ 


lim P/ ^i/, a — 0, z^>. 

(p^co) (-Ji;, 0-iVy V-\-l-Ol-0 J 

Olbricht has given other schemes but they are of no great importance and 
those which have now been constructed will be sufficient examples. 


Note. It has been observed by Haentzschel, Zeittchrift far Math, und Phya. xxxi. 
(1886), p. 31, that the equation 

rftt* t J 

wlioee solution (§ 4*3) is (Au), may be derived by confluence from Lamti’s equation 


wlien the invariants g 2 and of the Weierstrassiari elliptic function are made to tend to 
zero. 
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INTEGRAL REPRESENTATIONS OF BESSEL FUNCTIONS 


6*1. Generalisations of Poisson's integral. 

In this chapter we shall study various contour integrals associated with 
Poisson’s integral (§§ 2*3, 3*3) and Bessel’s integral (§ 2*2). By suitable choices 
of the contour of integration, large numbers of elegant formulae can be obtained 
which express Bessel functions as definite integrals. The contour integrals will 
also be applied in (Jhapters vii and vill to obtain approximate formulae and 
asymptotic expansions for Jp (z) when ^ or is large. 

It happens that the applications of Poisson’s integral are of a more 
elementary character than the applications of Bessels integral, and accordingly 
we shall now study integrals of Poisson s type, deferring the study of integrals 
(»f Bessel’s type to § 0*2. The investigation of generalisations of Poisson’s 
integral which we shall now give is due in substance to Hankel*. 

The simplest of the formulae of §3*3 is §3*3 (4), since this formula contains 
a single exponential under the integral sign, while the other formulae contain 
circular functions, which are expressible in terms of two exponentials. We 
shall therefore examine the circumstances in which contour integrals of the type 

J a 

are solutions of Bessel’s equation; it is supposed that T is a function of ^ but 
not of Zy and that the end-points, a and are complex numbers independent 
of z. 

The result of operating on the integral with Bessel’s differential operator 
V,, defined in § 3*1, is as follows: 


V, Tdt^ = r(l - P) lit + (2*/ + 1) Ttdt 

= iz"*' T - l)j'' + «•'+• J" e‘^‘ (2„+l)Tt-j^ {T(t‘ - 1)} J dt, 


* Math. Ann. i. (1809), pp. 473 — 485. The dincuBBion of the correBponding integrals for Ji*(2) 
and Ky(z) is due to Hchlafli, Ann. di Mat. (2) i. (1868), pp. 2:42—242, though Schlafli’s results 
are expressed in the notation explained in § 4'15. The integrals have also been examined in great 
detail by GubUr, XiJrich Vierteljahrsschrifty xxxiii. (1888), pp. 147-172, and, from the aspect of 
the theory of the linear differential equations which they satisfy, by Graf, Math. Ann. xlv. (1894), 
pp. 236 — 262 ; lvi. (190:4), pp. 432 — 444. See also de la Valine Poussin, Ann. de la Soc, SH. de 
Bru.relle8y xxix. (1905), pp. 140—143. 
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by a partial integration. Accordingly we obtain a solution of Bessels equation 
if T, a, b are so chosen that 

^ - 1 )) - {2v + 1 ) Tt, T(p - 1 )]' = 0 . 

The former of these equations shews that T is a constant multiple of 
(f® — 1)*'"*, and the latter shews that we may choose the path of integration, 
either so that it is a closed circuit such that (i® — 1)’' + * returns to its 
initial value after t has described the circuit, or so that !)•'■*■* vanishes 

at each limit. 

A contour of the first type is a figure-of-eight passing round the point 
f = 1 counter-clockwise and round t = — 1 clockwise. And, if we suppose 
temporarily that the real part of z is positive, a contour of the second type is 
one which starts from -h oot and returns there after encircling both the points 
— 1, 4- 1 counter-clockwise (Fig. 1 and Fig. 2). If we take a, 6 = ± 1, it is 



Fig. 2. 


necessary to suppose that It(y + J) > 0, and we merely obtain Poisson s 
integral. 

To make the many- valued function (i* — 1)*'"^ definite*, we take the phases 
of ^ — 1 and ^ -h 1 to vanish at the point A where the contours cross the real 
axis on the right of i = 1. 

We therefore proceed to examine the contour integrals 

r(l+, - 1 -) /•(-!+, 1 +) 

eizt («» - ly-^ dt, z^ - !)•'“* dt. 

J A J 

* It is supposed that v has not one of the values J , ^ ; for then the integrands are anab^ic 
at ± 1, and both integrals vanish, by Cauchy’s theorem. 


W. B. F. 


11 
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It is to be observed that, when R (^) > 0, both integrals are convergent, 
and diflFerentiations under the integral sign are permissible. Also, both 
integrals are analytic functions of p for all values of p. 

In order to express the first integral in terms of Bessel functions, we 
expand the integrand in powers of z, the resulting series being uniformly 
convergent with respect to t on the contour. It follows that 

/■(1+ OD yw /*(14 , -1-) 

z> , I <”>(<»- 1)-' dt 

Ja m=0 ^5 Ja 

Now is an even or an odd function of t according as m is even 

or odd; and so, taking the contour to be symmetrical with resy^ect to the origin, 
we see that the alternate terms of the series on the right vanish, and we are 
then left with the equation 

/•(If.-l-) ® f{l+) 

z” (<* - I)-'-* d< = 2 S ^ - P" (<» - I)"-* dt 

Ja «-o (2wt)! Jo 

® /*(!+) 

= ^ - A u*^-^(u-iy'idu, 

{2rn)! Jo 

on wi’iting t = \/v\ in the last integral the phases of u and m — 1 vanish when 
%i is on the real axis on the right of = 1 . 

To evaluate the int(‘grals on the right, we assume temporarily that 
ii(i/ + ^)>0; the contour may then be deformed into the straight line 
from 0 to 1 tak('n twice; on the first part, going from 0 to 1, we have 
t/ — 1 = (1 “ u)e'"^\ and on the second part, returning from 1 to 0, we have 
w - 1 = (1 — ^ where, in each case, the phase of 1 — u is zero. 

We thus get 

riH) r\ 

J (?/ - 1)''-^ - e<''- J da 

r (/a + ^) r (i/ 4- A) 

= 2i eos PTT - ^ 

1 {i/l + 7' -f I ) 

Now both sides of tin* e(juation 

^ 2i cos inr 

{nt 4 u -|- 1 ) 

are analytic functions of p for all values of//; and so, by the gemral theory of 
analvtie continuation*, this result, which has been proved wht‘n It ( 7 ' 4 i) >0, 
})ersists for (ill values of v. 

* Modern Anolys,-, §5-5. Tliu reader will also find it possible to obtain the result, when 
]t (r 4- i)>'0, by n peatedl.y iisiiiR the reciirrencejfornmla 


I- 

in uiitaiDf'd by intfgnitinK the forimila 

i («- Ij'+wi] =(,K + . + n4-l)u’"-4 (u-l)>'+w + i + (v + ,n 4)u’""i{M-l)’'+’'-S ; 

the intORral is Uisn oxpres'-cd in terms of an integral of the same type in which the exponent of 
u - 1 has u positive real part. 
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Hence, for all* values of v, 


r(i+, - 1 -) 


l)-’-fd« = 2icosv7r.r(i/ + i) I ^ 

vi-o (2wi-)! r(v + ?/i 4- 1) 


as 2 *''^^ I r (J) r (|/ -f cos VTT . (^). 

Therelbre, if v + ^ is not a positive integer, 

(*) <'> - ''*1;;^ r'(if* ^/r 

and this is Hankel’s generalisation of Poisson’s integral. 

Next let us consider the second type of contour. Take the contour to lie 
wholly outside the circle 1^1 = 1, and then 1)*"^ is expansible in a series 
of descending powers of t, uniformly convergent on the contour; thus we have 

rnl I (i- 1') 

and in the series the phase of t lies between — f7r and + ^tt. 

Assurningf the permissibility of integrating term-by-term, we have 

-2" - 1)-* dt= X - — 

J 00* m <-0 ^ • P (a J cot 


,_o wir(^- 


,(-l + .l+) /•(0+) 

gift df ^ g-rwi e~“ dl<, 

j 00 1 J 00 exp ia 

where a is the phase of z (between ± Jtt); and, by a well-known forinulaj, the 
last integral equals ~ 27ri7r (2m — 2i/ + 1). 

Hence 

.Li ^ ’ ,„-o w!ra-v)r(2m-2«- + l) 

_ 2-*-7ne--'‘r(i) J 

r(i-«') 

when we use the duplication formula§ to express P (2m — 2*; + 1) in terms of 
P ( J - 1 / + m) and F (- // -f- in -f 1). 

* If ^ is a negative integer, the Bimpleat way of evaluating the integial ia to oalculate the 
re;)idiie of the integrand at u=: 1. 

t To juBtify the term-by-term integration, observe that J * ^ I I is convergent ; let 

J Obi 

itfe value be K. Since the expansion of 1)*'”^ converges uniformly, it follows that, wheu we 
are given a positive number €, we cau find an integer Mq independent of f, such that the remaintler 
after M terms of the expansion does not exceed ejK in absolute value when M > Mq. We then 
have at once 

I r<-t+.i+) _ i)-i dt -"v ‘ ^ I 

I7«i m-o m'-im-l') } aoi I 

J aoi 

and the required result follows from the definition of the sum of an infinite series. 
t Cf. Modem Analysis, § 12-22. § Cf. Modern Analysis, § 1215. 

11—2 
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Thus, when R(z)>0 and v + ^ is not a positive integer, 



This equation was also obtained by Hankel. 

Next consider 

J oof exp( -tw) 

where €o is an acute angle, positive or negative. This integral defines a function 
of z which is analytic when 

— .Jtt + ft) < arg z < Jtt + ft) ; 

and, if z is subject to the further condition that | arg^r | < J-tt, the contour can 
be deformed into the st^cond of the two contours just considered. Hence the 
analytic continuation of J-v{z) can be defined by the new integral over an 
extended range of values of arg z\ so that we have 

- ( j-v) /■(“!+. 1 +) 






where arg z has any value between — iJtt + cd and ^tt + co. 

pving ft) a suitable value*, wc can obtain a representation of J-y(z) 
for any assigned value of arg z between ~ tt and tt. 

When li (z) > 0 and (i/ + i) > 0 wc may take the contour to be that shewn in Fig. 3, 



in wliich it is supposed that the radii of the circles are ultimately made indefinitely small. 
By taking eacli straight line in the contour separately, wo get 

j. r(4--F)e''"'(A2)''r ro 

+ (1 - dt 

fj -<2)1-4 

+j^ (I- (iy-i dt 

+ «•“ «’'•(■'-!) (1 _ <2)l-J 

W^opriate value (greater than Jt), a repre- 
Bentation of .r . . (.-) v«l,d for any preassigned value of arg * may be obtained. 
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On bisecting the third path of integration and replacing t in the various integrals by 
-ty ±ty ty it respectively, we obtain a formula for J-y{z)y due to Gubler* which corre- 
sponds to Poisson’s integral for Jy (z ) ; the formula is 

and, if this be combined with Poisson’s integral, it is found that 

a formula which was also discovered by Gubler, though it had been previously stated by 
Weber t in the case of integral values of v. 

After what has gone before the reader should have no difficulty in obtaining a formula 
closely connected with (1), namely 


wr(i) 


2 — COS (zt) . dty 


in which it is sup|)osed that the phase of vanishes when t is on the real axis on the 
right of i = l. 


6 ’ll. Modifications of HankeVs contour integrals. 


Taking R {z) > 0, let us modify the two contours of § 61 into the contours 
shewn in Figs. 4 and 5 respectively. 



Fig. 4. Fig. 5. 


By making those portions of the contours which are parallel to the real 

* Zurich Vierteljahraschrifty xxxiii. (1888), p. 159^ See also Graf, Zeitschrift fUr Math, und 
Phya. xxxviii. (1893), p. 116. 

+ Journal fUr Math. Uixvi. (1873), p.9. Of. Hayashi, Nyt Tidaakrift for Math, xxiii. d, (1912), 
pp. 86—90. The formula was examined in the case if=0 by Esoherioh, Monatahefte fiir Math, 
und Phya. m. (1892), pp. 142, 234. 
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Mxis move off to infinity (so that the integrals along them tend to zero), we 
obtain the two following formulae: 




2wir{i) 

r /•(! + ) l' (->-) 

I e^‘ dt + \ 


]• 


(2; 


r(|- v)e;;«(|f)‘' 


27rir(i) 


r r 0 +) /•(-»+) 1 

e’" (<" -ly-i dt+ e ’^ (<» - 1 ‘ d< . 

_ . l + aoi •' — 1 + 00* 


In the first result the many- valued functions are to be interpreted by taking 
thc‘ phase of — 1 to be 0 at A and to H- tt at B, while in the second the 
]>ha.se of — 1 is 0 at A and is — tt at B. 

To avoid confusion it is desirable to have the phase of — 1 interpreted 
in the same way in both formulae; and when it is supposed that the phase of 
r — 1 is + TT at Ji, the formula (1 ) is of course unaltered, while (2) is replaced by 

{•i) - ■■27rir4) 

X e"” (*“ - 1 dt + 6-”’’ I e“' (*“ - I)'-* dt . 

L^l + OO* l-t-QDI J 

In the last of these integrals, the direction of the contour has been reversed 
and the alteration in the convention determining the phase of t^—1 has 
necessitated the insertion of the factor 

On comparing equations (1) and (3) with § 3*61 equations (1) and (2), we 


see that 



(4) 

iriTil) ! 

r(i+) 

1-1 00* 

(5) 

jy (J) _ I’ (i “ "): (if)' 

/•(-1-) . 

Id*, 

— 1 -f QO* 


unless V is an integer, in which case equations (1) and (3) are not independent. 

We can, however, obtain (4) and (5) in the case when i/ has an integral 
value (?i), from a consideration of the fact that all the functions involved are 
continuous functions of j/ near n = /i. Thus 

(^) = liin 

ra-»-).(i^)» /•(•+) 

= / « (t‘-iy-i dt 

•'-►n TTl 1 (J) J 

r(J — /■(1+) 


and similarly for (^). 
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As in the corresponding analysis of § 6‘1, the ranges of validity of (4) and 
(6) may be extended by swinging round the contours and using the theory of 
analytic continuation. 

Thus, if — Jw <(o < fir, we have 


( 6 ) 


^ \2/ - oo«eip(-t«») 




while, if — fir < w < fir, we have 


( 7 ) 






«ra) 


. eD<exp(-ini) 




provided that, in both (6) and (7), the phase of z lies between — Jtt + o) and 

JtT + ft). 


Representations are thus obtained of (z) when arg z has any value 
between — tt and 27r, and of (z) when arg z has any value between 
— 27r and tt. 


If CD bo increased beyond the limits stated, it is necessary to make the contours coil 
round the singular points of the integrand, and numerical errors are liable to occur 
in the interpretation of the integrals unless great care is taken. Weber, however, has 
adopted this procedure. Math. Ami. xxxvii. (1890), pp. 411 — 412, to determine the for- 
mulae of § 3 62 connecting ( - z), Hy^^) ( - z) with //„(0 («), (z). 

Note. The formula 2tyy (z)==Ey(^)(z) — Ey('^i(z) makes it possible to express y'y(z)w 
terms of loop integrals, and in this manner Hankel obtained the series of § 3*52 for 
Yw( 2 ); this investigation will not be reproduced in view of the greater simplicity of 
Hankel’s other method which has lieen do.scribed in § 3-62. 


6*12. Integral representations of functions of the third kind. 


In the formula § 6*11 (6) suppose that the phase of z has any given value 
between — tt and 27r, and define ^ by the equation 

arg £ = ft) -f 

so that — \ir < ^ < \Tr, 

Then we shall write 

i — 1 = z~‘^ (- u\ 

so that the phase of — u increases from — tt + /? to tt 4- )8 as t describes the 
contour; and it follows immediately that 


( 1 ) 




tT(i - 

TT xji^TTZ) 


r(o+) 

J 00 exp 


(— uy~^ 



dUf 


where the phase of 1 + ^iu/z has its principil value. Again, if )8 be a given 
acute angle (positive or negative), thisi formula affords a representation of 
Hy^^^ (z) valid over the sector of the ^-plane in which 


- ^TT + /3 < arg 2 : < ^TT 4- /8. 
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Similarly*, from §611 (7), 

(2) w . - -- / (- »r ‘ (i - s) 




du, 


where /3 is any acute angle (positive or negative) and 
- |7r 4- /S < arg < Jtt + 

Sincef, by § 3*61 (7), {z) = {z), it follows that we lose nothing 

by restricting v so that ii (i/ + J) > 0 ; and it is then permissible to deform 
the contours into the line joining the origin to oo expt/8, taken twice; for the 
integrals taken round a small circle (with centre at the origin) tend to zero 
with the radius of the circle^. 

On deforming the contour of (1) in the specified manner, we find that 

/ 9 \h fcooxpip / 

(3) + <*“■ 

where /8 may be any acute angle (positive or negative) and 
R(v + ^)>0, - iv + R < HTg Z < ^TT + fi. 

In like manner, from (2), 


( 4 ) 




(^) = (-) 

yirzj 


2 rooeipi^ 


f oot 

0 




( iuy-i 

(‘-aj ' 


du, 


r(i^ + i) 

where ^ may be any acute angle (positive or negative) and 

>0, — |7r + ^< arg z < l^rr + J3, 

The I'esulta (3) and (4) have not yet been proved when 2v is an odd positive integer. 
But in view of the continuity near p — n-h^ of the functions involved (where 7 i = 0, 1, 2, ...) 
it follows, as in the somewhat similar work of § 61 1, that (3) and (4) are true when v = J, 
If , .... The results may also bo obtained for such values of v by expanding the integrands 

in terminating series of descending powers of z, and integratiiig tenn-by-teriu; the formulae 
so obtained are easily reconciled with the equations of 3’ 4. 

The general formnlao (3) and (4) are of fundamental importance in the 
discuaaion of asymptotic expansions of J±,{z) for large values of \z\. These 
applications of the formulae will be dealt with in Chapter vii. 

A useful modification of the formulae is due to Schafheitlin§. If we take 
arg« = /3 (so that argz is restricted to be an acute angle), and then write 
u = 2z cot 0, it follows that 


(5) //W(^) = . 


2 "+' z” 


tr(v + j)r(p 


p' cos '“J 0 . 


( 6 ) 


H (z) = - f*' 

' ^ ' tr(.' + i)r(i)j« 


0 sin'^+^d 
■1' cos'- 4 0 . 


sin’"'+'^ 


e-“cot» 


* To obtain tbiH formula, write 

« + l = t- l=2e'"(l -iiu/z). 

f There eeeme to be no simple direct proof that 

J oot xp tfi \ 2zJ 


is an even function of p 

X Cf. Modern Analysis, § 12*22. 


§ Journal fur Math. cxiv. (1894), pp. 31—44. 
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and hence that 
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/ 7 ) ^ (Z-V0 + ^0) ,, 

(7) r(i»+ J)r(J)Jo 8in"’+‘0 ® 


( 8 ) 


Yf. 2 '’+»*' f*' 

f(r + i)f(J)'« 


These formulae, which are of course valid only when R (i/ + J) > 0, were 
applied by Schafheitlin to obtain properties of the zeros of Bessel functions 
(§§ 16*32-«-15‘36). They were obtained by him from the consideration that the 
expressions on the right are solutions of Bessel’s equation which behave in the 
appropriate manner near the origin. 

The integral J (1 + dw, which is reducible to integrals of the types 

occurring in (3) and (4) when /i = v, has been studied in some detail by Nielsen, Math. Ann. 
Lix. (1904), pp. 89—102. 

The integrals of this section are also discussed from the aspect of the theory of asymp- 
otic solutions of differential equations by Brajtzew, Warsckau PolyU Inst. Nach. 1902, 
nos. 1, 2 \Jahrhuch ilher die Fortschritte der Math. 1903, pp. 676 — 677]. 


6*13. The geiwralised Mehler-Smiine integrals. 

Some elegant definite integrals maybe obtained to represent Bessel functions 
of a positive variable of a suitably restricted order. To construct them, observe 
that, when z is positive (= x) and the real part of v is less than it is per- 
missible to take (0 = Itt in § 6*11 (6) and to take in § 6 11 (7), so 

that the contours are those shewn in Fig. 6. When, in addition, the real part 
of V is greater than — J, it is permissible to deform the contours (after the 
manner of § 6*1 2) so that the first contour consists of the real axis from + 1 
to -1- 00 taken twice while the second contour consists of the real axis from 
— 1 to — 00 taken twice. 



Fig. 6. 


We thus obtain the formulae 

HW (*) = ^ ( 1 - e-’''-**") (<’ -!)'-» dt, 

TTll (i) Jl 

(*) = - (1 _ W) r"e-i« _ ly-i dt, 

TTll (i) .'l 

the second being derived from § fill (7) by replacing ^ by — ^ 
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In these formulae replace i/ by — and use the transformation formulae 
given by § 3'61 (7). It follows that, when x>0 and — J < 22 (v) < then 


(1) 


(2) 

(x) = - 

so that 


(3) 

Jy {x) = 

(4) 



r« e-^dt 
(2“- 


2 r® sin (xt) . dt 

2 j'* cos (ir<) . dt 

Of Uieso roHultH, (3) was given by Mehler, Math. Atm. v. (1872), p. 142, in the special 
case F”U, while Sonine, Math. Ann. xvi. (1880), p. 39, gave both (3) and (4) in the same 
H]H‘cial t5aso. Other general isiitions of the Mohlcr-Soninc integrals will be given in § 6'21. 

6*14. St/tnholtc formulae due to Hargreavc tiad MacAlonald. 

When It (z) > 0 and It (v + 1) > 0, it is evident from formula j;} 6’1 1 (6) that 
// (I ) ^ {M)-.. . I ' ( 1 _ r^\v - 1 fj, 

r(F + i)r(i) jn-t ^ ^ ’ 

where the pliase of 1 lies between 0 and — Jtt. 

If denotes {djdz) and f is any polynomial, then 

and so, when r-f 1 w a pontwe Integer^ wc have 

-.■(TVriV® 




Sin z-t cos 2 
z 


AVhen v-fj is not a positive integer, the last expression may lie regarded as a symbolic 
representation of (^)^ on the understanding that /(/)) is to bo interpreted its 


(\>nsequently 

( 1 ) 

and similarly 
( 2 ) 
so that 

(3) 

w 


ij t^^f{it)dt. 
J ±i + *t 


, (i^r 


J (z)mr - /| , 


COS 2 
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Tho series obtained from (4) by expanding in ascending powers of D does not converge 
unless it terminates; the series obtained in a similar manner from (3) converges only 
when 

The expressions on the right of (3) and (4), with constant factors omitted, were given 
by Hargreave, Phil. Tram, of the Royal Soc. 1848, p. 30 as solutions of Bessel’s equation. 
The exact formulae are due to Macdonald, Proc. London Math. Soc. xxix. (1898), p. 114. 

An ossfKjiated formula, valid for all values of p, is derivable from § 6’11 (4). If n is any 
positive integer, we see from the equation in question that 

ff.w (i) = ^ " 7 X 7— “ + 

TTlF (-5) J 1 + aol 

7rir(i) J 

so that 

(fl) bW (.) = ‘ 

A similar equation holds for tho other function of the third kind, and so 

(6) K (^) = ^ 

This result, proved when R (z) > 0, is easily extended to all values of z by the theory of 
analytic continuation; it was discovered by Sonino, Math. Ann. xvi. (1880), p. 66, when 
v = ??, and used by Steinthal, Quarterly Journal^ xviii. (1882), p. 338 when — ti + A; in tho 
case when + J the result was given slightly earlier (without the use of the notation 
of Bessel functions) by Glaisher, Proc. Camb. Phil. Soc. iii. (1880), pp. 269—271. A proof 
based on arguments of a physical character has been given by Havelock, Proc, London 
Math. Soc. (2) II. (1904), pp. 124—125. 


6*16. Schldfli*s* integrals of Poissons type for I^(z) and Ky{z). 

If we take w = Jtt in § 6’1 (3) and then replace z by iz, we find that, when 
i arg I < ^TT, 

and the phase of - 1 at the point where t crosses the negative real axis is - 2ir. 









Pig. 7. 


If we take ^(v + i)>0 to secure convergence, the path of integration 
may be taken to be the contour of Fig. 7, in which the radii of the circles 
may be made to tend to zero. We thus find the formula"}" 

{z) = ~ ~ ^ 

+ i (e"”* + (1 ~ > 

* Ajin. di Mat. (2) i. (1868), pp. 239 — 241, Schlafli obtained the results (1) and (2) directly 
by the method of § 6*1. t Cf. Serret, Journal de Math. ix. (1844), p. 204. 
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in which the phases of - 1 and of 1 - are both zero. Now, from § 3-71 (9), 
we have 

r7;^F)Ta) 


( 2 ) 

and so 

(3) C'"' 

that is to say* 

(4) R\ (Z) = ^ /f - 1 r-* dt, 

whence we obtain the formula 


(5) /r„ (z) = sinh'-^d^, 

I (*' + 4) Jo 

a result set by Hobson as a problem in the Mathematical Tripos, 1898. The 
formulae are all valid when i2(i/4-i)>0 and | arg^|< Jtt. The reader will 
find it instructive to obtain (4) directly from § 611 (6). 


6'16. Bassets integral for Ky (xz). 

When X is positive and is a complex number subject to the condition 
I arg z j < Jtt, the integral for H {xze^^) derived from § 6T1 (6) may be written 
in the form 

Now, when the integral, taken round arcs of a circle from p to 

p e ^ tends to zero as p 00 , by Jordan’s lemma. Hence, by Cauchy’s 

theorem, the path of integration may be opened out until it becomes the line 
on which R (zt) = 0. If then we write zt = iu, the phase of — (U^lz^) — ] is — TT 
at the origin in the i/-plane. 

It then follows from § 3 7 (8) that 

Ky (xz) = J TTze”^*'"’* H {xze^^^) 

r-xi/ar Q-xzt 

~ 2Vii) ’ L./. 

_ r (-1/ + ^) . {2zy p du 

and so we have Basset’s formula 


( 1 ) 


Ky (xz) == 


r (j' + i)- (2zy 
x-r(i) 


r® cos XH.dil 
J 0 ( a* + z^y+'i ’ 


valid when R(r J) ^ (), > 0, | arg zj < The formula was obtained by 

Bassetf, for integral values of 1 / only, by regarding Kq(x) as the limit of 


* The integral on the right was examined in the case f = 0 by liiemann, Ann. der Physik und 
Chemie^ (2) xcv. (1855), pp. 130—139. 

f Proc Camb. Phil. Soc. vi. (1889), p. 11 ; Hydrodynamics, ii. (Cambridge, 1888), p. 19. 
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a Legendre function of the second kind and expressing it by the corresponding 
limit of the integral of I^aplace’s type {Modern Analysis, § 15*33). The formula 

for Kn (xz) is obtainable by repeated applications of the operator . 

Z 0/Z 


Basset also investigated a similar formula for {xz), but there is an error 
in his result. 


The integral on the right in (1) was studied by numerous mathematicians Wfore Basset. 
Among these investigators were Poisson (see § 6*32), Journal de VtlcoU Polytecknique, ix. 
(1813), pp. 239—241; Catalan, Journal de Math. v. (1840), pp. 110 — 114 (reprinted with 
some corrections, Mim. de la Soc. P. des Sci. de Lihge, (2) xii. (1886), pp. 20 — 31); and 
Serret, Journal de Math. viii. (1843), pp. 20, 21; ix. (1844), pp. 193—210; Schlomilch, 
Analytisehen Studieii, ii. (Leipzig, 1848), pp. 96 — 97. These writers evaluated the integral 
in finite terms when is a positive integer. 

Other writers who must be mentioned are Malmst6n, K. Svemka V. Akad. Ilandl. Lxn. 
(1841), pp. 65 —74 (see 7*23) ; Svanberg, Nova Acta Reg. Soc. Sci. Upaala, x. (1832), p. 232 ; 
Leslie Ellis, Trane. Camb. Phil. Soc. vrii. (1849), pp. 213—215; Enueper, Math. Ann. vi. 
(1873), pp. 360 — 365; Glaisher, Phil. Trane, of the Royal Soc. CLXXii. (1881), pp. 792— 
815; J. J. Thomson, Quarterly Journal, xvni. (1882), pp. 377—381; Coates, Quarterly 
Journal, XX. (1885), pp. 250 — 260; and Oltramare, Comptee Rendue de VAeeoe. Fran^aiee, 
XXIV. (1895), part ii, pp. 167 — 171. 

The last named writer proved by contour integration that 


(-)*->«■ 



22i'**-i.(n-l)! 


■v s/p JJp., 



g-ap -| 

. (n- 1) 1 1 

jdp^~^ 



The former of these results may be obtained by differentiating the equation 
[ " COR XU . du _ ne "JP 

jo U^-kZ^p 


2z»Jp ’ 

and the latter is then obtainable by using Lagrange’s expansion. 


6*17. Whittaker s* generalisations of HankeVs integrals. 

Formulae of the type contained in § 3*32 suggest that solutions of Bessers 
equation should be constructed in the form 

Tdt 

J a 

It may be shewn by the methods of § 6*1 that 

V <1 - <’) 1 

and so the integral is a solution if T is a s'olution of Legendre’s equation for 
functions of order v—\ and the values of the integrated part are the same at 
each end of the contour. 

* Proc. London Math. Soc. xxxv. (1903), pp. 198 — 206. 



174 


THEORY OF BESSEL FUNCTIONS 


[CHAP. VI 


If T be taken to be the Legendre function the contour may start 

and end at -h oo zexp(— iw), where « is an acute angle (positive or negative) 
provided that z satisfies the inequalities 

- Jtt + a)< arg -2 < Jtt + cd. 

If T be taken to be the same contour is possible; but the 

logarithmic singularity of at « = -l (when i/- J is not an integer) 

makes it impossible to take the line joining - 1 to 1 as a contour except in 
the special case considered in §3*32; for a detailed discussion of the integral 
in the general case, see § 10*5. 

We now proceed to take various contours in detail. 

First consider 

z^ I Q^^^{t)dt, 

J aoiexp(— ftt») 

where the phase of t is zero at the point on the right of ^ = 1 at which the 
contour crosses the real axis. Take the contour to lie wholly outside the circle 
U I = 1 and expand j (t) in descending powers of L It is thus found, as in 
the similar analysis of § 6*1, that 


(1) 

and therefore 




^ r ( j ) I 


« I exp ( - iw) 


Qv—^ (t) dtf 


( 2 ) 


l/_ . («) — 




/•(- 1 +. 1 +) 


7rV(i) 


I 

J Vjt 


«'icxp( 


(0 dt. 


If we combine these formulae and use the relation* connecting the two 
kinds of Legendre functions, we find that 


( 3 ) 






f(-l+.i+) 


"J, 


TT r(^)C0b W jao<exp(-,«) 


P,_j {t) dt. 


Again, consider 


ir* 


(1 + ) 
oot exp 




this is a solution of Bessel’s equation, and, if the contour be taken to lie on the 
right of the line R (t) = a, it is clear that the integral is O [z^ exp (— a | |)) as 
z CO i. Hence the integral is a multiple of (,s). Similarly by making 
,2 — — 00 i, we find that 

J Qc t exp ( - ui») 


* Tlie relation, discovered by Schlafli, is 

cf. Hobson, Phil. Tram, of the Royal Soc. clxxxvii. (1896), p. 461. 
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cci expt-tw) 


*• exp(-tw) 




is a multiple of {z). From a consideration of (1) it is then clear that 

r<'+> 

(4) = ‘ 

(K\ u (2) (z\ — \ ■ l.r I 

and hence, by § 3*61 combined with Schlafli’s relation, 

( 6 ) = 

TT f ( J) cos VTT J 00* exp ( 

this is also obvious from (3). 

The integral which differs from (6) only by encircling the point 4- 1 instead 
of — 1 is zero since the integrand is analytic inside such a contour. 

In (5) and (6), arg (i 4- 1) vanishes where the contour crosses the real axis 
on the right of — 1, and, in (5), arg (^ — 1) is — tt at that point. 


exp 




6*2. Generalisations of BesseVs integral. 

We shall next examine various representations of Bessel functions by a 
system of definite integrals and contour integrals due to Sonine* and 
Schlaflif. The fundamental formula which will be obtained is easily reduced 
to Bessers integral in the case of functions whose order is an integer. 

We take Hankels well-known generalisation J of the second Eiilerian 
integral 

1 1 

= I 

in which the phase of t increases from — tt to tt as ^ describes the contour, and 
then 




2-ni m! * ^ 


m=0 r(i/ 4- ni 4 1) 

Consider the function obtained by interchanging the signs of summation 
and integi-ation on the right; it is 




r{o-\) 

j ^“‘'“‘exp|^ 

This is an analytic function of z for all values of and, when expanded in 
ascending powers of 5 by Maclaurin's theorem, the coefficients may be obtained 
by differentiating with regard to z under the integral sign and making z zero 
after the differentiations§. Hence 

/(o+) ( z'] ® f— 

t exp t - U dt^ 'i LJ 

y.® ' ( *t) ,„_o vi\ 


* Mathematical Collection, v. (Moscow, 1870) ; Mapi. Ann. xvi. (1880), pp. 9 — 29. 
t Ann. di Mat. (2) v. (1873), p. 204. His memoir, Math. Ann. m. (1871), pp. 134 — 149, sliould 
also be consulted. In addition, see Graf, Math. Ann. lvi. (1903), pp. 123 — 432, and Chessin,./<)//;/h 
Hopkins University Circulars, xiv. (1895), pp. 20 — 21. 

X Cf. Modern Analysis, § 12*22. § Cf. Modern Analysis, §§ 5'32, 4*44. 
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and BO we have at once 

( 1 ) J,(z) 


2^1 


rto+) 

J ^ 


‘exp 



dt 


This result, which was discovered by Schlafli, was rediscovered by Sonine; 
and the latter writer was the first to point out its importance. 

When I arg z | < \ir, we may swing round the contour about the origin until 
it passes to infinity in a direction making an angle arg z with the negative 
real axis. 


On writing t—\zu, we then find that, when | arg z | < Jtt, 



This form was given in Sonine’s earlier paper (p. 335). 


Again, writing u = e"', we have 
(3) /,(«)= 5^-. f * ^ ” e*""""- dw, 

Zirl J OD-Irt 

valid when [ arg | < Jtt. This is the first of the results obtained by Schlafli. 

In this formula take the contour to consist of three sides of a rectangle, as 
in Fig. 8, with vertices at oo — tti, — iri, iri and x -f 7^^. 



If we write t + iri for w on the sides parallel to the real axis and ± i6 for w 
on the lines joining 0 to ± tti, we get Schldjli's generalisation of BesseVs integral 

(4) [ cos - z sin ff) dff — f e ^ 

J 0 tt J 0 

valid when | arg z\<\7r. 

If we make arg ± ^tt, the first integral on the right is continuous and, 
if R (v) > 0, so also is the second, and {z) is known to be continuous. So (4) 
is still true when ^ is a pure iinagiiiury if R{v) is positive. 

The integrals just discussed were examined methodically by Sonine in his 
second memoir; in that memoir he obtained numerous definite integrals by 
appropriate modifications of the contour. For example, if ylr be an acute angle 
(positive or negative) and if 

— jTT + 'i/r < argz < Jtt — 
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the contour in ( 3 ) may be replaced by one which goes from oo — (-tt - t to 
30 + (tt + i. By taking the contour to be three sides of a rectangle with 
comers at oo — (tt — ■^) i, — (tt — yfr) t, (ir 4- yfr) t, and oo + (tt + ‘^) t, we obtain, 
as a modification of (4), 

p'-¥v^ rw 

(5) W = I e^**"^®*"* cos (vB — z cos sin dO 

TT Jo 

Again, if we take yjr to be an angle between 0 and tt, the contour in (3) may 
be replaced by one which passes from ao — (Jtt 4 to oo 4 (Jtt 4- ■^)i, and 
so we find that 

1 riir+'l' 

( 6 ) Jy (z)^ - \ cos (i/B — z sin 0) dB 

j 0 

1 r® 

4- — I 0-Ztinht9ln^-yt gJjj ^ ^ J „7r — dt, 

frj 0 

provided that | arg z | is less than both and ir — yfr. 

When R(v)>0 and z is positive (=it), we may take-^sBO in the last 
formula, and get* 

(7 ) Jy (oo) = - [* cos (vB - a? sin d) dd 4- ^ f sin (a? cosh t — ipir) dt 

TtJ 0 TT j 0 

Another important formula, derived from (l),i8 obtained by spreading out 
the contour until it is parallel to the imaginary axis on the right of the origin; 
by Jordan’s lemma this is permissible if > — 1, and we then obtain the 
formula 



in which c may have any positive value ; this integral is the basis of many of 
Sonine’s investigations. 

Integrals which resemble those given in this section are of importance in the investiga- 
tion of the diffraction of light by a prism ; see Carslaw, /Voc. Londort Math, Soc. xxx. 
(1899), pp. 121—161 ; W. H, Jackson, Proc. Lotidon Math. Soc. (2) i. (1904), pp. 393—414; 
Whipi>le, Proc. London Math, Soc. (2) xvi. (1917), pp. 94 — 111. 

6‘21. Integrals which represent functions of the second and third hinds. 

If we substitute Schlafli’s integral § 6'2 (4) for both of the Bessel functions 
on the right of the equation 

Yy (z) = Jy {z) cot VTT - (z) cosec irrr, 

we find that 

TT Yy {z) = cot i/TT [ cos (vB — z sin B) dB — cosec vtt I cos (i>B -^z sin 0) dB 
Jo ' 00 

- cos vir J” e--*-*""!! e^t-tBinbt 

* Cf. Gubler, Math. Ann. xliz. (1897), pp. 688 — 584. 


W. B. F. 


12 
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Replace d by tt - ^ in the second integral on the right, and it is found on re- 
duction that 


(1) Y, (z) = - f sin sin ^ — 1 »^) d0--f (e'* + e"'* cos tm) 

IT J 0 'rrJo 

a formula, practically discovered by Schlafli (who actually gave the correspond- 
ing formula for Neumann’s function), which is valid when | arg^: | < Jtt. 

By means of this result we can evaluate 

J 1‘ao+irt 

^wnhw-i^w 

TTlJ 

when 1 arg z\<^Tr] for we take the contour to be rectilinear, as in Fig. 9, and 

ni ^ 

— ^ 

Fig. 9. 


write - 1, i0, t + -ni for w on the three parts of the contour ; we then see that 
the expression is e(jiial to 

’Tt.'o ■nJn -ni 

and this IS equal to J^{z) + i i\{z) from formula (1) combined with §6-2(4). 
Hence, -^^on | arg « | < wo have 


< 2 ) 

(3) 


1 

//.<’> («) = -../ giiAnbw-,w 


// (») 


TTlJ „ 




Formulae equivalent to tlieae were discovered l.y Somniorfeld, Math. Ann. xlvii. (1896) 
I>I>. 327—367. The only diflorem e l«lween the.se formulae and Sommerfeld’s is a rotation 
of the contours through a right angle, with n corm,spond.ng change in the parametric 
variable^ see also Hopf and Sonimerfeld, Archi,, der Math, and Phy,. (3) xviil. (1911), 


By an obvious change of variable we may write (2) and (3) in the forms 


(4) 

(5) 


TTl 


1 r® expin 

TTl Jo 


*.»(,). -i, 

TTZ.Io 


M-'-‘eXp|i^(«-l)|d„; 



6 - 21 ] 
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the contours are those shewn in Fig. 10, emerging from the origin and then 
bending round to the left and right respectively ; results equivalent to these 
were discovered by Schlafli. 



Fig. 10. 


[Note. There is no difficulty in proving these results for integral values of v, in view 
of the continuity of the functions involved ; cf. § 6il.] 

We proceed to modify the contours involved in (4) and (5) to obtain the 
analytic continuations of the functions on the left. 

If a) is an angle between — ir and tt such that | a> — arg z \ < ^tt, we have 

1 /■oo exp (ir-«)* ( / IN') 

(6) (.) = u— exp {is (u -Jj du, 

and 

1 roo exp (-«—«)» ( / lx) 

(7) (s) = - — . I tt-'-*exp]is(M- jldu, 


the contours being those shewn in Fig. 11 and Fig. 12; and these formulae 
give the analytic continuations of the functions on the left over the range of 



Fig. 11. Fig. 12. 


values of z for which © — ^tt < argz < ai '+ ^tt ; and o) may have any value 
between * — tt and tt. 

If I w I were increaRed beyond these limits, difficulties would arise in the interpretation of 
the phase of u. 


12—2 
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Modifications of (2) and (3) are obtained by replacing w by w ± ; it is 

thus found that* 


( 8 ) 


ff,'" (^) = 


TTl 


i foo-fjirt 
J -00— ^irt 


,« cosh W- FIT 


Qp—^wni fao+ivi 

I gacmhv) cogjj ^ 


X rm 

Jo 


(9) 


pitfiri I'co-^tri 

ffjii) _ I g-«ctiiih«-i.ii> div 

TTl J _oo+iir« 


TTt 

~oc +Jir 

= _ r ^ g-wcosh ^ 

TTl Jo 

provided that | arg z\<^7r. 

Formulae of special interest arise by taking z positive (=^) in (6) and (7) 
and - 1 < (j/)< 1. A double application of Jordan’s lemma (to circles of 

large and small radius respectively) shews that, in such circumstances, we may 
take ft)= ^TT in (6) and fn = -^tt in (7). It is thus clear, if u be replaced by 
± ie\ that 

JvTri fao /*“ 

(10) BJ'U.t) = — 7-1 = -r- I c'*‘‘“''''co8h 

7n J_«, m Jo 

piviri /•« r® 

(11) = = _ .. e-woo'hfcoshi/t.dt, 

TTl j -00 ’TTl Jo 

and hence, when a; > 0 and — 1 < 1, we have 

2 r® 

(12) (x) = - f sin (^’ cosh t — tJ-i/tt) . cosh vt . 

( l.‘l) Vy(j') = — - [ COS (x cosh vtt) . cosh vt,dt\ 

ttJo 

and, in particular (cf. §613), 

(14) 


J. . . 2 r® sin . dt 


V(C-1)' 

2 /■“ cos ict . d< 

V(^T)’ 


(15) r„(a;)=-’^r 

TTJi 

when we replace cosh t by t. 

Tho last two foriniilHe arc due to Mohler, Math, Ann. v. (1872), p. 142, and Soninc, 
Math. Ann. xvi. (1880), p. 39, respectively; and they have also been discussed by Basset, 
Proc. Camb. Phil. Soc. -in. (1895), pp. 122—128. 

A slightly different form of (14) has been given by Hardy, Quarterly Journal.^ xxxil. 
(1901), j>p. 3f)9 — 384; if in (14) we write j7=2 s/{ab), xt=^au-\-hju, we find that 

(16) Bin + *‘= nx/o {2 v/(a/>)}. 

Note. 1 he I'eader will find it instructive to obtain (14) from the formula 

A(co8<9) = -? f" jin(n + })4 >_ 

tt Jfl V{2(cosl9-cos<#))}‘''P 

combined with tho formula jj 6*71 (1). This was Mehler’s original method. 

* Cf. Coates, Quarterly Journal, m. (1886), pp. 188—192. 
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6*22. Integrals representing (z) and (z). 

The modifications of the previous analysis which are involved in the dis- 
cussion of I^(z) and are of sufficient interest to be given fully; they are 

due to Schlafli*, though he expressed his results mainly in terms of the 
function F(a, t) of § 4*15. 

The analysis of § 6*2 is easily modified so as to prove that 

and hence, when | arg z\<^7r, 

1 /■(0+) ( / 1\' 

(3) /. (z) = 

ZiriJ 

The formulae (2) and (3) are valid when arg^= ± ^tt if R{p) > 0. 

If in (3) the contour is taken to be three sides of a rectangle with comers 
at 00 — Tri, — tti, tti, oo -h tti, it is found that 


so that 


TTJo 


<^*«cos V0d0-- 


TT Jo 


Q-zooaht-pt^ 


(z) - L (^) = - I cosh vt . di, 

n" Jo 

and hence, when | arg z | < ^tt, 

(5) (z) = f 0 Qgh pt , dt, 

Jo 

a formula obtained by Schlaflif by means of somewhat elaborate transforma- 


From the results just obtained, we can evaluate 

1 rao+irt 

i g«coBhtr-Ku;^^ 

27nJ -ao-,ri 


when I arg z | < ^tt. For it is easily seen that 

1 /•oo-firt 1 f roo-m roo+irt 

^ _ I gZcoBhw-vw (lw=^~U + ^ g»oo»hw-i.i<- dw 

^TTlJ ^cc—ni 27rt (./ — go— iri J eo—m 

27rlJ _oD — irt 
g,viri /•oo 

= I—. I 

2t’il % J — QD 




* Ann. di Mat. (2) v. (1873), pp. 199 — 206. 

+ Ann. di Mat. (2) v. (1873), pp. 199—201 ; this formula was used by Heine, Journal fur 
Math. Lxix. (1868), p. 131, as the definition to which reference was made in § 6'72. 
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6*23] 


From these results we see that 


(12) 

2cosip7r . Ky{x) = 

^ ^-tesinhtcoshpi.d^, 

80 that 

, 1 r® 


(13) 

Ky{x)^ 1 / 

cosJvTrjo 

cos {x sinh t) cosh vt . dty 


and these formulae are all valid when a; > 0 and — 1 < ii (»/) < 1. 

In particular 

(14) K, (a) = /" cos {X sinh t) dt = [“ ^^,4^ • 

.'o Jo vv® +i) 

a result obtained by Mehler* in 1870. 

It may be observed that if, in (7), we make the substitution = we find that 

(15) exp|-r-|^| 

provided that R (z^) > 0. The integral on the right has been studied by numerous mathe- 
maticians, among whom may be mentioned Poisson, Journal de VEcoU Pol^techniqmy ix. 
(cahier 16), 1813, p. 237; Glaisher, British AMociation Reporty 1872, pp. 15 — 17; Proc. 
Camh. Phil. Soc. III. (1880), pp. 5—12; and Kapteyn, Bull, des Sci. Math. (2) xvi. (1892), 
pp. 41 — 44. The integrals in which v has the special values J and J were discussed by 
Euler, Inat. Calc. Int. iv. (Petersburg, 1794), p. 415; and, when v is half of an odd 
integer, the integral has been evaluated by Legendre, Exercioes de Calcul IrU4graly i. (Paris, 
1811), p. 366; Cauchy, Exercices des Math. (Paris, 1826), pp. 64 — 66; and Schl5miloh, 
Journal f\lr Math, xxxiii. (1846), pp. 268 — 280. The integral in which the limits of inte- 
gration are arbitrary has been examined by Binet, Comptes Rendusy xii. (1841), pp. 958 — 
962. 


6'23. Hardy's formulae for integrals of Du Bois Reymond's type. 
The integrals 

r® ^ 

I sin < . sin — . dty j cos f . cos - . dt^ 

J 0 ^ J 0 t 


in which a; > 0, — 1 < i2(v) < 1, have been examined by Hardy f as examples 
of Dll Bois Reymond’s integrals 



t.t^-^ dty 


in which f{t) oscillates rapidly as ^ 0. By constructing a differential equation 

of the fourth order, Hardy succeeded in expressing them in terms of Bessel 
functions ; but a simpler way of evaluating them is to make use of the results 
of §§6-21, 6-22. 

* Math. Ann. xviii. (1881), p. 18*2. 
t Messenger y xl. (1911), pp. 44—51. 
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If we replace t by ose*. it is clear that 

r * r ** 

Bin < sin - . « a?*' sin (xe^) sin (xe -^) . dt 

Jo f -/ -« 

= - ^ g-»i*co8li< „ gaiafglnhe _ g-at*8inh«J gvf 

J — OD 

= - Jar* (2a;) - irie*'” (2a:) 

- 2e-*-'‘ K, (2a:) - 2e‘'" (2a:)]. 


and hence we have 


( 1 ) 


r« .a;® 

I sin ^ sin - 
Jo t 




TTX* 


[J, (2x) - (2a:) + (2a:) - J. (2a:)], 


4 sin J PTT ' 

and similarly 

(2) f " .-08 < cos . t-‘ dt = ■ (2a:) - J, (2a:) + /_, (2a:) - 1, (2x)]. 

Jo t 4sinii/7r‘- 

When V has the special value zero, these formulae become 

( 3 ) 


(4) 


[ aintsin^.-f=fi7rYo(2x) + Ko(2x), 

Jo t t 

r cos « cos f - Jtt F. (2a:) + K, (2a:). 

Jc ^ 


6 ' 24 . Tkeisinger'i extension of BesneVs integral. 

A curious extonsion of Jacobi’s formulae of § 2*2 has lieen obtained in the case of Jq {x) 
and J\ {x) by Theisinger, Monatahefte far Math, und Phga. xxiv. (1913), pp. 337 — 341 ; we 
shall now give a generalisation of Theisinger’s formula which is valid for functions of order 
V where - J<i/< J, 

If a is any positive number*, it is obvious from Poisson’s integral that 
(^) = -- ~ f * e-axaia 9 cqh {x COS 6) sin‘^*' QdO 

r(»' + t) r(4) J 0 

+ (1 cos (.r cos sin**' ^ 0 ?^. 

+ iv-i) J 0 


Now 


fifr 

J 0 siiih (j 


flUf sin ( y cos S) sin**' 


sinh (x sin ^-ix cos sin**' 0d^ 


\ (x sin $) 

Lr 8i„h ( -ixz) (‘—y^y * 

)_i sinh 1/s)) ' \ 2i / z ' 

where the contour ])afise8 alK)ve t he origin. Take the contour to be the real axis with an 
indentation at the origin, and write z— +tan4f</> on the two parts of the contour; we thus 
find that the last expression is equal t<^ 

. [h^l~ oxp(-ai;Acot6) „ d(h 

Jo siu{xcot4>) ^ ^8in</) 


+ 1 


fi^l- exi) (axL cot 6) . , . , , , „ „ do 

I } ■ sin (x tan ^d}) cot**' 6 

Jo sin (-r cot 0) ^ ^sm<p 


= 4 f sin (Ao.r cot </>) cos (ia.r c^ot (f> - pn) cot*" 6 , 

Jo - r y aiTi(j:oot<<i) ^8in<^* 


i(xcot<l)) 

* In Thcisii lifer’s analysis, a is an even integer. 
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and therefore 

(1) cos (07 008 

+ 2 sin (^ao 7 cot <h) cos {hax cot d>-vn) ^ 

Jo 1-/ T' / 8,n(a:cot^) ^8in0 

The transformation fails when v because the integral round the indentation does 
not tend to zero with the radius of the indentation. The form given by Theisinger in the 
case u = l differs fnira (1) because he works with § 3*3 (7) which gives 

(2) ^ ~ ^ «“«*■*« • sin (x cos $) sin**^'-* S cos S d6 

+ 4 f * sin (^007 cot <^) cos (^ao 7 cot <f> - vn) 0 i 

7o vs / s\i\(xcot^) ^ 

provided that ^<p<^. 

6 ‘ 3 . The equivalence of the integral representations of (z). 

Three different types of integrals which represent (z) have now been 
obtained in §§6*16(4), 6*22 (5) and 6*16(1), namely 

as j cosh pt , dt, 

Jo 

L- ^_,_r(i/ + J).(2z)‘'f*cosa7W.dw 

■^M^(i) Jo 

The equality of the first and second was directly demonstrated in 1871 by 
Schlafii * ; but Poisson proved the equivalence of the second and third as early 
as 1813, while Malmsten gave a less direct proof of the equivalence of the 
second and third in 1841. We proceed to describe the three transformations 
in question. 

6*31. SchlUJli*8 transjormation. 

We first give an abstract of the analysis used by Schlafli, Ann. di Mat. ( 2 ) v. (1873), 
pp. 199 — 201, to prove the relation 

^ ^ f (t^^ - dt ^ f c ® cosh 

J\ Jo 

which arises from a comparison of two of the integral representations of K,, («), and which 
may be established by analysis resembling that of § 2*323. 

We have, of course, to suppose that R ( 2 ) >0 to secure convergence, and it is convenient 
at first to take t -^<y 2 (i')<l. ^ 

* An earlier proof is duo to Kummer, Journal fur Math. xvii. (1837), pp. 228 — 242, but it is 
much more elaborate than Sclilafii’s investigation. 

t The result is established for larger values of R {p) either by the theory of analytic continua- 
tion or by the use of recurrence formulae. 
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Now define £ by the equation 




dt 

\x-tY' 


where a: ^ 1 ; and then, if t^x -- (j; - 1) w, we have 

'-■>■[{' - v/sir- {■ - v/siH' 

on expanding the last factor of the integrand in powers of u and integrating term-by-terrn. 
Replacing x by cosh we see that 


dt 




/ coflh 9 

so that, by a partial integration, 

r f g-*eoihg cosh f e~‘*^^^Bmh6ainhp^dS 

r(i) Jo ^r{i) Jo 




r(l-»)/» 


the inversion of the order of the integrations presents no great theoretical difficulty, and 
the transformation is established. 


6*32. Poisson’s transformation. 
The direct proof that 


2j_.* a-l'(i) 


cos (xu) du 

0 (¥+z»y^'i 


is due to Poisson*, Journal de Vicole Pol^technique, ix. (1813), pp. 239 — 241. The equation 
is true when |arg 2 |<^ir, j:>0 and R(v)> but it is convenient to assume in the 
course of the proof that R{y)>\ and | arg z | < Jtt, and to derive the result for other values 
of z and v by an appeal to recurrence forimilac and the theory of analytic continuation. 

If we replace ^ by a new variable defined by the equation 2 >=a 7 *'e“*'*, we see that it is 
sufficient to prove that 


r(»^4- 



COB {xu)du ^r(i) 


/: 


exp { - -Jz v~ dv. 


* See also Paoli, Mem. di Mat. e di Fis. della Soc. Italiana delle Sci. xx. (1828), p. 172. 
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Now the expression on the left is equal to 

/■* COB XU - - r CO 

lo Jo dtdu^j^ *^*exp{-»(«»+»«)}c08j:M.rf*rfit 

j j {exp (-*«•) cos exp ( — »z*)rf», 

when we write t^s (i4®+r*) and change the order of the integrations* 
exp ( — «6*) cos XU .du^^r ( J) i exp ( - ix^/s), 


187 


Now 

and so we have 
r(i 


’' + i) /j **”‘exp{-MS-ix»/*}(* 


= /*exp{-iz(.i/-+.r*.-/-)}d., 

which establishes the result. 

[Note. It is evident that 8 = hxe~*lz»^^v^>''lz. The only reason for modifying 

1 /■* 

by taking y as a parametric variable is to obtain an integral which is ostensibly of the 
same ft>rrn as the integral actually investigated by Poisson ; with his notation the integral is 


/: 


exp ( — jc** - a*.r"") dx.] 


6*33. MalmativUs transfonnation. 


The method employed by Malmst^nf in proving that, when R{z)>0 and R{v)> - J, 
then 


r(.>+i) r 

(i^rrujjo 


COB ( xu) du r (i) f“ 




is uot BO direct os the analysis of §{{ 6'31, 6*32, inasmuch as it involves an appeal to the 
theory of linear differential equations. It is first shewn by Malmst^n that the three 
expressions 


‘ “ cos (xu) du 
0 («»+z»)-M’ 








qua functions of .t, are annihilated J by the operator 


cP , a i\ ^ s 


and that as -foo, the thiid is 0(e*‘) while the first and second are bounded, provided 
that R {v) > 0. It follows that the second and third expressions form a fundamental system 


of solutions of the equation 




* Cf. Bromwich, Theory of Infinite Series^ § 177. 
f K. Sri'iiska V. Akad. Handl. lxii. (1^41), pp. 65 — 74. 

X The reader should have no difficulty in supplying a proof of this. 
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and the first is consequently a linear combination of the second atid third. In view of the 
unboundedness of the third as ^-^+ 00 , it is obvious that the first must be a constant 
multiple of the second so that 


^ * (cos xu) du 

0 + 





where 6^ is indoi)eiident of x. To determine Cy make x~^0 and then 


du 

0 





so that 


r(»-)r(^) _CT(2v) 

222''r(p+^) ’ 


and the required transformation follows, when /2(v)>0, if we use the duplication formula 
for the Gamma function. 


An immediate consequence of Malmst^n’s transformation is that 
expressible in finite terras ; for it is equal to 



cos XU . du 


is 


ss -- I * (2.i7+ 


- Xf « - 1 (2xzy^ (2n - m - 1 ) ! 

“(2r)*«->(w-l)!w=o 


This method of evaluating the integral is simpler than a method given by Catalan, 
Journal de Math, v. (1840), pp. 110 — 114; and his investigation is not rigorous in all its 
stages. The transformation is discussed by Serret, Journal de Math. viir. (1843), pp. 20, 
21; IX, (1844), pp. 193 — 210; see also Cayley, Journal de Math. xil. (1847), p. 236 
[Collected PaperSy i. (1889), p. 313.] 


6 * 4 . Airy*s integral. 

The integral 

I cos (P ± xt) dt 
Jo 

which appeared in the researches of Airy* “On the Intensity of Light in the 
neighbourhood of a Caustic” is a member of a class of integrals which are 
expressible in terms of Bessel functions. The integral was tabulated by Airy 
by quadratures, but the process was excessively laborious. Later, De Morgan f 
obtained a series in ascending powers of a; by a process which needs justification 
either by Stokes’ transformation (which will be explained immediately) or by 
the use of Hanly’s theory of generalised integralsj. 


* Tram. Camb. Phil. Soc. vi. (1838), pp. '379 — 402. Airy used tbe form 

/■* 

I cos (w* - viw) dWf 

J 0 

but this is easily reduced to the integral- given above. 

t The result was communicated to Airy on March 11, 1848 ; see Trans. Camb. Phil. Soc. viii. 
(1849), pp. 595—599. 


X Quarterly Joumaly xxxv. (1904), pp. 22—66 ; Trims. Camb. Phil. Soe. xxi. (1912), pp. 1—48. 
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6 * * * § 4 ] 


Stokes observed* that the integral satisfies the differential equation 

5^±i®v=o, 


and he also obtained the asymptotic expansions of the integral for large 
values of a?, both positive and negative. 


As was observed by Stokes (loc. cit. p. 187), this differential equation can bo reduced 
to Bessel’s equation ; cf. § 4*3 (6) with 2^ *= 3. The expression of Airy’s integral in terms of 
Bessel functions of orderst ± J was published first in a little-known paper by Wirtinger, 
Berichte des naXur.-rmd, Vereins in dnnahruck^ xxiii. (1897), pp. 7 — 15, and later by 
Nicholson, Phil. Mag. (6) xvii. (1909), pp. 6 — 17. 

Subsequently Hardy, (Quarterly Journal^ XLi. (1910), pp. 226 — 240, pointed out the con- 
nexion between Airy’s integral and the integrals discussed in 6*21, 6*22, and he then 
examined various generalisations of Airy’s integral (§§.10*2 — 10*22). 


To evaluate Airy’s integral J:, we observe that it may be written in the form 
2 I exp (iY* + ta^t) dt. 

Now consider this integrand taken along two arcs of a circle of radius p with 
centre at the origin, the arcs terminating at p, and pe^^\ pe^^ respectively. 

The integrals along these arcs tend to zero asp oo , by Jordan’s lemma, and 
hence, by Cauchy’s theorem, we obtain Stokes’ transformation 

roD foD expert 

cos (i* ±ai)dt = -^ exp {it* ± ixt) dt 

Jo ^ J CD ezp iiri 

= i I exp (— T* ± + exp(— T® ± dr; 

the contour of the second integral consists of two rays emerging from the 
oipigin and the third integral is obtained by writing for t on these 

rays. 

Now, since the resulting series are convergent, it may be shewn that§ 

rao 00 / j,TO foo 

I exp (- 7* + xt) dr = 2 t”* exp (— t®) dr, 

Jo »w=0 .0 

* Tram. Camb. Phil. Soc. ix. (1856), pp. 166 — 187. [Math, and Phy». Paperif^ ii- (1883), 
pp. 3*29—349.] See also Stokes’ letter of May 12, 1848, to Airy, Sir G. O. Stokea, Memoir and 
Scientific Correepondence, ii. (Cambridge, 1907), pp. 169 — 160. 

t For other occurrences of these functions, see Rayleigh, Phil. Mag. (6) xxviii. (1914), 
pp. 609 — 619; xxx. (1915), pp. 829—338 [Scientific Papera, vi. (1920), pp. 266 — 276; 841 — 349] 
on stability of motion of a viscous fluid; also Weyl,r Afat/t. Ann. Lxvin. (1910), p. 267, and, for 
approximate formulae, § 8*43 infra. 

X The integral is convergent. Cf. Hardy, loc. cit. p. 228, or de la Vall6e Poussin, Ann. de la 
Soc. ScL de Bruxelles^ xvi. (1892), pp. 160—180. 

§ Bromwich, Theory of Infinite Seriegf § 176. 
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and so 


r® , , , ; (+a:)"‘cos(4ni + A)ir ■ 

I cos(<» + a:<)«^<= 2 f ^ T”'exp(-T*)d 7 

Jo wi=0 *0 

= i 2 (±a:)® sin|(7n + l)7r.r(|nt + ^)/ni! 

^ m=0 


00 

= i TT 2 
Lm=0 


(±M" 


+ 2 


(± 


+ i)_ 


=o^n! r(mH-|) ^ r(m- 

This is the result obtained by De Morgan. When the series on the right 
are expressed in terms of Bessel functions, we obtain the formulae (in which 
X is to be taken to be positive) due to Wirtinger and Nicholson : 

(1) /^os(«*-^)d< = i7rV(Jx).[j-*(|^"')+./l(^)] . 

(2) I’cos (t> + dt = j TT va^) . [/-i (1^) - h {-0^)] 

^Jx „ /2x^x\ 


6*6. Barnes' integral representations of Bessel functions. 

By using integrals of a type introduced by Pincherle* and Mellinf, Barnes J 
has obtained representations of Bessel functions which render possible an easy 
proof of Kummer’s formula of § 4 42. 

Let us consider the residue of 


— r (2m — s) . {izf 

at s = 2m + i\ where r = 0, 1, 2, .... This residue is (--)’'(u)*’”+7r!, so the sum 
of the residues is (— 

Hence, by Cauchy’s theorem, 

27ri„ZoL 2»». wir m + 1)"*’ 

if the contour encloses the points 0, 1, 2, .... It may be verified, by using 
Stirling’s formula that the integrals are convergent. 

Now suppose that E(i')> — i, and choose the contour so that, on it, 
li (n + s) > — When this last condition is satisfied the series 

^ r (2?n — s) 

2*”* . m! f (i/ -I- + 1) 

is convergent and equal to 

( 1 ^ I - tr I 1 ' — r (— s) r (n + s -h i) 

r(r + i)-^'^ »' + ^ r(„ + is + i)r(p + i 8 + i)’ 


* Ileiiri. del R. Iistituto Lombardo. (2) xix. (1806), pp. 559— 5G2 ; Atti della R. Accad. dei 
Lineei. ser. 4, Rendiconti. iv. (1888), pp. 694 — /OO. 792—799. 

t Mellin hao given a summary of his researches, Math. Ann. Lxvnt. (1910), pp. 305 — 337. 

J Camh. Phil. Trant. xx. (1908), pp. 270 — 279. For a bibliography of researches on integrals 
of this type, see Barnes, Proc. London Math. Soc. (2) v. (1907), pp. 59—66. 
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6 - 6 ] 


by the well-known formula due to Qauss. If therefore we change the order 
of summation and integration* we have 




f r(~ g) r (i/ -h g , {izY ds 


27 ri j « r (1/ H- + J) r (1/ + + 1) ■ 

The only poles of the integrand inside the contour are at 0 , 1, 2 , 
we calculate the sum of the residues at these poles, we find that 

J (z)e~^ — (izy 2 r (y + m -f ^) . (— 

_o r (1/ + + j) r (1^ + im -H 1 ) ' 


so that 
( 1 ) 

which is Kummer*s relation. In like manner, we find that 


J, {z) e-« = xF, (|» + J ; 2 ./ -I- 1 ; - 2 iz), 


When 


( 2 ) J, (z) iF, (i- + i ; 2 i/ + 1 ; 2 iz). 

These formulae, proved when R{y) > — J, are relations connecting functions 
of V which are analytic for all values of i/, and so, by the theory of analytic 
continuation, they are universally true. 

It is also possible to represent Bessel functions by integrals in which no 
exponential factor is involved. To do this, we consider the function 

r (- 1/ - «) r (- s) 

qua function of s. It has poles at the points 

s = 0, 1, 2, ...; — i', — 1/ + 1, — 1/ -h 2, .... 

The residue at 5 == m is 

7 rr 

sin i/TT ’ m! r (1/ 4- wi + 1 ) ' 
while the residue at 5 = — 1/ -h m is 


sin i/TT ' 7 W.! r (1/ -H m + 1) ’ 

so that 

(3) (g) = _ I" r (_ y _ s) r (_ g) (\izy+^ ds, 

and, in like manner, 

( 4 ) if,"' {z) = - 2^- / ^ ds. 

where the contours start from and return to 4- 00 after encircling the poles of 
the integrand counter-clockwise. When | arg | < Jtt in (8) or | arg (— iz) | < ^tt 
in ( 4 ) the contours may be opened out, so as to start from 00 i and end at 
— 00 i. If we reverse the directions of the contours we find that 


( 5 ) 


ire' 


-Kr+ 1 )« 1 „ - «) r (- s) (iizy*« ds, 

2it% J ^c^aoi 


Cf. Bromwich, Theory of Infnite Series, § 176. 
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provided that | arg iz I < J'n- ; and 

(6) (z) = ~.f r (- 1 / - s) r (- «) (- ds, 

ZTTl J 


provided that | arg (— w) | < i^r; and, in each integral, c is any positive number 
exceeding R (v) and the path of integration is parallel to the injaginaiy axis. 

There is an integral resembling these which represents the function of the 
first kind of order i;, but it converges only when (i/) > 0 and the argument 
of the function is positive. The integral in question is 


( 7 ) 



~r(p+s + i) 


ds ; 


and it is obtained in the same way as the preceding integrals; the reader 
will notice that, when j s | is large on the contour, the integrand is 0 (| s |**'~*). 


6*61. Barnes representations of functions of the third kind. 

By using the duplication formula for the Gamma function we may write 
the results just obtained in the form 


( 1 ) 


(2zY r'(v + « + ^).(± 2izy ds 

^i^TT j ac r (,9 -I- 1 ) r {2p + 4- 1 ) sin «7r * 


Consider now the integral 


(2^)*' r®* 

2i^/•r^ 


r (— s) r (— 2p — s) r (p + s |) . (2izy ds. 


in which the integrand differs from the integrand in (1) by a factor which is 
periodic in s. It is to be siq^posed temporarily that 2p is not an integer and 
that the path of integration is so drawm that the sequences of poles 0, 1, 2, ... ; 
— 2p, 1 — 2p, 2 — 2p, ... lie on the right of the contour while the sequence of 
poles — p — I, — ... lies on the left of the contour. In the first 
])lace, we shall shew that, if | argi>| < ^tt, the integral taken round a semi- 
circle of radius p on the right of the imaginary axis tends to zero as p oo ; 
for, if = pe*®, we have 


,s'r(-- a;) r (- 2p - s)r{p-{-s-\-^).{2izy = 

and, by Stirling s formula. 


TT® r (v -h 5 + J) . (2izy 

r (s) r(2p + s-t i)sin6-7rsin (2i/-|-«)7r ' 


. r(i/-l-.9 4- 

^ pe»^ log (2iz) - (i/ + pe»®) (log p + id) + pe*^ - i log (27r) ; 
and the real part ol this tends to — oo when — J7r<0<^7r, because the dominant 
t(Tm is — p cos 6 log p. When 0 is nearly equal to ± Jtt, | sin sir | is comparable 
with ^ exp [pTT I sin 6 |j and the dominant term in the real part of the logarithm 
of s times the integrand is 

p cos 6 log I 2^ j — p sin 0 . arg 2iz — p cos 0 log p + p0 sin ^ H- p cos 0 — 2p7r | sin 0 \ , 
and this tends to — oo as p — x if | arg 
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Hence s times the integrand tends to zero all along the semicircle, and so 
the integral round the semicircle tends to zero if the semicircle is drawn so as 
to pass between (and not through) the poles of the integi'and. 

It follows from Cauchy’s theorem that, when ] arg iz | < and 2v is not an 
integer, then 

~ ^ (- s) r (- 2,, - «) r(„ + S + i).(2izyds 

may be calculated by evaluating the residues at the poles on the right of the 
contour. 

The residues of 


r (— s) r (— 2i/ — «) r (i/ -h 5 + j) . (2izy 

at 5 = wi and s = — are respectively 

TT r (i/ + m + i). {2iz)”* _ Tr_ F (— r 4- m -h J) . 

sin 2v7r in ! F {2v + + 1) * sin 2vTr ml F (— 2i/ + m + 1) 

and hence 

- i?? f r (- «) r (- 2.. - s) r (i. + « + i) . (2izy ds 

J _oot 


sin 2p7r 


{J,(z)-e-"^J^,(z)]. 


It follows that, when | argi^ | < 3’'’, 

0—tlZ-rtr) jjyg (pit) . (2zy 


( 2 ) 




ri 


/ *» 

r (- s) r (- 2i/ - s) r (r + s + J ) . (2izy ds, 

— aoi 


and similarly, when | arg (— iz) | < f tt, 

(3) (^) = - co«(^)-(2^) - 

TT^ 

X f F (— «) F (— 2i/ — .s) F (*/ + 5 + J ) . (— 2izy ds. 

J —aoi 

The restriction that v is not to be an integer may be removed in the usual 
manner by a limiting process, but the restriction that 2p must not be an odd 
integer cannot be removed, since then poles which must be on the right of the 
contour would have to coincide with poles which must be on the left. 


w. B. p. 
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CHAPTER VII 

ASYMPTOTIC EXPANSIONS OF BESSEL FUNCTIONS 


7*1. Approx'lmate formulae for 

In Chapter ill various representations of Bessel functions were obtained 
in the form of series of ascending powers of the argument z, multiplied in some 
cases by log -e. These series are well adapted for numerical computation when 
is not large compared with 4 (i/ + 1), 4 (*/ + 2), 4 (i/ + 3), . . . , since the series 
converge fairly rapidly for such values of z. But, when | ^ I is large, the series 
converge slowly, and an inspection of their initial terms affords no clue to the 
approximate values of Jv(z) and K|,(^). Ihere is one exception to this state- 
ment; when p + l is an integer which is not large, the expressions for 
in finite terms (§3*4) enable the functions to be calculated without diflBculty. 

The object of this ^‘.hapter is the determination of formulae which render 
possible the calculation of the values of a fundamental system of solutions of 
Bessel’s equation whom z is large. 

There are really two aspects of the problem to be considered ; the investi- 
gation when V is large is very different from the investigation when v is not 
large. I^he former investigation is, in every respect, of a more recondite 
charact(‘r than the latter, and it is postponed until Chapter vril. 

It must, however, be mentioned that the first step towards the solution of 
th(‘ more recondite problem was made by Carlini* some years before Poisson sf 
investigation of the behaviour of Joia'Y fo^ large positive values of was 
published. 

The formal expansion obtained by Poisson was 




P.32 


4! (8a!/ 



+ sin (j:- |7r). 


12 

l!8a7 


P.32.52 

3!(8a!/ 


when ^ is large and positive. But, since the series on the right are not con- 
vergent, and since Poisson gave no investigation of the remainders in the 
series, his analysis (apart from bis method of obtaining the dominant term) is 
to be regarded as suggestive and ingenious rather than convincing. 

* liK'erche siilla conreiffenza della serie che serva alia soluzione del problema di Keplero (Milan, 
1817). An account of thenc investigations has already been given in § 1*4. 

t .Journal de vAcole Pulyfechniqiie, xii. (cahier 19), (1823), pp. 350—362 ; see § 1‘6. An in- 
vestigation of f7„(j') similat to Poisson’s investigation of Jo (a;) has been constructed by Gray and 
Matiievvs, A Treatise on Bessel Functions (London, 1896), pp. 34 — 38. 



7*1] ASYMPTOTIC EXPAITSIONS 196 

It will be Heen in the course of this chapter that Poisson’s scries are asymptotic \ this 
has been proved by Lii)schitz, Hankel, Schlafli, Weber, Stieltjos and Barnes. 

It must be mentioned that Poisson merely indicated the law of formation of successive 
terms of the series without giving an explicit expression for the general term ; such an 
expression was actually obtained by W. R. Hamilton* (o£ § 1-6). 

The analogous formal expansion for Ji(x) is due to Hansenf ; and a few 
years later, Jacobi J obtained the more general formula which is now usually 
written in the form 


/ 2 \* r 

— ) cos(a;— JnTT— J tt) 
yjTXj L. 


X 


f (4n» - 1 ») (4n* - 3») (4n‘ - 1») (4»» - 3') (4n* - 6*) (4n» - 7*) 

■' 2!(8x)* ■ 4! (8a;)* 


sin (a; — JwTT 



4»‘-l» 

l!8a: 


(4n* - 1») (4n* - 3“) (4m» - 5*) 
3!(8a;)> 



These expansions for Jq {x) and Ji {x) were used by Hansen for purposes of numerical 
computation, and a comparison of the results so obtained for isolated values of x with the 
results obtained from the ascending series led Hansen to infer that the expansions, although 
not convergent, could safely be used for purposes of computation §. 

Two years before the publication of Jacobi’s expansion. Plana |( had dis- 
covered a -method of transforming Parseval’s integral which placed the expansion 
of Jq(x) on a much more satisfactory basisIF. His work was followed by the 
researches of Lipschitz**, who gave the first rigorous investigation of the 
asymptotic expansion of Jo (^) with the aid of the theory of contour integra- 
tion ; Lipschitz also briefly indicated how his results could be applied to Jn (z)» 

The general formulae for J^(z) and Yy(z), where v has any assigned (com- 
plex) value and z is large and complex, were obtained in the great memoir by 
Hankel ff, written in 1868. 

* Some information concerning W. R. Hainilton’e reBearcbes will be found in Rir George 
Gabriel Stokee^ Memoir and Scientijic Correspondence^ i. (Cambridge, 1907), pp. 130 — 135. 

t Krmittelung der ahsoluten SWrungen [SchH/te?i der Stemwnrte Seehurg], (Gotha, 1843), 
pp. 119—123. 

X Astr. Nach. xxvni. (1849), col. 94 [Ge«. Math, WerkCf vii. (1891), p. 174.] Jacobi’s result 

is obtained by making the substitutions 

. 008 (a - Jnir - Jir) = ( - 1)1" OOB X f ( - 1 sin j;, 

^2 . Bin (X - Inir - Jir) = ( - !)»«(»+» sin X - ( - !)*"<"“ cos x, 
in the form quoted. 

§ See a note by Niemoller, Zeiischrift fiir Math, und Phys. xxv. (1880), pp. 41 — 48. 

II Mern. della R. Accad. delle Sci. di Torino, (2) (1849), pp. 275 — 292, 

II Analysis of Plana’s type was used to obtain the asymptotic expansions of Jv(z) and W {z) by 
McMalion, Annals of Math. viir. (1894), pp. 57 — 61. 

** Journal f Ur Math. lvi. (1859), pp. 189 — 196. 
tt Math. Ann. i. (1869). pp. 467—501. 
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The general character of the formula for K.(r) had been indicated by Lommel, Studien 
alter die Beuel'Mhen Fmu:tionen (Leipzig, 1868), just before the publication of Haiikel’s 
memoir; and the researches of Weher, Math. Ann. vi. (1873), pp. 146 — 149 must also he 
mentioned. 

The asymptotic expansion of (z) was investigated (and proved to be 
asymptotic) at an early date by Kummer* ; this result was reproduced, with 
the addition of the corresponding formula for (^), by Kirchhofff ; and a little- 
known paper by Malmst^nJ also contains an investigation of the asymptotic 
expansion of (z). 

A close study of the remainders in the asymptotic expansions of Jq (j?), Yq (:r), /q (x) 
and A’o (j 7 ) has been made by Stieitjes, Ann. Sci. de Vicole norm. sup. (3) ill. (1886), 
pp. 233 — 252, and parts of hiw analysis have l)oon extended by C'allandreau, B\dl. des Sci. 
Math. (2) XIV. (1890), pp. 110-114, to include functions of any integral order; while 
results concerning the remainders when the variables are complex have been obtained by 
Weber, Math. Ann. xxxvii. (1H90), pp. 404 -416. 

The exiiansions have also been investigfitod by Adamoft§, Petersburg Ann. Inst, poly i. 
1906, pp 239- 265, and by Valewink|| in a Haiirlem dissertation, 1905. 

Investigations conci^rning asymptotic expansions of {z) and {z), when 

is large while p is fixed, seem to be most simply carried out with the aid 
of int(?grals of Poisson’s type. But Schlafli*! has shewn that a large number of 
results are obtainable by a peculiar treatment of integrals of Bessel’s type, 
while, more recently, Barnes** has discii.ssed the asymptotic expansions by 
means of the Pinchorle-Mellin integrals, involving gamma-functions, which 
were examined in §§ 6 5, 6'51. 


7 * 2 . Asymptotic expouslons of and after Hankel. 

We shall now obtain the asymptotic expansions of the functions of the 
third kind, valid for large values of \z\ \ the analysis, apart from some slight 
modifications, will follow that given by Han keif f. 

Take the formula § 6*1 2 (3), namely 


/ 2 /■*expi^ / 


[]+^) du. 


valid when - \ir < < \ir and — Jtt + /9 < arg z < provided that 

7J(i. + P>0. 

The expansion of the factor (1 + liujzy-i in descending powers of z is 
I ^ (v-i)iu (v - - l).(iuy 


2z 


2.4.2* 


• Jmmuil filr Math. xvii. (1837), pp. 228—242. t Ibid. Xbviii. (1854), pp. 348—376. 

J K Sreiiitka V. A had. Hatidl. lxii. (1841), pp. 65 — 74. 

§ See the Jahrbuch iiber die Fortschritte der Math. 1907, p. 492. 

il Ibid. 1905, p. 828. ^ jfifi. di Mat. (2) vi. (1875), pp. 1—20. 

*• Trans. Camh. Phil. Soc. xx. (1908), pp. 270—279. 
t+ Math. Ann. I. (1869), pp. 491—495. 
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but since this expansion is not convergent all along the path of integration, 
we shall replace it by a finite number of terms plus a remainder. 

For all positive integml values ofja, we have* 

/ iu y-i K J - vU / M , (i - •')» z' w V i-M-' (t 1, 

It is convenient to take p so large that R{v—p — \)^0\ and we then choose 
any positive angle h which satisfies the inequalities 

I I ^ Jtt - S, I arg - ( Jtt + iS) I ^ TT - S. 

The effect of this choice is that, when S is given, z is restricted so that 
— TT -f 28 < arg 28. 

When the choice has been made, then 


g|>8inS, |arg(l-^J|<^, 


for the values^ of t and u under consideration, and so 


|(^ 2 w) 




^ /mi (gin = Ap, 


say, where Ap is independent of z. 

On substituting its expansion for (1 + and integrating term-by- 

term, we find that 


where 


(z) *= (!)*«<(«-»— H Pi* ij^ol , 
\irz) L«»“0 m!r(»' + i).(2t«)”* ^ J 




^ ' "(p-i)!lr(i/+ 


(!-»>> 




^-uU^+p-i 


— Bp,\z\ 

where Bp is a function of v, p and 8 which is independent of z. 

Hence, when R{v—p — \)<0 and 2^ (i/ -f- J) > 0, we have 

(1) H.» (.) = (A)' + 0 (.-^)] , 

when z is such that — tt + 28 ^ arg ^ 27r — 28, 8 being any positive acute 
angle ; and the symbol 0 is the Bachmann-Landau symbol which denotes a 
function of the order of magnitude! of z~p as | ^ | oo . 

The formula (1) is also valid when R(v—p — i)>0; this may be seen by 


* Cf. Modem Analytiet §5*41. The ase of this form of the bmomial expansion seems to be 
due to Qraf and Gubler, Einleitung in die Theorie/der BegeeVschen Funktionen, i. (Bern, 1898) » 
pp. 86—87. Gf. Whittaker, Modem AnalytU (Cambridge, 1902), §161; Qibson, Proc, Edinburgh 
Math. Soc. xxxviii. (1920), pp. 6 — 9; and MaoBobert, ibid. pp. 10 — 19. 
t Cf. Modem Analyeit, § 2*1. 
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supposing that R(v-p-i)>0 and then taking an integer q so large that 
R(p — q-l)<0] if the expression which is contained in [ ] in (1) is then 
rewritten with q in place of p throughout, it may be expressed as p terms 
followed hy q-p + l terms each of which is 0 or o ; and the sum 
of these ^ — p + 1 terms is therefore 0 

In a similar manner (by changing the sign of i throughout the previous 
work) we can deduce from §6*12(4) that 


( 2 ) 






-iir) 


.TTZj 


_in-0 


(i ~ *')m (i + t')m 

m!(— 2izy^ 


+ 0(z 




provided that R(p-]- ^)>0 and that the domain of values of z is now given 
by the inequalities 

— 27r + 28 arg ^ ^ tt - 2S. 


If, following Hankel, we write 


(v m)-( -•)”> ~ ^ + i) 

' ’ ^ ^ m! 'r;r!r(v-m + | 


i) 


= - 1°} - 3»} ■■■ 14i/» - (2m - 1)»] 


92m 


these expansions become 


. ml 


(3) H.« (.) . (IJ .K-l--.-. “ (*-')] • 

(4) «,..(<) - , 

For brevity we write these equations thus • 

(5) (z) ~ r X ti 

^ ^ (2i^)- ’ 

(6) !/,(») (z) ~ f A 2 i ''’ 


Since {v, ni) is an even function of v, it follows from the formulae of 
§ .1 61 (7), « which connect functions of the third kind of order v with the corre- 
sponding functions of order - v, that the restriction that the real part of v 
exceeds - J is unnecessary. So the formulae (1)— (6) are valid for all values 
of V, when ^ is confined to one or other of two sectors of angle just less than Sir. 

In the notation of generalised hypergeonietric functions, the expansions are 


(7) if,C) (^) ^ (Ay (i + j ^ ^ 

(8) if.W (.) ^ (A)* (j + j _ , . _ , 


of which (7) is valid when - ir < arg x < 27r, and (8) when - 27r < arg x < ir. 
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7*21. Asymptotic expansions of J^{z\ and Yu(z), 

If we combine the formulae of § 7*2, we deduce from the formulae of § 3*G1 
(which express Bessel functions of the first and second kinds in terms of 
functions of the third kind) that 


( 1 ) 


( 2 ) 




(3) J-, (z) ~ Cioa{z + \vrr — \Tr). 1 


(— )"' . (v, 2m) 
, (2z)“" 


1 . ^ (-)”*. (i/. 2m + I) 

-sm(z + i^-in). 


(4) 




• / . 1 1 \ V 2//i) 

(3,r 

K ( -*)'**' »(^ 2m -h 1 ) 


m-O (2*)- 


+ cos(«' + Jw — Jt). 2 

Wl- 

and (in the case of functions of integral order n only), 

/K\ v / \ /^TrXfr. , , I \ ? (-)"*.(«, 2m) 


']■ 


-|-C0S(2r — ^nTT — ^tt). 2 




. ^ 2 m + 1 )" 


m.o (2, 

These formulae are all valid for largo values of | | provided that | arg j | < tt ; 
and the error due to stopping at any term is obviously of the order of magni- 
tude of that terra multiplied by 1/^. Actually, however, this factor Ijz may 
be replaced by Ijz ^ ; this may be seen by taking the expansions of {z) and 
to two terms further than the last term required in the particular 
combination with which we have to deal. 


As has been seen in § 7*2, the integrals which are dealt with when 
jR (v) > — ^ represent {z) and (z), but, when -K ^ the integrals 
from which the asymptotic expansions arc derived a7-e those which represent 
and This difference in the mode of treatment of Jy(z) 

and Yy(z) for such values of i; seems to have led some writers to think* that 
formula (1) is not valid unless li {v) > — J./ 


* Cf. Sheppard, Quarterly Journal, xxiii. (1889), p. 223 ; Searle, Quarterly Journal, xxxix. 
(1908), p. 60. The error appears to have originated from Todhunter, An Elementary Treatise on 
Laplace's Functions, Lamp's Functions and BesseVs Functions (London, 1875), pp. 312 — Hid. 
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The asymptotic expansion of Jq{z) was obtained by Lipschitz* by inte- 
grating (1 - round a rectangle (indented at ± 1) ^ith corners at ± 1 
and ± 1 + oc i. Cauchy’s theorem gives at once 

r giztn _ i 2 \-i ^ gjir* f (2 + iuY^ du 

J-i 

— f g-(»+w)« 2^- J ^2 — du = 0, 

0 

and the analysis then proceeds on the lines already given; but in order to 
obtain asymptotic expansions of a pair of solutions of Bessel’s equation it 
seems necessary to use a method which involves at some stage the loop 
integrals discussed in Chapter VI. 

It may be convenient to note explicitly the initial terms in the expansions 
involved in equations (])— (4); they are as follows: 

5 .{v,2m)_ (4i/“ - 1*) (4i;2 - 3*) 

{2z)^ ■ ” “ 

(4r* - 1 “) (4i/* - 3«) (4i/“ - 5*) - V) 

■■ 4!(8^)‘ ■“ 

® (-)”■ . (i/, 2»i + 1 ) _ - 1» (4 k* - 1*) (4k“ - 3*) (4k* - 5*) 

(2i)*“+‘“ ~ 3!(8^y> 

The reader should notice that 

( 2 ) +«^,/+ 1* W 2/(»r^), 
a formula given by Lominel, Studien^ p. 07. 

Note. The methcxl by which Lommel endeavoured to obtain the asymptotic expansion 
of Yn{z) in his Shidien, ])p. 93- -97, was by differentiating the expansions of J±y{z) with 
I’espeet tb v; but of course it is now known that the term-by-term differentiation of an 
fisymptotic expansion with resjiect to a jiarameter raises various theoretical difficulties. 
It should be noticed that Lommel’s later w'ork, Math. Ann, iv. (1871), p. 103, is free from 
the algebraical errors which occur in his earlier work. These errors have l)eon enumerated 
by Julius, Archives N^erlandaises, xxviii. (1895), pp. 221 — 225. The asymptotic expansions 
of Jn{z) and Tn{z) have also been studied by McMahon, Ann. of Math. viii. (1894), 
pp. 57—61, and Kapteyn, Monatshefte fur Math, und Phys. xiv. (1903), pp. 275 — 282. 

A novel application of these asymptotic expansions has been discovered 
in recent years : they are of some importance in the analytic theory of the 
divisors of numbers. In such investigations the dominant terms of the ex- 
pansions are adequate for the purpose in view. This fact combined with the 
consideration that the theory of Bessel functions forms only a trivial part of 
the investigations in question has made it seem desirable merely to mention 
the work of Voronoif and WigertJ and the more recent papers by Hardy§. 

• Journal filr Math. lvi. (1859), pp. 189 — 196. 

i Ann, Sci, de VEcolc norm. sup. (3) xxi. (1904), pp. 207— 26d. 459—634; Verb, des Int, 
Math. Kongresses in Heidelberff, 1904, pp. 241^245. 

X Acta Matlhemntica, xxXvii. (1914), pp. 113 — 140. 

% Quarterly Journal, xi.vi. (1916), pp. 263—283; Proc. London Math. Soc. (2) xv. (1916), 
pp. 1 -25. 
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7 - 22 ] 

7*22. Stokes' phenomenon. 

The formula § 7*21 (1) for Jv{z) was established for values of z such that 
I arg z\<*n‘. If we took arg z to lie between 0 and 27r (so that arg ze~''^ lies, 
between — tt and tt) we should consequently have 

• / 1 . ^ ? (-)"•. (i/, 2m +l)'l 

- sm \ . 

SO that, when 0 < arg z < 27r, 

|^C08 (^ + Jl/TT + 


— sin (« + + ^“(r) 2 


(-)”■ . (k, 2m + 1) 


]■ 


,,.o 

and this expansion is superficially quite different from the expansion of 
§ 7*21 (1 ). We shall now make a close examination of this change. 

The expansions of §7*21 are derived from the formula 

and throughout the sector in which — tt < arg z < 27r, the function (z) has 
the asymptotic expansion 

^ ’ WzJ „_0 (2izr)”* 

The corresponding expansion for fT,*'-' (z), namely 


( 1 ) 




is, however, valid for the sector — 27r < arg z < tt. To obtain an expansion 
valid for the sector 0 < arg < 27r we use the formula of § 3*62 (6), namely 

(^) = 2 cos PTT . (ze"^^) + (ze”^), 

and this gives 

2 

9— jrn— *w/ > L 

„.„(2tV)’» 


( 2 ) 


W 




+ 2co8«-7rY— ) e*(»+J«+»'' I ’ 
Ktrs/ nt-o 


(2iz)^ 


The expansions (1) and (2) are both valid when 0<argz<7r; now the 
difference between them has the asymptotic expansion 

WzJ rn^o 

and, on account of the factor e^ which multiplies the series, this expression is 
of lower order of magnitude (when i ^ [ is large) than the error due to stopping 
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at any definite term of the expansion (1); for this error is 0 when 

we stop at the pth term. Hence the discrepancy between (1) and (2), which 
occurs when 0 < arg < tt, is only apparent, since the series in (1) has to be 
used in oonjuncti9n with its remainder. 


Generally we have 


{z) c 


■(IJ‘ 








n-O (2^)’" 


(2izy”‘ ’ ‘^WzJ 

where the constants c,, have values which depend on the domain of values 
assigned to arg z. And, if arg z is continually increased (or decreased) while 
I z I is unaltered, the values of and have to be changed abruptly at various 
stages, the change in either constant being made when the function wdiich 
multiplies it is negligible compared with the function multiplying the other 
constant. That is to say, changes in Ci occur when I (z) is positive, while 
changes in Cg occur when I (z) is negative. 


It is not difficult to prove that the values to be assigned to the constants 
Cl and Ca are as follows : 

c, = Ca = ^ [(2p ~ ] ) TT < arg z < {2p + 1) tt], 

(•'+*) [2p7r < arg z < {2p + 2) tt], 
where p is any integer, positive or negative. 

This phenomenon of the discontinuity of the constants was discovered by 
Stokes and was discussed by him in a series of papers. It is a phenomenon 
which is not confinc’d to Bessel functions, and it is characteristic of integral 
functions which posse.^us asymptotic expansions of a simple type*. 

The fact that the constants involved in the asymptotic e.x|wuision of the analytic function 
(z) are discontinuous w.is discovered by Stokes in (March ?) 1857, and the discovery was 
jtpparciitly one of those which are made at three o’clock in the morning. See Sir George 
Gabriet Stoii'ea^ Memoir <in(l Scie?}tific Corre8po7idence, I. (Cambridge, 1907), p. 62. The 
p.i|)cr.s in which Stokes published his discovery are the following t: Trans. Camh. Phil. 
Site. X (1864), i»p. J0(>— 128; xi. (1871), pp. 412—425; Acta Math. xxvi. (1902), pp. 393— 
397. [Math, and Phtfs. Papers, TV. (1904), pp. 77—109 ; 283—298 ; v. (1905), pp. 283 -287.] 
The third of these seems to have been the last paper written by Stokes. 


7*23. Asyinptotic eapansions of I and Ky{z). 

The formula § 7"2 (5) combined with equation § 3 7 (8), which connects 
K, (e) and {iz), shews at once that 


(1) 








/ TT Y 

\^lz) 


0 (2r)’" 

1 + 1“) 


1!82 


3») 


2!(8«y 




Cf. Itromwich, Theory of Infinite Series, 8133. 

+ Stokes illustrated the change with the aid of Bessel functions whose orders are 0 and i 
the latter being those associated with Airy’s integral (§ 6-4). 
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when I arg z' <%ir. And the formula («) = e*"*’ J, (c"*"* z) shews that 
I /-V, f (-)”»(«>. m) - (i/, m) 

provided that — Jtt < arg^^ < f tt. 

On the other hand, the formula /„ {z) 

'(27r^)4^-:o (2^r 


(3) 


4(^). 




e «/„ z') shews that 

(r, m) 


(27r^)4 j:o(2^r 


provided that — Jtt < arg ^ < Jtt. 

The apparent discrepancy between (2) and (3) when z has a value for 
which sxgz lies between — Jtt and \ir is, of course, an example of Stokes’ 
phenomenon which has just been investigated. 

Tlie formulae of this section were stated explicitly by Kuminer, Journal fkir Math. xvii. 
(1837), pp. 228 — 242, and Kirchhoff, Journal fUr Math. XLViii. (1854), pp. 348—376, except 
that, in (2) and (3), the negligible second series is omitted. The object of the retention of 
the negligible series is to make (1) and (3) formally consistent with § 3 7 (6). 

The formulae are also given by Riemann, Ann. der Physik und Chemie^ (2) xcv. (1856), 
p. 135, when i/ = 0. Proofs ai*e to be found on pp. 496 — 498 of Hankers memoir. 

A number of extremely interesting symbolic investigations of the formulae are to l>e 
found in Heaviside’s* papers, but it is difficult to decide how valuable such researches are 
to be considered when modern standards of rigour are adopted. 


A remarkable memoir is due to Malmstdnf, in which the formula 
j"* cos ax . dx 7re~® 

'0 (1 -f 2^+^ri! 

X [(2a)® + „6\ (n + 1) . (2a)®”* -f- „(7a {n + 1) (h + 2) . (2ay‘““ -f . . .] 
is obtained (cf. § 6*3). This formula is written symbolically in the form 
cos ax.dx _ Tre”® 1 ) ® 

j« (1 +a^-)"+> ~ 2^>Tiri ’ 

the [ ] denoting that [w]”*® is to be replaced by (^)_m» and this, in Malmst6n’s 
notation, means 

l/{(n + l)(w + 2) ... (/?. + m)]. 

It will be observed that this notation is different from the notation of § 4*4. 


7*24. The asymptotic expansions of her {z) and bei (z). 

From the formulae obtained in §§7 21, 7 23, the asymptotic expansions of 
Thomson’s functions ber (z) and bei (z), and of their generalisations, may be 
written down without difficulty. The formulae for functions of any order have 

been given by WhiteheadJ, but, on account of their complexity, they will not 

/ 

* Proc. Boyal Soc. lii. (1893), pp. 604 — 629; Electromagnetic Theory^ ii. (London, 1899). My 
thanks are due to Dr Bromwich for bringing to my notice the results contained in the latter work, 
t K. Svenslca V. .ikad. Handl. lxii. (1841), pp. 66-74. 

X Quarterly Journal, xlii. (1911), pp. 329 — 838. 
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be quoted here. The functions of zero order had been examined previously by 
Bussell •; he found it convenient to deal with the logarithmsf of the functions 
of the third kind which arc involved, and his formulae may be written as follows : 


( 1 ) 


her (z) exp a (z ) cos , , 
bei (z) >j\‘iiTz) sin ^ ’’ 


( 2 ) 

where 


ker {z) _ expn(- z) cos _ . 

■ kei(2) V(2z/7r) sin^'' ’’ 


( \ ± ^ 25 _ 

“ ~ ''' 8z V2 384z“V2 128z‘ 


8 8zV2~16z’ 384 z»V2 

The ranges of validity of the formulae are | arg z | < ^tt in the case of (1) and 
I arg z \<^7r in the case of (2). 

These results have been expressed in a modified form by Savidge, Phil. Mag. (6) xix. 
(1910), p. 51. 


7*26. Hadamard's modification of the asymptotic expansions. 

A result which is of considerable theoretical importance is due to 
HadamardJ; he has shewn that it is possible to modify the various asymptotic 
expansions, so that they become convergent series together with a negligible re- 
mainder term. The formulae will be stated for real values of the variables, but 
the reader should have no difficulty in making the modifications appropriate 
to complex variables. 

We take first the case of I^i^) when v> — \. When we replace sin by 
'u, wc have 


2(2a0-e» ^ 

(>'+i)r(i)Ao m! Jo 


exp (— du, 


the last result being valid because the series of integrals is convergent. 
We may write this equation in the form 


( 1 ) 




(1 - v),, 


r 


r (v + J) r (p ^( 2 ®) to“o m ! ( 2 ®)' 


(y+m-ig-lfK 


\/(27r®)„.(i r(i' + J).m!(2®)"‘ 
where 7 denotes the “incomplete Gamma-function” of Legendre§. 


* Phil. Mag. (6) ivn. (1909), pp. 331, 537. 

t Cf. the eimiUr procedure due to Meiaeel, which will bo explained in § 8-11. 

J Pull, de la Sae. Math, de France, xxxvi. (1908), pp. 77—85. § Cf. Modern Analytit, g 16-2. 
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For large values of jf, the difference between 

is which is o(l) for each integral value of n. 

In the case of the ordinary Bessel functions, we take the expression for 
the function of the third kind 


W r{v + ^)Jo - " V ■ 2xj 
, 2 “ (- /■** 


/ 2 

\irx) r(«' 


+ i) m-o m\(2x 


-v)m p 

)’“ J, 


K+m-J g-« du+0 (x’e-^). 


so that 


( 2 ) 


? a-»^V7 (»' + wt + i2a;) q , 


and similarly 

^ ^ ^ ^ WicJ m-o r{v+i).m\(-2ixy^ ^ 

From these results it is easy to derive convergent series for the functions 
of the first and second kinds. 


Hadaniard gave the formulae for functions of order zero only ; but the extension to 
functions of any order exceeding - J is obvious. 


7'3. Formulae for the remainders in the asymptotic expansions. 

In § 7*2 we gave an investigation which shewed that the remainders in 
the asymptotic expansions of (z) and (z) are of the same order of 
magnitude as the first terras neglected. In the case of functions of the first 
and second kinds, it is easy to obtain a more exact and rather remarkable 
theorem to the effect that when v is real* and x is positive the remainders 
after a certain stage in the asymptotic expansions of and Y±t,{x) are 

numerically less than the first terms neglected, and, by a slightly more re- 
condite investigation (§ 7*32), it can be proved that the remainders are of the 
same sign as the first terms neglected. 

Let us write 


2r(^ /%- i(i Sr + (* - S)"^! -i" - <'■ -)■ 

2ir(l4 - £)”'} ’’>■ 


We may take i' ^0 without losing generality. 
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so that 

(1) y±»(a;)=f- ')\co^{x-^\vTr-\ir)P{x,v)-B.m{x^-\vir-\ir)Q{x,v)], 

\7r X/ 

(2) Y±y (x) = f—Y [sin (j! T J I/W - P (x , »») + cos ((E T ^ i/tt - {tt) Q {x, i»)]. 

\7rx/ 

Now I (v) = 0 and, in the analysis of § 7*2, we may take S to be Jtt since 
the variables are real, and so -djp = 1. 

It follows that, if p be taken so large that — there exists a 

number 0, not exceeding unity in absolute value, such that 

X V'* - /± f±nyp 

\ “ 2xJ m^o ml \2ix) (2p)\ \2ix) ' 


and, on adding the results combined in this formula, we have^ 


(‘ + 2-i) *V-&) 






(2w)! \2ix) ' {2p) 

where | ^ 0 ! ^ 1 ; and, since 6^ is obviously real, - 1 ^ ^ 1- 

It follows on integration that 


'HtS’ 


„-o (2 m)! (2*)- ^(2p)!(2a.)^r(^+J)j/»^ “ 

r ^„e-“ du I $ dw = T (i/ + 2» + i), 

Yo I 0 


and since 


we sec* that th(‘ remainder after p terms in the expansion of P (x, v) does not 
exceed the (p -i 1 )th term in absolute value, provided that 2p>v—\. 

From the formula 

l\ + Y“‘ = I' ("iJf Y' + < 1 “ /If 

\ ■" 2.r/ ,„«o m! \2'//r/ (2/? + !)! \2w7 ’ 

we find in a similar manner that the remainder after p terms in the expansion 
of Q (a-, v) does not exceed the {p 4 - l)th term in absolute value, provided that 
2p^p-l. 


Tho.st‘ results were given >)y Hankel, Math. Ann. i. (1869), pp. 491 -494, and were 
reproduced by (Iray and Mathews in their Treatise on Bessel Functions (London, 1895), 
p. 70, but small inaccuracies have lieen pointed out in both investigations by Orr, Trans. 
Canth. Phil. Soc xvil. (1899), pp. 172 — 180. 

In the c^isc of A\ {x) we have the formula 



rco 



du, 


* This result was obtained in u rather different manner by Lipschitz, Journal filr Math. lvi. 
(1859), pp. 189—196. 
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m-O W! 



+ 


(p-l)! 




uty-p-i 

2a:) 


dt. 


and, when p^v — ^, the last term may be written 






where 0 < ^ 1, and so, on integration, 


K. 



where 0 ^ ^ 1 when 


m) 

mto (2^)"* 


+ 0, 


(^)l 

{2x)pj * 


This is a more exact result than those obtained for P {x, v) and Q {x, v) 
by the same methods ; the reason why the greater exactness is secured is, of 
course, the fact that (1 + \utlx)*'‘P^^ is positive and does not oscillate in sign 
after the manner of (1 + livtlxY^P^ ± (1 — \iutlxy^^^. 


7*31. The researches of Stieltjes on Jq{x), Yo(x) and ifo(A‘)- 

The results of § 7*3 were put into a more precise form by Stieltjes*, who 
proved not only that the remainders in the asymptotic expansions associated 
with jQ(x),Yfi(x) and Kfi{x) are numerically less than the first terms neglected, 
but also that the remainders have the same sign as those terms. 

Stieltjes also examined /o {x), but his result is complicated and we shall not reproduce 
it+. It is only to be expected that /y (.i*) is intractable because in the dominant expansion 
the terms all have the same sign whereas in the other three asymptotic expansions the 
terms alternate in sign. 

It is evident from the definitions of § 7 '3 that 

P (x, 0) = f u-i ((1 -h + (1 - iiuyij du, 

q 

Q (x, 0) = ® - (1 - 

In these formulae replace (1 ± by 

2 f*' d<l> 

TT j 0 1 ± i iw sin* <l> ’ 

* Ann. Sci. de vicole norm. sup. (3) in. (1886), pp. 233 — 252. 

t The function Iv(x) has also been examined by Schaiheitlin, Jahreshericht der Deutschen 
Math. Vereinigunfff xix. (1910), pp. 120 — 129, but he appears to use Lagrange’s form for the 
remainder in Taylor’s theorem when it is inapplicable. 
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It is then evident that 

( 1 + + ( 1 - im )- i = - 1 ^ 

^ ^ sin* <^ + . . . + (-)»^* (1 sin* 

'fr J 0 

+ (-)j» (jw* sin* <#>)^/(l sin* d>)} d<l>, 
where p is any jK)sitive integer (zero included). 

Now, obviously, 

(i»‘sin* <i>)P sin* <p)Pd4>, 

where 6 lies between 0 and 1 ; and hence 

J«1 + liw)“* 4 “1 ' 4 ; (i .)*“•■■ 

If we multiply by the positive function and integrate, it is evident 


(1) P(.r,0)=l 


■ 2 ! (Ha;) 


J (2p-2)!(8x)^-’‘ 


+ (_y0 

^ ’ (2/))!(8a:)V 

where 0 < < 1, and p is any positive integer (zero included); and this is tht 

result which had to be proved for P(ir, 0). 

Similarly, from the formula 

• 1 ■ X i /j 1 • w) ^ iu8m^(f>d<h 

^ 1(1 + -(1 ~ 1 +^„=,,in»^ > 

we find that 

(.) 0(^0)- , 1--3*.5 V V.SK5*... (4p-3y 

+ (.)P..0 l‘-3‘.5‘...(4p + ir 
^ ^ “ (2p+l)!(8a;)‘P+^ ’ 

where 0 < ^2 < 1, and p is any positive integer (zero included) ; and this is the 
result which had to be proved for Q (a?, 0). 

In the cast* of Ko{^\ Stieltjes took the formula 


and replaced (1 + J«)~l by - [ - , ■ ~i . 1 tbe procedure then follows the 

itJo l+jMSin“<^ ^ 

iiicthod just explain(id, and gives again the result of § 7'3. 

By uii ingenious device, CJ/illaiidreau * succeeded in applying the result of Stieltjes to 
obtain the corrosjionding results for functions of any integral order ; but we shall now explain 
a luethfMj which is eftbetive in obtaining the precise results for functions of any rcaZ order. 

* Hull, des Sci. Math. (2) xiv. (1890), pp. 110—114. 
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7*32. The signs of the remainders in the asymptotic expansions associated 
with Jt, (x) and (a;). 

It has already been seen that (x) and (x) are expressible in terms of 
two functions P{x,v) and Q{x,p) which have asymptotic expansions of a 
simpler type. We shall now extend the result of Stieltjes (§7*31) so as to 
shew that for any real value* of the order i^, the remainder after p terms of 
the expansion of P{x, v) is of the same sign as (in addition to being numerically 
less thanf) the (p + l)th term provided that 2p> r-i: a corresponding result 
holds for Q (x, v) when 2p>v — ^. The restrictions which these conditions lay 
on p enable the theorem to be stated in the following manner: 

In the oscillatory parts of the series for P {x, v) and Q (x, p\ the remainders 
are of the same sign as, and numerically less than, the first terms neglected. 

By a slight modification of the formulae of § 7*3, we have 
r® 

Q(^. ")= 27i%;Ti) L (1 - iiH)'**) <iu, 


and, exactly as in § 7*3, wo may shew that 

iia HI - 




The reader will see that we can establish the theorem if we can prove that, 
when 2p > 1 / — the last term on the right is of fixed sign and its sign is that of 

It is clearly sufficient to shew that 

5 — - . [ \l - 1)^-” {(1 + - (1 - 

— 1/ — j 0 

is positive. Now this expression is equal toj 

= l\l -t)y^‘ain(i\ut)dtd\. 

1 (2p — I' + J).U .N) 

* As in § 7*3 we may take y^O without loss of generality, 
t This has already been proved in § 7'3. 

t Since i8in(iXM0 the condition 2p>y-i secures the absolute convergence of the 

infinite integral. 


w. n. F. 


14 
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Now (1 — <)^* is a monotonic decreasing function of t\ and hence, by the 
second mean-value theorem, a number f, between 0 and 1, exists such that 

f (1 — aia (^Xut) dt — f sin ( JXwt) dt > 0. 

Jo Jo 

Since P {2p - i/ + i) is positive, we have succeeded in transforming 
— \ [\l _ {(1 4 - (1 - iiuty-v+i} dt 

Zp — v — ^ ' 0 

into an infinite integral in which the integrand is positive, and so the expression 
under consideration ic positive. 

That is to say, 

(2my. (2p)! 

where O'^O when 2p>v — \, And it has already been seen (§7*3) that in 
these circumstances | ^ | ^ 1. Consequently 0 ^ ^ ^ 1 ; and then, on multiplying 
the last equation by and integrating, we at once obtain the property 

stated for P {x, v). 

The corresponding property 'for Q(x, v) follows from the equation 

I,. Id + ji.,-. - d - t.„r‘i = -g/— 

dt; 

the details of the analysis will easily be supplied by the reader. 

Note. The analysis fails when if we take p=0, but then the phase of 

lies between 0 and ( 1 /--^) tt, and so J {(1 + has the 

same sign as unity, and, in like manner, J {(1 + -(I - \iuy~i} liho.fi the same sign as 

**'Od hence P(x, v) and (i{x, v) have the same sign os the first terms in their 
expansions, so the conclusions are still true; and the conclusion is true for Q{x, v) when 
^ < I' < 3 if p=0. 

7*33. Weber s formulae for the remainders in the expansions of functions 
of the third kind. 

Some; inequalities which are satisfied by the remainders in the asymptotic 
expansions of {z) and (z) have been given by Weber*. These inequali- 
ties owe their importance to the fact that they are true whether z and v are real 
or complex. In the investigations which we shall give it will be supposed for 
simplicity that v is real, though it will be obvious that modifications of detail 
only are adequate to make the mode of analysis applicable to complex values 

* Math. Ajin. xxxvii. (1890), pp. 404—416. 
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of V, There is no further loss of generality in assuming that p^O, 

We shall write | ^ | = r, and, since large values of 1 | are primarily under con- 
sideration, we shall suppose that 2r > 1 / — J. 

If ^ - i > 0, we have*, by § 6*12 (3). 


I Wz) r (i; 4- i) I 

I f 2 

^1 W r(«' + i) 




= ! (— y j Yl - 

i \trz] I \ 2»- 


If 0 $ i> < we use the recurrence formula 

Hf {z) = (2/^) (V + 1) {z) - {z) 

and apply the inequality just obtained to each of the functions on the right. 
It is thus found that 


( 1 ) 

and similarly 

( 2 ) 

where + 


( 2 :) ^ Cr I (iTT^)""! e*^*“**'’^“**^^ I , 

( 2 ) ^ I (i'trzy^ 0-i{z-ivir-in) I ^ 


(">4) 

iv<i) 


The results may be called Weber’s crude inequalities satisfied by (^) 
and (z). By an elegant piece of analysis, Weber succeeded in deducing 
more refined inequalities from them in the following manner : 

Take the first p terms of the series involved in Hankel’s two expansions 
and denote them by the symbols {z ; p), 2^^*^ ; p), so that 

V rii /.. . _ V ^0 V (» 


It is easy to verify that 


+ 2ij+ 

dz z^ 


{z -, p)- 


■p.(v,p) 


[dz'^ dz 2 :* J " 2:*(-2i2:)P”^‘ 

We regard this as an equation to be solved by the method of variation of para- 
meters; we thus find that 

(^ ; p) = (\irz)^ [A {z) {z) + B {z) {z% 

* In the third line of analysiB the inequality 1 + x (x^O) has been used, 
t When r < ^ we take 2r > + 1. 


14—2 
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where A (z) and B (z) are functions of z so chosen that 
I A' (z) //,'» (z) + F (z) (z) = 0, 

iz)+B' (z) = - 

It follows that 

A' (z) = iw{i7rz)~i (z). 

and so 

A(z)^A-i^jji-^(z + <)}-* + «) ^t, 
w here is a constant. 


We obtain a similar expression for B( 2 ), and hence it follows that 
2,<" (Z ] p)= (z) + (z)] (iTT^)* 


i wp . p2V(i Ti)p 

By considering the behaviour of both sides of this equation as ^ + oo , it 

is not difficult to see that .4 = 1 and B = 0. 

Hence we may write Hank el’s formulae in the forms 




where the remainder fip'" may he defined by the equation 



Since K (z) a 0, we have ( z + « | > v'(r' + P), and so, by using the crude 
ine(jualities, we sec that the modulus of the last integrand does not exceed 


2’-J’7r~* G\(r^ + t=)-JU'+ii. 

Hence 


i -Rp'"’ I « 2>-»’ G^p I (p, p) I I (ft + ci( 

and so, when p^l, we have 


(4) 

and similarly 

(5) 


I VI'S2G»|(p,p)| 


r(|)r(i p + i) 

i’(ip + i).i(2*y’r 


I Vk2G‘|(p,p)| 


ra)rap + i) 
r(jp+i).|( 2 z)»>r 


Ihese are the results obtained by Weber; and it will be observed that in 
the analysis no hypothesis has been made concerning the relative values of p 
and p ; m this respect Weber’s results differ from the results obtained by 
other writers. 
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7*34. Approximations to remainders in the asymptotic expansions. 

When the argument of a Bessel function is not very large*, the asymptotic 
expansion is not well adapted for numerical computation because the smallest 
term in it (with the remainder after the smallest term) is not particularly 
small ; at the same time the argument may be sufficiently large for the 
ascending series to converge very slowly. 

An ingenious method for meeting these numerical difficulties was devised 
by Stieltjesf; we shall explain the method in detail as applied to the function 
Kq{x) and state the results which were obtained by Stieltjes by applying the 
method to Jq{x) and Yq{x). 

We apply the transformation indicated in §7*31 to the formula §6*15 (4), 
so that 

ij' /„\ r 

- r I**" d ddu 

~ rr jo L w*(l + iwsin®^) 

TT U=« io Jo U* ^ ® 

Jo Jo w*(l + Jiisin*^) J 

That is to say, 

(1) 

where 


^ TT* Jo Jo ^^*(1 +iusin®^) 


Now the value of m for which (0, m)/(2a?)”‘ is least is nearly equal to 2x 
when X is large ; accordingly, in oixler to consider the remainder after the 
smallest term of the series for Kf^{x), we choose p so that 

X — kp -f <7, 

where <t is numerically less than unity; and then 

^ao fit 

^ ttWo Jo u*( 1 -h iuain^d) 

Now, as u increases from 0 to oo , ^we"*** increases from 0 up to a maximum 
e~^ (when u = 2) and then decreases to zero; so we write 


where f increases from — oo to oo , and, for similar reasons, we write 

sin= d = e-< 

/ 

* The range of values of x uudor contemplation for the functions ^oi^) *8 

from about 4 to about 10. 

t Ann. Sci. de VEcole norm. sup. (3) xii. (1886), pp. 241 — 252. 
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The domain of integration becomes the whole of the (f, 17 ) plane ; and it is 
found that 


where 




2a:*e~» 

TT* 






t*0,0 


= i. 


as,<,= 2ct’- 


^ 0,2 


= 4, 


by some rather tedious arithmetic. It follows* that the dominant terms of 
the asymptotic expansion of Rp for large values of p are 



It ifs easy to verify by Stirling’s theorem that 






© h vr'^ 
P ' 


so that the error due to stopping at one of the smallest terms is roughly half of the first 
term omitted. 


In like manner Stioltjes proved that, if P (x, 0) and Q (x, 0) are defined as 
in § 7 3, then 


(3) 


(4) 


where 


(5) 



\7r/ p L2 P J 

( 6 ) 


\7r/ p L2 P J 


provided that p is chosen so as to be nearly equal to x, and t is defined to 
be X — p. 


Results of this character are useful for tabulating Bessel functions in the critical range; 
some similar formulae liave been actually used for that purpose by Airey, Archiv der Math, 
\Lnd Hhys. (3) xx. M913), pp. 240—244', (3) xxii. (1914), pp. 30—43 ; and British Association 
Beports^ 1913, 1914. 

It wtmld bo of some interest to extend the results, wliich Stieltjes has established for 
Bessel functi(nis of zero order (as well as for the logarithmic integral and some other 
functions), to Bcs.sel functions of arbitrary onler. 


• Cf. Bromwich, Theory of Infinite Series, §§ 1H3, 137, and 174, or the lemma which will be 
proved in § 8*3. 
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7-35, 7*4] 


7’36. Deductions from SchafheitlMs integrals. 

If we replace a by 2 tan d in the formulae of § 7*32, we deduce that 


P{x, i;) = 


Q{x, i/) = 


(2xy ^^ sin*^-* 0 cos (v “-j) 6 

r (i; + i) ' 0 C08®*'+' 0 

(2d?)*'+* r*' sin*'"^ 0 sin {p — 1)0 

r(i' + i)jo cos^^ 


g-iatan« 




which resemble Schafheitlin’s integrals of §6* 12. 

It is obvious from these results that 

F (x, v) > 0, (— i < *' < 

Q(^,P)<0. 

An interesting consequence of these results is that we can prove that 

Q (^> ^)/P («, *') 

is an increasing function of x when — ^ < i/ < ^ and that it is a decreasing 
function of x when \ <v< 

For we have 


O' {x, v)P(x, v) - F(x, v) Q(x, v) 

= 2 f*’ F{e, ,I>) ddd4>. 

where 

^ 0-ta,n<f>) cos (v - J) (9 sin {v - J) <f>, 

so that 

F{0, <f,) + F(4>. 6) = ^ - tan sin (J ^v){e - ,j>). 

If we interchange the parametric variables 0y <f> in the double integral and 
add the results so obtained we see that, when — i < v< the double integral 
has the same sign as J — v ; and this proves the result. 


7’4. Schldjlis investigation of the asymptotic expansions of Bessel functions. 

In a memoir which seems hardly to have received the recognition which 
its importance deserves, Schlafli* has given a very elegant but somewhat 
elaborate investigation of the asymptotic expansions of the functions of the 
third kind. 

The integral formulae from which he derived these expansions are 
generalisations of Bessel's integral ; although Bessels integral is not so well 
adapted as Poissons integral for constructing the asymptotic expansion of 

* Ann. di Mat. (2) vi. (1875), pp. 1 — 20. The only standard work on Bessel tuDctions in which 
the importance of this memoir is recognised is the treatise by Graf and Gubler. 
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{z) when z is large and v is fixed, yet Schlfifli’s method not only succeeds 
in obtaining tht; expansion, but also it expresses the remainders in a neat and 
compact form. 


Schlarti’s procedure consisted in taking integrals of the type 


1 

27ri 


/ 


u~^~^ exp 



da, 


and selecting the contour of integration in such a way that, on it, the phase* of 

(m - 2 + lju) 

is constant He took two contours, the constants for the respective contours 
b(ung 0 and tt; and it is supposed that r is positive and a is real. 


(I) Let us first take the phase to be tt; write 

u = 1 + pe*\ 

w^h(jre p is positive and 6 is real, and then 

is negative, and is consequently equal to its conjugate complex. 


Hence we have 

(1) P = 


sin (a 4- 2^) 
sin (a + d) ' 


sin 0 

sin (a + 6) 




Next choose a new parametric variable (jy such that 


</) = 2^ + a — TT, 

and then 

(2) w = ^ e‘* ^ = 

cos i (a 4- <^) ’ u cos J (a — (^) cos J (a 4- </>) * 

Now, as <f> varies from — (tt — a) to (tt — a), traces out a contour emerging 
from the origin at an angle — (tt — ct) with the positive real axis and passing to 
iuHiiity at an angle (tt — a) with the positive real axis, provided that 0 < a < 27 r. 


If this restriction is not laid on a the contour passes to infinity more 
than once. 


VVe shall now lay this restriction on or ; and then the contour is of the type 
specified for formula §6 22(9), provided that we give u> and arg ^ the same 
value a, as is permissible. 


It follows that 

e*"" /„ (re*“) 

2? sin vir 

where a is defined in terms of (f) by equation (2). 




* The readur will Hnd it intoruHting to compare the general methods of this section with the 
“ method of steepest descents ” which i-^ applied to obtain various asymptotic expansions in 
Chapter vm. 
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Changing the sign of is equivalent to replacing u by 1/m, and so, replacing 
the expression on the left by its value as a function of the third kind, we have 

(i\) el""' ^ j (m"" + m") exp | Jre'* 

From (2) it follows that — re'*(M — l)7a increases steadily* from 0 to + oo 
as <f> varies monotonically from 0 to tt — a; and, if we write 

— (m — 1)Vm = t, 

so that t is positive when u is on the contour, we have 

du dt _ dt 

M ~ — re** (m — 17 m) e“* (""“)* (m* -h m“1) ’ 

the range of values of arg it being less than tt. 

Next, by Cauchy’s theorem, 

it is convenient to take the point f = 1 inside the contour, but f = 0 must be 
outside the contour because the origin is a branch -point. 

It follows that 
(4) 


Hence 


_ _ Ml 4- M-1 /' V«+) f (f - 1 ) 

“ “ • ' (f- !)»+■{:</(«<*)• 


2771 


(. 0 ) n, (re )- j (f_ l)» + f«/(re<«) ’ 

Now it is evident that 
1 


(_)p fP tp 


(f- 1)» + ?</(««•) „':o(r- 1 (re**)"* ^ (f- l)'>’{re<-)P ((?- 1)’+ fe/(»-e“)} ’ 

where p is any positive integer (zero included). It will be convenient subse- 
quently to suppose that p exceeds both R(v — 1) and (— j/ — ^). 

On making this substitution in the last integrand and observing that 


? (5 r(p-m+ J).(2»n!) (2w)! ' 


J /•(U+,1/U+, 

27ri j 

(with the notation of § 7*2), we deduce that 




(6) = 

where 


0*exp (re** - ^PTri) [ - + «p'‘’] ■ 




(-)" 


27ri\/(27r 


» /-(u h. 1/U+, I H g-tt Ip-k J'I'+P-I (if c?^ 

({•Lip-i(re<*)p{(f - 1)» + ?</(»-e’*)| ' 


,/:/ 


d sin- 0 sin 0(1 + 2 cos a cos 0 + co h^0) 

d0 cos a + cos 0 “ (COB a + cos 0)-* 


Since 
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First consider 

I I‘(u +, !/«+,!+) f •'“hp-* eif 

(f_ 1)^-1 i(f-i)» + fi/(rei.)}- 

When p is so large that it exceeds both 7i (v — ^) and i2 (~ v — ^), we take the 
contour to be as shewn in Fig. 15; and when the radii of the large and small 
circles tend to x> and 0 respectively the integrals along them tend to zero. 
If now we write 

f (1 — a;)/a; 

on the two rays (which are all that survives of the contour), we find that 
I riu+.Vu+,i+) 

^ ] (?-l)^-* + iilire^)] 

__ cos VTT p (1 - xy*''~^dx 

TT Jo 1 — to (1 — x)l{re^) 



Fig. 15. 


Now the numerator of the integrand is positive (when v is real), and the 
modulus of the denominator is never less than 1 when i* 7 r< a< | 7 r; for other 
values of a it is never less than | sin a |. 

Therefore 


'' irrP^CiTrj JoJo 


e-i‘ tP-i !cP-’-i (1 - x)P+>-i dxdt = 6I„ I iv, p) I H- (2r)P, 

where | | is 1 or | cosec a | according os cos a is negative or positive. When v 

is complex, it is easy to see that 


( 7 ) 


t 


cosy^r I ^0 i (-R {v),p) I 
cos R {vir) 1 (2r)i* 
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Hence, finally, when — \ir < arg z<^ir. 


( 8 ) 




V (-)” • (»'. 

_m=o (2iz)™ 


+ ^1 


\2izy I * 


where | 6 ^ | does not exceed 1 or | sec (arg-?) | according as I {z) is positive or 
negative, provided that v is real and p + ^>\v\. When v is complex, the modi- 
fied form of the remainder given by ( 7 ) has to be used. 

Since {1 — to(l --a?)/(re^*)] >0 when we see that, in (8), 6 ^ 

has its real part positive when v is real and I {z) ^0. 

If z be replaced by iz in (8) we find that, when | arg-? | < tt, 


( 9 ) K^{z)^ 

and, when v is real. 



(i/, m) 




py 

(2z)P_ 


(i) B (^a) > 0 and j ^3 1 < 1, if ^ 0, 

(ii) I I < I cosec (arg z) j, if B(z)< 0 . 

The modifications necessary for complex values of v are left to the reader. 


(II) We next discuss the consequences of taking the phase of 

i (a - 2 -f l/u) 
to be zero. As before, we write 

M = 1 + pe^y 


and then e*’®/(I + pe'®) is positive, and therefore equal to its conjugate 

complex, so that we obtain anew equation (I). We then diverge from the 
preceding analysis by writing 

<^ = -(2^ + a) 

so that 


( 10 ) 


sin i (a + <^) ju-iy ^ rBiti‘ 4 > 

sinj(a-^) ’ u sin ^(a — </))sin J(a -I- </>) ’ 


Now, as <f) varies from —a to a, m traces out a contour emerging from the 
(uigiii at an angle a with the positive real axis and passing to infinity at an 
angle — a with the positive real axis, provided that a lies between — tt and tt. 
The contour is then of the type specified for formula § 6’22 (8) if, as is per- 
missible, we give o) and arg-? the same value o. 

It follows that, when — tt < a < tt, 


da 

defy 


dihy 


Ky, (re^) = ^cos PIT J w"*'"* exp | - 
where a is defined as a function of (f> by equation (10); and therefore 
(II) j (a“*' -H u'') exp |- J 
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and hence, if now 
we find that, 


t = (u — 1 ffti. 


( 12 ) 




/:/ 


(■*+. 1/,-+) e-J« r*!.-* 


We have consequently' expressed a second solution of Bessel’s equation in a 
form from which its asymptotic expansion can be deduced ; and the analysis 
proceeds as in the ease of //»'” {z), the final result being that, when 


- ^7r< arg«< i-TT, 


(13) 


/f„® <'^)= e-***-*'”'-!’’’ 


(v, m) . (v, pY 

..“0(2^)'“'^ *( 2 i>)pJ’ 


where | 0.^ | does not exceed 1 or | secarg^^ j according as /(^) ^0 or I {z) >0, 
provided that v is real and ;> + J > | I ; and R (^ 2 ) ^ 0 when I{z) ^ 0. If v is 
complex the form ol‘ the nMiiainder has to be modified, just as in the case of (8). 


It should be observed that, since the integrands in (3) and (11) are even 
functions of v, it is unnecessary in this investigation to suppose that R (r) 
must exceed — ^ , as was necessary in investigations based on integrals of 
Poisson’s type. 


7'6. Barnes' investiffafiori* of asymptotic expansions of Bessel functions. 

The asymptotic expansions of functions of the third kind follow immediately 
from Barnes’ formulae which were obtained in §§6‘5, 6*51. Let us consider 


/: 


r (- s) r (- 2e - .s) r (j. + s + i) (- 2izy ds 


= (— 2iz) J r (— ,v + +2>) r (— s — j/ +p) r (s — p 4- 1) (— 212 :)* ds. 


If I arg (— 72) I ^ TT — 8, we have 

U r(— s 4- V 4-p) r (— A? — 1 / 4-p) r (« — + 2 ) ^izy ds j 

5 $ f i r(- .S‘ 4- + p) r(- s — 1 / 4-p) r(. 5 ? — 4 - i) e ds\, 

J -rx>i 

and the last inttigral is convergent and so the first integral of all is 

0\(- . 

But, by the arguments of §0-51, the first integral is —27ri times the sum 
of the residues at the pol(;s on the right of the contour, and so it is e(|ual to 
“ TT' (2)/[e*^^”'""> cos i^7r(2r)»'] plus — 27ri times the sum of the residues at 
,s = - - J _ M ^ p 4- The residue at — — J is 

r (,. 4-y^^-f^)r(- i/ 4^m + ^) 

7U I (— 2l>)'"^”’'‘'^ ’ 


^ Tram. Camb. Vhil. Soc. xx. (1908), pp. 273 — 279. 
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and 80 , when ; arg (- te) | ^ f ir — S 


rr (. w % cos (i>v) . {2zy 

Hy (2)- - j - 




2 V,,M..-,., ['I' >j2)- + 0<«'-'>] . 


and this is equivalent to the result obtained in § 7*2. The investigation of 
II ( 2 ) may be constructed by replacing i by - i throughout. 


The reader should notice that, although the determination of the oi'der of 
magnitude of the remainders by this method is transparently simple, it is not 
possible to obtain concrete formulae, concerning the magnitude and the sign 
of the remainders, which are ultimately supplied by the methods which have 
been previously considered. 


7*51. Asymptotic expansions of products of Bessel functions. 

It does not seem possible to obtain asymptotic expansions of the four 
products J±ii{z) J±v{z) in which the coefficients have simple forms, even 
when p==v. The reason for this is that the products (z) (z) and 

(z) (z) have asymptotic expansions for which no simple expression 

exists for the general term ; the leading terms in the two expansions are 

2e±2w=F*(^+>'+i)«rt 2i/®- 1 

TTZ I ^ ^iz 

The products^^^^^ (z) and//^‘*^ ( 2 ^)^ however, do possess simple 

asymptotic expansions ; and from them we can deduce asymptotic expansions 
for 

J^{z)J^(z)+Y^{z)Y,(z) 
and for (z) F„ (z) — Y^ (z) Jy (z). 

The simplest way of constructing the expansions is by Barnes* method, 
just explained in § 7*5. A consideration of series of the type obtained in 
§ 5*41 suggests that we should examine the integral 

the contour is to be chosen so that the poles of T (25 4- 1) lie on the left of the 
contour and the poles of the other foui; Gamma functions lie on the right of 
the contour ; and it is temporarily supposed that /i, v and p±v are not 
integers, so that the integrand has no double poles. The integral is convergent 
provided that \ arg (iz) | < f tt. 
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First evaluate the integral by swinging round the contour to enclose the 
sequences of poles which lie to the right of the original contour ; the expression 
is equal to minus the sum of the residues at these poles, and the residue at 

r (/It -h y -f 2m -h 1) . (-)”* 

sin fiw . sin vir . sin (/a + v)ir ‘ m! F (/tA + m + 1) F (i; + m H- 1) F (/x + i' + m -f 1) ’ 

It follows that 




-IT* ^ J^{z) (z) 

sin (ft— v) IT 


sin fiir sin vir ( sin (/x + v) w 

sin (i; — /x) TT sin (fi + i') tt j 




\Jit,{z) Jy(^z)-\r Yft,{z) Y^(z)l 


sin (/X + 1/) TT 

- — W W- n W 7 . W, 

' (/T+V) TT 


7r*i 


- cot J (m - »') IT {J^(z) r, (z) - (z) J, («)}] 

\\JA^)J,{‘‘)+Y^{z)Y,{z)] 


2 cos i(/* + r) TT 

+ tan J (^ - v) TT (z) y\ (z) - (z) J, (ar)}]. 

By writing — * for t throughout the analysis we deduce that, if both 
I arg iz I and ] arg (- iz) | are less than Jw, i.e. if | arg ^ ] < ir, then 

- cot i (,t - 1 /) w , (y^ (,) F,(^) - 1 , (c) y, (,)}] 


( 1 ) 



7-61] 
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7r» 


:[{J,(z)Mz)+Y,iz)Y,(z)} 


2 cos J (/I + v) TT ^ 

+ tan i (/*-.-) TT . {J^ (z) Y, (z) - {z) J, («))] 

X r - s) r sin «7r . (i«)" <fo. 

These results hold for all values of fi and v (whether integers or not) 
provided that, in the case of the former -f v and fi — v are not even integers, 
and, in the case of the latter /z + and /* — i/ are not odd integers. 

We now obtain the asymptotic expansions of the functions on the left of 
(1) and (2) after the manner of § 7*5. 

We first take p to be an integer so large that the only poles of the in- 
tegrands on the left of the line ( 5 ) = — — J are poles of F (2s - 1 - 1) ; and then 

/•oot ffloi-p-i 

J -go* J 

(when either integrand is inserted) is equal to 27n times the sum of the 
residues at the poles between the contours. Since 

p.-p-i ^ ^ ^ 

J -«t“p-i 

we deduce that the asymptotic expansions, when | arg^^ | < tt, are 

(3) [J^ {z) (z) + Y^ {z) F„ (^)] - cot J (ft - J/) TT . [J^ (z) Yy(z)-Jy(z)Y^ (r)] 

. u + p 
sin - TT 


ri 

r| 


|r| 


iri 


-»t = 0 


(2m + l)!(i^)*"‘+* 





/j, + V 3 ^ 1 \ 


TTz^ sin i(p — p) 


2 2 +^’ 2 2 ’2^ W 


and 


(4) \J^ (z) J, (z) + r„ (z) Y, (^)] + tan (z) Y, (z)~J, (r) Y^{z)] 

2 f ii + v+\ fi-v + l V-11.+ 1 \-n-v . 1 . _ 1 

"jr z 00 a ^ (ft, — v) 'IT ' * \ 2 ’ 2 ’ 2 ’ 2 ’ 2’ W 
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In the special case when = the last formula reduces to 
(5) i (1. 3. 5. ..(2m- 1)1 


and, in particular, 


( 6 ) 




2 ? (-)•»{!. 3. 5. ..(2m-l)}‘ 
TTZ^to' ( 2 m)!( 22 )«» 


Formula (5} 8cein« to have been discovered by Lorenz, K. Banake Videmk. Selskahs 
Sknftei\ (G) vi. (1890). [Oeuvres srientijiqtces^ I. (1898), p. 435], while the more general 
formulae (3) and (4) were stilted by Orr, Proc. Camh. PkiL Soc. x. (1900), p. 99. A proof 
of (5) which depeiidH on transformations of repeated integrals was given by Nielsen, Iland- 
budi dcr Theorie der Cylinderfiniktionen (Leipzig, 1904), pp. 245 — 247 ; the expansion (5) 
is, however, attributed to Walter Gregory by A. Lodge, British Association Report^ 1906, 
pp. 494—198. 


It is not easy to estimate exactly the magnitude or the sign of the re- 
mainder after any number of terms in these asymptotic expansions when this 
method is used. An alternative method of obtaining the asymptotic expansion 
of Jy^(z) + IV (^) will be given in § 13-75, and it will then be possible to form 
such an estimate. 



CHAPTER VIII 


BESSEL FUNCTIONS OF LARGE ORDER 

8'1. Bessel functions of large order. 

The subject of this chapter is the investigation of descriptive properties, 
including approximate formulae, complete asymptotic expansions, and in- 
equalities of various types connected with Bessel functions ; and the pro- 
perties which will be examined are of primary importance when the orders of the 
functions concerned are large, though many of the results happen to be true 
for functions of all positive orders. 

We shall first obtain results which are of a purely formal character, 
associated with Carlini*s formula (§1*4). Next, we shall obtain certain 
approximate formulae with the aid of Kelvin's* “principle of stationary 
phase.” And finally, we shall examine the contour integrals discovered by 
Debye + ; these will be employed firstly to obtain asymptotic expansions when 
the variables concerned are real, secondly, to obtain numerous inequalities of 
varying degrees of importance, and thirdly, to obtain asymptotic expansions 
of Bessel functions in which both the order and the argument are complex. 

In dealing with the function (a?), in which v and x are positive, it is 
found that the problems under consideration have to be divided into three 
classes, according as xjv is less than, nearly equal to, or greater than unity. 
Similar sub-divisions also have to be made in the corresponding theorems 
concerned with complex variables. 

The trivial problem of determining the asymptotic expansion of (r), when v is large 
and z is fixed, may be noticed here. 

It is evident, by applying Stirling’s theorem to the eximnsion of § 3-1, that 

(i) ~ exp {» + v log (i*) - (» + i) log k} . I^Co + . J , 

where c'o = l/^(27r); this result has been pointed out by Horn, Math. Ann. Lil. (1899), 
p. 359. 

[Note. For physical applications of approximate formulae for functions of large order, 
the following writers may be consulted: Macdonald, Proc. Royal Soc. Lxxi. (1903), pp. 251 — 
258 ; LXXIT. (1904), pp. 69—68 ; xc. A (1914), pp. 50 — 61 ; Phil. Tram, of the Royal Soc. cxx. A 
(1910), pp. 113 — 144; Debye, Ann. der Physik xmd Chemie, (4) xxx. (1909), pp. 57—136'; 
March, Ann. der Phyaik und Chemie, (4) xxxvii. (1912), pp. 29—60; Rybezynski, Ann. der 

* Phil. Mag. (6) xxiii. (1887), pp. 252—256. [Math, and Phys. Papers, iv. (1910), pp. 308—306.] 
lu connexion with the principle, see Stokes, Trans. Camb. Phil Soc. ix. (1856), p. 175 footnote. 
[Math, and Phys. Papers, ii. (1883), p. 341.] 

t Math. Ann. lxvii. (1909), pp. 535 — 568; MUnebener Sitzmgsbenchte, xl. [5], (1910). 


w. B. F. 


15 
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Phy^ik und Cfiemie, (4) XLi. (1913), pp. 191—208; Nicholson, PhU. Mag. (6) xix. (1910), 
pp. 516 — 537 ; Love, Phil. Trans, of the Royal Soc. ccxv. A (1915), pp. 105 — 131 ; Watson, 
Proc. Royal Soc. xcv. A (1918), pp. 83 — 99, 646—563. The works quoted all deal with 
the problem of the ])i’opagation of electric waves over the surface of the earth, and are 
largely concerned with attempts to reconcile theoretical with experimental results.] 


8‘11. MeisseVs first extension of Carlinis formula. 

The approximation (§ 1'4) obtained by Carlini is the first term of the 
asymptotic expansion of a Bessel function of large order ; subsequent terms 
in the expansion were formally calculated by Meissel, Astr. Nach. cxxix. 
(1892), col. 281 — 284, in the following manner: 

It is clear that Bessel’s equation may be written 


(1) 






if we define a function u {z) by the equation 

J, (vz) = exp IJ w (e) , 

then equation (1) tran.sforms into 

(2) [v/ (a ( 2 )}^] + (z) — (1 — = 0. 


If now we assume that, for large values of i/, u {z) is expansible in a series 
of descending powers of thus 

u (z) = + w, + u^jv ..., 


where Wq, Wi, t/-., ... denote functions of z which are independent of v, by 

substituting in (2) and equating to zero the coefficients of the various powers 
of V on the loft, we find that 


= [^(1 - z^)]lz, 

+ 1 0^ -f .2:“ 
8(1 


4^ H- z^ 




64« + 560^“ + 456^' + 25^’ 


128(1 -^=)V 


1 6z + 368z* + 9242:“ + 3742’ + 1 32 * 
■■"32(1-27 


Hence, on integration, it is found (cf. § 1’4) that 

j'u ( 2 ) dz = „ |l 0 g + V(1 - 2 ») - l[ - i log (1 - 2 ’) 

_ -L 1 _ ol . __42« + 2;_ 

24z/ (^1 ^ “f '*■ l(j„«^(^l ■- «»)» 

+ [ f fi - H5 122’ - 36542* - 3752 " 

5760i/’( (1-2*)’ 

322’ + 2882* + 2322* + 132* 

■ i28>(i-27 
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Hence we have Meissel’s formula 

J (pz) = (»'^)*’ exp (i» ^(1 - g»)] ■ exp (- F,) 

1 f 2 + 3g« J 4 g« + z« 

241/ 1(1 — J 16i^(l — «’)’ 

1 fl6-1512r‘-3654«‘-375«<' .) 

5760v*t (!-«•)* i 

32«* + 288«< + 232«« + 13z> 

128j/*(1-2«)* 

It will appear in § 8‘4 that the expression given for V, is the sum of the 
four dominant terms of an asymptotic expansion which is certainly valid when 
« lies between 0 and 1 and v is large. 


( 3 ) 

where 

(4) 


It is stated by Oraf and Oubler* that the first approximation derivable from (3), namely 


r*exp {v s/(l‘-r *)} 

l^irv 


is duo to Duhamel ; but a search for the formula in Duhamel’s writings has not been 
successful, and it seems certain that, even if it had been discovered by Duhamel, his 
discovery would have been subsequent to Oarlini’s. 


Notk. The reader should observe that (3) may also be written in the form 


(5) 

w’horo 

( 6 ) 


r / o.. V ^ exp{-i.(o-tanha)>.exp(- If,) 

t/,, ( V seen a) = — -;7z t — r . •* , 

' ' tanh a) ’ 

coth^ a X coth®a,^ ,o la v 

Wy^ — ; — (2 + 3 sech^ u) (4 sech* a+sech* a) 

24v Idv* 


- ( 16 - 1 51 2 sech* a - 3654 soch« o - 376 seeh® o) 


COth*^ a 
128v* 


(32 soch^ a+ 288 sech'* a + 232 sech® a + 13 sech® a) 


8* 12. MeisseVs second expansion. 

The expansion obtained in § 811 obviously fails to represent Jy (yz) when 
z is real and greater than unity; for such values of z, Meisself obtained two 
formal solutions of Bessels equation; and, if we Avrite the reader 

will see, by making some moditications in § 8T1 (5), that these solutions niay 
be written in the form 



* EinleiUing in die Theorie der BesieVsehen Funktionen^ i. (Bern, 1898), p. 102. 
t Astr. Niich. exxx. (1892), col. 363 — 368. 


15-2 
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where* 

(1) P.,= -^^(4 8ec’/S + sec‘/3) 


cot“ jS 

l2'V 

cot >";8 


(32 setf ^ + 288 sec* /3 + 232 sec* /8 + 13 sec* | 8 ) 


+ ^”"27 + ^1280 sec‘/9+ 14884 sec'/S + 1 7493 sec*/3 

+ 4242 sec*" )8 + 103 sec” /9) 


(2) = X (tan /9 - /9) - (2 + 3 sec® /3) 

— (16 — 1512 sec® 0 - 3654 sec* /9 — 375 sec" /9) 

322560 ;. sec®)8 + 1891200 sec*^ + 4744640 sec«/8 

+ 1914210 sec* /3 + 67599 sec” /8) 

+ .... 

To determine (v sec in terms of these expansions, we take to tend 
to ^TT, and compare the results so obtained with the expansions of Hankel's 
type given in § 7-21 ; we see that, as 

^ 0, Qyr^v (sec - ^tt), 

and we infer that 


(3) 



(4) 

^.'®-(.sec^) = y/( 2 p^^^ 


]t follows that 


(5) 


cos (Q, - Jrr), 

( 6 ) 


'P''sin(Q,- J tt), 


where J\ and are defined by ( 1 ) and ( 2 ). It will appear subsequently 
S’4-1) that these formulae are actually asymptotic expansions of */„ (u sec j3) 
and 1 „ (z^ sec when is large and ^ is any assigned acute angle. 

Forinulae which are valid for small values of /3, i.e. asymptotic expansions 
of (z) and (s) which are valid when z and v are both large and are nearly 
equal, cannot easily be obtained' by this method ; but it will be seen in § 8-2 
that, for such values of the variables, approximations can be obtained by 
rigorous methods from Schliifli s extension of Bessels integral. 


The reader will observe that the approximation has been carried two stages further than in 
the corresponding analysis of § 8*11. 
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The dominant terms in the expansions (5) and (6), which may be written in the 
Jir), (or) ■« sin ( §„ - Jir), 

Qv — V*) — Jptr + v arc sin (v/j?), 

had been obtained two years before the publication of MeissePs paper by L. Lorenz in a 
raemoir on Physical Optics, K. Danske Vtdenskabernea Sehkahs Skn/ter^ (6) vi. (1890). 
[Oeuvres Scientifiquesy i. (1898), pp. 421 — 436.] 

The procedure of Lorenz was to take for granted that, as a consequence of the result 
which has been proved in § 7*51, 


Note. 

form 

(7) 

where 




ir«L 2" ^ ^2.4 

TTJP L ^ J 





and then to use the exact equation 

( 8 ) 


dQ^ 

cLv 


which is easily deduced from the Wronskian formula of § 3*63 (1), to prove that 
whence the approximation stated for Qv follows without difficulty. 


Subsequent researches on the lines laid down by Lorenz are due to Macdonald, Phil. 
Trans, of the Royal Soc. ccx. A (1910), pp. 131 — 144, and Nicholson, Phil. May. (6) xiv. 
(1907), pp. 697—707 ; (6) xix. (1910), pp. 228—249; 516—537; Proc. London Math. Soc. (2) 
IX. (1911), pp. 67—80; (2) xi. (1913), pp. 104 — 126. A result concerning + which 

is closely connected with (8), has been published by A. Lodge, British Association Report^ 
1906, pp. 494—498. 


8 * 2 . The principle of staticmary phase. Bessel functions of equal order 
and argument 

The principle of stationary phase was formally enunciated by Kelvin* in 
connexion with a problem of Hydrodynamics, though the essence of the principle 
is to be found in some much earlier work by Stokes f on Airy's integral (§ 6*4) 
and Parse val’s integral (§ 2*2), and also in a posthumous paper by RiemaniiJ. 

The problem which Kelvin ]iropounded was to find an ap[>roxiinate expression for the 
integral 

1 

M = — / cos [m {.V — tf (wi)}] rfwi, 

Zn J 0 

which expresses the effect at place and time (or, t) of an impulsive disturbance at place and 
time (0, 0), when f{m) is the velocity of propagation of two-dimensional waves in Avater 
corresponding to a wave-length 27 r/w. The principle of interference set forth by Stokes 


* Phil. Mag. (6) xxiii. (1887), pp. 262 — 255. [Math, and Phys. Papers, iv. (1910), pp. 303 — 306. J 
t Camb. Phil. Trans, ix. (1866), pp. 175, 183. [Math, and Phys. Papers, ll. (1888), pp. 341, 361.] 
X Qes. Math. Werke (Leipzig, 1876), pp. 400--406. 
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and Rajloigh in their treatment of gronp-velocity and wave-velocity suggested to Kelvin 
that, for large values of the parts of the integral outside the range (ft - a, + 

of values of m are negligible on account of interference if /x is a value (or the value) of m 
which makes 

^ [m {a:-</(»i)}]=0. 

In the range (/x-a, /x-ha), the expression m{x-tf{rn)} is then replaced by the first 
three terms of its expansion by Taylor’s theorem, namely 

^ {.r - tfM) + 0 . (m - m) - W (m) + 2/' W) {m - 
and it is found that, if* 

O' >/2 

^ cos {</!*/' ip) + <r*} dtr 
^ COS {</x^/^ (/x)-h^7r} 

4-27rM,xr(M) + 2/'(M)}]* 

In the last integral the limits for o-, which are large even though a bo small, have been 
replaced by - ao and 4- oo . 

It will be seen from the foregoing analysis that Kelvin's principle is, effectively, that in 
the c(uc of the integral of a rapidly oscillating function^ the important pari of the integral is 
due to that part of the range of integration near which the phase of the trigonometrical 
function involved is stationary \ , 

It has subsequently been noticed J that it is possible to give a formal 
mathematical proof of Kelvin s principle, for a large class of oscillating functions, 
by using Bromwich’s general isation§ of an integral formula due to Dirichlet. 

The form of Bromwich’s theorem which will be adequate for the applica- 
tions of the principle to Bessel functions is as follows : 

Let F(pf) he a function of x which has limited total fluctuation when 
let ^hea function of v which is such that vy-^oo as . Then, if—l<fjL<l, 

f x^-^ F (it?) sin px.dx-^F(-hO) f t^~^ mit,dt — F (+ 0) T (fi) sin i fiir ; 

J i) Jo 

and, if 0 < fi< I, the sines may be replaced hy cosines throughout. 

The method which has just been explained will now be used to obtain an 

* This is the appropriate substitution when m{x-tf(m)\ has a minimum at m—fx; for a 
maximum the sign of the expression under the radical is changed. 

t A persistent search reveals traces of the use of the principle in the writings of Cauchy. See 
e.g. equation (119) in note 16 of bis Thtorie de la propagation des Ondcs, crowned Sept. 1815, 
M&m. pr^sentis par divers savants, i. (1827). [Oeuvres, (1) i. (1882), p. 230.] 

X Proc. Camb. Phil. Soc. xix. (1918), pp. 49 — 55. 

8 Bromwich, Theory of Infinite Series, § 174. 
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approximate formula for Jt,(y) when v is large and positive, 
which was discovered by Cauchy*, is 


(I) 




r(i) 

2^ . 3^ TTl/l 


This formula, 


This formula has been investigated by means of the principle of stationary phase, com- 
paratively recently, by Nicholson, Phil, Ma^, (6) xvi. (1909), pp. 276 — 277, and Rayleigh, 
Phil. Mag, (6) xx. (1910), pp. 1001—1004 [Scientific Papers^ v. (1912), pp. 617—620]; see 
also Watson, Proc, Camh. Phil, Soc. xix. (1918), pp. 42 — 48. 


From § 6 2 (4) it is evident that 

j, („) = l f’cos {k (0 - sin «)} d0 - 

’ttJo Jo 

and obviously 

TT Jo 

Hence 

(i,) = f cos [v (0 — sin 0)] d0 + 0 (l/v). 
^ J 0 

Now let ^ — sin 0, and then 


r er^yt (it 0(1 /i^l 

tr Jo 


But 


JJoo. |, (« - .in 9)1 de.f^ dd,. 

9^Ol^COS0 6 ^ 


and hence, if — cos 0) has limited total fluctuation in the interval (0, tt), 
it follows from BromwicKs theorem that 


C08 ptf) j 2 /■* 4 , 

and then (1) follows at once. 

It still has to be proved that <^^/(l-cos(9) has limited total fluctuation ; to establish 
this result we observe that 

d ( 'i <l>~ ^ sin 6 g (6) 

d$ (l-cosdj 3(1 -cos ^)2 » 

where 9 {6) ~ ^ sin 6), 

80 that ^(0)=»0, ^(tt-O)— - f-oo , 

g’ (fi ) » (1 - cos 6)*/(I + cos 6) ^ 0, 

and therefore, by integration, g{6)'^0 wh^ 0%6^n. Consequently ^^/(1-coad) is 
nionotonic and it is obviously bounded. The result required is therefore proved. 


* Comptea Rendus, xxxviii. (1864), p. 998. [OeuvreSf (1) xii. (1900), p. 663.] A proof by 
Cauchy's methods will be given in § 8*21. 
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By means of some tedious integrations by parts*, it is possible to obtain 
a second approximation, namely 


( 2 ) 


J,(v) 


ni) 


2^ . 1407rv^ 


+ o(i'“*), 


and it may also be proved that 

(3) 


2’ irv* 


an associated formula is 

(4) 




3*rQ) 

2^ TTI/^ 


The asymptotic expansions, of which these results give the dominant 
terms, will be investigated with the aid of more powerful analytical machinery 
in § 8-42. 


8 '21. MeisseVs third expansion. 

The integral just discussed has been used by Cauchy f and MeisselJ to 
obtain the formal asymptotic expansion of «/n(w) when n is a large integer. 
It will now be explained how this expansion was obtained by Cauchy and (in 
a more complete form) by Meissel; the theoretical justification of the pro- 
cesses employed will be investigated in § 8*42, 

Taking the formula 

Jn {n) = ^ [ cos [n {6 — sin ^)} dO, 

TT J 0 

let us write 0 — sin ^ J ; it then follows that, for sufficiently small values of t, 

m=0 

and ^-0 = 1, ^4 =* riifJ I trut > 

^8 = •••• 

It follows that 

/»(«) = - f! i (2m + l)\„,t«"lco8(in<»)S‘^^- 

. 0 ( m=0 j do 

When n is large, J is large at the upper limit, and Meissel inferred that 

S (2w + I)Xw(?f cos dt, 

TT m=0 . 0 

* Bee Ptoc. Camh. Phil. Soc. xix. (1918), pp. 42 — 48. 

t Comptes Rendus, xxxviii. (1854), pp. 990—998, 1104—1107. [Oeuvres, (1) xii. (1900), 
pp. 161—164, 167—170.] 

t Astr. Nach. cxxvii. (1891), col. 359—362; cxxviii. (1891), col. 145—154. Concerning 
formula (1), Meissel stated ‘*Sohon vor dreissig Jahren war ich zu folgenden Forme! gelangt.” 
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where 0 is the sign indicating a “generalised integral” (§ 6 4) ; and hence, by 
integrating term-by-term and using Euler’s formula, Meissel deduced that 

(1) - S XTOr(fw-|-|)(-) cos(Jm + J)7r. 


Meissel also gave an approximation for X,*, valid when m is large; and this approxima- 
tion exhibits the divergent character of the expansion (1). 

The approximation is obtainable by the theory developed in the memoir of Darboux, 
“Sur Tapproximation des fonctions de trfes grands nombres,” Journal de Math. (3) iv. (1878), 
pp. 6 — 56, 377 — 416. 

We consider the singularities of 6 qua function of t ; the singularities (where B faiU to 
be monogenic) are the points at which and /=(12rw)^, where r* +1, +2, +3, ... ; 

and near* t— ±(127r)^ the dominant terms in the eximnsion of 6 are 


±2ir + 




By the theory of Darboux, an approximation to X^ is the sum of the coefficients of 
^ 2 m+i in expansions of the two functions comprised in the last formula ; that is to say 
that 


X„~2.(36ff)l 


(2»n-t-l)! (12ir)*“ + i 


^ 2r(2»t-|-S) 

3^ r(S)r(2m + 2).(127r)*’"’ 

and so, by Stirling’s formula, 


(18)^r(S)(/a+J)^(12,r)*»»’ 

This is Meissel’s approximation ; an approximation of the same character was obtained 
by Cauchy, loc. city p. 1 106. 


8*22. The application of Kelvins principle to Jy(vsec /3). 

The principle of stationary phase has been applied by Rayleigh f to obtain 
an approximate formula for »/„ (i^ sec 0) where y8 is i. fixed positive acute angle, 
and V is large J. 

As in § 8*2 we have 

Jy(vQec0) = ~ r^cos — sec^Ssin ^)} 0(l/v)y 

^ . 0 

and 0 — sec /S sin 0 is stationary (a minimum) when 0 ss /3. 

Write ^ — sec sin ^ = /S — tan + 0, so that <f> decreases to zero as 0 in- 
creases from 0 to /8 and then increases as 0 increases from /8 to tt. 

* These are the singularities which are nearest to the origin, 
t Phil. Mag. (6) xx. (1910), p. 1004. [Scifntijic Papers, v. (1912), p. 620.] 
t See also Macdonald, Phil. Trans, of the Royal Soc. ccx. A (1910), pp. 181 — 144; and Proc. 
Royal Soc. lxxi. (1903), pp. 251 — 258; lxxii. (1904), pp. 59 — 68. 
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and <f>^ 


Now 

f cos [v (d — sec sin ^)} d6 

J 0 

-ff *! 

1 




d0 


COS (i^ (<^ + )8 — tan ^)} ^ d<l>, 


dS 

d^ 


\/(2 tan 13)^ ^ 

Hence, if <f>^ {d0ld<f>) has limited total fluctuation in the range 0 ^ ^ ^tt, 
follows from Bromwiclis theorem that 


j cos [v sec sin ^)} d6 2 j cos {i/ ( ^ ^ — tan fi)] 


and so 

(1) J,(rsec/3)~ 
The formula 

( 2 ) Y^(vsec^)^ 


cos [v (tan ^ — / S) — \ir ] 
tan B) 

sin {r (tan ^ — /S) — j:7r] 


\/(^v7r tan ff) 

is derived in a similar manner from § 6*21 (1). 


The reader will observe that these are the dominant terms in Meissels 
expansions § 8T2 (5), (6). 

To complete the rigorous proof of these formulae we have to shew that {dBfd<f>) has 
liraitcxl total fluctuation. 


Now the square of this function, namely {dBld<l))\ is equal to 


say. But 


A' {sy. 


^-seci3sin^-^ + tan/3_ , 

■' (1 -sec cos (9)2 

_ cos 3 coscc ^ (1 — sec 3 cos 6 )^ - 2 (^ — sec /3 sin ^ ^ + tan /3) 


cos /3 cosec ^ (1 - sec /3 cos $y 
The numerator, k{0y of this fraction has the differential coefficient 


- cos /3 cos e cosec^ d (1 - sec /3 cos Bfy 

and so ic{e) decreases steadily as 6 increases from 0 to and then increases steadily 
as 3 increases from to tt ; since A(d)=0 when d = it follows that h($)^Q 

when 0^3^^ and h' (3) changes sign once (from negative to positive) in the range 

3 


Hence | Jh (3) \ is moiiotonic (and decreasing) when 0 ^ d ^ /9, and it has one stationary 
point (a minimum) in the range /8 < d < tt ; since | ^/A (d) | is bounded and continuous 
when 0 ^ d ^TT it consequently has limited total fluctuation when 0 ^ d < ir, as had to be 
proved. 
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8*3. The method of steepest descents, 

A development of the theory of contour integration, called the method of 
steepest descents*, has been applied by Debyef to obtain integral representa- 
tions of Bessel functions of large order from which asymptotic expansions are 
readily deduced. If, in general,, we consider the integral 

dwy 


in which j | is supposed to be large, the contour is chosen so that it passes 
through a point at which f{w) vanishes ; and the whole of the contour is 
then determined by the assumption that the imaginary part of f{w) is to 
be constant on it, so that the equation of the contour may be written in 
the form 

If(w)=If{w,), 

To obtain a geometrical conception of the contour, let = w + iv, where w, v 
are real ; and draw the surface such that the three coordinates of any point 
on it are 

M, V, Rf(w), 


If Rf{w) — z, and if the i^-axis be supposed to be vertical, the surface has no 
absolute maxima or minima except where /(w) fails to be monogenic ; for, at 
all other points. 


^ d^z 
0a* 01;* 


= 0 . 


The points [wq, Vq, Rf{Wff\ are saddle points, or passes, on the surface, so that 
the contour of integration is the plan of a curve on the surface which goes 
through one of the passes on the surface. This curve possesses a further 
property derived from the equation of the contour ; for the rate of change of 
f{w\ at any given value of w, has a definite modulus, since f{w) is supposed 
to be monogenic ; and since If{w) does not change as w traverses the contour, 
it follows that Rf (w) must change as rapidly as possible ; that is to say, that 
the curve is characterised by the property that its direction, at any point of 
it, is so chosen that it is the steepest curve through that point and on the 
surface. 

It may happen that we have a freedom of choice in selecting a pass and 
then in selecting a contour through that pass ; our choice is to be determined 
from the consideration that the curve must descend on both sides (»f the pass ; 
for if the curve ascended, Rf{w) would tend to oo (except in very special 
cases) as w left the pass, and then the integral would diverge if R (v) > 0. 


* Frenoh *‘M4thode du Col,” German **Methode der Sattelpunkte.” 

t Math. Ann. lxvii. (1909), pp. 635—568; Milncheufr Sitzunysbcrichte, xl. [5], (1910). The 
method is to be traced to a posthumous paper by Riemann, HVr/ce, p. 405; and it has recently 
been applied to obtain asymptotic expansions of a variety of functions. 
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The equation is unaltered by changing the sign of v and so the contour is 
symmetrical with regard to the axes ; the shape of the part of the contour 
between v = — tr and » = w is shewn in Fig. 16. 



Fig. 16. 


If T = sinh a — a cosh a — (sinh w — w cosh «), 

it is easy to verify that t (which is real on the curves shewn in the figure) 
increases in the directions indicated by the arrows. 

As w travels along the contour from oo — iri to oo + 7 ri, t decreases from 
-f cx) to 0 and then increases to + cx) ; and since, by § 6*2 (3), 

1 r®+irr 

ZiriJ oo-m 

we have obtained a curve from which we can derive information concerning 
Jp(a:) when a: and p are large and xjvKl. The detailed discussion of the 
integral will be given subsequently in ^ 8'4, 8*5. 

The contours from — oo to qo + iri give information concerning a second 
solution of Bessel’s equation; but this problem is complicated by Stokes’ 
phenouienon, on account of the two stationary points on the contour. 

(II) When xjv > 1, we can find a positive acute angle ^ such that 
(4) x=vsec^, 

and the relevant stationary points, which are now roots of the equation 

cosh w — cos ^ = 0, 

aie w=±i/3. 

When we take the stationary point the contour which we obtain is 
1 (sinh w - cos /9) = sin /3 - yS cos /3, 
so that, replacing w by w + iv, the equation of the contour is 

sin 4 - (t; — cos 8 


(5) 


cosh u 


sin V 
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Now, for values of v between 0 and tt, the function 
sin ^ + (v — /9) cos /9 - sin v 

has one minimum (v = at which the value of the function is zero ; for other 
values of v between 0 and tt, 

sin y8 + (v — /9) cos > sin v. 

Hence, for values of v between 0 and tt, equation (5) gives two real values 
of u (equal but opposite in sign), and these coincide only when v « They 
are infinite when v is 0 or tt. 

The shape of the curves given by equation (5) is as shewn in the upper 
half of Fig. 17 ; and if 

T * i (sin /8 — /9 cos /8) — (sinh w~-w cos /3\ 

it is easy to verify that t (which is real on the curves) increases in the 
directions indicated by the arrows. As w travels along the contour from — x • 
to X + m, T decreases from + x to 0 and then increases to 4- oo and so we 



Fig. 17. 


have obtained a curve from which [§ 6’21 (4)] we can derive information con- 
cerning (x) when x and v are large and xfv > 1. The detailed discussion 
of the integral will be given in ^ 8*41, 15*8. 

If we had taken the stationary point — we should have obtained the 
curves shewn in the lower half of Fig. 17, and the curve going from - x to 
00 —iri gives ah integral associated with (x ) ; this also will be discussed 
in § 8*41. The two integrals now obtained form a fundamental system of 
solutions of BesseFs equation, so that there is a marked distinction between 
the case xjv < 1 and the case > 1. 
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(III) The case in which v^x may be derived as a limiting case either 
from (I) or from (II) by taking a or equal to 0. The curves now to be con- 
sidered are v = 0 and 

(6) cosh u = v/sin V, 

and they are shewn in Fig. 18. 



We obtain information concerning and by considering the 

curves from — oo to cx) ± iri, while information concerning (v) is obtained 
from the curve which passes from x - iri to oo + tti. The detailed investiga- 
tion will be given in §§ 8*42, 8*53, 8 54. 


8*32. Oeometrical properties of Deb^e^s contours. 

All interesting result which will lie found to be important in dealing with zeros of 
Bessel functions (>5 and which is also u.sod in proving certain approximate formulae 

which will be stated in § 8*43, is associttted with the second of the three contours just dis- 
cussed (Fig. 17 of § 8-31). The theorem in question is that (he slope* of the branch from 
— X X -I- TTi is positive and does not e.vceed ^/3. 

It is evident that, for the curve in question, 

sinh w - ^ cos v cos ^ 

dv sin* V 


But sin (i;-^)8ec y - (i’-/9)cos^ has the positive derivative cos /3 tan* r, and hence it 
follows that 


sin (v- ^)~(v-^) cos i? cos ^ 


has the same signt as v — Therefore since ^ and u are both positive or both negative 
for the curve under consideration, dv/du is positive. 


* Proc. Camb, Phil. Soc. xix. (1918), p. 105. Since, in the limiting case (Fig. 18) in which 
8 -0, the slope is 0 on the left of the origin and is ^3 immediately on the right of the origin, no 
better results of this type exist. 

+ This is obvious from a figure. 
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Again, to prove that dvjdu does not exceed we write 

^ ' sin v ’ 

and then it is sufficient to prove that 

^ 0 . 

Now the expression on the left (which vanishes when v=fi) has the derivate 

— [(«— j9) {sill* j)+3oos* »} cos^-|- 8 in* vsin/3-3cos » sin (w-/3)]. 

_ , ^ . sin* V sin /3-3 COS V sin (v — 8 ) 

}iut («J-/9)cOS/SH — 5 ^ 

^ ' 8 in*v + 3cos*v 

has the positive derivate and so, since it is positive when v = 0 , it is 

' (sin^ 17 + 3 cos* vy ‘ * 

positive when 0<v<n. Therefore, since (v) has the same sign as y - 3, it follows that 
has the same sign as v - /3, and consequently 

has for its only minimum between v=0 and t>== 7 r ; and therefore it is not negative. 
This proves the result stated. 


8 • 4 . The asymptotic expansion'* of (v sech a). 


From the results obtained in § 8*31 we shall now obtain the asymptotic 
expansion of the function of the first kind in which the argument is less than 
the order, both being large and positive. 


We retain the notation of § 8*31 (I) ; and it is clear that, corresponding to 
any positive value of r, there are two values of which will be called and 
w>i \ the values of Wy and differ only in the sign of their imaginary part, and 
it will be supposed that 

I (Wy) > 0 , I (W 2 ) < 0 . 

We then have 


( 1 ; sech a) = 




dr, 


where x = p sech or. 


Next we discuss the expansions of iVy and Wj in ascending powers of r. 
Since t and dTjdw vanish when w = or, it follows that the expansion of t in 
powers of w — or begins with a term in (w — a)® ; by reverting this expansion, 
we obtain expansions of the form 


tVy — a 


i T**”***), w.-a= I (-)«+> 


* The asymptotic expansions contained in this section and in §§ 8*41, 8*42 were established 
by Debye, Math, Ann, lxvii. (1909), pp. 535 — 568. 


w. B. p. 


16 
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and, by Lagrange’s theorem, these expansions are valid for sufficiently small 
values of i T i. Moreover 

_ 1 /■<*+•*+> /dw,N dr 

_ 1 dw 

The double circuit in the r-plane is necessary in order to dispose of the 
fractional powers of t ; and a single circuit round a in the ic-plane corresponds 
to a double circuit round the origin in the r-plane. From the last contour 
integral it follows that is the coefficient of l/(w; — a) in the expansion of 
('"■*■*) in ascending powers of w — a\ we are thus enabled to calculate the 
coefficients a^. ' 

Write w — a^ W and we have 

T = - sinh a (cosh TT — 1) — cosh a (sinh W — W) 

where Co = — i sinh a, c, = — i cosh a, c* = — ^ sinh a, . . . . Therefore or,,, is the 
coefficient of W’" in th<^ expansion of Ico-^Ci W 

The coefficients in this expansion will be called Oo (m), Uj (7u), (w^), . . . , 

and so we have 


( 1 ) 




(m4-l)(m + 3) Cl*-' 


2^2! 


Co" 


(m + 1) (m + 3) 2ciCg 

'^^7 If ' ‘ ~hj~ 

(w+ 1)(77 iH-3)(/u + 5) 

2Ks\ 


±A} ?L. 

■ Co*) ' 


«•<”■>= 1 - r.i • ^ (-:? + 0^:) 

_ l)(^n + 3) {rn + 5) 3c, 




2«.3! • Co* 

(m4- l)(wi + 3)(w + 5)(m + 7) 
^4! ■ 


0^* ] ’ 


On substitution we find that 


^'00 = «o + (-^sinh a)'^, 

«, = a, (1) = - (- J sinh a)"^ coth a), 
ag = ag(2) = -(~ Jsinha)-? (i -/^coth“a), 

I «;t = ih (*^) = “ (“ i s^inh ay coth a — ^j coth® cr}, 

I ^4 = 04 ( 4 ) = + (“ i sinh a)-« coth=a 4 coth^a), 



8-4j 


Now 
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when I T I is sufficiently small ; and since 

dr 


^ = cosh a — cosh w, 

it follows that d{u\ — w^jdr tends to zero as t tends to + oo . 

Hence the conditions stated in the lemma of § 8*3 are satisfied, and 80 

• dr 


r 

Jo ( dT dr 


has the asymptotic expansion 


* r(m + 


when X is large. 

Since arg {(u^i — a)/T*l-^ ^tt as t -► 0, it follows that, in (2), the phase of 
has bo be interpreted by the convention arg Oq * + hence 

rr * r(w + t) Am 

^ ® V'(27rvtanha),„=o r'(V) ’ (Jj/ tanh ’ 

where 

1 - -Wr coth» a + ^ coth‘ a, 


The formula (3) gives the asymptotic expansion of J„(i/secha) valid when 
a is any fixed positive number and v is large and positive. 


The corresponding expansion for the function of the second kind, obtained by taking a 
contour from - qd to oo + tti, is 


(fi) 


Yy {v sech a) ~ 


^.>(a-tanha) » 

tanh a) w=o T {\) ‘ (i v tanh a)”* ' 


The position of the singularities of d{wx — y>^ldrt qua function of the 
complex variable t, should be noted. These singularities correspond to the 
points where w fails to be a monogenic function of t, i.e. the points where 
dTjdw vanishes. Hence the singularities correspond to the values ± a + 2w7re 
of 7//, so they are the points where 

T = 2 w 7 ri cosh a, t = 2 (sinh a- a cosh a) -f 2?i tti cosh a, 
and n assumes all integi*al values. 


It is convoniout to obtain a formula for dwjdr in tho form of a contour integral, if 
tq) be a pair of corresponding values of (w, t), then, by Cauchy’s theorem, 

fdw\ 1 f(u+)dw 'dr 1 f (^9+) dw 
Xdr/o Stti J dr t - Tq 2irl j r — To* 
where the contour includes no point (except Wq) at which r has the value to. 


lf{— 2 
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8*41. The asymptotic expansions of and F„(i/8ec)S). 

In § 8*4 we obtained the asymptotic expansion of a Bessel function in 
which the argument was less than the order, both being large ; we shall now 
obtain the asymptotic expansions of a fundamental system of solutions of 
Bessel’s equation when the argument greater than the order, both being large. 

We retain the notation of § 8*31 (II) j it is clear that, corresponding to any 
positive value of t, there are two values of w lying on the contour which 
passes from — oo to oo tti ; these values will be called Wi and and it will 
be supposed that 

R (i^i) >0, R (w^ < 0. 

We then have 


roc 

(y sec /Q) = 

1T% 




where x = v sec p. The analysis now proceeds exactly on the lines of § 8*4 
except that a is replaced throughout by ifi, and the Bessel function is of the 
third kind. 


It is thus found that 




»»-0 




To determine the phase of Uo, that is of (— Jisin/9)“*, we obseive that 
arg ((w, - ifi)/T} 4- i TT as T 0, and so 

Uo = sin /3). 

Consequently 

(n Cl sec fl) I 

V(Jv7rtan/9)„=o ' (i^tanyS)” ' 

In like manner, by taking as contour the reflexion of the preceding contour 
in the real axis of the w-plane, we find that 

(2) 2f„^2>(i/sec/9)o. — 2 ^ 

V(ij'7rtan^)^=o r(i) ‘ (- J tan ' 

In these formulae, which are valid when is a fixed positive acute angle 
and V is large and positive, we have to make the substitutions : 


(3) 


^0=1, -4, = i + ^cot=‘^, 

= + 6% cot^/9. 


If we combine (1) and (2), we find that 
(4) 

2 \M 


Wtaii/s; L ' ^ IVi) -(A^t 


’(i) -(ivUmfir 

+ 8m(j-tan/8- v/S — Itt) 2 + j) 1 
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( 5 ) 


(p sec /3) ~ 



sin (p tan ^ — ^tt) 


— cos (p tan /8 — i/)8 — ^tt) 


m=0 


I (-V" r(2m + ^) _ A^ 

„i«o r(^) ’(^i/tan)8)*’»‘ 

(--)"r ( 2m + |) 

r(i) ‘(ii;tany3f«+’_ * 


The dominant terms in these expansions are those obtained by the principle 
of stationary phase in §8-21. 


8 ’ 42 . Asymptotic expansions of Bessel functions whose order and argument 
are nearly equal. 

The formulae which have been established in §§8‘4, 8*41 obviously fail 
to give adequate approximations when a (or /8) is small, that is when the 
argument and order of the Bessel function concerned are nearly equal. It is, 
however, possible to use the same method for determining asymptotic ex- 
pansions in these circumstances, and it ha})pens that no complications arise by 
supposing the variables to be complex. 

Accordingly we shall discuss the functions 

where z and v are complex numbers of large modulus, such that \z — v\ is 
not large. It will appear that it is necessary to assume that 2 ^ — i; « o(^i), in 
order that the terms of low rank in the expansions may be small. 

We shall write 

and it is convenient to suppose temporarily that 

|arg^! < Jtt. 

We then have 

J TOO +iri 

(1) (z) = . I exp \z (sinh w -7v)-^ zew] dw, 

m J _« 

where the contour is that shewn in Fig. 18; on this contour sinh w — is real 
and negative. 

We write 

T = io — sinh w;, 

and the values of w corresponding to any positive value of t will be called Wi 
and of which Wi is a complex number with a positive real jmrt, and is 
a real negative number. 

We then have 

(2) (^€Wi) ^ - exp (zeWi) dr. 
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The expansion of t in powers of w begins with a term in and hence we 
obtain expansions of the form 


^ exp {z€Wx) S hrti T^*”, 

uT m~0 

exp (zew.^) = T~^ S e* *”***’*> *" 6»n T*", 

CtT m— 0 

and these are valid when | t | is sufficiently small. 

To determine the coefficients we observe that 

1 r(<^+,o+.o+) /dwA dr 

1 dw 

Gtti J . 


As in the analogous investigation of § 8 4, a single circuit in the r-plane 
is inadequate, and the triple circuit is necessary to dispose of the fractional 
powers of t; a triple circuit round the origin in the r-plane corresponds 
to a single circuit in the w-plane. 

It follows that bm is equal to multiplied by the coefficient of w"* 

in the expansion of 

exp (z€w ) . {(sinh w — 


The coefficients in this expansion will be called 6o(m), 6i(r/i), 6^(w), ... so that 


It is easy to shew that 
' bo (rn) = 

2)j (m) = €Z, 


(3) 


6a (m) = |-^ 

bsim) = 


w-f 1] 

60 r 

(m + 

60 r 

-f 1 ) ( 77/1 + 8)1 

120 5Mo6 ; 


For brevity we write 


(«») = Bn{ez), 
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so that* 


(4) 


/JB« («*)-!, Bi(ez)mtt, 

I -fij “ 4 **** ~ -^s (f*) “ 4** * ^* ~ •j*5**> 

I Ba (e«) “ “*" 


[Bi (0) s= - ^8 W “ TiiNjm* -®io (0) - - •] 

We then have 

exp(^ew;i)^** Jt"* 2 

»T m»0 

- 

(LtD ^ 

exp {zew^ =s J T“^ 2 g<in+i)ir« gi<wi+i) ji,n^ 

»T wi=0 

and [exp (zew ) . (dw/dr)] satisfies the conditions of the lemma of § 8*3. 
It follows from the lemma of § 8*3 that 

(5) BJ'i ~ ~ ^ ■®”‘ ““ 4 (»* + 1) ”• . . 

and similarly 

(6) ff,® ~ ^ 4 (w + 1) »r . • 

We deduce at once that 


(7) 4(^)^^^i^5„(«)sini(m + l)7r. 

(8) r, (z) ~ - 3^ 4 (w + 1) TT . ■ 

From the Cauchy-Meissel formula § 8*21 (2), it is to be inferred that, when 
m is large, 

r ( J) . (m + ’ 

but there seems to be no very simple approximate formula for B„^(€z). 


The dominant terms in (7) were obtained by Meissel, in a Kiel Pt'ogrammiy 1892; 
and some similar results, which seem to resemble those stated in § 8*43, wore obtained by 
Koppe in a Berlin Programml, 1899. The dominant terms in (8) as well as in (7) were 
also investigated by Nicholson, Phil. Mag. (6) xvi. (1908), pp. 271 — 279, shortly before the 
ap^)earance of Debye’s memoir. 


* The values of Bq{ 0), Ti^iO), ... Bio{0) were given by Meissel, Astr. Nach. cxxvii. (1891), 
ool. 359 — 362; apart from the use of the contours Meissers analysis (of. § 8*21) is substantially 
the same as the analysis given in this section. The object of using the methods of contour 
integration is to evade the difficulties produced by using generalised integrals. 

The values of Bq (e^), Bi (cr) and /Ig {ez) will be found in a paper by Airey, Phil. Mag. (6) xxxi. 
(1916), p. 524. 

t See the Jahrbuch Uber die ForUchritte der Math. 1892, pp. 476 — 478. 

t Sec the Jahrbuch iiher die Fortsehritte der Math 1899, pp. 420, 421. 
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We next consider the extent to which the condition |arg- 2 r|< Jtt, which 
has so far been imposed on formulae (5) — (8), is removable. 

The singularities of the integrand in (2), qua function of r, are the values 
of T for which w, (or fails to be a monogenic function of t, so that the 
singularities are the values of t corresponding to those values of w for which 

drjdw = 0. 

They are therefore the points 

T = 2w7n^’, 

where n assumes all integral values. 

It is consequently permissible to swing the contour through any angle rj 
less than a right angle (either positively or negatively), and we then 
obtain the analytic continuation of (z) or (z) over the range 
- iir - rf < fLvg z < ^TT ^ 7f. By giving r) suitable values, we thus find that 
the expansions (5) — (8) are valid over the extended region 

— TT < arg z ktt. 

If wc confine our attejition to real variables, wc see that the solution of the problem is 
not quite complete ; we have determined asymptotic expansions of J^, (jc) valid when .v and 
V are large and (i) xjv < 1, (ii) 1, (iii) | .tr- 1 / 1 not large compared with xK But there 
are transitional regions between (i) and (iii) and also between (ii) and (iii), and in these 
transitional regions xjv is nearly equal to 1 while is large. In these transitional 

regions simple exjianHions (involving elementary functions only in each term) do not exist. 
But important approximate formulae have been discovered by Nicholson, which involve 
Bessel functions of orders + J. Formulae of tliis ty^Ki will now be investigated. 


8*43. Approxhuate formulae valid in the transitional regions. 

The failure of the formulae of §§8*4 — 8-42 in the transitional regions led 
Nicholson* to investigate second approximations to Bessel's integral in the 
following manner : 

In the case of functions of integral order n, 


J a {^) == - r cos {n 0 — X sin 6) dd. 

TT Jo 

and, when x and n are nearly equal (both being large), it follows from Kelvin s 
principle of stationary phase (§ 8*2) that the important part of the path of 
integration is the part on which 6 is small; now, on this part of the path, 
sin e is approximately equal to It is inferred that, for the values of 

X and n under consideration, 


1 T* 

J n (a?) - cos {nS - dO 

TT.'o 

^ I cos ( u6 - a?^ + dS, 


* PhxJ, Miuj. (6) XIX. (1910), pp. 247—249; see also Erode, A^xhiv der Math, wid Phys (3) 
XXIV. (1916), pp. 239—250. 
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and the last expression is one of Airy’s integrals (§6-4). It follows that, 
when x <71, 

and, when a? > w, 

( 2 ) 

where the arguments of the Bessel functions on the right are J (2 (a? — n)}^/w^. 

The corresponding formula for F» (sc) when x> n was also found by 
Nicholson ; with the notation employed in this work it is 

(3) F„ (*) ~ - - ^»1. 

The chief disadvantage of these formulae is that it seems impossible to 
determine, by rigorous methods, their domains of validity and the order of 
magnitude of the errors introduced in using them. 

With a view to remedying this defect, Watson* examined Debye’s 
integrals, and discovered a method which is theoretically simple (though 
actually it is very laborious), by means of which formulae analogous to 
Nicholson’s are obtained together with an upper limit for the errors involved. 

The method employed is the following: 

Debye’s integral for a Bessel function whose order p exceeds its argument 
.r(= i/sech a) may be written in the formf 

(i/ sech a) = o- dw, 

where t - — sinh a (cosh w — 1) — cosh a (sinh w — w), 

the contour being chosen so that t is positive on it. 

If T is expanded in ascending powers of w, Carlini’s formula is obtained 
when we approximate by neglecting all powers of w save the lowest, 
— Jw“sinha; and when a = 0, Cauchy’s formula of §8 2(1) is similarly ob- 
tained by neglecting all powers of w save the lowest, — Jw*. 

These considerations suggest that it is desirable to examine whether the 
first two terms, namely 

— sinh a — cosh a, 

may not give an approximation valid throughout the first transitional region. 
The integral which we shall investigate is therefore 

[e-^'dW, 

where t = — J If * sinh" a - i fT* cosh a, 

* Proc. Camb. Phil. Soc. xix. (1918), pp, 96—110. 

+ This is deducible from §8’31 by making a change of origin in the u‘-plane. 
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and the contour in the plane of the complex variable IT is so chosen that t is 
positive on it. If TT = {7-f iF, this contour is the right-hand branch of the 
hyperbola 

U tanh a -I- = i 

and this curve has contact of the third order with Debye's contour at the origin. 
It therefore has to be shewn that an approximation to 

/:*■■ - 


div is f 

i J e 

These integrals differ by 


e-^dW, 


ooexp(-iirO 




jdw dW 
dr dr 


dr, 


and so the problem is reduced to the determination of an upper bound for 
\\d{w-~ TTydr] |. And it has been proved, by exceedingly heavy analysis 
which will not be reproduced here, that 


i(?fLzZ)!<3^secha, 

dr ' 


and so 


Hence 




%ir 


1 1 f 


e-^dW-1 , 

aoexp(-3irt) 


where 1 6?, | < 1, 

To evaluate the integral on the right (which is of the type discussed in 
§ 6*4), modify the contour into two lines starting from the point at which 
W = — tanh a and making angles + ^tt with the real axis. 

If we write IY= — tanh a -f on the respective rays, the integral becomes 


exp (Jp tanh^ a) [ exp {— J tanh^ a) d( 

Jo 


— exp (^ 1 / tanh’ a) j exp (— Jvf* — tanh* a} d(. 

Expand the integrands in powers of tanh* a and integrate term-by-term — a 
procedure which is easily justified — and we get on reduction 

TTx tanh a exp (Ji/ tanh* a) . tanh* a) — i/ tanh* a)], 

and hence we obtain the formula 

(4) »/„ (i/ sech a) = exp [v (tanh a -r J tanh* a - a)} ( Ji; tanh* a) 

-f- 3^, v~' exp [v (tanh a — o)}, 

wh(Te ' f?, ! < 1. This is the more precise form of Nicholson’s approximation (1). 
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It can be shewn that, whether ii^tanh*o be small, of a moderate size, or 
large, the error is of a smaller order of magnitude (when i/ is large) than the 
approximation given by the first term on the right. 

Next we take the case in which the order v is less than the argument 
x{=v sec /8). 


We then have 

(i/sec 


roo+fCir-^) 

: — e-^^dio, 

iri J-ao-0 


where t = - i sin (cosh w — 1) — cos (sinh w - tv), 

the contour being so chosen that t is positive on it. 

The process of reasoning already employed leads us to consider the integral 

Je-^dW, 

where t = — sin ^ - i TF® cos /3, 

and the contour in the plane of the complex variable W is such that t is 
positive on it. If IF = t/'+ i F, this contour is the branch of the cubic 


(J/^^-F*)tan/8 + iF(3(7»- F^) = 0 
which passes from — oo — ttan/8 through the origin to oo exp^TTi, 
It therefore has to be shewn that an approximation to 


roo+<(Tr-^) roeexpiirt 

I e~^ dw is I 

J — CO — ip J —cto—i 

The difference of these integrals is 

and it has been proved that, when* then 

\d(w - W)\ 


-iianP 


dW. 


dr 


< 127r sec )9. 


Hence it follows that 

rcB + t ( n - p ) 


I rcB+tin-P) 1 .-gcexp^irj 

— . I dw = ~. I d IF + 

TTlJ -CO -ip •rr^J 




1 j-aoexpint 

e an -f- - 
-»tan^ »' 

where 1 i < 1. 

To evaluate the integral on the right, modify the contour into two lines 
meeting at 1F = — i tan /3 and inclined at angles Jtt and tt respectively to the 
real axis. On these lines, write 

W = — i tan j8 — ^ — i tan /3 + 


* The important values of /S are, of course, small values. If p is not smoll, Debye’s formulae 
of § 8-41 yield effective approximations. The geometrical property of Debye’s contour which was 
proved in § 8*82 is used in the proof of the theorem quoted. 
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expand the integrands in powers of tan* integrate term-by-term, and it is 
found that 


J - * - 1 tan /i 


d W = I TTt tan /8 exp (— 4 w tan* /3) 

X [e- *" J-i(iv tan* /8) + e*" Vj (4 k tan* /8)] 

= exp (- 4w tan’ 0 ) iT,"' (Ji- tan* 0 ). 


On equating real and imaginary parts, it is at once found that 

(5) (v sec /3) = Jtan cos [v (tan /S — Jtan* ^ — /9)} . [/-* + 

3 “ * tan sin [v (tan ff-'i tan* /9 — /9)} . [«/- * — »/*] + 240,/i/, 

(6) (i; sec ) = J tan yS sin ( 1 / (tan yS — ^ tan* yS — yS)} . [ /_ j + /j] 

— 3“* tan y9 cos [v (tan y8 — J tan* 0 — y8)} . i ” 24^3/ v, 

where the argument of each of the Bessel functions J±\ on the right is 
tan*y9 ; and j 0^ \ ‘‘ind | 0^ | are both less than 1. These are the more precise 
forms of Nicholson’s formulae (2) and (3); and they give effective approxima- 
tions except near the zeros of the dominant terms on the right. 

It is highly probable that the upper limits obtained for the errors are 
largely in excess of the actual values of the errors. 


8’6. Descriptive properties'^ of (vx) when 0 <x^\. 

The contour integral, which was obtained in §8*31(1) to represent 
(v sech a) was shewn in § 8*4 to yield an asymptotic expansion of the function. 
But the contour integral is really of much greater importance than has hitherto 
appeared ; for an integral is an exact representation of a function, whereas an 
asymptotic expansion can only give, at best, an approximate representation. 
And the contour integral (together with the limiting form of it when a?* 1) 
is peculiarly well adapted for giving interesting information concerning (va?) 
when V is po.sitive. 

In the contour integral take v to be positive and write 

ly = log 

so that u = log ?*, v = 0. 

With the contour selected, 

X sinh w — w 

is equal to its conjugate complex, and the path of integration is its own re- 
flexion in the real axis. Hence 

'• 1 r® 

ivx) = e* dw 

27rij«-tr* 

ttJq 

• The results of this section are investigated in rather greater detail in Proc. Loudon Math. Soc. 
( 2 ) XVI. ( 1917 ), pp. 150 - 174 . 
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Changing the notation, we find that the equation of the contour is 

** "*" r X sin 0 ’ 




and, when ihis substitution is made for r, the value of (w — x sinh w) is 

, e+^/ie^-x^am^e) .. , . ... 

locf ^ cot — u;* sin* r). 

® a: sin ^ 

This last expression will invariably be denoted by the symbol* F{d^x)f 
so that 


4 ((.a;) = i *'cW, 

‘W Jo 


and by differentiating under the integral sign (a procedure which is easily 
justified) it is found that 


v(vx)=^r 

TTJ 0 


6-afamecoae 
X sin* &) 


This is also easily deduced from the equation 

1 rcc+nt 

J.' (i/a) = s- - . I ainh w dw. 

JtirX J aa^ni 

Before proceeding to obtain further results concerning Bessel functions, it 
is convenient to set on record various properties! of F{0,x), The reader will 
easily verify that 


SO that 
( 5 ) 

and also 




F{e,x)^F{0, X)^F{0,1) = 0; 


^ p/jj \ 0 — sin 6 cos $ 

dx ^ X ^{6* — x^ sin* 0) ^ 


Next we shall establish the more abstruse property 
(7) F(e,x)^F(0,x)’^i{6^-a^ sin* ^)/V(l 4- ^). 

To prove it, we shall first shew that 

ate x) = ^ ,/j 


* This function will not be oonfused with Schlafli’s function defined in g 4*15. 
t It is supposed throughout the following analysis that 0<.r^l, 
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I g (0, x) = V(1 - ^(1 + a^), 

l5r(7r,a;)=l <s/{l+x% 

so that, if g($,x), qua function of 6, attained its greatest value at 0 or tt, 
that value would be less than however, g(0,x) attained its 

greatest value when d had a value Oq between 0 and tt, then 


1 — ar®cos2^o — ar^sin ^oCos ^ 

and therefore 

g {0, x)^g(0o,x) = ^(l - x^ cos 2^o) ^ \/(l + a?). 


so that, no matter w^here g{^0yx) attains its greatest value, that value does 
not exceed \/(l 


Hence 


and I 


^ ^ i , Q. > g- s i n geos g 


F/n \ E'/A \ ^ f^0 — xrsm0COS0,^ 

whence (7) follows at once. 


Another, but simpler, inequality of the same type is 


(«) F(0, X) > F(0, x) + i0^^(l^ x^y 


To prove this, observi that 

-■ ^ sin* g) > g V(1 - ®“), 

and integrate ; then the inequality is obvious. 

From these results we are now in a position to obtain theorems concerning 
Jy{vx) and Jy (I'x) qua functions of p. 

Thus, since 

the integrand being positive by (5), it follows that Jy{vx) is a positive de- 
creasing function of i/; in like manner, JJ (px) is a positive decreasing function 
of p. 

Also, since 




the integrand being positive by (.5), it follows that Jy (px) is a decreasing 

function of p\ and so also, similarly, is Jy (px). 
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Again, from (8) we have 

g—tfF(OtW) tir 

J,{vx)^ / exp(-ij»^V(l-*’)lrf^ 

w Jo 

roe 

< — - — exp{-ii»8»V(l 

SO that 

g-FF(0,a^ 

(9) (i/x) « (1 _ ^(2wi/) • 

The last expression is easily reduced to Carlini’s approximate expression 
(§§1*4, 8*11) for Jy{vx)\ and so Carlini’s expression is always in error by 
excess, for all* positive values of v. 


The corresponding result for JJ (yx) is derived from (7). Write 
^ ^ sin* d^O{d, x), 

and replace 0[B, x)hy G for brevity. 

Then 

V- n ». ». [G {0, a;))-i d0 

i dif 


2xJ, 


:(vx)=^f < 


vF(0, at) rn* 


^-¥F{Q,x} r« 


— f exp j— \vOI»J(\ +a?*)J . G'^dO 
' 0 

f exp {-ipG/^{l 4- a?*)) . G"* dG, 
Jo 


and so 

(10) xJJ (vx) ^ (1 + .7^)^ls/{2irv), 

The absence of the factor -{/(I — a?*) from the denominator is remarkable. 
It is possible to prove the formulaf 

exp li/ \/(l — x^)] 


r* r / exp |l/ v(l — ^*) 


))' 


in a very similar manner. 

This concludes the results which we shall establish concerning a single 
Bessel function whose argument is less than its order. 


8*51. Lemma concerning F{0,x). 

We shall now prove the lemma that, when 0 ^57^1 and 0^^<7r, then 

( 1 ) 


_ [F{6. x)-F (0. a;)) ^ 0. 


d^*-.'r’^sin*^^ 


The lemma will be used immediately to prove an important theorem con- 
cerning the rate of increase of 7„ {vx). 


* It i8 evident from Debje’s expansion that the expression is in errur b^' excess for sufficiently 
large values of v. 

t Cf. Proc. London Math. Soc. (2) xvi. (1917), p. 157. 



256 


THEORY OF BESSEL FUNCTIONS 


[chap. VUI 


If 8in“ 0) = H{dy x)y we shall first prove that 

dF{e. X) idUiO^x) 

d0 / ^~de 

is a non-decreasing function of 6 ; that is to say that 

(1 -^cot^y-f-^-^^sin^^ 

0 — x^ sin 0 cos 6 

is a non-decreasing function of 0, 

The differential coefficient of this last function of 0 is 
{0 — x^ sin 0 cos 0y^ cosec-' 0 - \ sin- (1 — x‘^) 

-I- 2 {6^ cosec^ 0 — 0'* cot 0 cosec® 0 — i sin* 0) (1 — x^) 
-i-2x^(l — 0 cot 0) (0 cosec 0 - cos 0)^ -f sin* ^ (1 — it-*)*], 
and every group of terms in this expression is positive (or zero) in consequence 
of elementary trigonometrical inequalities. 

To establish the trigonometrical inequalities, we first observe that, when 0 ^ ^ tt, 

(i) ^ + Bin^cos^-2^“* sin*^^0, 

(ii) ^+8in ^ cos ^ — 2^2 cot ^ ^ 0, 

(iii) Hill ^ d cos ^ - J sin^ ^ ^ 0, 

because the expressions on the left vanish when ^=0 and have the positive differential 
coefficients 

(i) 2 (cos sin ^)*, (ii) 2 (cos ^ ^ cosec ^)*, (iii) sin ^ (^ - sin ^ cos ^), 

and then 

d* coaec* 0-0^ cot 0 cosec* 0- j( sin* 0 

= (0'^* cosec* ^ - J ) (1 — ^ cot 0) -1- cosec 0 (sin 0-0 cos ^ - J sin* 0) ^ 0, 
^*coscc*^-l-4sin2^ 

= 0 cosec* 0{0 -{- sin 0 cos 0 ~20~^ sin* ^) +cosec 0 (sin 0-0 cos 0-i sin* ^) > 0, 
so that the inequalities are proved. 


It has consequently been shewn that 

d fr)o 

de 

where the variables are understood to be 0 and x, and primes denote differ- 
entiations with regard to 0. It is now obvious that 

d ‘llZUn 

and, if we integrate this inequality from 0 to 0, we get 


1^ = 0, this 


Since F' and H/H' vanish when ^ = 0, this inequality is equivalent to 
F'{0,x)H(0,x) 
li'ie.x) 


and the truth of the lemma becomes obvious when we substitute the value 
of H {0, x) in the last inequality. 
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8'62. The monotonic property of (vx)IJy (v). 

We shall now prove a theorem of some importance, to the effect that, if x 
is fixed, and 0 ^ a; ^ 1, then {vx)IJ^ (v) is a non-increasing function of when 
V is positive. 

[The actual proof of the theorem will l>e valid only when (where b is an 

arbitrarily small positive number), since some expressions introduced in the proof contain an 
X in their denominators; but the theorem is obvious when 0 ^ ^ 5 since {vx) and 

g- vi’(o, x)iJ^ are non -increasing functions of v when x is sufficiently small ; moreover, as 
will Ije seen in Chapter xvii, the theorem owes its real importance to the fact that it is 
true for values of x in the neighbourhood of unity.] 

It will first be shewn that 


( 1 ) 


J (pa;) dJ.(vx) ^ ^ 

*' ^ dvdx dx dv 


To establish this result, we observe that, with the usual notation, 
J^(vx)= - j 

TTJ Q 

and, when we differentiate under the integral sign, 

= _ 1 f 'i’ (yit, X) *> dyfr, 

OV TT ' 0 

- Ril'. I® «’■ ">i'‘ "T- ■" 

- I® <"■ 

- ~ [i® »’■ ■”> I® 


X *) dO, 


if wc integrate by parts the former of the two integrals. 
Hence it follows that 


where 


Q(ff y,r)-2lO(0 .MJ ldF(0^ F{ir,x)-F(e,x)dG(0,x)] 
n { 0 , t) = 2 ((? { 0 . a)\i 1 ^ ^ -J 


>2 

>0, 




dF(0,x) F(0,x)- F(0,x)dO(0.x) 

d0 ~iG(0,x)~ d0 


by using the inequality x') ^F(0, x) combined with the theorem of § 8*51. 


W. B. F. 


17 
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Since H (0, is not negative, the repeated integral cannot be negative ; 
that is to say, we have proved that 


r . ^ (voo) dJ^ ( vx) dJ^ 


SO that 


dx 

dv 

^ jjyiVX'^ 

^0. 


Integrating this inequality between the limits x and 1, we get 


^0, 


so that 




Since J^(vx) and Jy{i>) are both positive, this inequality may be written 
in the form 


( 2 ) 


^ {J,(vx)IJ,(p)] «0, 


and this exhibits the result which was to be proved, namely that J,{vx)jJ,(y) 
is a non-increasing function of v. 


8*53. Properties of J„(i>) and JJ{v), 

If, for brevity, we write F{6) in place of F{6, 1), so that 

(1 ) F (0) = log _ cot sin« B), 

the formulae* for J^{v) and JJ{v) are 

(2) J, (v) = J: (.-) = i f' 

TTJo TT Jo 

The first term in the expansion of F {6) in ascending powers of 0 is 
and we shall prove a series of inequalities leading up to the 
result that F {0)j0^ is a non-decreasing function of 0. 

We shall first shew that 

_d 

d0^ 




«• 

^r») prove this we t)bserve that 

1(1 - 0cot0)j0^Y 

0^ ^f{0^ - sTn^- 0) 


+ ^/{0^ — sin“ ^), 


* It iR to b« understood that Jl’ [v) means the value of d./„(r)/dr when x has the particular 
value V. 
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d0\ j 

d — sin’^)’ 

55 (■ 


6^ 


(5* cosec* 0 + 0 cot 5 — 2) sin’ 0 


d j^'(5) 
55 1 


5V(5’-8in’5) 

Hence it follows that 

siSdy «'*co3ec’5 + 5cot5- 2) 

X (^ + sin 0 cos 0 — 2^ cot d) 

^0, 

by inequalities proved in § 8*51. 

Consequently 

(3) 0J^"(^)-2F'(^)^O, 

that is to say [0F' (0) - 3F (5)j > 0. 

If we integrate this inequality from 0 to 0 we get 

(4) 0F'(0)-SF(0)>O, 

and this is the condition that F(0)I0^ should be a non-decreasing function of 0. 
It follows that 


f 9^3’ 


and therefore 


J. (i/) < 


1 


r ' 

f 

i."?! 

l yv3j 

/’* 1 

f 4^0*) 


[ 9V3j 


d0 


^ r<4) 

2^ 3^ TTV^ 

so that Cauchy’s approxiniation for (v) is always in error bg excess. 

An inequality which will be required subsequently is 

(5) 2 {6'^ - sin* 6) F’ {&) - 3 - sin B cos B) F(B) > 0. 

The truth of this may l)e seen by writing the expression on the left in the form 
(0^ - 2 sin* ^ ^ sin B cos B) F' (B) + - sin B cos B) \BF' {B) - ZF{B )\ , 
in which each group of terms is positive (cf. § 8*51). ' 

[Note. A formula resembling those which have just l>een established is 
c\ 1 2^ 

(8) / Jy {vt) (it -r , 

3l.ar(i)v« 

see P/til. Mag. (6) xxxv, (1918), pp. 3C4— 370.J 


17—2 
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8 * 64 . Monotonic properties of Jv{v) and JJ (y). 

It has already been seen (§ 8*5) that the functions Jv(if) and JJ (j/) are 
decreasing functions of v. It will now be shewn that both v^J^(v) and v^JJ{y) 
are steadily increasing* funcAions of v. 

To prove the first result we observe that 
dp dTT jo TT j 0 

= 1" + 5^ f (^) - 3^ (^)l 

.iTT |_ Jo OTT J 0 

> 0 , 

since the integrated part vanishes at each limit and (§ 8*53) the integrand is 
positive. 

Hence v^J^(v) is an increasing function of v and therefore 
(1) v^J,{v)< lim = r(J)/(2*3W) = 0-44731. 


Ill connexion with this result it may be noted that 

(1) = 0-44005, 2./m (8) = 0*44691. 

To prove the second result, by following the same method we find that 

4 r \2F' (6) - Sin^ • 

'■'TT J 0 I 




dd 


> 0 , 


by § 8'53 (5), and so v^JJ{v) is an increasing function of v. 

H etice 

(2) 1/3 JJ(p) < lim |«/*/;(i/)l = 3* r(g)/(2W) = 0-41085. 


It is to lie noted that 

^i'(l) = 0-32515, 4y„' (P) = 0-3Ra64. 


8 - 66 . The monotonic properly of (p)IJ^(y). 

A theorem which is slightly more recondite than the theorems just proved 
is that the quotient 

\FfJJ(v)] 4- {t/ij^,(»-)} 
is a steadily increasing function of v. 

• It is not pufisible to deduce these monotonic properties from the asymptotic expansions. If, 
AS , /(»')''► 0(i/), and if is monotonic, nothing can be inferred concerning monotonic 

properties of/(i») in tho absence of further information concerning /(v). 
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To prove this result we use the integrals already mentioned in §§ 8‘58, 
8*54 for the four functions 

dv dv 

Taking the parametric variable in the first and third integrals to be >/r in 
place of 6, we find that 

where 


V(^-sin»^) ' 

^ — sin cos d 
~ sin> 6) 


(^) _ F (i/r)) 


2 V((9»-8in'‘ 6 ) 


{^eF'{e)-F{e)\ - 


^ — sin ^ cos 6 




+ ^ sin ^ cos 0 - 2 sin’ 

^ 2y(^iin!l) ^ 

by §8'51. The function i^) does not seem to be essentially positive 

(cf. § 8‘52) ; to overcome this difficulty, interchange the parametric variables 
d and yffy when it will be found that 

2 {i^>) - -j'Jms. y)+ n,(t, f)| 

Now, from the inequality just proved, 

n,{e.^jr)+n,{^, e) 

^ j", jdf -/■(»))-() (t)-r(f ))] 

6^ + 6 sin 0 cos 0 — 2 sin’ 0. e., , 

+ — ('(')-r(+)|. 

Since V(^ - sin« 6) and J 6F\0) — F(6) are both (§ 8*53) increasing functions 
of By the factors of the first term in the sum on the right are both positive or 
both negative; and, by §§8*51, 8*53, the second and third terms are both 
positive. Hence O, (By yjr) -f 12, (>fr, B) i.s positive, and therefore 

which establishes the result stated. 
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8 * 6. Asymptotic expansions of Bessel functions of large complex order. 

The results obtained (§§ 8 * 31 — 8 * 42 ) by Debye in connexion with Jy(x) 
and Vv(x) where v and x are large and positive were subsequently extended* 
to the case of complex variables. In the following investigation, which is, in 
some respects, more detailed than Debye’s memoir, we shall obtain asymptotic 
expansions associated with Jv(z) when v and z are large and complex. 

It will first be supposed that | arg-^ I < ^tt, and we shall write 

v = z cosh 7 = ^ cosh (a + 

where a and ^ are real and 7 is complex. There is a one-one correspondence 
between o4-i/9 and vjz if we suppose that ^ is restricted to lie between^ 0 
and TT, while a may have any real value. This restriction prevents zjv from 
lying between — 1 and 1 , but this case has already (§ 8 ’ 4 ) been investigated. 

The integrals to be investigated are 

I rao-fire 

(2)= . dw, 

TTl j 

(2) = - - I * " dw = dw, 

where /(tv) = w cosh 7 — sinh xv. 

A stationary point of the integrand is at 7, and we shall therefore in- 
vestigate the curve whose e<juation is 

//(«;) = 7/(7). 

If we replace by m H- iv, this (>,q nation may be written in the form 
( /j “ /8) cosh a cos /8 -I (u - a) sinh a sin ;8 - cosh m sin v -f cosh a sin /3 = 0 . 
The shape of the curve near (a, /S) is 

{(?/ - a)* - (v - cosh a sin iS -I- 2 (tt — a) (v - sinh a cos ^ = 0 , 

so the slopes of the two branches through that point are 

J TT -I- ^ arc tan (tanh a cot P), 

— :j7r -h ^arc tan (tanh a cot )8), 

where the arc tan denotes an acute angle, positive or negative ; Rf(w) in- 
creases as w moves away from 7 on the first branch, while it decreases as w 
moves away from 7 on the second branch. The increase (or decrease) is steady, 
and R f(w) tends to + 00 (or - x ) as vf moves off to infinity unless the curve 
has a second double-point J. 

* Mfincheurr Sitziingsberichte, xl. [6], (1910); the asymptotic expansions of Ip{x) and A’„(ar) 
were stated explicitly by Nicholson, Phil, Mag. (6) xx. (1910), pp. 988—943. 
t That is ' > say 0 c jS < ir. 

4 : As will be seen later, this is the exceptional case. 
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If (i) and (ii) denote the whole of the contours of which portions are 
marked with those numbers in Fig. 19, we shall write 

S,*'> {z) = — . f dw, S,»> (z) = - — . f div, 

TTi '(,) 

and by analysis identical with that of § 8*41 (except that i/3 is to be replaced 
by 7), it is found that the asymptotic expansions of (z) and (^) 
given by the formulae 

g».(tanhy-y)~iwt « r(?7l-h^) A,n 


(1) S^<»(z)- 


(2) iz) 

where 


\/(— J vm tanh 7) (i) (i tanh 7)'^ * 

g-F(tanhy-Y) + iirt ® F (w + i) A,,, 


y/{- ii/TTi tanh 7) ,„.o r(J) *(- Ji;tanh7y"’ 
arg (— J pTTi tanh 7) = arg z + arg (— i sinh 7), 
and the value of arg (— i sinh 7) which lies between -iw and i w is to be taken. 

(i) 


(M) 



The values of A,, Ai, A.i, ... are 


(3) 


.4o=l, .4, = J-^coth>7, 

= rts - iMr y + coth'' y, 


It remains to express (z) and (z) in terms of (z) and (z ) ; 
and to do this an intensive study of the curve on which 

If(w)=If{y) 

is necessary. 


8*61. The form of Debyes contours when the variables are complex. 

The equation of the curve introduced in the last section is 
(1 ) (y — /3) cosh a cos /3 H- (it — a) sinh a sin /8 

— cosh It sin w -f cosh a sin /S = 0, 
where («, v) are current Cartesian coordinates and 0 < )9< tt. 

Since the equation is unaltered by a change of sign in both u and a, we 
shall first study the case in which a^O; and since the equation is unaltered 
when TT — y and tt - ;8 are written for v and /9, we shall also at first siqipose 
that 0</8^^7r, though many of the results which will be proved when 0 is 
an acute angle are still true when 0 is an obtuse angle. 
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For brevity, the expression on the left in (1) will be called ^(w, v). Since 

= sinh a sin /8 — sinh a sin v, 
ou 

it follows that, when v is given, d<f>ldu vanishes for only one value of % and so 
the equation in u, 

<f> (w, v) = 0, 

has at most two real roots ; and one of these is infinite whenever is a multiple 
of TT. 

When 0 < r < TT, we have* 

<^(- 00 , — 00 , <^(-f 00 , v) = — QO , 

<f> (a, V) = cosh a {(v - /3) cos 3 - sin v 4 - sin ff] ^ 0, 
and so one root of the equation in u, 

<f> (u, V) = 0 , 

is less than a and the other is greater than a, both becoming equal when v = 

By considering the finite root of the equations 

<j[) (?/, 0) = 0, 7r) = 0, 

it is seen that, in each case, this root is less than a, so the larger root tends 
to + X as ?; tends to + 0 or to tt — 0, and for values of v just less than 0 or just 
greater than tt tlie equation <f> (u, v) = 0 has a large negative root. The shape 
of the curve is therefore roughly as shewn by the continuous lines in Fig. 20. 
Next consider the configuration when v lies between 0 and — tt. 


TTt 

/ 

c 

1 

1 

V. 

\ 

0 

\ 



-iri 



7 - 2iri 

Fig. 20. 


When V is— /iJ, d<f>(u,v)/du vanishes at i^ = — a, and hence 0(w, — )9) has a 
minimum value 

2 cosh a sin (1 — cot /8 — a tanh a) 
at tt *= — a. There are now two cases to consider according as 

1 — /9 cot ^ — a tanh a 
is (I) positive or (II) negative. 

• Sinoc 90 (o, v)/9r — cosh a (cos /3 - cob v), and tliis han the name sign aa v - /3, 0 (a, r) has a 
minimum value zero at t’ = (i. 
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8 - 61 ] 

The domains of values of the complex 7 = a -f i/S for which 
1 — ^9 cot — a tanh a 

is positive (in the strip are numbered 1, 4 . 5 in Fig. 21 ; in the 

domains numbered 2 , 3 , 6 a, 6 b, 7 a, 76 the expreasion is negative; the cor- 
responding domains for the complex vjz = cosh (a -h i^) have the same numbers 

in T^irr 99 



Fig. 21. Fig. 22. 

(I) When 1 — )3 cot /3 - a tanh a is positive, (w, -- /8) is essentially positive, 
so that the curve never crosses the line v = — /8. l^'he only possibility therefore 
is that the curve after crossing the real axis goes oflF to ~ oo as shewn by the 
upper dotted curve in Fig. 20. 

(II) When I — cot — a tanh a is negative, the equation (— or, r) = 0 
has no real root between 0 and — 27 r, for 

(— a, v)ldv = cosh a (cos /S — cos v). 

Therefore if> (— a, v) has a single maximum at — j 3 , and its value there is 
negative, so that ^ ( — a, tr) is negative when v lies between 0 and j 3 — 27 r. 

Also <6 (a, /9 — 27 r) has a maximum at w = a, and its value there is negative, 
so that the curve <f) (u, v) = 0 does not cross v = j 3 — 27 r ; hence, after crossing 
the real axis, the curve must pass off to x — tti, as shewn by the dotted curve 
on the right of Fig. 20. 

This completes the discussion of the part of the curve associated with 

(z) when a>0, 0<y8^i7r. 

Next we have to consider what happens to the curve after crossing the 
line V = -H TT, 

Since <f> (a, v) =* cosh a {(v - / 3 ) cos /8 — sin i; + sin 

and the expression on the right is positive when r ^ the curve never crosses 
the line u = a \ also 

(m, nm) — {u — a) sinh a sin )9 + (mr — cosh a cos )8 + cosh a sin 
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and this is positive when u > a, so that the parts of the curve which go off to 
infinity on the right must lie as shewn in the north-east corner of Fig. 23. 

When 1 - a tanh a -I- (tt — /8) cot ^ > 0, 

i.e. when (a, /9) lies in any of the domains numbered 1, 2 and 3 in Fig. 21, it is 
found that the curve does not cross v = 2'rr — and so the curve after crossing 
V = TT passes off to - x + iri as shewn in Fig. 23 by a broken curve. 



We now have to consider what happens when (a, 0) lies in the domain 
numbered 6a in Fig. 21. In such circumstances 

1 — a tanh o -h (tt — y8) cot ^ < 0 ; 

and v) has a maximum at v = 2ir — the value of (— a. 27r — being 

negative. The curve, after crossing t; = tt, consequently remains on the right of 
a = — cr until it has got above v = 2'n' — 

Now </)(— a, v) is increasing in the intervals 

(/6, 27r — /9), ( 27r -H 47r — /8), (47r + fitr — /?), . . . ; 

let the first of these intervals in which it becomes positive be 
(2iy7r -I- 0, 2MTr + 27r 

Then <f) (m, 2 il/ 7 r -f 27 r — )9) has a minimum at a = — a, at which its value is 
positive, and so the curve cannot cross the line 2 il/ 7 r + 27r - ^8 ; it must 
therefore go off to infinity on the left, and consequently goes to 

— X (2M + l)7ri; 

it cannot go to infinity lower than this, for then the complete curve would 
meet a horizontal line in more than two points. 
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When (a, /8) is in 6a, the curve consequently goes to infinity at 

— 00 +(2Af + l)7ri, 

where M is the smallest integer for which 1 — a tanh a + {(M -f 1 ) tt - cot 
is positive. 

We can now construct a table of values of the end-points of the contours 
for (s) and (s), and thence we can express these integrals in terms of 
( 2 :) and ( 2 ) when (a, /3) lies in the domains numbered 1, 2 and 6a in 
Fig. 21 ; and by suitable reflexions we obtain their values for the rest of the 
complete strip in which 0 < )8 < tt. The reader should observe that, so far as 
the domain 1 is concerned, it does not matter whether /3 is acute or obtuse. 

If M is the smallest integer for which 

1 — a tanh a + {(A/ + 1) tt — ySj cot /3 

is positive when cot /3 is positive, and if ^ is the smallest integer for which 
1 — a tanh a — (Ntt + /3) cot fi 

is positive when cot is negative, the tables of values of (z) and (z) 
are as follows : 


Regions 

End-points 


1 , 3,4 

- 00 , 00 + irt 

H,W{z) 

2, 6a 

00 — TTl, 00 -4- TTl 


5, 7b 

- « , - 00 + 2Tri 


66 

— 00 — ® -f TTl’ 

eAW 

7a 

- 00 , 00 + {2M+l)wi 

1 . ■ - — 



Regions 

End-points 


1 , 2,5 

- X + r^^, X 


3, 7a 

— X -f tri, — X — 


4, 66 

X -1- 2fri, X 

2e»«y_„(r) 

6a 

- X (2i/-f 1) nif 00 


76 

- X -f- iri, X — 2Nin 

e-Nrwi JJJiZ) 


From these tables asymptotic expansions of any fundaniental system of 
solutions of Bessers equation can be constructed when v and z are both arbi- 
trarily large complex numbers, the real part of z being pijsitive. The range of 
validity of the expansions can be extended to a somewhat wider range of values 
of arg z by means of the device used in § 8*42. 
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The reader will find it interenting to prove that, in the critical case /9= the contours 
p)aHH from — oo to x -f wt and from - x + to x , so that the expansions appropriate to 
i/he region 1 arc valid. 

Notk. The difierenceK between the formulae for the regions 6r/ and 66 and also for the 
regions la and 76 app)ear to have l)een overlooked by Debye, and by Watson, Proc. Royal 
Soc. xcv. A, (1918), i>. 91. 


8'7. Kapteyrt's mequality for Jn(nz). 

An extension of Oarlini’s formula (§§8*11, 8‘5) to Bessel coefficients in 
which the argument is complex has been effected by Kapteyn* who has 
shewn that, when z has any value, real or complex, for which Z‘ — 1 is not 
a real positive numberf, then 


( 1 ) 


! Jn (nz) I < 


z^ exp [ti \/(l — z^)] 


This formula is less precise than C^arlini’s formula because the factor (27rn)^ (1 — 
not ap}>car in the denominator on the right, but nevortholcss the inequality is sufficiently 
|K)werful for the purposes for which it is n^quiredj;. 


To obtain tin* ine(juality, consider the integral formula 

Jn (nz) = j exp \\nz {t — 1/01 

in which the contour is a circle of radius where w is a positive number to 
be chosen subse<|uently. 

If we write t = we get 

Jn {nz) - f exp [n {^z — u - i0]]d0. 

— TT J 

Now, if A/ be the maxi mum value of 

I exp {Iz — w — id] | 

on the contour, it is clear that 

I Jn {nz) i ^ A/". 

But if “ pe'*, where p is positive and a is real, then the real part of 

\z — u — id 

is Jp {e^ cos (a 4- ^) — cos (a — d)] — u, 

and this attains its maximum value when 

tan d = — coth u tan a, 

and its value is then 

p \/(8inh’' u + sin^ a) — a. 

* Ann. Sci. de VKcole norm «iip. (3) x. (1893), pp. 91 — 120. 

t Since both sides of (1) are continuous when z approaches the real axis it follows that the 
inequality is still true when z- - 1 is positive: for such values of z, either sign may be given to the 
radicals according to the way in which z approaches the cuts. 

See Chapter xvii. 
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Hence, for all positive values of u, 

1 Jn (npe'*) 1 < exp [up V(8inh* u -f sin“ a) — nii\. 

We now choose u so that the expression on the right may be as small as 
possible in order to get the strongest inequality attainable by this method. 

The expression 

p /\/(sinh* u + sin® a) — 

has a miniiniun, qua function of u, when u is chosen to be the positive root of 
the equation* 

sinh u cosh u _ 1 
-v/(8inh® u -f sin® a) p ‘ 

With this choice of u it may be proved that 

2 ^/(l — . sinh u cosh w = ± (cosh 2u — e®’*). 


and, by taking z to be real, it is clear that the positive sign must be taken in 
the ambiguity. Hence 


and so 


log 


2 {1 + \/(l — ^ cosh w = e®*‘ — 6®*“, 

— log ^ ' I I 


z exp \/(l ~ 

1 + V(1 “ 


I e~ - I 


= E v/(l - z») - u 
sinh® u 4 sin® u 


— ic 


and it is now clear that 


sinlT u cosh u 
■ p \/(8inh® u -f sin® a) — u, 


I Jn (nz) I ^ 


\z exp V(1 - 

rr+v(r-”iT] i' 


An interesting consequence of this inequality is that j (nz) | ^ 1 so long 
as both I ^ I ^ 1 and 

z exp V(1 — z*)\ 

~ 1+^(1-?) r ■ 

To construct the domain in which the last inequality is satisfied, write as 
before z = pe^, and define u by the equation 


sinh u cosh u 1 
V(8inh® u 4- sin® a)^ p' 

The previous analysis shews at once that, when 

|zexp v(l --2^*) j 
I 1 + V(1 - -^®) ” ^ 

then p \/(sinh® u 4- sin® a) — u = 0. 


* This equation is a quadratic in sinh® u with one positive root. 
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It follows that 

P‘ ae — , sin* a = sinh u (u cosh u — sinh u). 

^ sinh 2 It 

As u increases from 0 to 1 1 997 sin* a increases from 0 to 1 and p de- 
creases from 1 to*^ 0*6627434 It is then clear that I f^l^I 

inside and on the boundary of an oval curve containing the origin. This curve 



Fit;. domain in which | (ra^) j certainly does not exceed unity. 


is shewn in Fig. 24 ; it will prove to be of considerable importance in the 
theory of Kapteyn series (Chapter xvij). 


When the order of the Bessel function is positive but not restricted to be an integer we 
take t he contour of integration to l»e a circle of radius terminated by two rays inclined 
+ TT - arc tan (coth u tan «) to the real axis. If we take | ^ | on these rays, we get 


, ^ . siiii'tr f r , cosh (wHh?0 -t^os 2a cosh (r - wO 

< Jf *' + I exp - J ^1 “"T r 

^ \J u L v(8inh* w + sm* a) 


i+r"-- 


j exp [ — v{u - m)) rfr| 


j Jv {vz) I ^ 


sin vTT II 
yn ij 


\ z exp »' 


This \aliie ia by Plummer, Dynamical Aaironomy (Cambridge, 1918), p. 47. 



CHAPTER IX 


POLYNOMIALS ASSOCIATED WITH BESSEL FUNCTIONS 


9*1. The definition of Neumann's polynomial 0„ (<)■ 

The object of this chapter is the discussion of certain polynomials which 
occur in various types of investigations connected with Bessel functions. 

The first of these polynomials to appear in analysis occurs in Neumann’s* 
investigation of the problem of expanding an arbitrary analytic function / («) 
into a series of the form (z). The function 0„ (i), which is now usually 
called Neumann’s polynomial, is defined as the coefficient of tnJni^) the 
expansion of l/(f - r) as a series of Bessel coefficients!, so that 

(1) ~ = Jo (z) 0. (0 + 2 J, (z) 0, (t) + 2J, (z) Oo (<)+.. . 

y ^ Z 

= i 

n=:0 

From this definition we shall derive an explicit expression for the function, 
and it will then appear that the expansion (1) is valid whenever |^|<{t|. 
In order to obtain this expression, assume that | r | < | f { and, after expanding 
ll(t-z) in ascending powers of z, substitute Schlbmilch’s series of Bessel 
coefficients (§ 2 7) for each power of z. 


This procedure gives 

t-Z < 


1 ? r ? 2* ( ” (s + 2m).(« + w-l)! I 

t m-0 ’ I 

Assuming for the moment that the repeated series is absolutely convergent*. 


* Theorie der BesseVttchen Functioncn (Leipzig, 1867), pp. 8—16, 33 ; see also Journal fiir 
Math. Lxvii. (1867), pp. 310—314. Neumann’ij procedure, after aBsuming the expansion (1), is to 
derive the differential equation which will be given subsequently (§ 9*12) and to solve it in 
series. 

t In anticipation of § 16 11, we observe that the expansion of an arbitrary function is obtained 
by substituting for l/(t - -) in the formula 



/ 


(g +) /(<)</< 
t~z 


X Cl. Pincherle’s rather more general investigation, Rendiconti R. ht. Lombardo^ (2) xv. (1882), 
pp. 224 — 225. 
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we effect a rearrangement by replacing « by — 2w, and the rearranged series 
is a series of Bessel coefficients ; we thus get 


1 1 » » 2»“ 
~ , ”7 “ (^) + S Cn ' ^ Yn— : 

’ ^ »i-(^ n==l >» = 0 *' 


<K»-l) 2»-2W-i _ 1)1 


* n . (n — m — 1)1 


m! 

•/»(4 




1 r / X ? f 2“-“*-' n . 

- ^ (z) + J 

Accordingly the functions 0„(t) are defined by the equations 

'2) ' ■ 


(3) Oo(t)=llt 

It is easy to see that 


(4) e„On(0’ 


2^.w! 

■ 


1 + 


2(2n-2) 2.4.(2w- 2)(2a-4) 




and the series terminates before there is any possibility of a denominator factor 
being zero or negative. 


We have now to consider the permissibility of roarranghig the repeated series for 
\j{t- z). A sufficient condition is that the series 



^ 2 (^ + m-l)! , j 

lm-=() ! 



should be o<»nvergent. To prove that this is actually the case, we observe that, by § 2*11 
(4), wc have 


oO 

2 

1/1-0 


, I . 2m w I ^!-^+ 2m - iyr' '"'P I * I > 


« S (i I » !)•*“” {exp (i I 2 |*)}/(2m) ! 

«i=0 

«(i|2l)-CXp(i|2i*). 

Hence 


» 2* J “ (* + 2m).(« + m-l)!, , •" Ui* 


2 |») 


I g I ex p (A ! z P) 

I^KU'i-T^I) ■ 


The absolute convergence of the repeated series is therefore established 
under the hypothesis that |^| <|^|, And so the expansion (1) is valid when 
z\< !<|, and the coefficients of the Bessel functions in the expansion are 
defined by (2) and (3). 

It is also easy to establish the uniformity of the convergence of the ex- 
pansion (1) throughout the regions \ t\:^ R,\z\^r, where R>r>0, 
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When these inequalities ai*e satisfied, the sum of the moduli of the terms does not 

* 2* f * (« + 2w). (« + m-l)! (ir)*‘*‘*»»»exp ^exp(4r*) 

m! " * (^ + 2m)! R-r ' 

Since the expression on the right is independent of z and t, the uniformity of the 
convergence follows from the test of Weieratrass. 

The function was called by Neumann a Bessel function of the second 

kind*] but this term is now used (cf. §§3 53, 3*54) to describe a certain solution 
of Bessers equation, and so it has become obsolete as a description of Neumann’s 
function. The function On(t) is a polynomial of degree n -f 1 in l/(, and it is 
usually called Neumanns polynomial of order n. 

If the order of the terms in Neumann s polynomial is reversed by writing 
\n — moT 4(n — 1) — m for m in (2), according as n is even or odd, it is at 
once found that 

1 n*(w>-2») n«(w*-2>)(n»-4*) 

<• f 

/cx ^ /.V 1*<V" n.(i» + TO-i)! , 

(6) 0„ (t) - ^ (n odd) 

n n(n‘-P) n(fl*- l*)(7i*-3’) 

-^ 2 + <4 i* -+•••■ 

These results may be combined in the formula 

The equations (5), (6) and (7) were given by Neumann. 

By the methods of § 2*11, it is easily proved that 
(«) knOn (0 i ^ i . (^^0 (i M exp (i I « n 

(j>) enO„ (0 = i . {n !) . ( J {l + O), {n>l) 

where I ^[exp(| j ^ |“) — l]/(2a - 2). 

From these formulae it follows that the series SdnJnC^) On(t) is convergent 
whenever the series 'lan(zlty'' is absolutely convergent ; and, when £ is outside 
the circle of convergence of the latter series. Undn(^) On(t) does not tend to 
zero as n 00 , and so the former series does not converge. Again, it is easy 
to prove that, as n oo , 

Jn (^) it) = jl - + 0 («-»)} , 

* By antilogy with the Legendre function of the second kind, (f), which is such that 


-= 2 (•2i. + l)P,,(z)Vn(«). 


Cf. Modem Analysis^ § 15-4. 


W. B. r. 


18 
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and hence it may be shewn* that the points on the circle of convergence at 
which either series converges! are identical with the points on the circle at 
which the other series is convergent. It may also be proved that, if either 
series is uniformly convergent in any domains of values of z and so also is 
the other series. 

Since the series on the right of (1) is a uniformly convergent series of 
analytic functions when 1 2 ^ | < | < |, it follows by differentiation J that 

(-y>.{p + q )l_ ^ dPJn(z}dlOn(t) 

^ " dzP dtfi ’ 

where />, q are any positive integers (zero included). 

It may be convenient to place on record the following expressions: 

Oe(0 = lA. Oi(e) = lM 

Oa (t) = 1 /i + 4/^*, 0, (t) = S/t^ + 24/^^ 

O 4 (t) = 1/^4* 16A* + 192/t«, 0, {t) = + 1 20/^^ + 1920/««. 

The coefficiontH iti the polynomial (t)y for Ji- O, 1, 2, ... 15, have been calculated by 
Otti, Bern Mitlfieilungen^ 1898, pp. 4, 5. 


9 * 11 . The recurrence formulae satisfied h\j On(t). 

We shall now obtain the formulae 

(1) (ft 1) "h I) ^n— 1(0 ^ ^nif ) — “ ' 

(2) 0,^1 (0 - (0 = 20,/ (0, (n ^ 1) 

m ~o,(o=0o'(o 

The first of these was stated by Schlafli, Math. Ann. iii. (1871), p. 137, and proved by 
Gegenbauer, Wiener Sitzumjaberichte^ Lxv. (2), (1872), pp. 33 — 35, but the other two were 
proved some years wirlier by Neumann, Tkeorieder BcsseVschen Functionen (Leipzig, 1867), 

p. 21. 

Since early proofs consisted nierely of a verification, we shall not repeat 
them, but give in their place an investigation by which the recurrence for- 
mulae are derived in a natural manner from the corresponding formulae for 
Bessel coefficients. 

Taking 1 2 | < | f |, observe that, by § 9'1 (1 ) and § 2’22 (7), 

(t-z)'! €nJn(^) 0n(0 = 1 = - fnCOS^inTT . Jn{z), 
n—0 w=0 

* It iH suflicient to uh(> the theorems that, if is convergent, so also is hbjn, and that then 
IB ahsolutelN convergent. 

t This was pointed out by Pincheile, Bologna il/mone, (4) iii. (1881 — 2), p. 160. 

X Cf. Modem Anahjsm, § 5*33. 
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^ S e„ («) 0„ (0 = 2 «„J„(«){<0„(<)-C08’}»7r) 

n=0 #1*0 

= S e„Jn(e) (<0„(0-cos*Jn7r), 

#1 = 1 

since <Oo(0 = l- If now we use the recurrence formula for Jn(s) to modify 
the expression on the right, we get 


1 enJn{z)0n(t)=^ S (./n-i W + «/n+i (^)l [«0n (0 ~ COS® Jn7r)/n. 

#ft*0 n=B] 

If we notice that Jn+i (^) {<0n(0”'cos® tends to zero as n-^oo, it 

is clear on rearrangement that 

^0 (^) [0, (t) - to, (01 + (^) m (t) - m (t ) + ii 

+ i J„(.) j20„(0- ^ + “f"} =0. 

Now regard as a variable, while t remains constant ; if the coefficients of 
all the Bessel functions on the left do not vanish, the first term which does 
not vanish can be made to exceed the sum of all the others in absolute value, by 
taking \z\ sufficiently small. Hence all the coefficients vanish identically* 
and, from this result, formula (1) is obvious. 

To prove (2) and (3) observe that 




and so, | « | being less than { { |, we have 


t e„/„ (^) 0„' (0 + S e„J„' (t) On (t) = 0. 

« — 0 « « 

By rearranging the series on the left we find that 


2 t„J„ (z) On' (t) = J, (z) 0. (<) - 2 (z) - (z)i On (t) 

#•=0 n-1 

J,(z)0,(t)- 2 Jn(z) lOn+,(t)-On-,m 

n = l 

that is to say, 

J,(z) (O.'(f) + 0, (01 + 2 (z) I20n (t) + Ont, (<) - 0„-. (01 s 0. 

#1 = 1 

On equating to zero the coefficient of t/i*(z) on the left, just as in the 
proof of (1), we obtain (2) and (3). 

• This is the arRument used to prove that, if a converRent power series vanishes identically, 
then all its coefficients vanish (cf. Modern Analt/nis, §3*73). The argument is valid here because 
the various seiies of Bessel coefficients converge uniformly throughout a domain containing z = 0. 

18—2 
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By combining (1) and (2) we at once obtain the equivalent formulae 

(4) ntOn-i (t) - {n- -l)(Jn(t) = (n-l) tOn (t) 4- n sin^* \nir, 

(5) nlOn+i (0 — (n® - 1 ) On (0 == — (n~hl) tOn (t) + a sin* 

If ^ be written for t {djdt\ these formulae become 

(6) {n - 1) + w -I- 1) On it) = n |/On_i (t) - sin* Jn7r], 

(7) (n-f 1)(^ - y/ -H 1) 0^(t) = - n {^On+, (0 - sin* J7i7r} . 

The Neumann polynomial of negative integral order was defined by Schlafli* 
by the equation 

(8) O^n(0 = (-rOn(0. 

With this definition the formulae (1) — (7) are valid for all integral 
values of n. 


9’12. The differential equation'^ satisfied hy On (t). 

From the recurrence formulae §9*11 (6) and (7), it is clear that 

+ 71 + 1)(^ — w + 1) On{t) — — + 7? + 1) [— ntOn+i (t) + w sin* Jtitt} 

71 4“ I 

nt 

= - (’^4-714-2) On^.l (0 4- n sin* iriTr 

71 4 “ 1 

= — ^ j<On (0 “■ COS* \n 7 r] 4- n sin* Jtitt, 
and consequently 0n(0 satisfies the difi'erential equation 

+ 1 )* On {t) 4- iff — 71*) On (0 = t COS* Jmtt 4" 7* sin* Jtitt. 

It follows that the general solution of the differential equation 


d^y 3 dy 

~dt^ i dt 




COS* J /ITT 7?8in*j7/7r 
^ 


and so the only solution of (1) which is expressible as a terminating series 
is On (0- 

It is sometimes convenient to write (1) in the form 


where 


3 r/f/ w*— 1\ 


(ti even) 
(n odd) 


* Mnth. Avn. in. (1871), p. 138. 

t Neiinmrm, Theorie der BenseVschtu nr no7i4?7t (Leipzig, 1867), p. 13; Journal fur Math. 

Lxvii. (1867), p. 314. 
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Another method of constructing the differential equation is to observe that 
S n- 0*** 


and so 

s 0»(0=J 

n=o 1 

( dz ) t-z 


22^ Z 


-I 


Now 

00 

1=2 €2n*^2H (^)» ^ 

»=0 

^ <2n + l (2h- 1-1) ./2n + l W> 
n=0 


and hence < +z = 2 (^) (e). 

n=^0 

Therefore 

IfnJn (i) +3< i + 1 + «» - n»| 0, (0 - <Vi. (o] 9 0. 

On equating to zero the coefficient of t/«(2) on the left-hand side of this identity, just 
as in § 9*11, we obtain at once the differential equation aatistied by On (0- 


9‘IS. Neumanns contour integrals associated with On{z). 

It has been shewn by Neumann* that, if C be any closed contour, 


(1) 

[ 0m{z)O„(z)dz=0, 

J c 

{jfu = n and m ^ n) 

(2) 

j ^Jm{z)0n(z)dz-0, 

(m* ^ a®) 

(3) 

j jn (z) On {z) dz = ttriklen. 



where k is the excess of the number of positive circuits of the contour round 
the origin over the number of negative circuits. 

The first result is obvious from Cauchy’s theorem, because the only singu- 
larity of On{z) is at the origin, and the residue there is zero. 

The third result follows in a similar manner ; the only pole of the inte- 
grand is a simple pole at the origin, and the residue at this point is l/cn- 

To prove the second result, multiply the equations 

^mJm (^) = 0 . V„ [zOn (z)} = Z^gn (z) 

by zOn (z) and Jm(^) respectively, and subtract. If U (z) be written in place of 




the result of subtracting assumes the form 

sl‘U'{z) + zU {z) + (»»’ - a*) zJm («) On {z) = Z>gn (z) Jm (z), 


Theorie der BetseVsehen Functionen (Leipzig, 1867), p. 19. 
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and hence 

[zU {z)]c + (w» - n“) f Jm . (^) 0„ («) = [ z^gn (^) Jm («) dz. 

J C J c 

The integrated part vanishes because one- valued, and the integral 

on the right vanishes because the integrand is analytic for all values of z\ and 
hence we deduce (2) when 

Two corollaries, due to Schlafli, Idath. Ann. ill. (1871), p. 138, are that 
(4) ( J? + y) (y ) dy — 4 - m (•^) + ( - )’" + m 

W ^^m(^+y)^„Cy)^y = *^»n-n(^) + (-)"*An + n(^). 

TTc J 

The first is obtained by applying (2) and (3) to the formula 2-4 (1), namely 

oc. 

p— — oc 

and the second follows by making an obvious change of variable. 


9‘14. Neumanns integral for On(^). 

It was stated by Neumann* that 

( 1 ) 0 . w . r ±t>i" 

We shall now prove by induction the equivalent formula 


(2) 


r<x> exp la 

On (^) = i [[t -f- V(1 + - V(1 + dt, 


where a is any angle such that | a -I- arg z\< ^ir; on writing t = ujz, the truth 
of (1) will then be manifest. 

A modification of equation (2) is 
(3) 0„(z) = jJ e-^*'"*** cosh 

To prove (2) we observe that 

f 'wexpla rccvxpia 

e~^^dt, Oj (z) = I te~^^dt ; 

(» Jo 

and so, by using the recurrence formula §9*11 (2), it follows that we may write 


wln^re 

(4) 

and 

(^>) 


r» ezpia 

Ofi{^)—l <f>n(t)e ^^dty 

J « 

(0 2^</)n {t) — <f>n—\ (0 ~ 


• Theone der Be»ifV$chen Functionen (Leipzig, 1S67), p. 16; Journal fiir Math, lzvii. (1867), 

p. 312. 
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The solution of the difference equation (4) is 

4>n (t) = A + + 1)}^ -f 5 - V(1 + <»))»», 

where A and B are independent of n, though they might be functions of t. 
The conditions (5) shew, however, that A^ B = and the formula (2) is 
established. 


This proof was given in a symbolic form by Sonine*, who wrote (Z>) . (l/z) where we 

/ <*> expia 

01 * (0 B standing for (rf/rf«). 

A completely different investigation of this result is due to Kapteynf, 
whose analysis is based on the expansion of § 9*1 (1), which we now write in 
the form 


When I f I < I ^ |, we have 

] ^ 1 \Ku 


exp 


if p be so chosen that 


It follows that 


— du 
= if”{ i p^J„(o} e-'^du, 

z . 0 Vn=~ot» ) 

H)- 


U 


We shall now shew that the interchange of siinunation and integration is justifiable; it 
will be sufficient to shew that, for any given values of f and z (such that | C | < | « |)» 


M 

s 

n=JV-{-l J 0 




can be made arbitrarily small by taking N sufficiently large J ; now 

I I ^2 (m + I ^|), 

anrtso I (f) I /“ ! 6-“ rftt $ -4^1 r2-[u + \z\)'e—dn 

J 0 \ * \^\ J 0 


\z\- 


f dt 

J'\z{ 


<|(fA)-|exp{l*| + i|f|«}. 


* Math. Ann. xvi. (1880), p. 7. For a Himilar symbolic investigation see g 6T4 nupra. 
t Ann. Sci. de VJ^cole norm. sup. (3) x. (1893), p. 108. 

J Cf. Bromwich, Theory of Infinite Series, § 176. 
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Therefore, since | f | < i 2 |, we have 


" r I {» ± s/(»» + *»)}* r , , L-„ ,,,, , I I expi^i I ( |>} 

and the expression on the left can be made arbitrarily small by taking N sufficiently large 
when 2 and ( are fixed. 


Htince, when | fl < | ^ |, we have 


— — = ^ J 


»(?)/" 

J i) 




n- (I 

where On(^) is defined by the equation 

0 „(.)= r + 1 “.- e-du ; 


and it is easy to see that On{z\ so defined, is a polynomial in Ifz of degree 

When the integrand is expanded* in powers of z and integrated term by 
term, it is easy to reconcile this definition of On{z) with the formula § 91 (4). 


9*16. SonineH investigation of Neumann s integral. 

An extremely interesting and suggestive investigation of a general type 
of expansion of l/(a — 2 ^) is due to Soninef; from this general expansion, 
Neumann's formula (§91) with the integral of §914 can be derived without 
difficulty. Sonine’s general theorem is as follows : 

Let yjf (w) be an arbitrary function of w ; and, if ^ («;) = x, let w = ^ {x\ 
so that ^ is the function inverse to ylr. 

Let Zn and be defined by the equations^ 

1 d'Hi r® 

Thm = 

a — Z n--90 

it being assumed that the series on the right is convergent. 

Suppose that for any given positive value of ^r, | w | > | .^ (a;) | on a closed 
curve C surrounding the origin and the point z, and | ?/» | < ] ^ (a;) [ on a closed 

* Cf. HobRon, Plane Trigonometry (1918), § 264. 

t Mathematical Collection (Mohcow), v (1870), pp. 323 — 382. Sonine’s notation has been 
modified sliKhtly, but the Hymbols and H>re hin. 

J This is connected with luaplace’s transformution. See Burkhardt, Encyclophdie der Math. 
M'jjjf. II. {Analysis) {191(a), pp. 781 — 784. 



281 


9-15, 9-16] 


ASSOCIATED POLYNOMIALS 


curve c surrounding the origin but not enclosing the point z. Then 


S Z.,An- 

n= —00 


i_. X r f e**'"'— * i-— ^ dwda; 

JtTI n-^oJo J C 


00 #*^|*) + 


gztffm- 


Pfv(x)'p‘ 

dwdx 


^TTl ft^oJ 0 Jc 

= i [* I f — f I e**'®’ 

2m Jo [Jc Jr I 

-Ul 
■/: 


dwdx 




dwdx 


w — ^ {x) 

— j /(o - z), 

Jo 

provided that R(z)< R (a) ; and the result is established if it is assumed 
that the various transformations are permissible. 

In order to obtain Neumann’s expansion, take 

yft {w) = i {t(f — l/w)f ^ (x) = X ± <s/(x^ +1), 

and then 


Since 


J 0 




[(a; ± \/(a)* + l)j” + (— )'* [x ± + 1)}“^*] 


we at once obtain Neumann’s integral. 

Sonine notes (p. 328) that 

Jn{z)^{Wln\, €nO„(a)^«! (ia)-- 

80 that the expansion of l/(a-^) converges when |a:|<|a|; and in the later part of his 
memoir he gives further applications of his general expansion. 

9*16. The generating function of 0„ {z). 

The serias S ( - (^)i which is a generating function associated with 0„(2), 

n— 0 

does not converge for any value of t except zero. Kapteyn* however, has “summed” the 
series after the method of Borel, In the following manner : 

^ , V ,, , , 1 * S + 1)! 

^ - ' 

_ I * (» + i)-(«+ m)l <»"•* ‘ 


Z l^t^ m-ln=u 


w . (w + w — 1 ) ! 


_ T s (w + i) . 

m=0 n-w ~ (n -m ) ! ( 

1 - (27a)! «*^(l+f*) 1 « (27a + l)! + 




S 


(-)”*.mt r" 


Nieuw Archief voor WUkunde (2), vi. (1905), pp. 49 — 56. 
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The Borel-eum aesociated with this series is (1 + <*) J ^+2tu ’ integral 

i8 convergent so long as (1 - 1^) zjt is not negative. 

There is no great difficulty in verifying that the series 2 ( — is an asym< 

n=o 

ptotic expansion of the integral for small positive values of t when | arg « | < n-, and so the 
integral may be regarded as the generating function of 0^ {z). Kapteyn has built up much 
of the theory of Neumann’s function from this result. 


9 '17. The ineqvnlity of Kapteyn s type for 0„ {nz). 

It is possible to deduce from Neumann s integral an inequality satisfied 
by On{nz) which closely resembles the inequality satisfied by Jn{nz) obtained 
in § 8-7. 

We have 

On {nz) = I [[w 4- H- + 1?^; - sj{ui^ + e"”*® dw, 

the path of integration being a contour in the i/;-plane, and so 
I On (nz) k , L, f \[\w± s/{w^ + z^)} e-^] \^.\dw\, 

\z\ Jo 

where that value of the radical is taken which gives the integrand with the 
greater modulus. 

Now the stationary point of 

\w + ts/{w'^ + z^)} e""*® 

is \/(l — -2^®), and so 

where the path of integration is one for which the integrand is greatest at the 
stationary point 


If a surface of the type indicated in § 8*8 is constructed over the w-plane, 
the stationary point is the only pass on the surface ; and both w = 0 and 
tj; = -f 00 are at a lower level than the pass if 


( 2 ) 


I z exp V(1 “ ^ 1 

I 1 + 


Hence, since a contour joining the origin to infinity can be drawn when (2) is 
satisfied, and since the integral involved in (1) is convergent with this contour, 
it follows that, throughout the domain in which (2) is satisfied, the inequality 


i3) 


OAnzxj 


1 + V(1 - 


I z exp VU — 2*) I 

is satisfied for some constant value of A ; and this is an inequality of the same 
character as the inequality of § 8*7. 
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9 ’ 2 . Gegenhauers generalisation* of Neumanns polynomial. 

If we expand z) in ascending powers of z and replace each power of 

z by the expansion as a series of Bessel functions given in § 5*2, we find on 
rearrangement that 

00 mv+e 

— . 2 — 
t-z ,=o 

2 2’'+* ( 5 (k + s + 2wi). r(i; + « + ja) ^ , ) 

#=0 t l»i=0 Wl! j 

* (v-\-n).V(v + n-m) . , J 

'^-"'•<*7 

the rearrangement has been effected by replacing s by n — 2tn, and it presents 
no greater theoretical difficulties than the corresponding rearrangement in § 91 . 

We are thus led to consider Gegenbauers polynomial An,r{t), defined by 
the equation 

2*'‘*'" (v 4* n) r (u 4- a — m) 


( 1 ) 


An,v (0 ® 


«=0 


7n\ 


Hitn 


this definition is valid whenever v is not zero or a negative integer ; and when 
I 1 < 1^1, we have 


( 2 ) 


_ — S (^) t/„+n (^). 
t"~Z «=o 


The reader should have no difficulty in proving the following recurrence 
formulae : 


( 3 ) 


4- a — 1) An+^,v{t) 4- (i/ 4- a 4- 1) An-\,v(f) (0 


2’'(y4-a) ((i/4-w)*-ll r(»'4-ia-i) . , 

tr(in + «) ““ 


(5) (v 4- n) tAn-i,v{t) -(n4-l)(*^ + a — 1) (G 

= (i/ 4- a — 1) M "i 

(6) (v 4- a) tAn+i, v{t)'-(v + n-\-l) (2i; 4- a - 1 ) An,v{t) 

~-{v + n + l)tA\,,(t)+ r(iUf) ^ 

(7) A.,,(t) = 2’’T(v + l)/t. 

* Wiener Sitzungaberickte, iaxiv . (2), (1877), pp. 124 — 130. 
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The differential equation of which An,p{t) is a solution is 


( 8 ) 

where 


3 — 2i/ dy 
dt* t dt^ 


1 - 


(n-h l)(2i/4-n — 1)' 




(9) 5fn.»(0 = — 


2*'(i/-f-n) r(i/ -}- ^ n) 


r(in + l)< 


C08^ ^ nTT 


■ r(in + i)«‘ -sin^nTT. 


The general solution of (8) is i4n,„(0 + 

Of these results, (3), (4), (8) and (9) arc due to Gegenbauer ; and he also 
proved that 

(10) 2^. A„, , (0 d< = 2' i» r (./).(«/ + n) Cr„' (z), 

where CV (^) is the coefficient of a" in the expansion of (1 — 2az + a*)"’*' ; this 
formula is easily proved by calculating the residue of (izt)”^ An, ^ (0 origin. 

The corresponding formula for Neumann’s polynomial is 


1 

(11) o I ^n(t) dt = ?> cos j n arc cos z], 

iTTl J 


The following formulae may also be mentioned : 

(12) I A„^ y{z) An y{z)dz=^0, (m = and m ^ 7*-) 

J c ' 

(13) [ Z''^ J^^n,{z) An,^{z)dz = {), (m* ^ 71=) 

J c 

(14) f J^^n (^) An, y (z) dz « 27^*, 

J c 

where C is any closed contour, n = 0, 1, 2, . . . , and k is the excess of the number 
of positive circuits over the number of negative circuits of C round the origin. 

The first and third of these last results are provejd by the method of § 9‘13 ; 
the second is derived from the equations 

dvA m (‘^) == 9, ^ An,v (*2^)} = *' y (z), 

whence we find that 

(m - n) (2r +m + n) (z) An,y(s) dz (^) •A.+m (■») dz = 0. 


9*3. Schldjlis polynomial 8n(t). 

A polynomial closely connected with Neumann’s polynomial On (t) was 
investigated by Schlafli. In view of the greater simplicity of some of its 
properties, it is frequently convenient to use it rather than Neumann’s poly- 
nomial. 
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Schl&fli’s definition* of the polynomial is 

(1) (t) = 1" (n > 1) 

w = 0 

(2) S,(t)^0. 

On comparing (1) with § 9*1 (2), we see at once that 

(3) iw Sn (t) = tOn(t) — cos® JWTT. 

If we substitute for the functions 0n(t) in the recurrence formulae §9*1 1 (1) 
and (2), we find from the former that 

(4) Sti^i (f) 4- Sr^i (t) — 8n (t) = 4^“* cos® J nir, 
and from the latter, 

J (n - 1) Sn-i (0 - i (w + 1) Sn+i (t) = nSn (t) - wr‘ (^) - 2t-^ cos® J /itt. 

If we multiply this by 2 and add the result fco (4), we get 

(5) ^«-i(0-^n+i(O = 2SV(0. 

The formulae (4) and (5) may, of course, be proved by elementary algebra 
by using the definition of Sn{t), without appealing to the properties of 
Neumann’s polynomial. 

The definition of Schlafli’s polynomial of negative order is 

( 6 ) = 

and, with this definition, (4) and (5) are true for all integral values of n. 

The interesting formula, pointed out by Schlafli, 

(7) ^n— I (0 ^n+i (0 ~ (0> 

is easily derived from (3) and (4). 

Other forms of the recurrence formulae which may be derived from (^4) 
and (5) are 

(8) tSn-i (t)— nSn (t) — tSn (t) = 2 COS® J nir, 

(9) tSn f 1 (0 — flSn (0 + (0 “ 2 COS® J nTT. 

If we write ^ for t(dldt), these formulae become 

(10) -h r?) .Sn (0 = tSn-r {t) - 2 cos®in7r, 

(11) — n) Sn{t) = — (0 4* 2 cos® J nir. 

It follows that 

(^® — a®) -Sn (0 = ^ “ ^0 ^n-i (0 + 2/1 cos® JnTT 

= — PSn(t)’¥ 2t sin® J //TT 4- 2n cos® J //tt, 
and so Sn(t) is a solution of the differential equation 

(12) i® ~ ^ "■ ~ i COS® JnTT. 


Math. Ann. ill. (1871), p. 138. 
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It may be convenient to place on record the following expressions : 

8’.(0=2/t, = 

S, (t) = 2/t+l ()/<•, /S'^ (t) = + 96/t*, 

/S, («) = 2/t + 48/t> + 7 68/t», ( < ) = 1 2/t* + 384/^* + 7680/t*. 


The general descending series, given explicitly by Otti, are 

Jt (i« -«/.)! (i<r 

_ 2h 2n (m“ - 2*) 2w(/i--2-')(»»-4») 

- + ft + f + • • • 


(m even) 


(14) 


o (^n + w-i)! 

_2 2 2(n»-P)(/^‘-3*) , 


(n odd) 


Tho coefficients in the polynomial f(»r w = l, 2, ... 12, have been calculated by Otti, 
Iier7i Mittheilwigm^ 1898, pj). IJl — 14; Otti’s formulae are reproduced (with some obvious 
errors) by Graf and Gublor, t^iuhtUung in die Theorie der BesseVschen Funktionen^ II. (Beni, 
1900), p. 24. 


9*31. Formulae counecting the polynomials of Neumann and Schldjli, 

We have already encountered two formulae connecting the polynomials of 
Ncuinarin and Schlatli, namely 

I n Sn {t) = tOn (0 "" COS'* J 7l7r, 

Sn-i{t) + Sn^,{t)=^Wn{t), 

of which the former is an immediate consequence of the definitions of the 
functions, and the latter follows from the recurrence formulae. A number of 
other formulae connecting the two functions are due to Crelier*; they are 
easily derivable from the formulae already obtained, and we shall now discuss 
the more important of them. 

When we eliminate cos^ | htt from § 9*3 (3) and either § 9’3 (8) or (9), we 
find that 

(1) (O = 20n(a 

( 2 ) 

Next, on summing equations of the type §9-3(5), we find that 
(9) S,, (t) = - 2 (t) + sin^ J nir . (0, 

m-A> 

and hence 

(4) kfi (t) + Sn—i (^) = — 2 ^ S (0 "h (0- 

w-0 

* Conipies Jlendus, exxv. (1897), pp. 421 — 423, SfiO — 8f>3; Hern Mittheilungen, 1897, pp. 61 — 96. 
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Again from § 9'3 (7) and (5) we have 

4 {0,^. (<) + (<)} = S„^ (t) + 25„ (0 + (<) 

= (<) - -Sn (<)I - i-S„ (0 - (01 4S„ (0 

= 2S'„_, (0 - 2/SV. {<) + (0 

= 45„"(0 + 4>S„(0, 

SO that 

(5) -SV' (0 + Sn (t) = On-I (t) + (0- 

This is the most interesting of the formulae obtained by Crelier. 

Again, on summing formulae of the type of §9*11 (2), we hnd that 

(6) On (t) = -2 S 0 n- 2 m-i (0 + sin* inir . Oi (0 + cos® i riTT . 0^ {t), 

m =»0 

and hence 

(7) (0 + 0„_, (0 = - 2 “S (0 + 0, (0 + (>. (0- 

m=0 

9 * 32 . Graf's expression of ( 2 ^) as a sitm. 

The peculiar summatory formula 

(1) Sn{z) = ‘K S {/„(«) F„(0) 

i»= -n 

was stated by Graf* in 1893, the proof being supplied later in Qraf and 
Gubler’s treatisef. This formula is most readily proved by induction; it is 
obviously true when a = 0, and also, by §3*63(12), when ?i = l. If now the 
sum on the right be denoted temporarily by it is clear that 

<t>n+^ {z) + ^n-i {z) - {"^ntz) (pn {z) 

«+l rt+1 

= irJn+fz) 1 ym{z)-TrYn+i{z) ^ Jm{z) 

7n=-n-l m=-n-l 

+ rrJn—\(,z) S Yfn{z)— irYn-.i(z) — Jm{z) 

m---n+l m=-»4 1 

-(imrjz)Jn(z) 2 Y^(z) + {inwfz)Yn(z) 2 Jm(.z). 

m=-n 

Now modify the summations on the right by suppressing or inserting terms 
at the beginning and end so that all the summations run from —n to n ; and 
we then see that the complete coefficients of the sums 'IJjn.iz) and 
vanish. It follows that 
<if>n+i {z) + <^„-i {z) - (2nlz) (f>n (z) 

= TrJn^x {z^ [ Kn+1 {z) + Y-n-i C'^)} Tn+i {z) [t/n+i (z) + J^n~\ (z)] 

— TtJ {^z) I (^z) -j- 1 _n + TT 1 7 i_i {z^ \ J n {z) + t/_n (z)\ 

= - TT {1 (- 1)"1 i/n-i (Z) Yn (Z) - Ju (z) Fn-i (z)} 

= 4.^"^cos®^n7r, 

by §3*63(12); and so <f>n(z) satisfies the recurrence formula which is satisfied 
by Sn{z), and the induction that <t>n{z) = Sn{z) is evident. 

* Math. Ann. XLin. (1893), p. 138. 

t Kinleitung in die Thcorie der BesxeVachen Funktionen, n. (Bern, 1900), pp. 34 — 41. 
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9*33. Creliers integral for *Si„ {z). 

If we take the formula §9*14(2), namely 


r oD exp Ml 

On (^) = H [1^ + V(1 + + l< - V(1 + dt, 

0 

and integrate by parts, we find that 


On(z) 


1 f 1 a- 1 V* I 1 r * d 

^ e-^' « [(< + v(i + <>.))» +lt- V(1 + <•)}“] dt 

COS'JWTT « /•”«P'*|< + V(I +<“))" 

+ v(i+o ® 


Hencts it follows that 


( 1 ) 




This equation, which was given by Schliitli, JfatA. Arm. ill. (1871), p. 146, iu the form 

r w f la 

(2) *S"„(z)= / 

18 fundamental in ('relior’s researches*, of which we shall now give an outline. 


Wt‘ write temporarily 


and then 
HO that 


and therefore 


r„ - (< + v(i + f-*)}" -\t- v(i + <*)!'*, 


T — “V T —T - n 

J- n+i — ^11 n ^ w— 1 — 



= 2t + 


1 

rn/y™-.’ 


Tn 


= 2 < + 


1 1 1 

2 t + 2t + ... + 2t’ 


the continued fraction having n elements. It follows that T„^^IT„ is the 
(juotient of two simple cuntinuauts-f so that 

A^(2<,2<. ...,2^)„ 

7’„ 7{(2i;2t....,2t)„:,’ 

the suffixes n, n — 1 denoting the number of elements in the continuants. 


it follows thatj T„/K{2t)n_, is independent', of n ; and since 


2\ = 2v'(l + n A:(2<).= 1, 

we have 

r„=2 V(l+f)-A’(2 «)„-., 


• Compte$ Rfndus, cxiv. (1897), pp. 421—423, 860— 8G8 ; Bent Mittheilunyen, 1897, pp. 61—96. 
t ChryBtal, Algrbra, ii (1900), pp. 494 — 502. 

it Sinoe all tlie elements of the continuant are tbe same, the continuant may be expreBeed by 
this abbreviated notation. 
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Fiom this result it is possible to obtain all the recurrence formulae for 
Sn {z) by using properties of continuants. 

9’34. Sckldfiis expansion of Sn (t + z) as a series of Bessel coej/icients. 

We shall now obtain the result due to Schlafli* that, when |z|<l^|, 
Sn (i 4- z) can be expanded in the form 

(1) Sn(t-hz)^ I Sn-,n(t)Jm(z). 

m=—co 

The simplest method of establishing this formula for positive values of n 
is by induction f. It is evidently true when n = 0, for then both sides vanish ; 
when n = 1, the expression on the right is equal to 

Si (t) */o (z) ’j- S l^i-m (^) «An (^) 4“ (f) (-?)) 

m = l 

= 20o(t) ‘^) b S (0 "b (01 

»ii=l 

*2 ^ €inOin(t)Jv.(-z) 
m=0 

= 2/(t z)= Si(t + 2), 

by §91(1) and §9-3(7). 

Now, if we assume the truth of (1) for Schlafli's polynotnials of orders 
0 , 1, 2, ... n, we have 

Sn+i {t + 2 ) = Sn^i (^ + -j) — 2Sn (t Z) 

= X Sn^in—i {t) Jrn {z) 2 X S 

m= — 30 »i = — 00 

= X (0 ““ 26 n-vt (0} (0 

mxc — 00 

= X Sn^i—mif) Jfni.z'), 

m= --3D 

and the induction is established ; to obtain the second line in the analysis, 
we have used the obvious result that 

S..'(< + r) = |-«,(« + ^). 

* Math. Ann, iii, (J871), pp. 189 — 141; tlie examination of the convergence of the eerieB is 
left to the reader (cf. § 9-1). 

t The extenuion to negative values of n follows on the proof lor positive values, by § 9*3 (G). 


W. B. F. 


19 



290 


THEORY OF BESSEL FUNCTIONS 


[chap. IX 

The expansion was obtained by Schlafli by expanding every term on the right of (1) in 
ascending powers of z and descending powers of t. The investigation given here is due to 
Sonine, Math. Ann. xvi. (1880), p. 7 ; Sonine’s investigation was concerned with a more 
general class of functions than Sohlafli’s polynomial, known as hetni-cylindrical function» 
(§ 10-8). 

When we make use of equation § 9‘3 (7), it is clear that, when | ^ | < | f |, 

(2) 0„« + ^)= i 0„_„, (<)./« (4 

in»*-oo 

This was proved directly by Oegeiibauer, Wiener Sitzungeherichte, lxvi. (2), (1872), 
pp. 220 — 223, wh(» expanded in ascending powers of z by Taylor’s theorem, used 

the obvious formula [cf. g 91 1 (2)] 

and rearranged the resulting double series. 

It is easy to deduce Grafs* results (valid when \z\< | ^ |), 


OCl 


( 4 ) 

mss - 

OO 

( 5 ) 


On^m (0 ^ ('^)* 




9’4. The definition of Neumanns polynomial n„ (t). 

The problem of expanding an arbitrary even analytic function into a 
series of squares of Bessel coefficients was suggested to Neumann f by the 
formulae of § 2 72, which express any (;ven power of 2 ^ as a series of this type. 

The preliminary expansion, corresponding to the expansion of l/(t - z) 
given in § 91, is the expansion of and the function 11^(0 will 

be defined as the coefficient of €nJn(z) in the expansion of l/{t^ — z^), so that 

(1 ) zy. = <^) (0 + 2^*’ (^) «»(«) + ... 

= ^ {z) G-n (t). 

n-0 

To obtain an explicit expression for nn(0» [ - 2 | < | < |, and, after ex- 

panding — z!^) in ascending powers of 2 , substitute for each power of z the 

* Math. Aim. xliii. (1893), pp. 141 — 142; see also Epstein, Die vier Eechnung^operationen 
mit BesseVechcn Functionen (Bern, 1894). [Jahrbuch Uber die Fortschritte der Math. 1893—1894, 
pp. 846—846.] 

t Leiptxger Benchte, xxi. (1869), pp. 221—266. [Math. Ann. in. (1871), pp. 681— 610.J 
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series of squares of Bessel coefficients given by Neumann (§ 2*72). As in 
§ 9*1, we have 


1 


00 

= 2 
<=0 




=ii 


em*Aii’(«)+ s 


2” (s!> 


j P+*’(2s) 


iu. 


(2* + 2m).(2s + m-l)! ^ , ,] 




1 ? r./.\ . ^ V («*)’ _. (» + *-!)! r,/-\ 

” <*„?« (n - «)! 


when we rearrange the series by writing n — s for m ; this rearrangement 
presents no greater theoretical difficulties than the corresponding rearrange- 
ment in § 91. 

Accordingly the function (0 is defined by the equations 


( 2 ) 

(3) 


n«(<) = z 2 

^i»=0 


n.(v + s — l)!(s!)* 


(ft > 1) 


On reversing the order of the terms in (2) we find that 


(4) 


n S w-(2ft -w -!)!((»- »>)!}“ 

“ ^ 4 *.o to! ( 2» - 2TO)i ( J 


while, if (2) be written out in full, it assumes the form 


(ft > 1) 


1 1 4n9 

(5) + 


1 . 2 4»i»(4n*-2‘) 1.2.3 4n‘(4«*-2>)(4ft»-4») 

3.4 t» '*■ 4 . 5.6 t“ ' 


Also 

(6) ^nfln(t) 


where 


(7) 


^‘Jn!)»j _ _e4<* , 

f ■^l.(:in-l)'^] .2.(2»- l)(2ft- 2)'^ ' ■ 

H,„<“ ) 

^i.2...7!.(2»— i)(2n — 2) ... ’ 

' _2n-l „ (2re-l)(2n-3) 

’ ■2ft'* 2n(2ft-2)'’ 

^(2ft-l)(2n-3)(2«-5) 

, * 2n(2fi-2)(2n-4) ’ 


(2n .-l)(2r,-3)...l 
”* 2ft(2n-2)...2 ■ 

Since 0 < < 1, it is easy to shew by the methods of § 211 that 

(8) j n„ (t) j « 2»» I « |-»-« (ft !)» exp ( 1 1 1»), 
and, when « > 0, 

(9) e„n„(<) = 2»<-ft‘-»(n!)*(H-^), 

where | | $ (expjf |’ - lj/(2ft - 1). 


19—2 



292 


THEORY OF BESSEL FUNCTIONS 


[chap. IX 

By reasoning similar to that given at the end of § 9*1, it is easy to shew 
that the domains of convergence of the series 2an«/n*(^) fin(0 2an(^/<)^ 
are the same. 

The reader should have no difficulty in verifying the curious formula, due 
to Kapteyn*, 

ao) 


9*41. The recurrence formulae for (t). 

The formulae corresponding to § 9*11 (2) and (3) are 


(1) 

^ rfc ' /*\ Hn_i(0 On + i(0 2^1^ (t) 

W- n»-l ’ 

(n>2) 

(2) 

(2/<)n/«)=in,(o-in.(«), 


(3) 




There seems to be no simple analogue of § 9*11 (1). The method by which 
Neumarmf obtained these formulae is that described in § 9’11. 

Take the fundamental expansion § 9‘4 (1), and observe that 


dz 


z 

2ti 


{f) — *^*11+1 (^)li 


and that, by Hansen a expansion of § 2’5, 

2i/o(^)«/o (*2^)“ ^ 2 n— 1 (^) “ (^)}/^* 

»=1 

We find by differentiations with regard to t, and with regard to z, that 

I ( 0 . 

n = 0 

- s'^f = 2/, {z) J,' (z) n, (t) + z^ i JV. («) - (^)1 n„ (t)/n 

= Z 2 (z) ^i/\^j(z)j fOniO^ ^o(0}/^‘ 

n—l 


On comparing these results, it is clear that' 

t-^ 2 i i/ViW-^Vi(^)l.{Hn(o-no(oi/w=o. 

n =0 w-l 

On selecting the coefficient of Jn(z) on the left and equating it to zero 
(cf. § 91), we at once obtain the three stated formulae. 


• Ann. Sci, de V P'jcole norm. nup. (S) x, (1893), p. 111. 
t Leipziger Beiichte, xxi. (1869), p. 251. [Math. Ann. iii. (1871), p. 606.] 
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9*5. 0egenhajier*8 gmeralisation of Neumann' a polynomial Hn ( 0 - 
If we expand — ^) in ascending powers of 2 and replace each power 

of z by its expansion as a series of products of Bessel functions given in § 5'5, 
we find on rearrangement (by replacing s by ?t — 2m) that 


“,^0 U -0 r(/4 + i^+s+l) ml 

^ + (‘^) «^I» +J« + m (^) I 

QO I <^n 2#* + 1» + «— 2»» 

” ^ I ^ *n—wn + i 
n = 0 1«I=0 t 

(/Lt 4- V + w) r(/i- + — m + 1 ) r (v -I- — m 4 1) r (ft + V + M — m) 

^ ml r(ft H- 1 / -I- n — 2m + 1) 

^ Jv + hn ' ) 

it is supposed that \z\<\t\, and then the rearrangement presents no greater 
theoretical difficulties than the corresponding rearrangement of § 9*1. 

We consequently are led to consider the polynomial ^„.^,^(<), defined by 
the equation 

(1) ■On;#i,v(C)— + > 


<j”r(/*+ in-OT+i)r(i/+^»— wn-i)r(^+v+/t-wt) 

«i!r(/*+.'+n-2)rt + i) ■ • 

This polynomial was investigated by Gegenbauer*; it satisfies various 
recurrence formulae, none oi which are of a simple character. 

It may be noted that 

(2) Njn; 0,0 (0 ~ ^nl'^n (G* 

The following generalisations of Gegenbauer s formulae are worth placing 
on record. They are obtained by expanding the Bessel functions in ascending 
series and calculating the residues. 

1 

(4) 

- V -t- 2^0 r (fc 4- 1 ) r (ft 4 - 1 / + y p sin*^ 6 

?i!'r(ft4- 1' 4 1) 

X 8^a(— W, fi + l.ft 4- 1^4-^; ^ft + iv 4- i, Jft + Jv + 1 ; sin’'^). 

In the special case in which ft = v, this reduces' to 

This formula may be still further specialised by taking equal to iir or 
* Wiener Sittung§berichtet lixv. (2), (1877), pp. 218 — 222. 
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9*6. The genesis of LommeVs* polynomial 
The recurrence formula 

1^+1 (^) ~ J vi^) v—\ (0 

may obviously be used to express linearly in terms of and 

and the coefficients in this linear relation are polynomials in 1/z 
which are known as LornrneVs polynomials. We proceed to shew how to 
obtain explicit expressions for them. 

The result of eliminating J^^fz)y ... W from the system of 

equations 

{z) - {2 (i/ + p)lz] {z) + (^) = 0, (p = 0, 1, . . . m - 1) 

is easily seen to be 


+ -2z-^ [)y 1, 0 

0, 1, -22-»(i/ + w-2), 0 

0 , 0 , 1 , 0 


0 , 0 , 0 , 1 

0, 0, -2«-Mv+i) 

J,.i(z)-(2p/z)J,(z)y 0 , 0 , 1 


By expanding in cofactors of the first column, we see that the cofactor of 
J^+fn (z) is unity ; and the cofactor of (—)«»-> (z) is 


-2«“*(v + m-lX 1. 0, 0, 0 

1, -2a“i(v + w-2), 1, 0, 0 

0, 1, -2z-»(i. + m-3), 0, 0 


O, 0, 0, -22-*(i/ + 1), 1 

0, 0, 0, 1, -2^->i/ 


The cofactor of (—)"* ^ Jy-i {z) is this determinant modified by the suppression 
of the last row and column. 

The cofactor of is denoted by the symbol (— )”* ; and 

Rm.y{z)y thus defined, is called Lomrners polynomial. It is of degree m in 1/z 
and it is also of degree rn in v. 

The effect of suppressing the last row and column of the determinant by 
which Rm,wiz) is defined is equivalent to increasing v and diminishing m 
unity ; and so the cofactor of {z) is (-)"*-» W- 

Hence it follows that 

(z) i/^ (z) Rjfy^ff ( 2 ^) -f J |,_j (^z) Rtn~i, v+i if) ” 

* Math. Ann. iv. (1871), pp. 108—116. 
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that is to say 

(1) (^) -Rm,r (^) “• j K-1 ('®) -Rm— 1, i»-fi C*^). 

It is easy to see that* is the numerator of the last convergent of 

the continued fraction 

+ ... - 2z=^u' 

The function Rm,.»(^) was defined by Lommel by means of equation (1). 
He then derived an explicit expression for the coefficients in the polynomial 
by a somewhat elaborate induction ; it is, however, simpler to determine the 
coefficients by using the series for the product of two Bessel functions in the 
way which will be explained in § 9*61. 

It had been observed by Bessel, Berliner JM., 1824, p. 32, that, in consequence of the 
recurrence formulae, polynomials i4n-i i^)y ^b-i (^) exist such that 

1 (^) •^»(^) - ■8.-> (*)^i «}, 

where [cf. § 9*02 (8)] 

iin—i (z) Byi (z) — An (z) Bfi^i (x)*= ^ (2/1 — 2)^ 2n * 

It should be noticed that Graft and CrelierJ use a notation which differs from 
Lomuiers notation ; they write equation (1) in the form 

w- C’’ (*) w •'.-1 (*)• 


9 ’ 61 . The series for LommeVs polynomial. 

It is easy to see that {z\ qua function of the integer m, satisfies 

the same recurrence formulae as t/V+m {z) \ and hence the analysis of § 9*6 also 
shews that 


(1) (-)” (Z) = J-, (z) Rm., («) + J-,+i («) Rm-i.v+i W- 

Multiply this equation by J,_, («) and § 9'6 (1) by J-,+, (z), and add the results. 
It follows that 

(2) (z) kF (^Z) + J -F— 711 (f) ^¥-1 (f) 

= RmA^) W {Z) + {Z) J¥^^ {Z)] 


2 sin vTT 
rrz 


Rm^v if)f 


* Of. Chrystal, Algebra, ii. (1900), p. 602. 

t Ann. di Mat. (2) xxxii. (1895), pp. 45 — 65; Einleitung in die Theorie der heszeVzchen Funk- 
tionen, n. (Bern, 1900), pp. 98—109. 

X Ann, di Mat, (2) xxiv. (1896), pp. 181 — 163. 



296 


THEORY OP BESSEL FTTNCTIONS 


[CHAF.IZ 


by § 3 2 (7). But, by § 5-41, we have 

/, (-)P(mtp+2),(izr^*‘ 

(z) - m + p + T) r (- K + 2 

(-)«(- 


i/+m («)•/- M+l 


^fZo w 1 r(— 1 / — ?« + + 1 ) r (j^ + w) 

V (-r (~ m -h 

M^o nl r(— I' - ni + fi -h i ) r (i/ + n) 


+ i 


P^o (ni-hp + 1)1 r(- P + 2 + JO) r (j/ 4 - m+p 4- 1 ) ’ 
when we replace ?i in th(‘ last summation by m4-p4-l. Now it is clear 
l.luit 

(j> -f 1 )m + p+i __ (m 4- 2p 4- 1) ! _ (m + p + 2)p 
(7?Mj^4-l)! p! (w 4" JO 4- 1 ) ! J)\ ' 

and so, when we conibirui the series for the products of the Bessel functions, we 
lind that 


2 sin PTT „ , 4- ^/)n (i-^) ”*■*■*” ‘ 

~ ^rT" ;;r r ^ - m 4 - nT 1 ) r (p 4- w) 

_ sin PTT (— )” (?w ' n)! T (v 4- w — n)(J 2 )“*” 

TT , 4^0 ?? ! (m — 2w,)! r(p 4 rt) ’ 

the terms for which n >| //t vanish on account of the presence of the factor 
(— yn 4 - fi)n in the numerator. 


When V is not an integer, we infer that 
(^1) 


7^ (“)” “ ‘^ 0 ’ - n) 

^ "■ n\(m -hty. "r(V+ w) 


n 0 
- - (-)-, 




w -0 V(p-^n) 

But the original definition of „u), by means of a determinant, shews 
that l{,„ ^,(z) is a continuous function of p for all values of p, integral or not; 
and so, by an obvious limiting process, we infer that (3) is a valid expression 
fbr R,„ ^{z) even when p is an integer. When 1 / is a negative integer it maj^ 
be necessary to replace the quotient 


11 "+. W /_y, . r(-l^-«+ l) 

r((/+«) r(_ ,, + „ + ]) 

in part of the series. 

The seiioM {‘A) was given by Lommel, Math. Ann. iv. (1871), pp. 108—111; an equi- 
^alont result, in a different notation, had, however, been published by him ten years earlier, 
Archiv der Math, v?ui Ph^s. xxxvii. (1861), pp. 354 — 355. 

An interesting result, depending on the equivalence of the quotients just 
mentioned, was first noticed by Graf*, namely that 
O) if„. . (r) = (-)"> (e). 


• Aim. di Mat. (2) xxiii. (1895), p. 66. 
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In the notation of Pochhammer (cf. §§ 4‘4, 4*42), we have 

(5) = -Jw; i/.-wi, 1 - v-m; 

Since ii,„ is a linear combination of products of cylinder functions of 

orders v 4- m and it follows from § 5*4 that it is annihilated by the operator 
- 2 ((1/ 4 my 4 (v - ly] 4 \(u 4 m)* - (v - If^] 4 4j»(^* 4 3^ 4 2) ; 
where ^ = z {didz ) ; and so is a solution of the differential equation 

(6) [(^ 4 w) 4 2i/ 4 Vi — 2) (^ — 2i; - m) — m — 2)] y 

4 4^-^^(^4l)y-0. 

An equation equivalent to this was statcid by Hurwitz, Math, Ann, xxxiii. (1889), 
p. 251 ; and a lengthy proof of it was given by Nielsen, Ann. di Mat. (3) vi. (19()1), 
pp. 332—334; a simple proof, difiering from the proof just given, may be obtained from 
formula (5). 


9'62. Various properties of LommeVs polynornial. 

We proceed to enumerate some theorems concerning Rfn,y(^)» which were 
published by Lomrnel in his memoir of 1871. 

In the first place, § 9*6 (1) holds if the Bessel functions are replaced by any 
other functions satisfying the same recurrence formulae ; and, in particular, 

(I) ^ ^ Vv{^) 1 (^) I'+l (^)» 

whence it follows that 


(2) {£) J„_, («) - (s) F._, (z) 

= , (z) I Y.{z) J.., (z) - J. {z) y._,(^)}= - '2.Rm., (^VC’T^)- 

Next, in §9'61(2), take m to be an even integer; replace m by 2»t, and 
V by V - VI. The equation then becomes 

(3) J + J —v—m (^)«^ — wi— ” 2 ( — sin VTT . R 27 n.v—m{,^)Hyrz)i 
and, in the special case = 4, we get 

(4) ('®) 4 (^) ~ 2 (— )”* 


that is to say 
( 6 ) 


^ m {2zy^-'^'^{2m-n) \ (2m- 2/?) ! 
•rrz H«o — w) 1 1* . ri ! 


This is the special case of the asymptotic expansion of § 7*51 when the 
order is half of an odd integer. 

In particular, we have 




( 6 ) 
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Formula (5) was published in 1870 by Lommel*, who derived it at that time by a 
direct multiplication of the expansions (§ 3*4) 


. j {*) + (- )" J w - ( T i 




followed by a somewhat lengthy induction to determine the coefficients in the product. 


As special cases of § 9 6 (1) and § 9*61 (1), we have 

( 2 / 2 

(-)'» (z) = ^ cos « . («) + sin « . iC-,., («). 

By squaring and adding we deduce from (4) thatf 

(8) R\nA (^) + (z) = (-r w (z)- 

Finally, if, in § 9*61 (2), we replace m by the odd integer 2m + 1 and then 
replace v hy v — we get 

(9) S F+m+i (z) J {z) — «/ (z) (z) 

= 2 (-)”^ sin v7ri^2,B+i,.^-m {z)H:rrz\ 

An interesting result, pointed out by Nielsen, Ann. di Mat. (3) v. (1901), p. 23, is that 

n 

if we have any identity of the type 2 •/„» (i) «/„ + „,(«) = 0, where the functions /m(«) are 

m=o 

algebraic in z, we can at once infer the two identities 

s fm(i) = 2 /».( 2 ) A„-l..+ l(*)s 0 , 

m=(i m=:0 

by writing the postulated identity in the form 

2 /m (^) {«^i/ ( 2 ) ^»n, F (^) ~ •A' - 1 (*) ^tn-1, f+ i (^)}s0, 
w=0 

and observing that, by 4^ 4*74 combined with §3*2 (3), the quotient («)/•/„ (z) is not an 
algebraic function. Niolseti points out in this memoir, and its sequel, ibid. (3) vi. (1901), 
pp. 331 — 340, that this result leads to many interesting expansions in series of Lommefs 
lx>lyiiornialH ; some of these formulae will bo found in his I/andbuch der Theorie der 
CylinderfunHionen (Leipzig, 1904), but they do not seem to bo of sufficient practical 
importance to justify thoir insertion here. 



9 * 63 . Recurrence formula for LommeVs polynomial. 

In the fundamental formula 

^v+m (z) = «/|, (-S’) Rffi^y{z) t/ {z) (z)f 

replace m and v by m + 1 and v — 1 ; on comparing the two expressions for 
(z), we see that 

J^y—\{z) {Rtn~i,v^^^iz^ Rm+i^y—i ('^)) “ (< 2 ) 2 (^)] Rm,y{z)’ 


* Math. Ann. ii. (1870), pp. 627—632. 

t This result was obtained by Lommel, Math. Ann. iv. (1871), pp. 115 — 116. 
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Divide by Jr-i (^)> which is not identically zero, and it is apparent that 

To obtain another recurrence formula, we replace w in § 9-62 (2) by m + 1 
and m— 1, and use the recurrence formula connecting Bessel functions of 
orders i/ + m — 1, v + m and i/ + m + 1 ; it is then seen that 

( 2 ) 

z 

and hence, by combining (1) and (2), 

(3) Hm—i, V (-^) “I" -^w+i.i^ (^) ““ (■^) “ 1 (^) “ ^m,v (-2^)- 

z 

Again, write § 9’62 (2) in the form 

- iJ™., (z) - J,^ (z)} F,_, (z)) - {z--" Y^{z)] (z— (z)}, 

TT 

and diflFerentiate it. We deduce that 

(4) R'm, ,{!!) = Rm. , («) + Rm+y. (z) - . (•*■). 

and so, by (3), (1) and (2), 

7IZ 

(5) m,v (^) V (^) + ^m^\, v (^) ““ l, v+i (^)> 

z 

(6) Iif„ y{z)— — ('2') ”* -fifit— (^) “" ^w+l,y (^)» 

z 

( 7 ) R m,v (‘2') = T -Rm, V ('^) + Rm+I, i*-! (^) Rw-J , k (-3^)* 

z 


The majority of these formulae were given by Lommel, Math. Ann. iv. (1871), pp. 113 — 
116, but (6) is due to Nielsen, Aim. di Mat. (3) vi. (1901), p. 332; formula (2) has been used 
by Porter, Annals of Math. (2) iii. (1901), p. 66, in discussing the zeros of Rn^, v («)• 

It is evident that (2) may be used to define Rm,v(^)> when the parameter 
m is zero or a negative integer ; thus, if (2) is to hold for all integral values 
of m, we find in succession from the formulae 


that 

( 8 ) 




Ro,y(^) — R— l.v 


and hence generally, by induction, 

(9) R-m. . iz) - Rm-a»^. iz). 


This formula was given by Graf, Ann. di Mat. (2) xxiii. (1896), p. 59. 

If we compare (9) with Graf’s other formula, § 9’6I (4), we find that 
(10) Rm, ¥ if) = ( — )”^‘“^ R_m— (‘^) “ — R-m- 2 , 1 '+m+i ~ ( )”* Rm, — k— m-f-i i.z'). 

When the functions of negative parameter are defined by equation (9), all the 
formulae (I) — (7) are true for negative as well as positive values of m. 



300 


THEORY OF BESSEL FUNCTIONS 


[chap, IX 


9 ‘ 64 . Three-term relations connecting Lommel polynomials. 

It is possible to deduce from the recurrence formulae a class of relations 
which has been discussed by Crelier*. The relations were obtained by Crelier 
from the theory of continued fractions. 

First observe that § 9*63 (2) shews that (^) and y {z\ qua functions 
of ///, satisfy precisely the same recurrence formula connecting three contiguous 
functions; and so a repetition of the arguments of § 9*6 (modified by replacing 
the Bessel functions by the appropriate Lommel polynomials) shews that 

( 1 ) Rm-\-n,if (^) “ Rm,y (^) ^^■n,y+rn (^) Rrn—i,v (^) Rn—i,v+m+i (^)* 

Next in §9*63(2) replace ni by — 1 and p by i/+l, and eliminate 
2 {m -h p)/z from the two e(piations ; it is then seen that 

(‘^) “ (^) Rm-\, ••■H (^) 

“ Rm^i,vi^) Rm-i^¥+\ (^) Rrn,v (^) Rm—2,v+i 
and so the value of the function on the left is unaffected by changing m into 
m — 1. It is consequently independent of m ; and, since its value when m = 0 
is unity, we have Crelier’s formula 

(^) Rvi,v (^) Rjn^ i'4-i (^) Rin-\-\,v (^) 1, r-t-l (^) ” I| 

a result essentially due to Bessel (cf. §9'(>) in the special case i^ = 0. 

More generally, if in § 9*63 (2) we had replaced m by m — n and i/ by i/ -f w, 
we should have similarly found that 

V (^) Rm -n+i,v+-H {z) - It 

Wl ^ 1,1^ {i) Urn • n, i>+r( («) 

= Rfn—i,v (^) Rm^n,v-{-n (z) Rm,v (^) Rm—n — 1 , v^^-n (^). 
and so the value of the function on the left is unaffected by changing m into 
m — 1. It is consequently independent of m ; and since its value when m^n 
is Rn-\,v{^\ we find from §963(10) that 

(3) ^TW, V (^) -^m— jH-i.v+n — ?», I'-f n (^) — Rn-\,v (‘2^)» 

a result given in a difi’erent form by Lommel f. 

Replace m and n by m — 1 and n -I- 1 in this equation, and it is found that 

(4) R 

, I'+n+i ('^) Rtii,v(^^^ Rm-’n^2,*>+n+i {z)^Rn,v{z). 

If we rewrite this equation with p in place of n and eliminate Rm-^i.vi^) 
tween the two equations, we see that 

(^) •' (“) Rm^n—i, r+n+i (^) 

— Rm, V (^) f Rm—p-2, •'4J9+1 (^) Rm-n-i,v-\-n+i (^) ■” Rm--n~-2, (^) Rm—p—\, I'+p+i (^)] 

~ Rm,v (^) Rn—p^}, v+jt-i-i (■3’)i 

by (3). If we transform the second factor of each term by means of § 9*63 (10), 
we obtain Crelier s result (loc. cit. p. 143), 

(i)) Rn,vi,^) Rp—m—i,v-^m-\-i (^) Rp^ y (z) I'+m+i (^) 

== Rm,v{^) -Kp-n-i.i^+Ti+i (^)’ 


Ann. (li Mat. (2) xxiv. (1896), p. 136 et seq. 


t Math. Ann. iv. (1871), p. 116. 
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This is the most general linear relation of the types considered by Crelier ; it 
connects any three polynomials Jtn^,(z), Rp^,{z) which have the same 

parameter v and the same argument z. The formula may be written more 
symmetrically 

(6) Rn,»{z)Rf — /»— 1, p+wH-l (z) + i2p.,(a:)72„_n-, .p+n+i 

+ -ftw, V (^) p-i, p-f (^) ~ 

that is to say 

(7) 2 , p+m+i («)»0. 

m,n,p 

A similar result may be obtained which connects any three Bessel 
functions whose orders differ by integers. If we eliminate (z) between 

the equations* 

(z) = {z) Rn—nity+m i^z) — J l (^) (^)> 

J k+p {z) — J k+m (^) J k+m— 1 (^)Rp —m— 1, k+m+i (A 

we find that 

J k+n {z)Rp^rn.~^ ,k+m+i {z) — J (z) Rn-m-i^y-^m+i (z) 

i^)[Rn -m, v+m (z) Rp^rn^i^ i^+m+i («) Rp-‘m,f+nt (^)Rn — TO— 1, k+TO+1 (^)] 

“ ^ v+m .k+n+i W: 

the last expression is obtained from a special case of (5) derived by replacing 
w, n, p, 1 / by 0, w — m, p — m, 1 / + m respectively. 

It follows that 

(8) 2 J (^)Rv -TO— 1, k+TO+l (z) = 0, 

TO, n, p 

and obviously we can prove the more general equation 

(9) 2 ^y+n(z) Rp-^~i,v+m-^l (p) = 0. 

TO, 71, p 

where denotes any cylinder function. 

The last two formulae seem never to have been previously stated explicitly, though 
Graf and G abler hint at the existence of such ei]uation8, Einleitung in die Theorie der 
BesaeVschen Funktionen^ ll. (Bern, 1900), pp. 108, 109. 

[Note. If we eliminate Jy^i {z) from the equations 

(^) ^tn, k (^) 1, k-f 1 (^)» 

•/k + m -1 W = W ^m-I, k {z) / 2 m- 2 , k +1 W, 

and use (2) to simplify the resulting equation, we find that 

2, k-k 1 W + *A' + to- 1 W ^m-l, k + 1 W» 

and so, replacing k by i/ - vn, we have 

^•fk (^) -^111-2, k-TO + 1 (*) + «^k-i (^) k— m + 1 (^)* 

By using § 9*63 (10), we deduce that 

^v—m (^) k (*) ~ •^k-l (^) k + l (^)7 

that is to say that the equation § 9*6 (1), which has hitherto been considered only for 
positive values of the parameter m, is still true for negative values.] 

* It is Bupposed temporarily that m is the smallest of the inteRers tn, n, p ; but sinoe the final 
result is symmetrioal, this restriction may be removed. See also the note at the end of the section. 
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9 ' 66 . Hwrwit£ limit of a Lommel polynomial. 


We shall now prove that 


( 1 ) 


r(i'+»M + 




This result was applied by Hurwitz, Math, Ann, xxxiii. (1889), pp. 250 — 262, to discuss 
the reality of the zeros of •/„( 2 ) when v has an assigned real value (§ 15*27). It has also 
been examined by Graf, Ann, di Mat. (2) xxiii. (1895), pp. 49 — 52, and by Crelier, Bern 
Mittheilungen^ 1897, pp. 92 — 96. 


From § 9*61 (3) we have 

jz) ^ ( m-yi)!r(i/H-m- n + 1^ 

r(i;-fw-|-l) n=o w! r (i/ + n-h 1)* (m — 2w)! r(i/ + m + 1) 


Now write 


so that 


(m — n) ! r (f/ 4* w — w -b 1 ) 
(m — 2n)l r (i^ 4- tu 4 1) 


= e (m, n), 


fi(nL n\= {rn rt){vi -- n ^ (m - 2r> 4* 1) 

^ ’ (i/ 4 m)(i; + m — 1) ... (i/ + m — 4“ 1) ‘ 


If now N be the greatest integer contained in 1 1 / 1 , then each factor in the 
numerator of 6 (m, n) is numerically less than the corresponding factor in the 
denominator, provided that n> N, 

Hence, when n> N, and m > 2N, 


I e (m, n) I < 1, 

while, when n has any Jia>ed value, 

lim 6 (m, n) = 1. 


Since 


iXoril r(i/4- w 4 1) 


is absolutely convergent, it follows from Tannery’s theorem* that 

«! r(v+ n 4- 1) ’ ^ r (|/ + n + 1) ’ 

and the theorem of Hurwitz is established. 


Again, since tVie convergeuce of S 




is uniform in any bounded domain t 


n=o 1 r (p 4 w 4 1 ) 

of values of z (by the test due to Weierstrass), it follows that the convergence of 
to its limit is also uniform in any bounded domain of values of z. 


* Cf. Bromwich, Theory of Infinite Series ^ § 49. 

t An arbitrarily small region of which the origin is an internal point must obviously be 
excluded from this domain when R (f) ^ 0. 
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From the theorem of Hurwitz it is easy to derive an infinite continued 
fraction for (z)IJ^{z). For, when J^^z) ^ 0, we have 

lim 

by § 9*63 (1). On carrying out the process of reduction and noticing that 

-^a. i»-f »»-i O) _ o -IN I 

= + -9.-n 


■^1. p+m (^) 

we find that 

(f_) _ 2i/^* 

and hence 

J^(z) 


2z“* (i; + 1 


1 


( 2 ) 


2 (j/ 4- l)z~'^ — 2 (v + 2) — ... — 2 (i/ -f wi) ’ 




2 (i/ 4- 1) - 2 (i/ + 2) - . . . 


This procedure avoids the necessity of proving directly that, when m-^ao, the last 
element of the continued fraction 

«A »~i (^) _ Q„- - 1 I; 1 *A> -K m 1 (^) 

2 (|/+1)2“»-... -2(i/+w)«“» - ./„ + m W 
may be neglected; the method is due to Graf, Ann. di Mat. (2) xxiii. (189^), p. 52. 

9*7. The modified notation for Lommel polynomials. 

In order to discuss properties of the zeros of Lommel polynomials, it is 
convenient to follow Hurwitz by making a change in the notation, for the 
reason that Lommel polynomials contain only alternate powers of the variable. 

Accordingly we define the modified Lommel polynomial gm,v{z) hy the 
equation * 

(~)” r(i/4 -m-?t 4- 

(1) r(i/ + n+l) 
so that 

( 2 ) = 

By making the requisite changes in notation in §§ 9’63, 9-64, the reader 
will easily obtain the following formulae ; 


(3) 

(4) 

(5) 

( 6 ) 


9m+\,¥ (^) — (v + (^) I,. (^)» 

(*)} = +9m+l..~l (^). 

«’“+> - {z 
dz ^ 


[§9-63(2)] 

[§9-63(1)] 

[§9-63(7)] 

[§9-63(4)] 


(7) gm,y gm-hi.y-hi 9m— l,y+l (^) “* 5 ^ 1 , F+m+i 

[A special case of § 9*64 (5).J 

* ThU uotatiou differs in unimportant details from the notation used by Hurwitz. 
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These results will be required in the sequel ; it will not be necessary to write 
down the analogues of all the other formulae of §§ 9'6 — 9-64. 

The result of eliminating alternate functions from the system (3) is of 
some importance. The eliminant is 

(«' + w) {z) = {2)g^^^{z) -{v + m + 2) 

where (z) = {v’\-m+ 1) ((i/ + m)(i; -f m -f 2) — 2z]. 


We thus obtain the set of equations : 


( 8 ) 


(p + 2) g,^, (z) = Ca (z) (z) - (i' + 4) z^g^^ , (z), 

{p -f 4i)g^^^{z) = C4 (z) g^ ,, {z) - (1/ + 6) z^g^^^ (z), 


(p + 2^?) ^a,+a. A^) = C 2 b ^(z) - (p + 2s + 2) z^g^^,^ {z\ 


[ (1; + 2m - 2) {z) = {z) g^^^ ^(z)^(v + 2m) z^g^m-^, .• (^). 


9 ’ 71 . The reality of the zeros of g^^^(z) when p exceeds — 2. 

We shall now give Hurwitz* proof of his theorem* that when p> ^2, the 
zeros of real; and also that they are all positive, except when 

— 1 > 1/ > - 2, m which case one of them is negative. 

After observing that gwi.wi^) is a polynomial in z of degree m, we shall 
shew that the set of functions gmi,^(^)f ••• S^o,..(^) form a set 

of Sturm’s functions. Sufficient conditions for this to be the case are (i) the 
existence of the set of relations § 9'7 (8), combined with (ii) the theorem that 
the real zeros of alternate with those of 

To prove that the zeros alternate, it is sufficient to prove that the quotient 
is a monotonic function of the real variable z, except at the 
zeros of the denominator, where the quotient is discontinuous. 

where = («) g',. , («) - g,, . (z) g'r, . (z) ; 

and from § 9*7 (3) it follows that 

f “ 9 \m- 2 , V (^) + (j' H" 2m.) SSftafn— i,27n— 2) 

,9rn— 4 + {v + 2m - 2) ft,n-»,.{z), 

eo that 

= g^m-t.,(z) + (i/ + 2m) S (k + 2r) 

r=l 

and therefore, if m ^ 1, is expressible as a sum of positive terms 

when v > — 2. 


Math. Ann. xxxiii. (1889), pp. 254—256. 
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The monotonic property is therefore established, and it is obvious from a 
graph that the real zeros of separate those of 

It follows from Sturm’s theorem that the number of zeros of on 

any interval of the real axis is the excess of the number of alternations of sign 
in the set of expressions g 9 mr-%^{z\ (^) at the right-hand end of 

the interval over the number of alternations at the left-hand end. 

The reason why the number of zeros is the excesa and not the deficimcy is that the 
quotient „ (^)/^2fn-8, v a decreasing function, and not an increasing function of 
as in the usual version of Sturm’s theorem. See Burnside and Panton. Theory of Equations^ 
I. (1918), § 96. 

The arrangements of signs for the set of functions when z has the values 
— 00 , 0, 00 are as follows : 



2ifi 

2m -2 

2m >4 


2 

0 

— 00 

+ 

4- 

+ 

... 

+ 

+ 

0 

± 

± 

± 

... 

± 

+ 

00 

(-r 


(-r‘» 

... 

- 

•f 


The upper or lower signs are to be taken according as i; + 1 is positive or 
negative ; and the truth of Hurwitz’ theorem is obvious from an inspection 
of this Table. 


9’72. Negative zeros of g^^^{z) when v < — 2. 

Let V be less than — 2, and let the positive integer s be defined by the 
inequalities 

— 25 > V > — 2^ — 2. 


It will now be shewn that*, when v lies between — 28 and — 25 - 1, gmi,v{^) 
has no negative zero; hut that, when v lies between — 25 — 1 and — 25 — 2 , gm^^viz) 
has one negative zero. Provided that, in each case, m is taken to he so large 
that V + 2m is positive. 

It will first be shewn that the negative zeros (if any) of gwi,y{^) alternate 
with those of g 9 m-^y(<^)- 


* This proof differa from the proof given by Horwitz; see Proc. London Math. Soc. (2) xix. 
(1921). pp. 266—272. 


W.a F. 


20 
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By means of the formulae quoted in § 9*7, it is clear that 






"" gtm-t, v{z) (fS^aw-i, i/(^) + /7atn+i, i^i(^)) ^ 2 m, r(^)l 

= (l/ + 2w)</*tm-i,..(^) - 

= (i; + 2w) - -er**"''} 

> 0 , 


provided that i/ + 2m is positive and is negative. Therefore, in the circum- 
stances postulated, the quotient 

(- g^„,^ .(z)lg^^ ^(z) 

is a decreasing function, and the alternation of the zeros is evident. 

The existence of the system of equations § 9*7 (8) now shews that the set 
of functions 


g^m, v(^z)f ^am- 2. v(,z\ ••• , fa, v(z), ,g2», y(z), 

“ gvg-i,v{z)t “h g28-i,viz), , , . , (— )* 5^0, k(^) 

form a set of Sturm's functions. 

The signs of these functions when ^ is - oo are 

4 -f, ... , (— )*, 

and there are 8 alternations of sign. When z is zero, the signs of the 
functions are 

±, ±, +, 

the upper signs being taken when — 2s > > — 2« — 1, and the lower signs 
being taken when — 2s— l>i;> — 2s-2; there are s and s -I- 1 alternations 
of sign in the respective cases. Hence, when — 2s > z/ > - 2s — 1, g^n^viz) has 
no negative zero ; but when - 2s - 1 > i/'> - 2s - 2, g 2 m,y(z) has one negative 
zero. The theorem stated is therefore proved. 


9*73. Positive and complex zeros of g^^y{z) when < — 2. 

As in § 9’72, define the positive integer s by the inequalities 

- 2s > > - 2s - 2! 

It will now be shewn* that when v lies between — 2s and - 2s — 1, gvn,v{z) 
has m — 2s positive zeros; but that, when v lies between — 2s — 1 and — 2s — 2, 
gwi,v{z) has m — 2s — I positive zeros. Provided that, in each case, m is so large 
that m 4 I' is positive. 

* Thie proof U of a more elemeutar^ character than ihe proof given by Hurwitz ; see the 

paper cited in § 9*72. 
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In the first place, it follows from Descartes' rule of signs that, in each case, 
cannot have more than the specified number of positive zeros. For, 
when V lies between — 28 and —25—1. the signs of the coefficients of 

1, ir‘**+*, in 

are +, +> +i •••»+»“>+»”, •••t 

and since there are m — 25 alternations of sign, there cannot be more than 
m — 2.S positive zeros. When v lies between — 25 — 1 and — 25 — 2 the coiTe- 
sponding set of signs is 

— — — — — -L — 

and since there are m — 25 — 1 alternations of sign there cannot be more 
than rn — 25 - 1 positive zeros. 

Next, we shall prove by induction from the system of equations § 9*7 (8) 
that there are as many as the specified number of positive zeros. 

When V lies between - 25 and — 25 — 1, the coefficients in have no 

alternations of sign (being all -h) and so this function has no positive zeros. 
On the other hand 

> 0, X ) = - 30 , 

and so has one positive zero, a,^j say ; and, by reasoning already given, 

it has no other positive zeros. Next, take gi$^v (/)9 from § 9*7 (8) it follows 
that its signs at 0, a,,i, + oo are ; hence it has two positive zeros, and by 

the reasoning already given it has no others. The process of induction (whereby 
we prove that the zeros of each function separate those of the succeeding 
function) is now evident, and we infer that gzin,v{z) has m — 25 positive zeros, 
and no more. 

Again, when v lies between - 25 — 1 and — 25 — 2, the coefficients in 
have no alternations in sign (being all — ), and so this function has 
no positive zeros. On the other hand 

ir4#+4,^(0)<0, ^«+4..^{+oo) = + x, 

and so 5 ' 44 -». 4 ,„(^) has one positive zero, and by the reasoning already given it 
has no other positive zero. 

By appropriate modifications of the preceding reasoning we prove in suc- 
cession that gia^^v{z)y ••• have 2, 3, ... positive zeros, and in general 

that g 2 m,A^) has /n — 25 — 1 positive zeros. 

By combining these results with the result of § 9*72, we obtain Hurwitz’ 
theorem, that, when i/< — 2, and m is so large that rn + p is positive, g^ni^t^i^) 
has 2s complex zeros, where s is the integer such that 

— 25 > I' > — 25 — 2. 


20—2 



CHAPTER X 


FUNCTIONS ASSOCIATED WITH BESSEL FUNCTIONS 

10*1. The functions J^{z) and investigated by Anger and H. F. 

Weber. 

In this chapter we shall examine the properties of various functions whose 
definitions are suggested by certain representations of Bessel functions. We 
shall first investigate functions defined by integrals resembling Bessels inte- 
gral and Poisson’s integral, and, after discussing the properties of several 
functions connected with Yn (z) we shall study a class of functions, first defined 
by Lommel, of which Bessel functions are a particular case. 

The first function to be examined, J„ (^), is suggested by Bessel’s integral. 
It is defined by the equation 

(1) (^) = 1 [ cos (p0 - z sin 0) d0. 

TT Jo 

This function obviously reduces to Jn{z) when v has the integral value n. 
It follows from § 6*2 (4) that, when v is not an integer, the two functions are 
distinct. A function of the same type as Jp{z) was studied by Anger*, but 
he took the upper limit of the integral to be 27r; and the function J^(z) is 
conveniently described as Angcr^s function of argument z and order i/. 

A similar function was discussed later by H. F. Weberf, and he also 
investigated the function E„(^) defined by the equation 

(2) E„ (z) - - f sin {v0 - z sin 0) d0, 

TTjo 

In connexion with this function reference should also be made to researches by Lommel, 
Math, Ann, xvi. (1880), pp. 183-208. 

1 /*2»r 

It may bo noted that the function - I cos sin e)de which was actually dis- 

Zn J a 

cussed by Anger is easily expressible in terms of J,, ( 2 ) and E,, (z ) ; for, if we replace 6 by 
277-6 in the right-hand half of the range of integration, wo get 

\ f2n If” If” 

2jr J ( « sin 6) dS = / cos {v6 - z sin 6) d6;\- ^ j cos (2i/?r -v6+z sip 6) d6 

= cW VTT . J„ ( 2 )+ sin V7T cos V7T . E,/ {z), 

• NeueHe Schriften der Naiurf. Ges, in Danzig, v. (1855), pp. 1 — 29. It was shewn by Poisson that 
V „ cos (v6 - z sin 0) dO = (z - v) sin vir, 

Additions a la Conn, des Temps, 1836, p. 15 (cf. § 10'12), but as he did no more it seems reasonable 
to give Anger’H name to tlie function. 

t Zurich Vicrteljahrsschrift, xxiv. (1879), pp, 33—76. Weber omits the factor I/t in his defi- 
nition 0 fXSv( 2 ). 
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To expand J^(«) and Br(^) in ascending powers of Zy write ^tt + 0 for d 
in the integrals and proceed thus : 

f 8in^^nni/0dO=^ f cos’* ^ sin + i;<^) 

Jo J -iir 

rin 

« 2 sin ^pw cos’" 0 cos 

f A 


by a formula due to Cauchy*. 
In like manner, 


TT . W/ ! sin ^VTT 

2*" r + 1) F (4w^ 4- + 1) ’ 


sin’" ^ cos vOdO- 


TT . W ! cos Jl/TT 

2** r dm - 4i' + 1 ) r (im -H ^1/ + 1) ’ 


But, evidently, 

I « »*»» 1 » »m+i 

J,(2) = - 2 sin“*^co8i/tfd^+ i 2 W --r\T 

’TTm^r^O (27/0? Jo 7r«4^0 (2r/i+ 1)! . 

so that 

(3) J,W = cosii/7r 2 FTT i-Vrrr.T r- 7 -n 

^ ’ „=or(»n-i''+i)i (w + ij'+i) 


1 « (^)’»««> 


8in**"+‘ 6 sin vdd$. 


and similarly 


+ sm i,/7r^2^ , 


(1) 


00 (“)’* 


These results may be written in the alternative forms 


(5) = 


^ sini/TT r ^ z* ^ 1 

i/TT [_ 2*— I/* (2* — 1'0(4*— 1^*0 (2“— z/'0(4'''*— * J 

^ 8U\v7r[ z ^ z^ ] 

~~v~ [1 ’ ~ (1’ ( i ’ - >X3*'- 


(6) B.(^)= 


1 — COS Vtt 




1 4- cos J^TT f Z Z* ^ Z* ] 

7r~ [F^ “ (I» - v‘) (3» - !/•) (F'^^^Fyp* -j/*)(6»-p>) “•••]• 

Results equivalent to these were given by Anger and Weber. 

The formula corresponding to (5) was given by Anger (before the publication of his 
memoir) in a letter to Cauchy which was communicated to the French Academy on July 
17, 1864; see Comptes RenduBy xxxix. (1864), pp. 128 — 136. 


* M€m, tur Us intSgraUs dSfinies (Paris, 1826), p. 40. Cf. Modern Analysis, p. 263. 
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For a reason which will be apparent subsequently (§ 10'7), it is convenient 
to write 


( 7 ) = 


z* 


1 

(8) «-!.•. (^) = - ;> + -J (2* _ v>) ~ (2» - If») (4» - i/>) ’ 

and, with this notation, we have 

/o\ _ . . sini/TT . . i/sinw , 

(9) J,, ( j) = So, ^ (z) 5_,. ,, (z), 

IT TT 

«■ / i 1 COS f/*7r . . 1/(1 — cos vtt) , , 

(10) B, (^^) = fio. - (^) - ' «-i. » (z). 

TT TT 

It is easy to deduce the following formulae from these results: 

(11) I cos vd . cos {z sin = — i/ sin vir . a_, ^ {z\ 

J a 

(12) I sin v0 . cos (z sin 0)d0 = — p(l — cos ptt) . ,, (z), 

Jo 

(13) [ sin p0 . sin (z sin 0) dO = sin vir . «o,p 
Jo 

(14) I cos v0 , sin {z sin 0)d0 ^{1 + cos vtt) . So „ (z), 

J 0 

fitr 

(15) I cos v(p . cos {z cos <^) = — 1 / sin ^vtt . s^j „ (z), 

J 0 

fi>r 

(16) I cos p(f) . sin (z cos <f>) d(f> = cos J i/tt . ► (z). 

Jo 

Integrals yoniewbat resembling the integrals discussed in this section, namely 
J sin 

have been examined by Unferdinger, Wiener Sitzungsbo'ichte, LVii. (2), (1868), pp. 611 — 620. 
Also, Hardy, Megsengerj xxxv. (IJKX)), pp. 158 — 166, has investigated the integral 

I sill (vtf-2Sin 0) 2 , y 

J t) d 

ao 

and has proved that, when v is ^o^ll, it is equal to K 2 7,, (2), whore is 1, 0 or - 1 

na — * 

according as i»— w is positive, zero, or negative. 

10*11. Weber s formulae connecting his functions with Anger s functions. 
It is evident from the formulae § 10*1 (9), (10), (15) and (16) that 

4 cos Ji/TT r 


( 1 ) 


J,(^)-f J-.(^) = 


( 2 ) 


nit 

/ cos v<f> cos (z cos d>) dS, 
Jo 

cos v(f> sin (z cos <f>) d<f>. 



10 - 11 , 10 - 12 ] 
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4 COS C 

(3) (ir) + IS_^ ( 2 :) ? — coap<f>am{zcoB(h)d<l>, 

W" Jo 

(4) - E_^ (j») = f coav<bcos(zcoa<f>)d<f>, 

^ .0 

It follows on addition that 

J.' W * i cot Ji/TT (z) - B_^ (^)l - i tan Ji/tt {B^ (-?) + B.^ (z )\ , 

so that 

(5) sin i/TT . (z) = cos . B„ (-cr) - B_„ (z), 

and similarly 

(6) sin VTT . B„ (-?) = J_„ {z) — cos w . J„ (^r). 

The formulae (5) and (6) are due to Weber. 


10*12. Recurrence formulae for J„(^> and B„(^). 

The recurrence formulae which are satisfied by the functions of Anger and 
Weber have been determined by Weber. 

It is evident from the definite integrals that 


J^-i (z) + Jk +1 {z) - (z) = - f fcos ^ - ~) cos (v^ - z sin d) d6 

z rr Jo \ z/ 


= f ^ {sin {v$ - z sin 6)] 
TTZ ' A au 


TTZ '0 dO 

2 sin VTT 


dd 


and 


B. 


(z) + Bn.1 {z) — — Efr ( 2 ^) = “ [ fcos d — sin (t/d — z sin d) dO 

Z TT ’ 0 ' 


= — I ^\coa{vd — zamd)]dd 

TTZ ’ 0 au 

2 (1 — cos vtt) 

— • 

It is also very easy to prove that 

J.^,(z)-2 j;(^) = 0, 

(B._, {z) - B.^, {z) - 2 B; { z ) = 0 . 


From these results we deduce the eight formulae 

sin VTT 

(1) + j.+,(«-) = -j j,(«) ;p7“> 


(2) J.+,(«) = 2J,'(r), 

(3) + v) J. {z) = « J,_, (z) + (sin vTr)lnr, 

(4) (% - v) J. (z) = - zJ,+, (z) - (sin vtr)/v, 
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/B'X / X / X 2i/_ , . 2(1 — cosi/tt) 

(5) B„_, (z) -I- (z) ■■ -- B^ (z) — , 

(6) B,_,(^)-B,+.(^) = 2E. (zl 

(7) + i;) B, (z) = -eB,_, (z) + (1 - cos i/7r)/7r. 

(8) — p) (z) = — z'By^i (z) — (1 — cos Pir)l7r, 
where as usual, stands for z{dldz). 

Next we construct the di£ferential equations; it is evident that 
- !/•) J,, (^z) = (^ - I/) (z) + (sin i/ttVtt} 

= z (^ 4- 1 — I') Jy-i (z) — (p sin v7r)l'rr 
= — z^Jy (z) + (z sin P7r)/Tr - (p sin pir)lir, 

so that 

(9) = 

TT 

We also have 

(^* - 1 ;*) B^ {z) = (^) + (1 - cos i/ttVtt} 

= ^ (^ + 1 — I') B„_, ( 2 :) — 1 / ( 1 — cos pir)lir 
= — -2* B„ (z) — 2 ^ (1 + cos i/7r)/7r — 1 / (1 — cos p’rr)lir, 

HO that 

(10) V, E, (^) = - . 

TT TT 

Formulae equivalent to (9) and (10) were obtained by Anger, Neueste Schriften deft' 
Natwrf, Oes. in Danzig ^ v. (1855), p. 17 and by Weber, Zurich VierteljahrMchrift^ xxiv. 
(1879), p. 47, re8i)ectively ; formula (9) had lieeii discovered earlier by Poisson (cf. § 10‘1). 


10*13. Integrals expressible in terms of the functions of Anger and 
H. F. Weber. 

It is evident from the definitions that 

(1) Jy(z)±illy(z) = — f exp{±i(pff -Z9m0)}d0. 

TT J 0 

By means of this result, combined with formulae obtained in §§ 6*2 — 6*22, it 
is possible to express numerous definite integrals in terms of the functions of 
Bessel, Anger and Weber. Thus, from § 6*2 (4) we have 

(2) r d< = (j, (z) - (z)i 

J 0 sin PTT 

when |arg2|<j7r; the result is valid when jarg 2 | = j7r, provided that 

R (p) > 0. 

Again, we have 

(3) /; I J, w - j_ (.)i, 
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80 that, when we combine (2) and (3), 

(4) f e"**‘“'*‘co8h Jirtan 

J 0 

(6) f e-*"”*' ‘ sinh vtdt=‘ jv cot} inr {J, (z) - J, («)j - ^ tt (E, («) + F, (*) ( . 
Jo 


fo 

The ini 


integral j 0 ""*®o**‘*cosh i/tdt has already been evaluated (§6*3); but 
J 0 


r 

Jo 


^*coah«sinh vtdt 


does not appear to be expressible in a simple form; its expansion in ascending 
powers of z can be obtained from the formula of § 6*22 (4), 

/_„ (z) + /i. (^) = — f cos pffdff + — f e"*®®***' sinh ptdt, 

TTJo “W* Jo 


but, since 


r*" m ^ (“)*" sin i/TT J, / v + m ^ i/ + m _ \ 

j^cos”^6co.vede^-^^^y,F,[-m. ; 1 -ij, 

the integral under consideration cannot be evaluated in any simple form *. 

The formulae (2) — (5) are nugatory when v is an integer, but from §§ 6*21, 
9*33 we have 


( 6 ) 


( 7 ) 


r 

Jo 


f dt’^i [Sn (z) - wEb (z ) - w F„ {z)\, 

Jo 

g-n«-»mhe = J («)n + i (^) ^ j;„ {z) + TT Yn{z)]. 


The associated integrals 

f c " (x sinh t) dt, ( e " *'* (x cosh t) dt 

Jo sin ^ Jo sm ' 

have been noticed by Coates, Quarterly Journal^ xx. (1885), p. 260. 

Various integrals of these types occur in researches on diffraction by a prism ; see, e.g. 
Whipple, Proc. London Math, Soc. (2) xvi. (1917), p. 106. 


10* 14. A symptotic expansio7is of A nger- Weber functions of large argument. 

It follows from § 1013 (2) that, in order to obtain the asymptotic expansion 
of J±y{z) when 1^| is large and |arg^|<^7r, it is sufficient to obtain the 
asymptotic expansion of the integrals 

I dt 

Jo 

To carry out this investigation we shall first "expand cosh i/</co8h t and 
sinh i;£/cosh ^ in a series of ascending powers of sinh t 

* See Anding, Secha$tellige Tafeln der Bessehchen Funktionen imagindren Arguvienti (Leipzig, 
1911) [Jahrhuch ilher die ForUchritie der Math. 1911, pp. 498 — 494], ardTakeuchi, TShoku Math. 
Journal^ xviii. (1920), pp. 296 — 296. 
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If = «, we have, after the manner of § 7'4, 

1 f(i.+,l/i.+) f l/ui ) 


so that 

cosh vt 
cosh i 


cosh pt_ 1 r(u+,i/u+.i+) 

”“27rij (f-i7*-4f8inh»< 


=— f 

27riJ 


(M + .1/II+, H-) 




Lm=o "■(?“- 


2^ fp sinhv t 


Now 


(f - 1)*P-^ {(f -!)»»- 4f sinh* 


dC 


27ni (f- r(ii/-m+i).(2m)l 

_ (—)”* cos ^PTT r (m -f i 4- 4 1^) r (m + J — 

TT * (2m) ! 

and, if wc take p so large that > 0, and then take the contour 

to be that shewn in Fig. 15 of § 7 4, we find that 

^ j 4f smh^ 

_ (-‘)P cos J j/7r — a)P'^ da? 

TT Jo 1 + 4a?(l a?)8inh*f 

If 1/ and t are real, the last expression may be written in the form 
. (-)Pcos Ji/TT r(p-l- i + ii') r (p + J - Ji/) 

TT ‘ (2p)! “■ * 

where 0 < ^ 1 , since 1 4 4^^' (1 — a?) sinh* t^l. 

It follows that, when Ji (p + ^ ± ^ p) ^ 0, we have 


v t ^ cos^t-Tr r (-)" r(w + ^ + ^i>) T (w + 1 -^r) ^ 

cosh t TT L»n^() (2m) ! ' 

+ 6>, HZ' ^ r' (p + ^ - 4v ) ^2 j 

For complex values of v and t this equation has to be modified by replacing 
the condition 0^9^ <1 by a less stringent condition, in a way with which the 
reader will be familiar in view of the similar analysis occurring in various 
sections of Chapter vii. 


Similarly we have 


2*7ri J ^ I f — u 


I 
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so that 

sinhvt J_ /■(«+. 

sinh 2 <” 27 rij (f- l^-ifsinh^t 


= — f 

2TriJ 




r 2 ^ 

L.»=o (?- 


’“sinh”»t 


2«' sinh^ t 


1)» 


({■-l)*»’[(?-l)>- 4 f 8 inh»«l 


dt 


whence it follows that, if we take p so large that R(p + \ ± J v) > 0, then 


sinl^ ^ sin^i/TT pi* (-)" r(wt + 1 + r(w+ 1 - ^i/) ^ 

coshf TT l_«^o (2m + 1)! ^ 

+ <?. (-)^r(p+w^ir)r(p + i-jy) ^2 tr*' 


On integrating these results, it follows that 


m=0 \2^) 


’sinh.«.e-»‘»'>‘d<~“”i:2: 2 (-)’"r(r»+l+ _ ^)r(m+l-^) 

27r 


If p is real and z is positive, these asymptotic expansions possess the 
property that the remainder after p terras is of the same sign as, and is numeri- 
cally less than, the (p 4* l)th term when p is so large that Ii(p + l ± ii') > 0. 

It follows from §§ 1013 (2) and (3) combined with § lO’ll (6) that 


(1) 


J„ {Z)r^j^ (Z) + 


sin vTT 

TTZ 


1 


z^ z* 



( 2 ) 


sin VTT 

TTZ 



E,(^) n(^)- 


1 + cos VTT 
WZ 


1 — cos VTT 

TTZ 



1/(2=*- I/*) V (2^ - v’’) (4« - I/*) 

r !“-«<* 1-“) 

p(2»-j/») 1/ (2» - i/") (4» - V*) 



These results were stated without proof by Weber, Zuric/i Vierteljahrsschri/t^ xxiv. 
(1879), p. 48 and by Lommel, Afath, Ann. xvi. (1880), pp. 18G~188. They were proved as 
special coses of much more general formulae by Nielsen, IJandhuch der Theorie der 
Cylinderfunktionen (Leipzig, 1904), p. 228, The proof of this section doe>s not seem to have 
been given previously. 


Since the only singularities of cosh i/t/coshf and sinh yt/coshi, qua functions 
of sinh ty are at sinh t — ±iy it is possible to change the contours of integration 
into curves in the ^-plane on which arg(sinh t) is a positive or negative acute 
angle; and then we deduce in the usual manner (cf. §61) that the formulae 
(1) and (2) are valid over the sector | arg r | < tt. 
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10'15. Asymptotic expansions of Anger- Weber fvnctions of large order and 
argument 

We shall now obtain asymptotic expansions, of a type similar to the 
expansions investigated in Chapter viii, which represent and Br(^) 

when I V \ and | z | are both large. 

In view of the results obtained in § 10*13, it will be adequate to obtain 
asymptotic expansions of the two integrals 

1 r® 

- / g=FK-Z8inht 

n-Jo 

As in Chapter vin, we write 

v = 2 cosh (a + i/0) = z cosh 7, 

where 0 4 13^ tt and 7 is not nearly equal* to 7ri. 

(I) We first consider the integral 

If® 1 r® 

— / ■"*** ^dt = - j e~^ dt, 

frJo Trjo 

in which it is supposed temporarily that v/z is positive. When cosh 7 is positive, 
t cosh 7 + sinh t steadily increases from 0 to 00 as £ increases fi'om 0 to 00 ; we 
shall take this function of ^ as a new variable t. 

It is easy to shew that t is a monogenic function of t, except possibly when 
T ( 27 i -I- 1 ) TTi cosh y ± sinh 7 + y cosh y, 

where n is an integer; and, when coshy is positive, none of these values of r is a real 
positive number ; for, when y is real, (2w+ 1) tti cosh y does not vanish, and, when y is a pui’e 
imaginary (■si/S), the singularities are on the imaginary axis and the origin is not one of 
them since y is not equal to ni. 

The expansion of dt/dr in ascending powers of t is 


dr fn:^o 


(<>+) dt 




. 1 /•<"*' 1 * . 1 r 

wher, 

and so is the coefficient of l/t in the expansion of in ascending 

powers of t In particular we have 


a« = 


1 


1 -f cosh 7 ’ 


a. = — 


2 (1 -f cosh yY * ' 


9 - co sh 7 
24 (1 -f cosh 7)^^ ’ 


_ 22^ — 54 cosh 7 4- cosh* 7 


720 (1 + cosh 7)'® 

From the general theorem of § S S, we are now in a position to write down 
the expansion 

( 1 ) - [ 

' 0 IT 

* ExpanBions valid near y = iri are obtained at the end of this section. 
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This expansion is valid when vjz is positive ; it has, so far, been established 
on the hypothesis that | arg z | < but, by a process of swinging round the 
contour in the r-plane, the range of validity may be extended to cover the 
domain in which [ arg z\< tt. 

Next, we consider the modifications caused by abandoning the hypothesis 
that cosh 7 is real. If we write t = u -f tv, the curve on which t is real has 
for its equation 

u sinh a sin /8 -f cosh a cos ^ -f cosh sin r = 0. 

The shape of this curve has to be examined by methods resembling those 
of § 8*61. For brevity we write 

u sinh Of sin /8 -h V cosh a cos ^ + cosh u sin v = d> v). 

Since <I> (ut v) is unaffected by a change of sign of both u and a, we first 
study the curve in which a ^ 0. It is evident that the curve has the origin as 
its centre. 

Since 94> (u, v)ldu = sinh a sin ^ + sinh u sin v, 

it follows that, when v has any assigned value, d^/du vanishes for only one 
value of Uy and so the equation in u 

(u, v) = 0 

has, at most, two real roots; and one of these is infinite whenever v is a 
multiple of tt. 

When 0 > V > — TT, we have 

<I> (— 00 , v) = — 00 , 0 (+ 00 , v) = — 00 ; 

and, when t; = - tt, the maximum value of v), qua function of u, is at 

M = a, the value of <1> (u, v) then being 

— cosh a sin /8 { I — a tanh a -I- (tt — /3) cot /£?). 

If this is negative, the equation 4> (u, ^ — 7r) = 0 has no real loot, and so the 
contour does not meet the line v = ^ — ir or (by symmetry) the line 

V = TT — 0. 

Hence provided that the point (a, /3) lies in one of the domains num- 
bered 1, 2, 3 in Fig. 21 of § 8*61, the contour (a, t;)= 0 lies as in Fig. 25, 
the continuous curve indicating the shape of the contour when a is positive 



Fig. 25. 


and the broken curve the shape when a is negative; the direction in which r 
increases is marked by an arrow. 
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It follows that the expansion (1) is valid when (or, /8) lies in any of the 
domains 1, 2, 3. 

Next, we have to consider the asymptotic expansion when (a, fi) does not 
lie in any of these domains. To effect our purpose we have to determine the 
destinations of the branch of the curve O (w, v) » 0 which passes through the 
origin. 

Consider first the case in which a is positive and /3 is acute. The function 
^ (a, v) has maxima at v = {2n -h 1) tt — /8 and minima at v = (2n + 1) tt + /9, 
each minimum being greater than the preceding; and since — tt) is now 

positive, it follows that </)(a, v) is positive when v is greater than — tt. 

Hence the curve cannot cross the line n = a above the point at which 
V = — TT, and similarly it cannot cross the line u below the point at which 
v^ir. The branch which goes downwards at the origin is therefore confined 
to the strip — a<u<a until it gets below the line w = — 2Kv‘ + tt — where 
K is the smallest integer for which 

1 — a tanh a + [(2K + 1 ) tt — /S] cot > 0. 


The curve cannot cross the line w = — (2/ir+ 1 ) tt and so it crosses the 
line u = a and goes off* to infinity in the direction of the line t; = - 2 ^ 7 r. 


Hence, if a is positive and fi is acute, we get 


( 2 ) 


1 f(x>~-2Krri 

- I 
ttJu 


1 £ (2m)! a., 
7rm=0 


while, if a is negative and is acute, we get 


( 3 ) 


I rao d-1iA'iri 




1 * ( 2m)! 


By combining these results with those obtained in § 8*61, we obtain the 
asymptotic expansions for the domains 6a and 7a. 

If, however, ^ is obtuse and a is positive, the branch which goes below the 
axis of u at the origin cannot cross the line a = a below (o, tt — /8) and it does not 
cross the a-axis again, so it must go to — x along the line v = — (2L + l) 7 r, 
where L is the smallest integer for which 

1—0 tanh o — [{2L + 1) tt + J0| cot /8 > 0. 

Hence, if o is positive and ^ is obtuse, we get 


(4) 


^ r— 00 - ( 2 Z»-f 1 ) iri 


g-yt-iAnhl^ 




1 I (27 »)! a „> 


while, if a is negative and /8 is obtuse, we get 


1 

TT 


/: 


+ (2X+1) iri 


1 “ (2m)! a» . 


( 6 ) 



10 ' 16 ] ASSOCIATED FUNCTIONS 319 

By combining these results with those obtained in § 8*61, we obtain the 
asymptotic expansions for the domains 4, 5, 66 and 76. 

Since formula (1) is the only one ivhich is of practical importance, we shall 
not give the other expansions in greater detail. 

An approximate formula fur Om when m is largo and y is zero, namely 

31/B^am + 6/3,„l/3* 

was obtained by Cauchy, Comptes Rendtu^ xxxviii. (1854), p. 1106. 


(II) Next consider the integral 


1 /** 
wjo 



ff-z (-loolhy+iinhl) 


The only difference between this and the previous integral is the change in 
the sign of cosh y; and so, when y lies in any of the regions numbered 1, 4, 
5 in Fig. 21 of § 8 61, we have 


( 6 ) 


1 /■“ 
ttJo 


1 I (2m)! 


where is derived from sl^ by changing the sign of cosh y, so that 
1“ cosh 7* * (1— cosh 7)^* ~ 24(1 —cosh 7)’' 


This expansion fails to be significant when 7 is small, just as the previous ex- 
pansion (1) failed when 7 was nearly equal to m. 

To deal with this case we write 


1/ = ^ (1 — €), rest — sinh 
after the method of § 8 42. It is thus found that 


1 roo IT”* dt 

^vt-zBinht dt= - -J- dr 

ttJo ‘wjo d,T 


and hence 

0) 


** “ 0 “ [ ^ Bfn (~"€z) . (— dr 

OTT '0 fit»0 


1 r® 


TT. 0 


^^t-zziuhldtr^ 


1 I (-)”rGm+i)B„(«^) 

37r„':o 


A result equivalent to this has been given by Airey, Proc. Royal Soc. xciv. A, (1918), 
p. 313. 
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10 * 2 . Hardys generalisations of Airys integral. 

The integral considered by Airy and Stokes (§ 6*3) has been generalised 
by Haniy* in the following manner: 

If « = sinh <f>, then 

2 cosh 2<^ = + 2 

2 sinh = 85 * + 

2 cosh = 16 s* -f 16 s* + 2 

2 sinh = 32s® + 40s® + 10s, 

and generally 

2 Zh (- i - ; 1 - n ; - 1/«»). 

the cosh or sinh being taken according as n is even or odd. 

Now write 

Tn (<, a) = «". ,F, (- i «, i ; 1 - n ; - 4a/<»), 

so that 

’ r,(<,a) = <’ + 2a 
T^(t, a) = «» + 3a< 

■ r4(«,a) = t*+4at» + 2a» 

5r, (t. a) = t" + Sat’ + Sa’t 


Then the following three integrals are generalisationsf of Airy’s integral ; 

( 1 ) Gin (a) = cos (t, a) dt, 

(2) Si„ (a) = f sin T„ (t. a) dt, 

(3) (a) = f exp {- (t, a)) dt. 

J 0 

It may be shewn J that the first two integrals are convergent when a is 
real (whether positive or negative) if n = 2, 3, 4, .... But the third integral 
converges when a is complex; and it is indeed fairly obvious that Ein{a) is 
an integral function of a. 

When n is an even integer, the three functions are expressible in terms 
of Bessel functions ; but when n is odd, the first only is so expressible, the 
other two involving the function of H. F. Weber. 

Before evaluating the integrals, we observe that integral functions exist 
which reduce to Cinia) and Sin(a) when a is real ; for take the combination 

Cin (a) + iSin (a) = f exp {i (t, a)} dt. 

Jo 

* Quarterly Journal, xLi. (1910), pp. 226~>240. 

t The 8ine-intc>gral in the case n = 3 was examined by Stokes, Camb. Phil. Trans, ix. (1856), 
pp. 168 — 182. [Math, and Phys. Papers, n. (1883), pp. 332 — 349.] 

X Hardy, loc. cit., p. 228. 
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By Jordan’s lemma, the integral, when taken round an arc of a circle of 
radius R with centre at the origin (the arc being terminated by the points 
with complex coordinates 22, 22e**^^"), tends to zero as 22^oo . 

And therefore 

/•ooexp(iiri7n) 

Cin (a) + iStn (a) = exp (* T„ (t, a)) dt 

J 0 

a- eMn f exp (— (t, dr, 

Jo 

where t = ; and the last integral is an integral function of a. The 

combination Ctn(ot) — tSin(ct) may be treated in a similar manner, and the 
result is then evident. 


10*21. The evaluation of Airy-Hardy integrals of even order. 


To evaluate the three integrals (72n(a), Sin(a\ Ein(a) when n is even, we 
suppose temporarily that a is positive, and then, making the substitution 

t = 2a* sinh (u/n) 

in the integrals, we find that, by §6*21 (10), 


2^1 roD 

Cin (a) + 'iSin (a) — — I exp (2a*" i cosh u) cosh (ti/n) du 
n Jq 

= Tria^ (2a*"), 


that is to say 

Cin{oL) + i8in (a) = 




If we equate real and imaginary parts, we have 

ira* 


0) 


( 2 ) 


Gin (a) = 
&■„ (a) = 


2»3in a win) 

TTU* 


(2a‘») + /,/,.(2a*")l. 


2ji cos iiwjn) 

In a similar manner, 

2o* r® 

Ein (a) = — I exp (— 2a*" cosh u) cosh (u/n) du, 
u Jo 


so that, by § 6*22 (5), 

(-3) 


Ein (a) == (2a*/n) K^fn (2a*"). 


These results have been obtained on the hypothesis that a is |X)sitive; and 
the expressions on the right are the integral functions of a which reduce to 
Cin (a), Sin (a) and Ein (a) when a is real, whether positive or negative. Hence, 
when a is negative the equations (1), (2), (3) are still valid, so that, for example, 
we have 


TT 


Cin{o) 2wsin(j7r/n) „ 
whether a be positive or negative, 






V ^ 

«t^o r(w-f 1 - Ijn) 


— a 2 

m“0 


in 


! r(//i-HT+ Ijn) 


W. B. P. 


21 



322 


THBOEY OF BESSEL FUNCTIONS [OHAP. X 


Hence, replacing a by —/3, we see that, when /3 is positive and re is even, 
then 

(4) «.<-«- < Wl. 

(6) £<. (-« . (2^) 4 (2e.-)| . 


It follows from §4*31(9) that, when n is even, the functions On (a) and 
(a) are annihilated by the operator 


do^ 




and that Ein (a) is annihilated by the operator 


rfa® 


-ri« a»»-8 


In the case of the first two functions it is difficult to obtain this result* 
directly from the definitions, because the integrals obtained by differentiating 
twice under the integral sign arc not convergent. 


10*22. The evaluation of Airy -Hardy integrals of odd order. 

To evaluate Oi'n (a) when n is odd, wo suppose temporarily that a is 
])ositive, and then, by §6*22(13), 

2c|i r® 

Oin (a) = — I cos (2a*’* sinh u) cosh (w/n) du 

That is to say, 

(1) a.(«). 


Using the device explained in § 10*21, we see that, when /3 is positive, 

(2) «.(- S) - 1^.* (2^-) 4 ^„.(2M. 

It follows that the ecpiation § 10*21 (4) is true whether n be even or odd ; 
and, whether n be even or odd, Cin(<x) is annihilated by the operator 

for all real values of o. 


* It lias been proved by Hardy, loc. ci£., p. 229, with the aid of the theory of “ generalised 
integrals.” 
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Next we evaluate Bin («) when a is positive ; making the usual substitution, 
we find that, by § 10'13 (4), 

2ci^ rv 

Ein (®) “ J (“■ (w/w) 

* {tan (iw/n) (2«t«) - (2at»)l 


TTOf* 




n sin X^rrjn) 

Hence the series which represents Ei^, (a) when n is odd and a may have 
any value is 

7ra*<"+*> * 


(3) Ein{a)^ 


n cos (^v‘ln) F (m + f - J/n) F (m + ^ + i/n) 


« sinj(7r/7i) 

and hence it follows that 


{. 




s 


/— )»» amn 

““TTTT/n)!’ 


»o w! F(w + 1 — l//i) m=oWi!F(m 


(4) 


Bin (a) = no* 


Next consider (yi„ (a) + 1 iSi'n (a), where a is temporarily assumed to be 
positive. From § 10‘13 (4) we deduce that 

2a* r* 

Oin (a) + i Sin (a) = — exp (2a*.” i sinh u) cosh (v/n) du 

n Jo 

Tra* , 


= — {tan (iir/n) J,/n (- 2o*”i) - B,/n (- 2a*”i)} 

TTtt* 

n sin (tt/ti) ^ 

7roj*<n+i)^* 


f? 

+ - 


^ {«/— i/n ( — 2a*”i) — tT ifn ( — 2o*”i)| 




71 cos tt/ti) to=o F (m -h f — i/n) F (m + j 4- i/n) 
Tra* 


and therefore 

(5) Sin(a)^- 


n sin (tt/w) 
7ra*<”+« * 


[eh’Ti/n (2a*”) - e-*'*/“ /,/n (2a*»*)}, 


n cos (i Trjn) F (m + f - i/n) F (m + ^ 4- i/n) 
Tra* 


2n cos(i7r/n) 


whence it follows that, when > 0, 
(6) Sin{-P) 




{/_,/„ (2a*") + /./„ (2a*")l, 


(_)m^n 


71 COS ( Jir/Ti) m-o r (m + f — ^/w) T (7H + J + ^/n) 


21—2 
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and hence, for all real values of a, 


(7) I Sin (a) = - na^ • 

This equation was given by Stokes in the case n = 3. 

It should be noticed that 

(8) Si„ (cl) + (-)*<"+>• («) = {sin (i W«) + (- 


n sin (tt/w) 


where /S = — a, and a and 13 are real. 


x{/_Vn(2a*’‘)H-/,/n(2a*-)} 
^{sin (i 7 r/n) + (-l)*<n+i»} 

X (2/3*-) 


The formulae of the preceding three sections are due to Hardy, though 
his methods of obtaining them were different and he gave some of them only 
in the special case n = 3. 


10*3. Cauchy*8 numbers. 

In connexion with a generalisation of Bessel's integral which was defined 
by Bourget, and subsequently studied by Giuliani (see § 10*31), it is convenient 
to investigate a class of functions known as Cauchy's numbers. 

The typical number, N^n,k, 7 n, is defined by Cauchy* as the coefficient of 
the term independent of t in the expansion of 

in ascending powers of t. It is supposed that w, k, and m arc integers of which 
the last two are not negative. 

It follows from Cauchy’s theorem that 

(1) («-^) 

^~niB Q gijjwi 

IT 

J Je-n« 4- (_)m gnwj Q gi^m 

2W + A ; rir 

= — cos (i miT — nB') cos* 6 sin-* BdB. 

^ J 0 

It is evident from the definition that N-n.k.m is zero if —n-\-k + m is odd or 
if it is a negative integer. 

* CompUs Rendw, xi. (1840), pp. 473—475, 610—511; xii. (1841), pp. 92—98; xiii. (1841), 
pp. 682—687, 850—864. 
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10-3] 


From (1) it is seen that 

(2) ^—n,k,in = (“)”' ^u.k.m “ (•“)”“* -AT ri.Jt.m* 

These results, together with recurrence formulae from which successive 
numbers may be calculated, were given by Bourget*. 

The recurrence formulae are 


(^) ^ —n,k,in — n+i, fc— i, m “b ^—n—i,k—\,in > 

(4) -AT ^n,k,m = -A^— 1 *“ -A^— n— » 

and they are immediate consequences of the identities 

r** (t 4- 1/0* (t - I/O’" = + !/<)*"•' (t - I/O’" + (t + 1/0*“' - I/O’". 

r~ (« + 1 /O* (« “ I/O’" = + I/O* (< - 1/0’"~' - + 1/0* (< - I/O’"”'- 


By means of these formulae any Cauchy’s number is ultimately expressible in 
terms of numbers of the types -AL^ o.w- 


A different class of recurrence formulae, also due to Bourget, owes its 
existence to the equation 



It follows that 

•A^ —n,k,m ~ 


r(o+f / l\*-l f£ / 

il ‘-’(‘-D s(‘-:) * 


27rt (ni-h 1 ) . 

1 d { [ 


by a partial integration. On performing the differentiation we see that 

(6) (m + 1) N^n,k,m “ nN^n,k^,^fn^, ~ “ 1) 

and similarly 

(6) (A; 4- 1) A ^n,k.m “ ^AT _n,i:+i,*n— I 1) AT 


Dovelopments due to Chessiu, Annals of Math, x. (1895 — 6), pp. 1 — 2, are 

3 

( 7 ) 2 ,( 7 ,.. *-«, m» 

r =0 

( 8 ) fc. „,«■ 2 ( — )*‘.( 7 r. + *. !»-•• 

rs :0 

These may be deduced by induction from (3) and (4). 

Another formula due to Chossin is 

(9) A^-n, *, m“ 2 ( -" r • m^r» 

r *»0 

where p—^(k-^m^n). This is proved by selecting the coefficient of <* in the product 

(^ + l/f)‘x(/-l/0»". 


Journal de Math. (2) vi. (1861), pp. 83 — 54. 
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10 ' 31 . The functions ofBourget and Giuliani. 

The function Jn.k(^) is defined by the generalisation of Bessel’s integral 

where n is an integer, and k is a positive integer. 

It follows that 

t (z) = I exp {- i (nO - z sin 6)] . (2 cos d6, 

and therefore 

(2) (^) = - r (2 cos 6f cos (nB - z sin B) dB. 


The function has been studied by Bourget, Journal de Math. (2) vi. (1861), 

pp. 42 — 66, for the sake of various astronomical applications ; while Giuliani, Oiomale di Mai. 
XXVI. (1888), pp. 151—171, has constructed a linear differential equation of the fourth 
order satisfied by the function. 

[Note. An earlier paper by Giuliani, Gwmale di Mat. xxv. (1887), pp. 198 202, 

contains properties of another geiieralisation of Bessel’s integral, namely 


1 

TT 



sin" &) dB, 


but parts of the analysis in this paper seem to be incfirrect.] 


If we expand the integrand of (1 ) in powers of z, we deduce from § 10*3 that 


(•^) 


j .(2)- V ^ . 

m = 0 Wt! 


and it is evident from (1) that 


Again from § l()-3(2) and (3) it is evident that 
(o) = 

(B ) Jn,k{^) ^ ^n—\,k-\ (■^) "b «Ah-i,A:— 1 j 

and, if we take = 1 in this fonnula, 

(7) 

These results were obtained by Bourget; and the reader should have no 
difficulty in proving that 

(ft) (z) = J »-!,* (z) — J r»+i,Jfc (^)* 

Other recurrence formulae (due to Bourget and Giuliani respectively) are 

(») (^) = T 

z z 

(10) 4s/ n,k-2(,z) =■ Jn,k(z^ 4}tfn,k-^(z). 
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The differential equation is most simply constructed by the method used 
by Giuliani ; thus 

1 f" d 

Vn Jn,k W = ~ I ^ ^)} (2 COS dd 

2)fc 

= {n + z cos d) sin {nd — z sin S) (2 cos $y^~^ sin Odd 

“W .0 

■■ — 2,kzJ'n,k (^) + ~ P cos {nO — sin ^)| (2 cos sin Odd 
2k d 

= — 2kzJ'n t{^) “ ~ I cos (nO — z sin 0) ^ {(2 cos 0)^~^ sin 0} dO, 

and so 

Vn Jn,k (^) = - 2kzJ'n t(z) - k^Jn,k (^) 4- 4Ar (A: - 1 ) ,;_a (z). 

d* 

Operating on this equation by using (10), it follows that 

(^a + l) l^n dn.* (^) + (^) + ^dn.jfc (^)l = A? (A? ~ 1) Jn,k (^), 


and hence we have Qitiliani's equation 

(11) z^J\u (z) + {2k + 5) zJ'\u {z) + {2^» + (A; + 2)* - n*} d\* (z) 

+ (2A: + 5) zJ\k{z) + (^* + A: + 2 - n“) (-8^) = 0. 

It was also observed by Giuliani that 

(12) e*®®*”®(2cos^)*= S eand2n.*(^)cos27i^ 

n=0 

00 

4-i S ^an^-idan+i,* (^) sin (2/1 + 1) d ; 

It=a0 

this is verified by applying Fourier’s rule (cf. § 2*2) to the function on the 
right. 


A somewhat similar function J{z) v, k) has been studied by Bruns, Aatr. Nach. civ. 
(1883), col. 1 — 8. This function is defined by the series 


® f ^ \m (l9\v*2k^2fm 

(13) 




{p + 2/t- 2) (v + 2k) (i/+ 2/t+2m + 2) ' 
The most important propeHy of this function is that 

(14) 

whence it follows that 


j($-, r, y, * + 1 ) “ j;~+ir-'iyC+ li+3)' 


Jf AN « 2y «/y an, {z) 

^ ^ „,:*(,. + 2m-2)(,. + 2m+2)- 


( 16 ) 
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10 ‘ 4 . The definition of Strvm's function 

Now that we have completely examined the functions defined by integrals 
resembling Bessers integral, it is natural to investigate a function defined by 
an integral resembling Poisson’s integral. This function is called Struve’s 
function, although Struve investigated* only the special functions of this 
type of orders zero and unity. The properties of the general function have 
been examined at some length by Siemonf and by J. Walker J. 

Struve’s fiinction H„( 2 r), of order v, is defined by the equations 


” l""" 

provided that R{v) 


By analysis similar to that of § 3'3, we have 


NO that 

( 2 ) 




2(J*)' 


(-)" 


r(v + i)r(J),„.o(2m + l)!j„ 


(1 - dt 

J 0 


r(J) ,«-(» {2m + 1 ) ! r (v + m + f ) ’ 


H.(z) = 


r (m + 1 ) r (v + m + f ) ■ 


The function H, (z) is defined by this equation for all values of p, whether 
R(v) exceeds — J or not. It is evident that H,(z) is an integral function of p 
and, if the factor (J«)' be suppressed, the resulting expression is also an in- 
tegral function of z. 


(3) 

where 

(4) 


It is easy to see [cf §§ 2'11 (5), 3'121 (1)] that 






and 1 1^0 + 1 1 is the smallest of the numbers li' + fl, Ij' + JI, + •••• 


• Mem. d£ VAcad. Imp. des Sci. de St Petersbourg, (7) xxx. (1882), no. 8; Ann. der Phyaik^ 
(3) XVII. (1882), pp. 1008 — 1016. See also Lommel, Archiv der Math, und Phya. xxxvi. (1861), 
p. 399. 

t Programm, Lutaenachult ^ Berlin, 1890. [Jakrbuch iiber die Fortachritte der Math. 1890, 
pp. 840—842.] 

X The Analytical Theory of Light (Cambridge, 1904), pp. 892 — 895. The roBults contained in 
this section, with the exception of (8), (4), (10) and (11), are there given. 



ASSOCIATED FUNCTIONS 


329 


We can obtain recurrence formulae thus : 

ds ' ' ^ ~ «t« 2'+*“+* r(«+|)r(v+m+f) 

= *' H,_, (z), 

and similarly 

^ (,-H f (-)"-(2m + l)^«" 

^^[z „t»2'+«»+>r(m + |)r(., + m + f) 

2^+“r(m+})r(v + w+ j) 

2'r(i/ + f)r(i) ~ **'+• 

On comparing these results, we find that 

(6) H,_, (z) + (z) = - H, (z) + r(i) . 

(6) H,_. (z) - H,,., (z) = 2H; (z) - , 

(7) (^ + v)H,(^) = zH,_,(*), 

(8) (^ - ./) H, (z) = (^). 

In particular we have 

(9) ^ {^H, {z)] = ^H. (^), ^ {H. W1 = I - H. («). 

Again, from (7) and (8), we have 

(^= - v») H, (z) = (^ - V) («)} 

"r(v + j)r(i) 

SO that (^) satisfies the differential equation 

(10) ^*'**'(^)“r(v+|! r(i)' 

The function Li„ (z) which bears the same relation to Struve’s function as I ^{z) bears 
to Jviz) has been studied (in the case v-=0) by* Nicholson, Quarterly Journal^ XLii. (1911), 
p. 218. This function is defined by the equation 

/n\ ¥_ /'-N— V Vg*/ 




(11) Is, (*)-= J^r(m+|)r(K+TO+j) 

the integral formula being valid only when R(v)> — J. 

The reader should have no difficulty in obtaining the fundamental properties of this 
function. 

* See also Gabler, Zurich VierteJ^ahruckrifty xlvzi. (1902), p. 424. 
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10*41. The loop-integral for {z). 

It was noticed in § 10*4 that the integral definition of {z) fails when 
— because the integral does not converge at the upper limit. We 
can avoid this disability by considering a loop-integral in place of the definite 
integral. 

Let us take 

(<* — !)•'“■* sin zt . dtj 

J 0 

where the phase of — 1 vanishes at the point on the right of i = 1 at which 
the contour crosses the real axis, and the contour does not enclose the point 

If we suppose that It (p) > “ i . we may deform the contour into the seg- 
ment (0, 1) of the real axis, taken twice, and we find that 

^ — I)*'-* sin zt .dt^ 2i cos vn ( (1 — sin zt . dt, 

Jo •'0 


where the phase of 1 — is zero. 


Hence, when ii (i/) > — J, we have 

(1) H.W. 


Both sides of this equation are analytic functions of v for all* values of p ] 
and so, by the general theory of analytic continuation, equation (1) holds for 
all values of i/. 


From this result, combined with § 6*1 (6), we deduce that 
(2) J, (z) + tH, (z) = ^ ^ - ir* 


To transform this result, let oo be any acute angle (positive or negative), 
and let the phase of z lie between — ^Tr + a) and ^Tr-f o). We then deform 
the contour into that shewn in Fig. 26, in which the four parallel lines 
make an angle — q) with the imaginary axis. It is evident that, as the lines 
parallel to the real axis move off to infinity, the integrals along them tend to 
zero. The integral along the path which starts from and returns to 1 + oo 
is equal to (z ) ; and on the lines through, the origin we write t = iuy so 
that on them 


It follows that 

(XvXv (*® exp(-Mtf) 

J, (z) + tH. {z) = {z) + J, 


* The ifiolated values f are excepted, because the expression on the right is then an 
undetermined form. 
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where the phase of 1 + u* has its principal value; and hence 

raaexpi^ikt) 

This result, which is true for unrestricted values of v, and for any value of 
z for which - tt < arg z <7r, will be applied immediately to obtain the asym- 
ptotic expansion of (z) when | - 2 ^ | is large. 



A result equivalent to (2) was obtained by J. Walker*, who assumed 
that i2(i^)> — R(z)>0, so that a> might be taken to be zero. In the case 
i/ = 0, the result had previously been obtained by Rayleigh f with the aid of 
the method of Lipschitz (§ 7*21). 

If, as in §6*12, we replace &> by arg-? — it is evident that (3) may be 
written in the form 


r«expi/3 / , 

(4, H.(.).r.W4.r4-Lp/^ .-(l4.p) 


where — Jtt < ^ < Jtt and - Jtt + y3 < arg < Jtt + y8. 

This equation gives a representation of (z) when | arg z\<7r. To obtain 
a representation valid near the negative half of the real axis, we define Ily(z) 
for unrestricted values of arg z by the equation 

(5) H, (ze^^^) = (z), 


and use (4) with z replaced by ze^^K 
* The Analytical Theory of Light (Cambridge, 1904), pp. 894—895. 

t Proc, London Math. Soc. xix. (1889), pp. 504 — 507. [Scientific Papert, iii. (1902), pp. 44—46.] 
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If we write z^ix in (3), where x is positive, we see that, when R{v)<\y 

iL, n +r-(^^ (j) fo 

and, by considering imaginary parts, we deduce that 

(6) Ity(x)‘=/.,(x) - f Jg ®*“ 

a result given by Nicholson, Quarterly Joumialy XLii. (1911), p. 219, in the special case in 
which v=0. 


10*42. The asymptotic expansion of H„ {z) when \z\i8 large. 

We shall now obtain an asymptotic expansion which may be used for tabu- 
lating Struve’s function when the argument z is large, the order v being fixed. 
Since the corresponding asymptotic expansion of F„ {z) has been completely 
investigated in Chapter vii, it follows from § 10*41 (4) that it is sufficient to 
determine the asymptotic expansion of 

rooexpi^ / 


r^expifi , y2y 

As in § 7*2, we have 


du. 


m ! 




We take p so large that iJ (v - p - ^) ^0, and take 8 to be any positive angle 
for which 

I^I^^TT-S, |arg.^-/31^j7r-S, 
so that z is confined to the sector of the plane for which 

- TT -h 28 ^ arg ^ tt — 28. 

We then have 


that 


K 


I ± -f^) I ^ 1 (i ± *-T')| < 

- I 


^ g2fr|/(0| 

say, where Ap is independent of z. 

It follows on integration that 

f"”".- (1 +“:)■-* (-rH-v-wu,,, 

Jo \ zy rnlz”^ 

p! I 1 1J« 

= 0 {z-v). 


where 
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10'42, 10*43] 


We deduce that, wheu { arg z\<ir and | r | is large, 


m H (.)-Y M + 1 


provided that i' + ^)>0; but, as in § 7‘2, this last restriction may be 

removed. 


This asymptotic expansion may also be written in the form 

1 r(mH-i) 


( 2 ) 






+ 0 


It may be proved without difficulty that, if p is real and z is positive, the 
remainder after p terms in the asymptotic expansion is of the same sign 
as, and numerically less than the first term neglected, provided that 
72 (jp + ^ — I/) ^ 0. This may be established by the method used in § 7-32. 


The asymptotic expansion* was given by Rayleigh, Proc. London Math. Soo. xix. (1888), 
p. 504 in the case v*0, by Struve, Mem. de VAcad. Imp. des Set. de St P^tergbour^^ (7) 
XXX. (1882), no. 8, p. 101, and Ann. der Phye. und CAemie^ (3) xvii. (1882), p. 1012 in the 
case »/ = l ; the result for general values of p was given by J. Walker, The Analytical 
Theory of Light (Cambridge, 1904), pp. 394 — 395. 


If V has any of the values i, |, then (1 +u^lz^y~^ is expressible as a 
terminating series and Y^(z) is also expressible in a finite form. It follows 
that, when v is half of an odd positive integer, (z) is expressible in terms 
of elementary functions. In particular 


(3) 


jH,(*)= -cm.). 


Sin z + - 


10’43. The asymptotic expansion of Struve* s functions of large ordei\ 

We shall now obtain asymptotic expansions, of a type similar to the 
expansions investigated in Chapter viii, which represent Struve’s function 
H,, (z) when | p | and | z | are both large. 

As usual, we shall write 


p ss z cosh (a -I- i^) = z cosh y 

and, for simplicity, we shall confine the investigation to the special case in 
which cosh y is real and positive. The more general cose in which cosh y is 
complex may be investigated by the methods used in § 8*6 and § 101 5, but it is 
of no great practical importance and it involves some rather intricate analysis. 


* For an asymptotic expansion of the associated integral 





see Rayleigh, Phil, Mag. (6) vni. (1904), pp. 481 — 487. [Scicn/i/i'c Papers, v. (1912), pp. 206 — 211.] 
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The method of steepest descents has to be applied to an integral of Poisson's 
type, and not, as in the previous investigations, to one of Bessel’s type. 

In view of the formula of § 10*41 (3), we consider the integral 

which we write in the form 

where t = ii; - cosh 7 . log (1 + w^). 

It is evident that t, qua function of w, has stationary points where w = 
so that, since 7 is equal either to a or to i/S, two cases have to be considered, 
which give rise to the stationary points 

(I) (II) 

Accordingly we consider separately the cases (I) in which z/v is less than 1 , and 
(II) in which z/p is greater than 1 . 

(I) When 7 is a real positive number a, t is real when w is real, and, as ?/; 
increases from 0 to 00 , t first increases from 0 to - cosh a . log (1 + e“*“), 
then decreases to ^ - cosh a . log (1 + e*“) and finally increases to -f x . 

In order to obtain a contour along which r continually increases, we suppose 
that w first moves along the real axis from the origin to the point and 
then starts moving along a certain curve, which leaves the real axis at right 
angles, on which t is positive and increasing. 

To find the ultimate destination of this curve, it is convenient to make a 
change of variables by writing 

v; = sinhf, + e"“ = 8 inhfo» 

where f, rj and f,, are real. 

The curve in the f-plane, on which r is real, has for its equation 
cosh f sin 7) — 2 cosh a arc tan (tanh f tan 7;), 
and it has a double [>oint* at fo. 

We now write 

, , ^ . 2 arc tan ( tanh f tan rj) 

cosh f sin 7] 

and examine the values of i^(f, 7 ;) as f traces out the rectangle whose* corners 
0, A, B, G have complex coonlinates 

0, arcsinhl, arc sinh 1 -f Ivi, liri 

As f goes from 0 to A, v) is tiqual to 2 sinh f/cosh- f. and this steadily 
increases from 0 to 1. 


* Except when a = 0, in which case it has a tiiple point. 
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When f is on AB, iy) is equal to 

. arc tan • cosec % 

and this steadily increases from 1 to 7r/V2 as increases from 0 to ^tt. 

Note. To establish this result, write tan 17==^ ^2 and observe that 
d fs/(l + 2«*) 


dt 


(— r j 1 t+7» - > 0 . 


1 4 * 2 ^ 2 /^ a + fi) 

because - arc tan <, which vanishes with has the positive derivate • 


When f is on BC, F{^, r)) is equal to tt sech and this increases steadily 
from 7r/\/2 to w as f goes from B to G; and finally when f is on CO, F{^, r)) 
is zero. 

Hence the curve, on which F (f , rj) is equal to sech a, cannot emerge from 
the rectangle OABG, except at the double point on the side OA ; and so the 
part of the curve inside the rectangle must pass from this double point to the 
singular point C. 

The contours in the ic-plane for which a has the values 0, ^ are shewn in Fig. 27 by 
broken and continuous curves respectively. 



Consequently a contour in the i4;-plane, on which t is real, consists of the 
part of the real axis joining the origin to and a curve from this point to 
the singular point i\ and, as w traces out this contour, t increases from 
0 to + 00 . 


It follows that, if the expansion of d^jdr in powers of t is 


f- 


TO «0 
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then 


(1 + «^r» <i«. - /■ r" * 


* to! 6m 

i — 

»tni~i * 
»n=0 * 


an<l hence, by 10'4 (1), we have 
( 1 ) 


It is easy to prove that 

6 o=l, 6 i= 2 coah 7 , 62 = 6 co 8 h* 7— 69 = 20 cosh* 7 — 4 cosh 7 , .... 

(II) When 7 is a pure imaginary (= t/3), t is real and increases steadily 
from 0 to 00 a.s w travels along the real axis from 0 to c» ; and so 

/• <1 + »■)-* dw . \’r~ {^-3- y, *. 


Hence, from § 10*41 ( 8 ) it follows that 


( 2 ) 




2 (i^)'^ § m\h^ 


provided that j arg z\<\ir. This result can be extended to a somewhat wider 
domain of values of arg z, after the manner of § 8*42. 

From the corresponding results in the theory of Bessel functions, it is to be 
expected that these results are valid for suitable domains of complex values 
of the arguments. 


In particular, we can prove that, in the case of functions of purely imaginary argument, 
(3) Lty {vx) ly {yx) 

when 1 1 ' I is large, | arg v | < Jtt, x is fixed, and the error is of the order of magnitude of 

times the expression on the right. 

[Notk. If in (1) we had taken the contour from w;*=0 to and thence to ?<»*= — i, 

we should have obtained the formula containing iJy {z) in place of - iJ^ (z). This indicates 
that we get a case of Stokes’ phenomenon as y crosses the line ^*0.] 


10*44. The relation between Hn (z) and 

When the order ?j is a positive integer (or zero), we can deduce from 
§ 10*1 (4) that En (^) differs from — Hn (z) by a polynomial in z; and when n 
is a negative integer, the two functions differ by a polynomial in IJz. 
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For, when w is a positive integer or zero, we have 

j„ (z) + 1 B„ iz) = fnTT) r(i^ jirrn 

« ^ J ^yi+m 

~ r (i»ft +1) r(im + n + T) ’ 

and 

00 p — ^mni /lg\n+m 

J„ (^) - 1 H„ {z) = rTj»a+l)r(im + n+l) ’ 
and therefore, since Jn (z) * Jn we have 

n On—l) vi / 1 — m 

«• V ?! 1 Sill u /-V 


Bn («) = 

that is to say 

(1) BnW = 


V ^ ^g*'/ u /,v 

.‘=ir(i-iw)r(« + i-i7ft) 


1 <j»r( w + i).(jg)»»-»’ 

‘n’m-o r(« + J-7M) 


-HnW 


In like manner, when — ra is a negative integer, 

(2) W - y - ~r *> :^<*f """ - w. 

TT 7,1-0 1 

10 * 45 . The sign of Struves function. 

We shall now prove the interesting result that H„(a;) is positive when x is 
positive and v has any positive value greater than or equal to This result, 
which was pointed out by Struve* in the case v = 1, is derivable from a 
definite integral (which will be established in § 13*47) which is of con- 
siderable importance in the Theory of Diffraction. 

To obtain the result by an elementary method, we integrate § 10*4(1) by 
parts and then wc sec that, for values of v exceeding J, 

— (2i/ — i) j cos {x cos G) sin*"”*^ cos 

“ ^ V n / 1 if” (2*^ — 1) [ cos (x cos 0) sin®"'"'*^ cos 

=- ; ' iV [ «in**'“®^ cos ^ {1 — cos (x cos 6)\ dO 

1 (*' H" i) 1 (4) J i) 


since the integrand is positive. 

* M6m. de VAcad. Imp. de» Sci, de St Pitcnbotmj, (7) xxx. (1SB2), no. 8, pp. 100—101. 'fhe 
proof given here is the natural extension of Struve'- proof. 


w. B. F. 


22 
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When V is less than the partial integration cannot he i>erformed ; and, when we 
have 

(x) * (1 -cow 


and the theorem is completely established. 

A oomparisoii of the asymptotic expansion which was proved in § 10*42 with that of 
Vy (^) given in § 7*21 shews that, when .v is mfficienily large and positive^ (^) is positive 
if v>\ and that Hr (j^) is not one-signed when v <^; for the dominant term of the 
asymptotic expansion of Hr (^) is 


r(.'+i)r(4) 


or 



sin (.r — ii/TT “ ^tt) 


according as i/ > J or v < J. The theorem of this section proves the more extended result 
that Struve’s function is ])ositive for all positive values of x when v > .} and not merely 
for sufficiently large values. 


The theorem indicates an essential difterence between Struve’s function and Bessel 
functions ; for the asymptotic expansions of (chapter vii shew that, for sufficiently large 
values of a:, {x) and }\ (x) are not of constant sign. 


10 * 46 . Theisinger^s integral. 

If we take the equation 

^ {/o (X) - lio (X)} - 1 «-*-»•» de 

= - A J ‘ , exp I - 1 (* + i)} log ^ , 

and choose the contour to be the imaginary axis, indented at the origin*, and then write 
z— ±i tan i<f>f we find that 

j {^0 W - 1*0 (•^)} cos {x cot <f>) log tan , 

and so 

( 1 ) /o («) - ^ J*’' 008 (® tan 0) log-cot (40) , 

a formula given by Theisinger, Monatshefte fiir Math, und Pkys. xxiv. (1913), p. 341. 

If we replace x by J7 8in d, multiply by sin and integrate, we find, on changing the 
order uf the integrations in the absolutely convergent integral on the right, 

Ei(ji7tan0)logcot(j0)~^ = ^ f {/o (jJ sin d)-IjQ sin d)} sin 
J 0 cos fp ^ J 0 

.so that 

m K, (s tan 0) log cot (40) ^^ = | • . 

on expanding the integrand on the right in [towers of x. This curious result is also due to 
Theisinger. 

* The presence of the logarithmic factor ensures the convergence of the integral round the 
indentation. 
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10*6. Whittakers integral. 

The integral 

which is a solution of Bessel’s equation only when 2v is an odd integer, has 
been studied by Whittaker*. 

It follows from § 6*17 that, for all values ofi/, 

(1) L* f (0 dt\ = - liin [z^e^ (1 - t^) F„_i(0] 

I J-i J 

2 

= — cos VTT . 

TT 

If we expand the integrand (multiplied by e^) in ascending powers of z and 
integrate term-by-term + it is found that 


(2) z^ r dt = 2 ^ 

J -1 m =0 i 

The formula of § 3*32 suggests that we write 


(2iz)”'. m! 

wi -f I - i>) r (/a + § + i^) ‘ 


and then it is easy to verify the following recurrence formulae, either by using 
the series (2), or by using recurrence formulae for Legendre functions : 


(3) W,., (^) + W,+. {z) = f W. (z) - . 

2 [_ V 


(4) W,_, (z) - W.+, (z) = 2W,'(z) ■ 


2i *~’’z*e-*‘ 1 

^X2trj r (5 - y) r(f + y)J ’ 


(5) (a+y)W,(z) = *W,_,(^) + 


V(27r)r(J-y>r(5 + y)’ 
2i*~'z^e"'‘ 


V(2ir).r(S-i')r(i + «') 


(6) (a - .) w. w - - .w^. w ^ . 

An asymptotic expansion of Wv(2^) for large values of | 2 :| maybe obtained by 
deforming the path of integration after the manner of Lipschitz (§ 7*21). 


* Proc. London Math. Soc. xxxv. (1903), pp, 198—206. 
t By a use of Legendre’s equation the recurrence formula 

(1 + «)“* P..I (t) dl = (1 + (‘) dt 

/ I 2 

rjf- y) expanding 

^ (i - *'• i + «' I 1 ; i - if) in ascending powers of 1 - and integrating term-by-term. 

22—2 
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The function ie thus seen to be equal to 


r-l+xi fl+eoi 

vmL. ‘"'-‘<*>‘“- 70 !-)/. 

ri~oDi ri+®* 


— -7(!7r/. 

Now it is known that*, near <= 1, 

-Pt--* (0 == 8^1 (i *" *'» i + *' J ^ J iO’ 

P.^(-<) — (— )’ i 




/cos vTr\ 

5 T{m — v + \)T(m+v + \). 


m 

1 

1 TT -) 

' m-O (»»!)* ' 

1 2 J 

1 


and since 


{log - 2^ (m + 1) + ^ (»» - o + J) + ^ (wi + o + J)| , 


we obtain the asymptotic expansion 
(7) W,(x)~ 

COB l/TT f S («/, m) 


ti-»+i<r) COB i^TT r S ( y, rn) . , . 

7rV(2wz) [„_o (2w)’» ^ 

+ ^(«i + J + i') — -^(m+l) — log2x — j7ri}J . 


Some functioDS which satisfy equations of the same general type as (1) have been 
noticed by Nagaoka, Journal of the Coll, of Sci. Imp. Univ. Japan^ iv. (1891), p. 310. 

10'6. The functions composing {z). 

The reader will remember that the Bessel function of the second kind, of 
integral order, may be written in the form (§ 3*62) 

m«0 m,\ 


+ 2 ^ 
m=U m 


,\n+jm 

m!(n + w) ! (»»+ l)-^(w + »»+l)]. 


The series on the right may be expressed as the sum of four functions, each of 
which has fairly simple recurrence properties, thus 

(1) 7rF„ {z) = 2 {log (i e) - ^ (1 )} {z) - {z) + {z) - 2 {z\ 

* Cf. Barnes, Quarterly Journal, xzxiz. (1908), p. 111. 
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10 * 6 ] 

where 

( 2 ) 


m>ii« Wl! 


and (cf. § 3-582) 

(3) 


mRnli^r (« + ”» + 1) - (’« + 1)1. 


® ^**1' 


The functions T^^z) and Un{z) have been studied bj Schlafli, McUL Ann, in. (1871), 
pp. 142^147, though he used the slightly different notation indicated by the equations 

5,W=-2Gr,(x), 7’,(x) = aJ5f,W, P,(«)=-JS’.(i); 
more recent investigations are due to Otti* and to Graf and Gublert. 


The function Tn{z) is most simply represented by the definite integral 

(4) Tn{z)=- [ (iir — 6) sin (z sin $ - nO) dd. 

^ Jo 


To establish this result, observe that 


T I -[ 

^ L^em>J^«-*r(w+l+e)r(n + w + l-€)J,_i, 

~2nn[de,n>X.i (n + 2w)! 'j_. 

1_ I (-)”'(|g)"+™ P+' (l+0"-^»”»log < 

2'n-im> (a+2m)! 

= A[' I e"'» ( - u sin • (g - j-w) 

~ friJo (n + 2m)! 

where t has been replaced by e 


It follows that 


Now 


and I 


2.. (.) . l,/> - ‘-f f «= 

5 (— iz sin _ fcosh (— %z sin 0) (n even) 

m>-^n -4 -f- 2m) ! jsinh (- w sin 0) (71 odd) 

r„ (^) = i. ("(e - w) + g.ii(«-')+«*in»] d6. 

mjQ 


dd. 


* Bern Mittheilungen, 1898, pp. 1 — 56. 

t Eirdeitung in die TiieorU der BesseVtchen Funktionen^ 11 . (Bern, 1900), pp. 42 — 69. Lommel's 
treatise, pp. 77^87, should also be consulted. 
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If 6 is replaced by tt — ^ in the integral obtained by considering only the 
second of the two exponentials, the formula (4), which is due to Schlaili, is 
obtained at once. 

The corresponding integral for U„ (z) is obtained by observing that 
" I_0e „.“o Wi ; r (n + ?/t + 1 + e) J',_„ 

[I 

and so, from § 6'2 (4), we deduce that 
(5) Un(z)^ {log {lz)^ylr(l)]Jn(z) 

+ — [ 0 sin (nd — z sin 6) d0 + (— )" f 
'w j 0 Jo 

10*61. Recurrence formulae for Tn(z) and Un{z\ 

From § 10*6 (4) we see that 

= - f ( J TT — ^) sin sin 0 — n0) . (2 cos 0 — 2nlz] d0 
•W* Jo 

= — “ f (i7r’-0)^^!co8(zsin0~~n0)}d0 

TTZ J 0 du 

4 4 

= --cos*Jn7r-- 
z z 

on integrating by parts and using Bessels integral. 

Thus 

(1) Tn-i {z) + Tn+i {z) = (2nlz) Tn {z) -f 4 {cos4?i7r - Jn (z)]/z. 

Again Tn {z) = " f (Jtt — ^) sin 0 cos (z sin 0 — 7i0) d0, 

'rr J 0 

and so 

(2) 1 H-i (z) — Tn-fi {z) = 21n {z). 

From these formulae it follows that 

(3) -H n) Tn (z) = zTn-i (z) - 2 cos® J WTT + 2Jn (z), 

(4) (^ - « ) Tn (z) = -z Tn +1 (z) + 2 cos® i WTT - 2 (z), 
and hence (cf. § 10*12) we find that 

(5) Vn Tn (z) = 2{z sin® J»i7r -I- n cos® Jutt} — 4?/ (z). 
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With the aid of these formulae combined with the corresponding formulae 
for Jn (z), {z) and (z), we deduce from § 10-6 (1) that 

(6) Un., {z) + {z) = (2n/«) U„iz) - (2/z) /„ {z), 

( 7 ) = 2Un'(z)-{2lz)J„{z), 

(8) + n) (z) = (z) + 2/n («), 

(9) (a - n) Un {z) = {z). [cf. §§ 3-58 (1). 3 58 (2)] 

( 10 ) V,Mz)^-2zJ^^,{z). 

The reader may verify these directly from the definition, § 10’6 (3). 

It is convenient to define the function of negative order, by the 

equivalent of § 10*6 (4). If we replace by tt — ^ in the integral we find that 

(z) = - f (i'w- “ sin (z sin ^ + 7iff) dS 
TT Jo 

=5 - — [ ( J TT - sin sin 0 ~ nO nir) dB, 

TT jo 

and so 

(11) 

We now define U^n(z) by supposing § 10*0 (1) to hold for all values of « ; 
it is then found that 

(12) If., (Z) = (- )« 1 Un (z) - r, (z) + Sn (Z)l 


10'62. Series for (z) and Un {z). 

We shall now shew how to derive the expansion 

(1) T„{Z)= I 

m=il "a 


from § 10'6 (4). The method which we shall use is to substitute 


Jtt — ^ = 


^ sin 2tnB 


in the integral for r„( 2 ^), and then integrate term-by-tcrm. This procedure 
needs justification, since the Fourier scries does not converge uniformly near 
^ = 0 and ^ = w, and, in fact, the equation just quoted is untrue for these two 
values of B. 


To justify the process* let 6 and f be arbitrarily small positive numbers. Since the 
series converges uniformly when d ^ ^ ^tt — d, we can find an integer ?nu such that 


(47r-(9)- 


sin 2m0 1 

m=i rt I 




* The analysis immediately following is due to D. Jackson, Palermo Rendiconti, xzxii. (1911), 
pp. 257—262. The value of the constant A is 1'8519... . 



THEORY OF BESSEL FUNCTIONS 


[OHAP.X 


throughout the range ^ ^ — 5, for all values of M exceeding Again, for all values 

of 6 between 0 and tt, we have 


1 ~ {l+2coti2i + 2cos4t + ... + 2coB2Af(}dt 

m«l W J 9 

f sin (2Jf+l) t t 
J e t ‘ sin t 

^ t J ('1M+1)4 ^ 

for some value of 0 betw'oou 6 and by the second moan-value theorem, since t/ain t is 
a monotonic (increasing) function. 

By drawing the graph of .r~> ain.r it is easy to sec that the last expression cannot 
oxocwl U in ab.soUitc value; if this be called in A, we have 

* y 0 

2 f sin (2 sin (9 — rfd I 

I ^ 711=1 J 0 I 

2 I /■» f,, , ^ sin 2 m^| . , . . >tv jyil 

s=-| / S — - — I sin (2 8111 71 ^) 

^H/o -"/n’+ZJ-J i 

< - {nAS-i-(n — 2S) f| 7i, 

TT 

where /i is the upiior Ixmnd of | sin (2 sin ^ - 71^) |. 

Since 2 (AS ~h e) B is arbitrarily small, it follows from the definition of an 
infinite series that* 


9 * /-TI 

^ == I Jo 


2 5 f^Hw2m0 . . ,y» 

- 1 I sin ( 2 ^ sin ^ 


« 1 

~ ^ „ {*^«+‘2rw ('^) »^n— ‘jTrt (^)|i 

7U = 1 

and the result is established. 

It will be remembered that I7n(^) has already been defined (§ 3’581) as a 
scries of Bessel coefficients by the equation 

rr . . r / \ . V + 2m) ^ 

and that, in § 3 582, this definition was identified with the definition of Un (z) 
as a power series given in § 10 6 (3). 

10 ' 63 . Ora f's expansioi} of 7'n (z A-t) as a series of Bessel coefficients. 

It is easy to obtain the expansion 

(1) Tn(z^t)^ V Tn^,,(t)J^(zl 


This expansion was discovered by Sohlafli, Math. Ann. in. (1871), p. 146. 
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for, from § 10‘6(4), it is evident that 

7n('2^ + 0=~ f (ifT — fi) sin (tain + z Bin 

W" Jo 

fnJo m=-« 

= “ f (Jtt — tf) S Jm (-2) sin sin d — (n — m) 0] (10, 

'^Jo »i=-x 

by using § 2*1 ; since the series under the integral sign is uniformly con- 
vergent, the order of summation and integration may be changed, and the 
result is evident. 

The pi*oof of the formula given by Graf, AfeuL Ann. XLiii. (1893), p. 141, is more com- 
[)licated ; it depends on the use of the series of § 10*62 combined with § 2*4. 

There seems to be no equally simple expression for (e + t). 


10‘7. The genesis of LomineVs fwrwtions „ (z) and ,, (z). 

A function, which includes as special cases the pol 3 momial 8 zOn (z) and 
Sn (z) of Neumann and Schlafli, was derived by Lornmel, Math. Ann. ix. (1876), 
pp. 425 — 444, as a particular integral of the equation 


( 1 ) 




where k and g, are constants. It is easy to shew that a particular integral of 
this equation, proceeding in ascending powers of z beginning with is 


( 2 ) 


y = k ^ 


^+1 

(/Lt 4- iy “ 


2-/4 4-3 


(^ + 1 )■■* - i-*j [(/i + 3)’ - v'J 




ao /I «\WI'+2 

= 5; 

W»+l • (Ja* + 1*^+ i)?n+i 

w=0 rd/Lt- + + + 


For brevity the expressions on the right are written in the form 

ks^^y(z). 

The function s^ ,,(z) is evidently undefined when either of the numbers 
fi ± V is an odd negative integer*. Apart from this restriction the general 
solution of (1) is evidently 

(3) y = + 


In like manner the general solution of 



2« 




is 


* The solution of the equation for such values of /a and v is discussed in § 10*71. 


( 5 ) 
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Next let 118 consider the solution of (1) by the method of “variation of 
parameters.” We assume as a solution* 

A{z) {z) + B (z) iz\ 

where A (z) and B(z) are functions of z determined by the equations 
Mz)A'(z) + J^A^)B'(z)^0, 

J\ {z) A^(z)^ (z) R {z) = kz^-\ 

On using § 3*12 (2), we see that 

A{z) — jr^^ — \ z^J^^{z)dz, B(z) = - f z^Jy{z)dz. 

^ ' 2 sin vTT J ' ^ 2 sin i/TT j ^ ^ 


Hence a solution f of (1) is 
^ 2 sin vir 


Jy (z) I Z^ (- 2 :) dz - (- 2 ^) J Z^ {z) dz^ , 


where the lower limits of the integrals are arbitrary. 

Similarly a solution of (1) which is valid for all values of i/, whether 
integers or not, is 

(7) y = ^k-ir^,{z) ^ Z!^ Jy{z)dz-J.{z)^ 


It is easy to see that, if both of the numbers ± i/ + 1 have positive real 
parts, the lower limits in (6) and (7) may be taken to be zero. If we expand 
l.he integrands in ascending powers of z, we see that the expression on the 
right in (6) is expressible as a power series containing no powers of z other 
than z***^', z**’*’®, .... Hence, from (3), it follows that, since neither of the 

numbers yk±v is an odd negative integer ^ we must have 

( 8 ) , {z) = Jo ^ ~ Jo *^1 ■ 


In obtaining this result it was supposed that r is not an integer ; but if 
we introduce functions of the second kind, we find that 

(9) «M,- W = !'»■ 1^1^. (^) j z'‘Jy(z)dz-Jy(z)j^z^ , 

and in this formula we may proceed to the limit in making v an integer. 


It should be observed that, in Pochhammer s notation (§ 4*4), 


( 10 ) 


.V.. {z) = 


(/I — 1/ H- 1) (/A + 1/ -h i) 


* Cf. Forsyth, Treatise on Differential Equations (1914), §66; it is supposed temporarily that 
V is not an integer. 

f The generalisation of this result, obtained by replacing \yy arbitrary function 

of 2 , was given by Chessin, Comptes Rendm^ cxxxv. (1902), pp. 678—679; and it was applied by 
him, Comptes liendtis, cxxxvi. (1903), pp. 1124 — 1126, to solve a sequence of equations resembling 
BeBsel’s equation. 
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The associated function (-?) is derived from a consideration of a solution 
of (1) in the form of a descending series. We now proceed to construct this 
solution and investigate its properties. 

10 * 71 . The construction of the function 

A particular integral of the equation § 10*7 (1), proceeding in descending 
powers of beginning with is 


(1) y = 


1 - 


(/A - ly - {(/^ - 1)^ - - 3y ~ y"} 




z^ 

This series, however, does not converge unless it terminates ; but if it terminates, 
it is a solution of § 107 (1), and it will be called kSft, y(z). 

The series terminates if /a — i/ is an odd positive integer, or if /a -h i/ is an 
odd positive integer, and in no other case. 

In the former case we write /a = i/ 4- 2p + 1, and then we have 






r (i/« — i** + i - m) r(J/i + ^ 1 / + J - m) 

1 i (-)”*(j^r'‘~‘^r(p+i)r(i/+p+ 1) 
m=0 -T (jf^ + 1) r (p + W + I ) 

= - 2- r (i M - 1 + i) r(iM + 1 p + i) (^) + . (^)- 


When /A — V «= 2p + 1, the function 

2^-» r (i M - i p + 1) r (i M i p + i 


vanishes, and so, when /a — i/ is an odd positive integer, we have 

(2) s. ■(») = ..■ w t ? : r' .£<i jirijL + , i > , r . fe J- b - t ij 

\ / M.i'y / M.I'V / sin VTT 

X [cos i (a*- (^) — cos J 4- I/) TT . Jv{z)]. 

Since both sides of this equation are even functions of Vy the equation is 
true also when /a 4- is an odd positive integer, so that it holds in all cjuses in 
which S^ „{z) has, as yet, been defined. We adopt it as the general definition 
of Sf,^y,(z)y except that, when v is an integer, we have to use the equivalent form 

(3) /SV, (z) = Sy,^ „ (z) 4- 2'^“^ T (Ifi - \ v ^ \)T {\ti + Iv 

X [sin J (^ — v) TT . {z) — cos J (/A — v) TT . ( 2 :)]. 

It will be shewn in § 10*73 that has a limit when /a 4- v or /a - 1 / 

is an odd negative integer, i.e. when {z) is undefined ; and so, of Lommers 
two functions s^^,,(z) and 8^^t,(z), it is frequently more convenient to use the 
latter. 
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It will appear in § 10*76 that the series (1), by means of which is 

defined when either of the numbers /Lt ± i/ is an odd positive integer, is still 
of significance when the numbers /i ± i' are not odd positive integers. It 
yields, in fact, an asymptotic expansion of valid for large values of 

the variable 3 ;. 


10*72. Recurrence formulae satisfied by LommeVs functions. 
It is evident from § 10*7 (2) that 


that is to say 






0 ) 

Again, it is easy to verify that 


so that 


d 

dz 


( 2 )) =(li + v~l)z* («). 


(•2) («) + {vjz) V. («) = (/i + v - («). 

and similarly 

(•1) 8 — (yjz) s^ „ ( 2 ) = (/i — V — 1) {z). 

On subtracting and adding those results we obtain the formulae 
(4) (2p/ z) ,(z) = (fi + it-l) (^) - (^ _ r - 1 ) „+i (z), 

( •’>) 2s'„, „(«) = (/* + K - 1) (^) + (^ - K - 1 ) (z). 

'I'he reader will find it easy to deduce from § 10‘71 (2) that the functions of 
the type 8^^^{z) may bo replaced throughout these formulae by functions of 
the ty|^‘ so that 

(6) S,^,,,(z) = _ ((^ + 1). _ 

(7) («) + (v/z) (z) = (ji + v- 1) (z), 

(8) .S’V,. («) - (pM S^,,{z) = (^-v- 1) (z), 

( 9 ) (2v/z)S^^,{z) = (ji + v-l)S^j_,_i(z)-{/i-v- 'l)S^,_,+i{z), 

(10) 28 \. (^) = (^ + „ _ 1 ) _ 1) *sv,.+» (4 


These formulae may be transformed in various ways by using (1) and (6). They are 
due to Ijominel, Math. Arm. ix. (1876), pp. 429 — 432, but his methods of proving them weie 
not in all cases completely satisfactory. 


10*73. Lommel's functions when fi±v is an odd negative integer. 

The formula § 10*71 (2) assumes an undetermined form when /Lt — i/ or ^ 
is an odd negative integer*. We can easily define in terms of 

8v^i^v{z) by a repeated use of § 10*72(6) which gives 


( 1 ) 




{zY- 


’'l 


(_)r .{z) 

« 2»»+»(-p)„+. (i; -pTm+. 2Vpr(l - V), ■ 


* Since v (-z) Ib au even function of it is suflicient to oonBider the case in which /ti - is an 
odd negative integer. 
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We next define by the limiting form of § 10'72 (6), namely 

( 2 ) [(^■:?r¥Tf^J-+-T)] ■ 

The numerator (which is an analytic function of fi near fi — v — l) vanishes 
when = — 1, and so, by L’Hospitars theorem* 




Now it is easy to verify that 


log.-*%-Wl . 


dfjL 

Also 


-o(w+l)! r (l/ + TTi + 2) 

X (2log-^ + ^/r(l) + '^(i;4-l) — >/r ( 7 /i + 2) (i; + m + 2) j . 


[ I; {2<‘+‘ r (Jm - i.' + !) r (i/i + J »' + 1) cos j(/i + 1 ') ’t)] 

lOfl J/t-F-1 

= 2*' r ( 1 / + 1) sin i/TT {log 2 + (1) <f (i' + 1 ) + J TT cot j/Trj, 


and 


Ji/ + f)r(J/i + iv + |)cosi(/*-»«)7r}j ^ =2'-»7rr(v + l), 

and hence it follows that 
(3) 8,., , (z) « ii- r (r) i 

X {21ogi2:- Vr(i/ + m + l) — >/r(m + 1)} -2''"®7r r(i;) Yy(z), 

and this formula, which appears to be nugatory whenever i/ is a negative 
integer, is, in effect, nugatory only when i/ = 0 ; for when i/ = — n (where n is 
a positive integer) we define the function by the formula 

n— i,— n (^) ” ('2^)» 

in which the function on the right is defined by equation § 10*73 (1). 

To discuss the case in which v-bO, wo take the formula 






whichgives ‘ 

+ ‘ {r (1 m + f )}* {009 i/*"- • lo (f ) - sin i/mr . («)}, 

it follows, on reduction, that 

(4) [(l"g({!*)- V* (m+ 1)}*- if (».+ i)+4*r«]. 

* Of. Bromwich, Theory of Infinite Seriee^ § 162. 
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10‘74. Functions e^;pressible in terms of Lotmuel’s functions. 

From the descending series given in § 10‘71 (1) it is evident that Neumann’s 
l)olynoinial 0„(z) is expressible in terms of liommel’s functions by the equations 

(1 ) = (1/z) 0„,H, (z) = ((2m + 1)/^) (^). 

and Schlafli’s polynomial Sn (s) is similarly exi)ressible by the equations 

(2) S^,n (^) = (^)> (^) ~ 2So,2w»-j-i (^). 

It is also possible to express the important integrals 

J Jy {z) dzy J z^ Fy (z) dz 

ill terms of Lommel’s functions; thus we have 

^ (z- {z) . z'-” (^)l = zj,-, (z) (z)+(fi-n- l)zJ, (z) (z), 

(z) .z-‘'S^_,(z)]=-zJ,(z)S^,,(z)+(/z + v-l) zJ {z) {z). 

On eliminating from the right of these equations, and using 

§ 10*72 (6), we find by integrating that 

( 3 ) j z^J,(z)dz = (/z + v-l)zJ,(z)i}^.j_,..,(z)-zJ,^i(z)iSi,,y(z), 

and proofs of the same nature shew that 

(4) l\(z)dz = {fi + p-l)zV,(z)S^_^^fz)-zr,.,(z)S^,,(z), 

and, more generally, 

( 5 ) fz>^K(z)dz = (^ + p-l)z9f.(z)S^_,,,.,(z)-zK-Az)S^_,(z). 

Special cases of these formulae are obtained by choosing ^ and r so that 
the functions on the right reduce to Neumann's or Schlafli's polynomials, thus 

(^) J (^) dz — Z"' __ 2 (^) {z) — ^27/1-1 Om ('^)| 1 

Of these results, (1), (3), (4) and (6) are contained in Lommel’s paper, MafA, Ann, ix. 
(1876), pp. 425 — 444; (0) and (7) were given by Nielsen, Handhuch der Theorie der 
Cylinderfunktionen (IjoipKig, 1904), p. 100, but his formulae contain some misprints. 

It should be noticed that Lommel's function, in those cases when it is 
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expressible in finite terms, is equivalent to Gegenbauer’s polynomial of §9’2. 
The formulae connecting the functions are* 


(») 


.(^) = 








(*). 


,1 r(i'+ m + l) k + 2»/i + 1 jj 

^ xm-hi, I • v+aw+i V‘3’). 


ml 


It follows that the most general case in which the integral (5) is expressible 
in terms of elementary functions and cylinder functions is given by the formula 


(9) J 


__ ^ ^ ^ i»+2m ( ^) -d 2i»— 1 , V (“f ) 

2''r(i/ + ?a) v + 2ni — l 


L^)A M 

V + 2m 


The function defined by the series 




„=ur(i^ + 2wr+i) r(v-i) 

has l)een studied in great detail by W. H. Young t ; this function possesses many pro^>erties 
analogous to those of Bessel functions, but the increase of simplicity over Lommel’s more 
gejieral function seems insufficient to justify an account of them here. 

The integral v I - ' dt has been studied (when v is an integer) by H. A. Webb, 

J 0 t (^ — t) 

}fe»i(enger^ xxxiii. (1904), p. 58; and he stated that, when its value is 0^ (^). This is 
incorrect (as was pointed out by Kapteyn) ; and the value for general values of is| 

{*S’i, vi-z)- vS^, V ( 
when R {v) > 0 and [ arg ( - 2 ) | < tr. 


10-76. The asymptotic expansion of S^^^{z). 

We shall now shew by Barnes’ method§ that, when fi±v are not odd 
positive integers, then Sft^y{z) admits of the asymptotic expansion 

. Km _ 

^ z* 

when I ^ 1 is large and | arg z\<ir. 

Let us take the integral 

27ri r(j- Ji/) r(J- J/A-iv) ' sinsTT 

The contour is to be drawn by taking p to be an integer so large that the 
only poles of the integrand on the left of the contour are poles of cosec sir, the 
poles of the Gamma functions being on the right of the contour. 

* Gegenbauer, Wiener Sitzungsberichte^ lxxiv, (2), (1877), p. 126. 

t Quarterly Journal, xuii. (1911), pp. 161 — 177. 

X Cf. Gubler, Zilrich Vierteljahrsechrift, xlvii. (1^2), pp. 422 — 428. 

§ Proc. London Math. Soc. (2) v. (1907), pp. 69—118; cf. g§ 6*5, 7*6, 7*61. 




362 THEORY OF BESSEL FUNCTIONS [OHAP. X 

The integral is convergent when |arg j | < tt, and it may be seen without 
difficulty that it is 0 

It may be shewn from the asymptotic expansion of the Gamma function 
that the same intcgi’and, when integrated round a semicircle, of radius R with 
centre at — p — on the right of the contour, tends to zero as x , provided 
that R tends to infinity in such a manner that the semicircle never passes 
through any of the poles of the integrand. 

It follows that the expression given iibove is equal to the sum of the 
residues of 

^ •’(!- iM + l") ■ sin sir 

at the points 

1,2, 3 

i-lfi-lv, .... 

l-lfjL + lv, + + .... 

When we calculate these residues we find that 


^ „t, (i + i r 

+ § t)- +i /* “i ") TJi ti ± i Ik)!" 

m~i ji/+ w) r{i + i^+|v+wt) 

_ 2>‘-‘7rr(^ + iM+k ) £ 

rU —iM’-'r i »') sin VTT „“(,»«! r(l —v + rn) 

rU“ k ~ r(i/+ m + 1 ) 


SO that 


,„t, (l^rr(j-k + k)ra-k-k) 

sin VTT 

X [cos J (/Lt - p) TT . (z) — cos i ^ i^)] = 0 

and so, by § 1071 (2), we have the formula 

.t. --(p-rni" i,.+ J.) +0(‘'’). 

and this is equivalent to the asymptotic expansion stated in (1). 
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10*8. Hemi-cylindrical functions. 

Functions Bn(z) which satisfy the single recurrence formula 

(1) Sn-i (Z) - Sn+i (z) * 2Sn' (z) 

combined with 

(2) S,(^) = -So'(z) 

have been studied in great detail by Sonine*. They will be called heini- 
cylindrical functions. 

It is evident that S,* {z) is expressible in the form 
SnW=/n(i)).So(4 

where D = djdz and fn {D) is a polynomial in D of degree n ; and the polynomial 
fn(i) satisfies the recurrence formula 

combined with 

It follows by induction (cf. §9*14) that 
and therefore 


(3) S„ {z) = i [{- Z) + + 1)1“ + I- + 1))“] . So (z). 

If it is supposed that (1) holds for negative values of w, it is easy to see that 

(4) = 


To obtain an alternative expression to (3), put f « sinh t, and theiif 


Hence 


/«(?)= 


(cosh nt 
(— sinh nt 




2!^ 4! ^ ■" 

1!^ 3! 


(n even) 
(n odd) 

(ri even) 
(« odd) 


(5) 






4! 


~~ II 3 ! ^ — 


(a even) 
(n odd) 


It is to be noticed that 0^ (^), Tn {z) and Eh( 2 ) are hemi-cylindrical functions, 
but Sn(zX Un(z) and H„(zyare not hemi-cylindrical functions. 

It should be remarked that the single recurrence formula 

gives rise to functions of no greater intrinsic interest than Lommel’s polynomials. 


w. B. p. 


* Math. Ann. xvi. (18S0), pp. 1—9, 71—80. 
t See e.g. Hobson, Plane Trigonometry (1918), § 264. 


23 
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10*81. The addition theorem for hemi-cplindrical functions. 

We shall now establish Sonine’s important expansion* 

(1) B„,(^ + «)= I 

n- — * 

the expansion is valid when z + ^ lies inside the largest circle, whose centre is 
at the point z, which does not contain any singularity of the henii-cylindrical 
function under consideration. 

Take as contour a circle C with centre z such that So (S’) has no singularity 
inside or on the circle. Then 


The series converges uniformly on the contour, and so we have 

^ ^n^n(^) f S^ (f) On (f df 

^TTl „«:o J C 

But it is easy to verify that 

(f). 


that 


8^ (z + t)^ Jo (t) Sn, (Z) -h 2 Jn (0 (Sn,_n (z) + (-)'‘ S,n+n (z)] , 


n = l 

whence Sonine's formula is obvious. 

It should be noticed that, if 8u(z) denotes a function of a more general 
type than a hemi-cylindrical function, namely one which merel}^ satisfies the 
equation 

®n-i (z) — Sn+i (^) =* 2S71 (^)i 

without satisfying the equation 8i(z) = — So (z), we still have 
(“ *"■ 

and so the formula (1) is still valid. We thus have an alternative proof of 
the formulae of §§5*3, 9T, 9*34 and 10-63. 


* sMath, Ann. xvi. (1880), pp. 4—8. See also K6nig, Math. Aim. v. (1872), pp. 310—340; ibul. 
XVII. (1880), pp. 85—86. 
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10 * 82 . Nielsens functional equations. 

The pair of simultaneous equations 

r(l) {z) - {z) - 2/V {z) = 2/, {z)lz, 

1(2) fV_, {z) + (z) - (2v/z) F, (z) = 2ff, (z)/z, 

where /y(z) and ffy(z) are given arbitrary functions of the variables v and z, 
form an obvious generalisation of the pair of functional equations whereby 
cylinder functions are defined. It has been shewn by Nielsen* that the 
functions f (z) and (z) must satisfy the relation 

/»_, {z) +/,+, (z) - {2vlz)fy {z) = gf,_, iz) - sr,+, {z) - 2gJ (z ) ; 

and it has been proved f that, if this relation is satisfied, the system can be 
reduced to a pair of soluble difference equations of the first order. 

For brevity write 

/. iz) + 9, i.2) = «. {«), Mz)-gy{z) = fiy (z), 
and the given system of equations is equivalent to 
|( 3 ) (^ + p)F,(z) = zFy-,(z)-ay(z), 

1(4) (^-l^)Fy(z)=~ZFy + ,(z)-/3y(z). 

It is now evident that 

- v’) Fy (z) =(%-v) [zFy_^ {z) - tty (z)] 

= - Z^Fy (z) - Zffy^r (z) - - k) O, (Z), 

so that ^yFy {z) = — z^y^x — a, (z). 

Again 

(a* - Fy (Z) - (^ + I-) [- ZFy^X (^) - (^)] 

= - Z'Fy (z) + , (z) - (^ + v) ^y (Z). 

We are thus led to the equation 

( 5 ) VyFy(z) = ZWy(z), 

where 

1 ^( 6 ) ZVy («) = — zffy^x (^) ~ (^ ~ **) (^)> 

1(7) iVy {z) = + zay+x {z) - (^ + v) fiy (z). 

On comparing these values of we are at once led to NicLsens 

condition 

(8) {z) +fy+, (z) - (2vlz)fy (z) = 9y-, (z ), " 9y+, (z) - 29 ; (z). 

It now has to be shewn that Nielsen’s condition is sufficient for the exist- 
ence of a solution of the given system. To prove this, we assume (8) to be 

* Ann. di Mat. (3) vi. (1901), pp. 61 — 69. 
t WatBon, Messenger^ xiiViii. (1919), pp. 49—58. 

23—2 
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given, and, after defining by (6) and (7), we solve (5) by the method 

of variation of parametera. The solution is 


(9) {z) = Jy (z) |c„ “ (0 

+ Yt, (z) |d„ + Jtt j (0 (0 ‘ f 

where a and b are arbitrary constants; and c„ and may be taken to be 
independent of z, though they will, in general, depend on v. 

It remains to be shewn that and dy can be chosen so that the value of 
Fy{z) given by (9) satisfies (1) and (2), or (what comes to the same thing) 
that it satisfies (3) and (4). If (3) is satisfied, then 


zjy^^ {z) Cy-^TT j Yy (t) tST y (t) - \TT Z J y (z) Yy(z) Wy {z) 

+ (z) + ^TT Jy(t) XJy (t) dt • + {tTZ Yy (z) Jy (z) TST y (z) 

= zJy^^ (Z) I CV_1 -WJ ^•'-1 (0 ® M-1 (0 ■ 

4- zYy^, {z) (0 (0 —cty (z), 

that is to say, 

zjy^l (z) ^y - Cy^j “ (0 (0 - (0 ^*^-1 (Ot 

4 — -f JtT I [Jy{t)‘GJy(t) — Jy^^{t)Wy_^{t)]d^ 4 O,, (-^) = 0. 

But it is easy to verify that 

{z) /3.-, {z) - Y^y {z) a. (^)J = isr, {z) {z) - {z) {z\ 


since (6) and (7) are satisfied ; and so (3) is satisfied if 


ZtT 



+zy,-, (z) 


- i-TT F,_, («) {Z) - Yy (z) Oy (z) I 

I (ly - dy^l + JtT r (z) /3y-, (z) -Jy{Z) Oy (^)l l 


+ Oy (Z) - 0, 


and this condition, by § 3'63(12), reduces to '■ 

^•4-1 (^) {c» - c„_j + Jtt [ F,_, (a) ^y_i (a) - Yy (a) a, (a)]) 

+ z F,_, (z) jd, - dy-i - Jit [Jy^, (b) y9,_, (6) — Jy (b) a, (6)]) = 0. 

Consequently, so far as (3) is concerned, it is suflBcient to choose c, and dy 
to satisfy the difference equations 


(10) Cy - Cy-, * - !■»■ { F,_, (a) )8,_, (a) - F, (a) Uy (a)}, 

(11) dy-dy.,^ ^ {Jy., (6) /3,_. (6) - Jy (6) u, (6)} ; 
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and the reader will have no diflSculty in verifying that, if these same two 
diflference equations (with v replaced by i/ + 1 throughout) are satisfied, then 
the value of F^{£) given by (9) is a solution of (4). 

These difference equations are of a type whose solutions may be regarded 
as known^; and so the condition (8) is a sufficient, as well as a necessary, 
condition for the existence of a solution of the given pair of functional equa- 
tions (1) and (2). 

If, as 00 , 

/, (z) = 0 (z^-% g, {z) = 0 

where S > 0, then we may make a oo , 6 oo , and we have 

Cp = df, = , 

so that the general solution may be written 

(12) 1^1 (i/) + Jtt Y^{t)my{t)dt' 

+ {z) 1^8 (v) - Itt (t) (t) dt ■ , 

where 'rri(v) and 7r2(i;) are arbitrary periodic functions of v with period unity. 

Note. Some interesting properties of functions which satisfy equation (2) only are to 
be found in Nielson’s earlier pai>er, Ann. di Mat. (3) v. (1901), pp. 17 — 31. Thus, from a 
set of formulae of the typo 

it is easy to deduce that 

(13) n ^ . (z) =/?■,(*) fl,. ,(*) - n -,(*)«»- 1. . * I (s) 

n— 1 

+ (2/^) 2 + m (^) I'+m + l (^) » 

w-0 

the first two terms on the right are the complementary function of the difference equation, 
and the series is the particular integral. 

* An account of various memoirs dealing with such equations is given by Barnes, Prov. London 
Math. Soc. (2) II. (1904), pp. 438—469. 



CHAPTER XI 


ADDITION THEOREMS 

11 ’1. The general nature of addition theorems. 

It has been proved (§ 4'73) that Bessel functions are not algebraic functions, 
and it is fairly obvious from the asymptotic expansions obtained in Chapter vii 
that they are not simply periodic functions, and, a fortiori^ that they are not 
doubly periodic functions. Consequently, in accordance with a theorem due 
to Weierstrass*, it is not possible to express (Z + z) as an algebraic function 
of Jy{Z) and Jy^z). That is to say, that Bessel functions do not possess 
addition theorems in the strict sense of the term. 

There are, however, two classes of formulae which are commonly described 
as addition theorems. In the case of functions of order zero the two classes 
coincide ; and the formula for functions of the first kind is 

Jo — ^Zz cos </>)} =* 2 (Z) Jm (z) COS m<j), 

m-O 

which has already been indicated in § 4’82. 

The simplest rigorous proof of this formula, which is due to Neumann f, 
depends on a transformation of Parsevars integral ; another proof is due to 
Heine who obtained the formula as a confluent form of the addition theorem 
for Legendre functions. 


11 ’2. Neumanns addition theorem^. 

We shall now establish the result 

ao 

(1) *^o(w)= 2 €,„/„.(Z) J„(2)C08m<^, 

m-0 

where, for brevity, we write 

= ^/(Z^ -hz^— 2Zz cos (/>), 

HTul all the variables are supposed to have general complex values. 

* The theorem waH stated in §§ 1 — 3 of Schwarz' edition of Weierstrass* lectures (Berlin, 
1893) ; see Phragm^n, Acta Math. vn. (1885), pp. 33 — 42, and Forsyth, Theory of Functions (1918), 
Gh. XIII for proofs of the theorem. 

t Theorie der BesseVschen Functionen (Leipzig, 1867), pp. 59 — 70. 

t Handbuch der Kugelfuncttonen, i. (Berlin, 1878), pp. 840— -343 ; cf. § 5‘71 and Modern 
Analysts^ § 15*7. 

§ In addition to Neumann’s treatise cited in § 11 *1, see Beltrami, Atti della R, Accad, di Torino^ 
XVI. (1880—1881), pp. 201—202. 
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We take the formula (Parsevars integral) 

Mv) = ^ e'* “»<»— 

which is valid for all (complex) values of aj and a, the integrand being a periodic 
analytic function of ff with period 27r. We next suppose that a is defined by 
the equations 

xn sin z cos <f>, m cos a = z sin <f>, 

and it is then apparent that 

1 . 

Jo («■) “ ^ j ^ cos 0) sin 6 + iz sin (jy cos 6] dO 

— IT i mes— 30 } 

27r JJJ, - ^ « / - ir 

= ^ I (2) f " C”** 

27r J -tr 

= S Jm(Z) Jmi^) e“'*, 

w- -® 

the interchange of the order of summation and integration following from 
the uniformity of convergence of the series, and the next step following from 
the periodicity of the integrand. 

If we group the terms for which the values of m differ only in sign, we 
immediately obtain Neumann’s formula. 

The corresponding formulae for Bessel functions of order ± J were obtained by Clebsch, 
Journal fiir Math. LXI. (1863), pp. 224 — 227, four years l)efore the ])ublication of Neumann’s 
formula; see jiJ 11 ’4. 

11 ’3. Graf 8 generalisation of Neumanns formula. 

Neumann’s addition theorem has been extended to functions of arbitrary 
order v in two different ways. The extension which seems to be of more 
immediate importance in physical applications is due to Graf*, whose 
formula is 

(1) J. {^) . [ ^ (*) 

/ 

and this formula is valid provided that both of the numbers | ze^^"^ | are less 
than \Z\. 

* Math. Ann. xliii. (1893), pp. 142 — 144 and Verhandlungen der Schweiz. Naturf. Oen. 1896, 
pp. 59 — 61. A special case of the result has also been obtained by Nielsen, Math. Ann. lii. (1899), 
p. 241. 
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Graf’s proof is based on the theory of contour integration, but, two years after it was 
]mblished, an independent proof was given by G. T. Walker, Messenger^ xxv. (1896), pp. Y6 — 
80; this proof is applicable to functions of integral order only, and it may be obtained 
from Graf’s proof by replacing the contour integrals by definite integrals. 


To prove the general formula, observe that the series on the right in (1) 
is convergent in the circumstances postulated, and so, if argZ=a, we have 

)//=£— 00 

= 2^-. S l' ' exp 1)1 r-"’"-’ /„,(«) 


there is no special difficulty in interchanging the order of summation and 
integration *. 


Now write 

(Z — — mu, (Z — ze^^)lt =mlu, 

where, as usual, m = s/(Z‘^ — 2 Z 2 cos <f>), 

and it is supposed now that that value of the square root is taken which makes 
m + Z when z 0. 


For all admissible values of z, the phase of m/Z is now an acute angle, 
positive or negative;. This determination of m renders it possible to take the 
//-contour to start from and end at — x exp(— where /3 = arg m. 

We then have 




(^) 'Ah (^) = 


1 /Z—ze 

27ri ' 'GT 

(Z - 

Z - ze^^ ) 

by § 6*2 (2); and this is Graf’s result. 


-f0y no-h) 

J — or ov 




® exp(-F|8) 


exp 




JA^), 


If we define the angle yjr by the etjuations 

Z — z cos 0 = cr cos yjr, z sin = w sin 

where yfr 0 ns z 0 (so that, for real values of the variables, we obtain the 
relation indicated by Fig. 28), then Graf’s forbiula may be written 


(2) S 

niz=—ao 

and, on changing the signs of ^ and ^jr, we have 

( 3 ) e~^*JA^)= t 

m= — po 


Of. Bromwinb, Theory of Infinite Series, § 176. 
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whence it follows that 

( 4 .) 2 

alii ma — 00 ”in 



Fig, 28. 

If, in this formula, we change the signs of v and m, we readily deduce from 
§ 8*54! that 

( 5 ) 2 

Sin sin 

and so 

(6) S 

Sin sin 

'fhe formula (fi) was given by Neumann in his treatise in the special case v=0; sec 
also Somnierfeld, Math. Ann. xf/V. (1894), p. 276; ibid. XLVir. (1896), p. 356. Some physical 
applications of the formulae are due to Schwarzschild, Math. Ann. LV. (1902), pp. 177 — 247. 

If we replace Z, z and tj in these ecpiations by iZ, iz and iw respectively, 
it is apparent that 

( 7 ) 2 

hill Sin 

( 8 ) I 

mil 171^*^00 hill 

Of these results, (7) was stated by Beltrami, Atti della R. Accad. di Torino^ xvi. (1880— 

1881), pp. 201-202. 

'Fhe following special results, obtained by taking Jtt, should be noticed : 

<9) 1f.(«r)C0SI/lfr= 2 

»W--« 

(10) 'if.(w)sinj;Vf = 2 (-)’*'<^,+am+i(^)</^»n+iO). 

where j? = w cos 2 = w sin ^ and | .? [ < | Z |. 

For the physical interpretation of these formulae the reader is referred to 
the papers by G. T. Walker and Schwarzschild ; it should be observed that, in 
the special case in which v is .an integer and the only functions involved are 
of the first kind, the inequalities | ze*^ \<\^\ need not be in force. 
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11 *4. Gegeubauers addition theorem. 

The second type of generalisation of Neumann’s addition theorem was 
obtained by Gegenbauer* nearly twenty years befoi-e the publication of 
Graf’s ptiper. 

If Neumann’s formula of § 11*1 is differentiated n times with respect to 
cos we find that 

/l, «/■«(«) ? (Z) Jm+n (^) d” COS (w + n) (/> . 

d(cosif>y^ 

This formula was extended by Gegenbauer to functions of non-integral order 
by means of the theory of {)artiul differential equations (see § 1 1 42) , but 
Soninef gave a proof by a direct transformation of series, and this proof we 
shall now reproduce; it is to be noted that, in (1), « is not restricted (as in 
§ 1T3) with reference to Z. 

We take Lommel’s expansion of § 5*22, namely 

A 1>! 

and replace f and h by and '—2ZzcoH(f> respectively; if we wiite H 

in place oi’ J^(zt)/vj^ for brevity, it is found that 

^ 5 (Z^^cos <l>)^ -1-g'O ) 

* * {--y ^ 

” ^ ^ 99 tii iril "7^9 * 

by a further application of Lommers expansion with f and h replaced by Z^ 
and z^. 


But, by § 5*21, 
d v-^p-\-q (Z)_ 

Z1 

and so 


7 ! v-^-p 2k r (i/ -f p -f /r) 


fr-o {q — k)\ 


29 


r(i^4-p + 74'A*+i) 


•/k-HP+H* 


« ® 7 (-)9 (,/ + P + 24:) r (y -h p -t- /c) zP^^’^ cosP <l> J u+p+‘ 2 k (^) 

2'‘^Jp]kl(q-k)ir(i'-hp'hq +k+}) Z’^ 


the triple series on the right being absolutely convergent, by comparison 
with 


* ® j r (i/ ’i- p + k) 

pZoq^ok^o 2P^-^-^^p\k \ (7 - + P + 2k) T (*/ -hp + 7 + ^ -H 1 ) 


• Wiener Sitzungsberichte, lxx. (2), (1875), pp. 6—16. 
t Math. Ann. xvi. (1880), pp. 22—23. 
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But, for an absolutely convergent series, 

t i 

and 80 


^k,9~ ^ 2 ^k,k+nt 

7=0 Ar=0 


» « I (-)*^ (v+p + 2k)T(v + p+k) cost’ 4, J^j^,k(Z ) 
2'*-^p!A:!n!r(r + p+24r + n+i) Z> 

_ ® * (-)* 2-'^ (v + p + 21:) r (v + p + A;) cosP J,+,,+ik(Z) J^,, +.^(z ) 
“p.otto p'lc\ Z” z” 

_ 5 * ( -)* 2>+>«-»* (k + m) r (v + OT - k) cos’^-^4> J^,„ (Z ) J,^,„{z ) 
k-om-^ {‘>n.— 2k)\k\ Z* z" 

^ <^<» (_)* {v + m)T{v + m — k) cos’”"** * {Z) J„+,„ (z) 

' (m-2A;)!l:! ’ ■" 5^- " - 


Now 




where, as in § 3‘32, Cin" (cos <f>) denotes the coefficient of «“ in the expansion 
of (1 - 2« cos tf) + in ascending powers of a. We have therefore obtained 
the expansion 

(2) -lAp = 2- r (v) i(p + m) (cos 

® m-0 ^ 

which is valid for all values of Z, z, and 0, and for all values of v with the 
exception of 0, — 1, — 2, .... 

In the special case in which i/ = we have 

(3) = ,r i (m + i) (cos 0). 

nr m-o V" V* 


This formula is due to C:!lebsch, Journal fUr Math, LXi. (1863), p. 227 ; it in also 
given by Heine, Journal fur Math. Lxrx. (1868), p. 133, and Nounmnn, Leipziger Berichte, 
1886, pp. 75—82. The formula in which %v is a jwsitive integer has been obhiined by 
Hobson, Proc. London Math. Soc. xxv. (1894), pp. 60—61, from a consideration of solutions 
of Laplace’s equation for space of 2v-b2 dimensions. 

An extension of the expansion (2) has Ijeen given by Wendt, MonaUheftc fUr Math, und 
Phys. XI. (1900), pp. 125—131 ; the effect of her generalisation is to cxpre.ss 

sin’^ (t>Jy + p{v) 

as a series of Bessel functions in which the coefficients are somewhat complicated 
determinants. 


11*41. The modified form o f Gegenhauers addition theorem. 

The formula 

(1) = 2' r (v) i (-)» {v + m) C,,,' (cos 4>) 

may be established in the same manner as the Gegenbauer-Sonine formula of 
§ 11*4. This formula does not seem to have been given previously explicitly, 
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though it is used implicitly in obtaining some of the results given subsequently 
in this section. 

Unlike the formulae of § 11*4, the formula is true only when \z\ is so 
small that both the inequalities | I < i ^ I are satisfied; but, in proving the 
formula, it is convenient first to suppose that the further inequalities 

I 2Zz cos<f>\< \ -{- z^ly \z\<\Z\ 

are satisfied. 


We then use Lommel’s expansion of § 5*22(2) in the form 

(? + A)-t- lV(f + A)) = ^ ?-* <-+!’> WO. 

p-(t P • 

which is valid when |/i| < | f |. 

It is then found by making slight alterations in the analysis of § 11*4 that 

‘W' p^{) p\ 


- i 5 


j;* -0 g-O 




? V V (v +p + 2k) r(— V — p — q — k) cOBf <f> 

~3oA*-« ' ' 2-‘p’:k[(q-ky.r{i-v-f-k) z- ■ 

V V * (•' + P+ r(-t>- p-2k- Ii) zP+^+i^ cosPif) {Z) 

“ptotrontu ■■ ■“T»i+»/>!Arn!r(l ' Z- 

= V y J-,-y-^{Z) . /.+p+^ {z) 

,"y*to p'kA " Z” z^' 

i ‘‘y" (i/ + m) r (i/ + m J _,_„(Z) J.^^jz) 

«,-o*=» {m-2k)\k\ Z’ z’' 

= 2- r (r) I (-r (»’ -f m.) — 7'^^ (cos ^). 

m = 0 ^ -2:’' 


.so the required result is established under the conditions 
I 2 Zz cos (f)\<\Z^-^z^\, \z\<\Z\, 

Now the last expression is an analytic function of ^when z lies inside the 
circle of convergence of the scries * 

(i/ + 7n) z'*^ G.tn'' (cos c^) 

w=o f (1 — p — m) f (i + I' + wi) * 
and this circle is the circle of convergence of the series 


« / » \ wt 

^ (y) 

Hence the given seric's converges and represents an analytic function of z 
provided only that | ze*^* | < | Z| ; and, when this pair of inequalities is satisfied, 
(w)/ 'or*' is also an analytic function of z. 


Cf. § 6*22. 
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Hence, by the theory of analytic continuation, (1) is valid through the 
whole of the domain of values of z for which 

I I < I ^ I . 

If in (1) we replace j; by — we find that 

‘®‘ w» = 0 

Again, if we combine (1) with § 11*4 (2), wo see that, for the domain of 
values of z now under consideration, 

<3) = 2' r {v) (y + m) (cos 

and so, generally, 

-CT m=,o ^ ^ 

If in (8) we make 0 and use the formulae 

6V (cos </>)=!, lim {r (y) {v + m) 0,^^ (cos <f>)] = 2 cos m<f>, {ni ^ 0) 

v-*.0 

we find that 

(5) Fo(l!r)= 2 €,nYjn{Z) J„(z) COB 

m—O 

The formul.io (1) and (2) have not been given prcviouHly ; but (3) is due to (JcgenlKiuer, 
and (6) was given l>y Neumann in his treatise (save that the functions were replaced 
by the functions The formula (3) with v equal to an integer has also been examined 

by Heine, Handhuch der Kugelfunctionen^ i. (Berlin, 1878), pp. 4b3-™464. Some dcvolop- 
merits of (4) are due to Ignatowsky, Archiv der Math, und Phyx. (3) xviii. (1911), pp. 322— 
327. 


If we replace Z, z and w- by iZ, iz and m in the formulae of § 11*4 and 
this section we find that 

(6) = 2' r {v) 2 (-r (.- + m) ^ C'„- (cos <i>), 

(7) {=l<p = 2‘'r(v) X (-r(r + m)-^;^^^%^C„'(co8^), 

W m-O ^ Z 

/ 

(8) = 2' r (y) 2 (./ + m) C' (cos ^). 

W fnsiO " ^ 

Of these formulae, (8) is due to Macdonald, Proc. London Math. Soc. xxxii. (1900), 
pp. 156 — 157; while (6) and (7) were given by Neumann in the special case v = 
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The formulae of § 1 1*4 and of this section are of special physical importance 
in th(‘ case v = If we change the notation by writing ka, kr and 6 for Z, 
z and <f> we see that the formulae become 

sin k »J{r^ + a* — 2ar cos 6) 


( 9 ) 


(10) 


-fa- — 2ttr cos d) 

- ' i. <”• + « <“• ">■ 


Vr 


cos k \/(^ *f — 2ar cos d) 
V(^* + (i^ — 2ttr cos 0) 


= TT i (-r (»H + i) 

m^O V® 

ni^ ^ 2a r cos ^)} 

^ V (^ + “ 2tt7- cos 0) 

= i (2m + 1) (cos d). 

m = 0 VCt vr 

These formulae ai'e of importance in problems in which pulsations emaiiate from a 
point on the axis of harmonica at distance a from the origin, in presence of a sphere whose 
centre is at the origin. Of. Carslaw, Math, Ann. lxxv. (1914), p. 141 et aeq. 

The following special cases of (4) were pointed out by Gegenbauer, and 
are worth recording : 

If ^ = TT, we have 


W4^^ = 2'r(.-) £ (-)-(„ + m) 

V" + m-0 

If<^= Jir, we have 

^■‘.yKZ;^±z^ 


(13) 




y^y-\-in{Z) (z) r (2|/ + 7H) 

z* ' m!r(2i/) 

(Z) {z) r(i/H-m) 


Z^ z*" ’ ml 

If Z== z, (f)= 0, and Yvv is taken to be 

(14) .»_^’'‘' r(«')r(r + i) ; . r(2»> + 7ft) 

a formula already obtained (§ 5*5) by a different method; in this connexion 
the reader should consult Gegenbauer, Wiene?' Sitzungsberichte, LXXV. (2), 
(1877). p. 221. 

More generally, taking Z ^ Zy 4>^0, = we have 

<’« {%<£>}• C„- (CO,.). 

Gegenbauer, loc. cit, gives also special cases of this formula, obtained by taking 
0 = Jtt, </> = tt. 
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Again, it can be shewn that*, ii R{v)> — I, 
j sin®” <l> Cm" (c‘>9 <f>) C," (cos tt F (2v + vi ) 


( 2^' ' (v + wi). m! [r(i;)}'^ 


{>11 ’^p) 
{m=p) 


and so, provided tliat R (p) > — i , 
and, mure generally, 

^r(2p+m ) K+..(^ ) 


A simple proof of this formula f, in the sj^ecial case in which m=-0 and the cylindci* 
functions are functions of the first kind, was given by Sonine, Mat/i. Ann. xvi. (1880), 
p. 37, Another direct proof for functions of the first kind is due to Kluyver, Proc. Section 
of Sci.y K. Acad, van Wet. te Ameterdaniy xi. (1909), pp. 749 — 755. An indirect proof, 
depending on § ls213(l\ is due to Gogenbauer, Wiener Sitzungsherichtey Lxxxv. (2), (1882'), 
pp. 491—502. 


[Note. An interesting consequence of (4), which was noticed by Gegenbauer, Wiener 
Sitzungeheric/Uey Lxxiv. (2), (1877), p. 127. is that, if | ze^^ \ <\Z\ throughout the contoui* 
of integration, then (’cf. § 9*2) 


(18) 


1 /•(0 + »'^.{ w ) 

j Am. , («) r (i-) . (y + m) — C, 


(cos (fi). 


special cases of this formula, resembling the re-sults of § 9 '2, are obtainable by taking 0 
equal to 0 or tt.] 


11 '42. (Jegenhanefe mvestigation of the addition theore^n. 

'rhe method used by Gegenbauer, Wiener SitzungsherichtCy LXX. (2), (1875), pp. 6 — 10, 
to obtain the addition theorem of § 11*4 is not quite so easy to justify as Sonine’s 
transformation. It consists in proving that Q is a solution of the partial difterential 
equation 

d'^Q , 2i/+l 00 , 1 0*0 , 2i^ cot 0 0O , ^ 

0i* “7“ 0i 00"* 00’^““^* 

and assuming that O can be expanded in the form 

0-2 By„.C^^(coB(l>)y 
m =‘0 

where is independent of 0, and (cos 0) is a polynomial of degree m in cos 0 ; it 
follows that 

* Gegenbauer, Wiener Sitzungeberichtey lxx. (2), (1875), pp. 433 — 443, and Bateman, Proc. 
London Math. Sac. (2) iv. (1906), p. 472; cf. aUoBarnee, Quarterly Joumaly xxzix. (1906), p. 169; 
Modern AnalyzUy § 16*51 and Proc. London. Math. Hoc. (2) xvii. (1919), pp. 241 — 246. 

t Formula (16) has been given in the special case i^ = 0 by Heaviside, Electromagnetic Theory y iii. 
(London, 1912), p. 267, in a somewhat disguised form. 
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in a constant multiple of (cos and so (cos may be taken to be the coefficient 
of in the expansion of (1 — 2a cos + And then Bm, qua function of satisfies the 

differential equation 


02^ 2 fJZ { 2^ j 


80 that Bf„ is a multiple of (A the other solution of this differential equation not 

l>eing analytic near the origin. 

From considerations of symmetry Gegenbauer inferred that Bm, qua function of Z, is 
a multiple of so that 


5 

m-o ^ ^ 


where is a function of v and w only ; and is determined by comparing coefficients of 
z”^ Z”* coH”^ tf> in fi ami in the expression on the right. 

A similar prfxiess was used by Gegenbauer to establish § 11 -41 (3), but the analysis 
seems less convincing than in the case of functions of the first kind. 


11*5. The degenerate form of the addition theorem. 

The formula 

(1) J^(2« + 1) J„^i (z) J\ (cos <#.) 

was discovered by Bauer* as early as 1859; it was generalised by Gegenbauer f, 
who obtaino‘d the expansion 

(2) ««<»»* = 2-r(i/) 2 (i- + w) (cos ^) ; 

m=0 ^ 

Bauer’s result is obviously the special case of this expansion in which = J. 
In the limit when v 0, the expansion becomes the fundamental expansion 
of §21. 

Gegenbauer’s expansion is deducible from the expansion of § 11*41 (4) by 
multiplying by and making Z oo ; it is then apparent from § 11 *41 (9) 
and (10) that the physical interpretation of the expansion is that it gives 
the effect due to a train of plane waves coming from infinity on the axis of 
harmonics in a form suitable for the discussion of the disturbance produced 
by the introduction of a sphere with centre at the origin. 

A simple analytical proof of the expansion consists in expanding 
in powers of z and substituting for each power the series of Bessel functions 
supplied by the formula of § 5-2 ; we thus find that 

^ i^ <t> ^ 

gtzros^ = ^ - ^ z*'^^ 

wtTo n ! 

^ i^ cos'* 0 4- 71 -f 2k) + n + 

*= ^ Z 7- «/|r+n+8ifcW- 

n---0 n\ jfc^O 

• Journal f Ur Math, lvi. (1850). pp. 104, 106. 

t Wxener Sitzung*berichte, l,xviii. (2), (1874), pp. -367 ; i.xxiv. (2), (1877), p. 128; and 
Lxxv. (2), (1877), pp. 904—905. 
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If we rearrange the repeated series by writing — 2k\ we deduce that 

00 {m-9k cos”*"** di 

r (, + - 1) w 

= 2" r (k) i (t- -I- m) J,+m (^) C^m' (cos <f>), 

m=0 

and this is Gegenbauer s result. 

Modified forms of this expansion, also due to Gegenbauer, are 

( 3 ) ^ 2” r (v) 2 (v + m)^-''i^C,„''(cos<t>), 

m=0 ^ 

00 T , (z\ 

(4) e-*co»* = 2* r (i;) 2 (-)"* . (y + m) ’ C,,,' (cos 

m=0 ^ 

(5) co8(zcos</.) = 2-r(i.) 2 (-)»‘.(i/ + 27n) -'^”;;^^V,„(co8 0), 

m=0 

(6) Bin(^cos<#.) = 2-r(i;) 2 (-)" . (» + 2«t + 1 ) C'Vh (cos </.), 

TO=0 ^ 

(7) 1 = 2-2 (i/+2»i)*^‘""^^^. \ 

m-o ' »»! 

(8) (cos zf,) sin^-.^ d4> = — — ^ '%-• 

The last is a generalisation of Poisson s integral, which was obtained by a 
different method in § 3’32. It is valid only when R(v)> — 

The-se formulae are to be found on pp. 363 — 365 of the first of Oegen bailor’s menioirs 
to which reference has just been made. 

Equation (1) was obtained by Hobson, Proc, London Math. aSoc. xxv. (1891), p. 59, by a 
consideration of solutions of Laplace’s equation in space of 2i/ + 2 tlimensions, 2r-f 2 being 
an integer. 

A more general set of formulae may be derived from (2) by reiilacing 
cos <f} by cos (f) cos <^' -f- sin 0 sin (f> cos multiplying by sin®*'"^ -i/r, and inte- 
grating with respect to yjr. The integral * 

[ (cos <f) cos <!>' -f sin </> sin <f>' cos ylr) sin'‘'*'“' ylrdyjr 

" ~r ^ 

which is valid when R (v) > 0, shews that 

I exp \iz (cos cos + sin sin cos '^)] sin®*'”* ifrdyfr 
Jo 

= 2»-> ! r (^)!» 2 C-,/ (08 <!>) C',„' (cos 4>'), 

• Cf. Gegenbauer, Wiener Sitzungsberichlet lxx. (2), (1874), p. 433; cii, (2a), (1893), p. 1)12. 


W. B. F. 
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and so 


(^) 


(z sin sin <f>') 
(z sin if> sin 


exp [iz cos <l> cos 


2**'[r(i;))= * m) 

\/(27r) r (21/ -f w) 


v+m {^) 
Z^ 


(cob <f>)Cn'' (coa4>'). 


The integral used in the proof converges only when R (v) > 0, but the final 
result is true for all values of i/, by analytic continuation. 


This result was given by Bauer, Miinchener SitzungshencMe^ v. (1875), p. 263 in the 
case i/=i; the general formula is due to Oegeubaucr, Monatshefte fUr Math, und Phyt. x. 
(1899), pp. 189 — 192 ; see also Bateman, Messenger^ xxxiii. (1904), p. 182 and a letter from 
Gegenbauer to Kapteyn, Proc. Section of ScLy K, Acad, van Wet. te Amsterdamyiv. (1902) 
pp. 584—688. 

Interesting special cases of the formula are obtained by taking equal to or to ^ ; 
and, if we put equal to Jtt, multiply by sin^*' and integrate, we find that 


(10) 


— 
i""! jo 


•^ 1 — » (* sin <f>) sin*' (fxbft 


= 2V(2>r) S (-)’ 

mssO 


(y-bm) . (y + 2w) •/„ + 2 wi(^) •A' + 2 w(^) 


m ! 




so that the expression on the left is a symmetric function of z and Z; this formula also 
was given by Bauer in the case y = J. 


11*6. Batema'iis expansion. 

We shall now establish the general expansion 

( 1 ) izJfj,(z cos <f) cos <I>) (z sin ^ sin <1>) 

00 

= cos^ tf> cos'* 4> sin" <f} sin" 4> 2 (— )" (/la H- 1 / + 2ri + 1) (^) 

n-O 


r(/x4-i'-bw-bi)r(r + 724*i) 


7i!r(/LA + n + i)ir(i/ + i)} 

X (- w, /X + |/ + 7? + 1 ; r + 1 ; sin* <I>), 


aFj (—71, /LA 4 - + w +1 ; I/ + 1; sin* </>) 


which is valid for all values of p and v with the exception of negative integral 
values. 

Some of the results of § 11 *5 are special cases of this expansion, which was 
discovered by Bateman* from a consideration of the two types of normal 
solutions of the generalised equation of wave motions examined in §4*84. 
We proceed to give a proof of the expansion by a direct transformation. 


MesttevgfVy xxxiii. (1904), pp. 182 — 188; Proc. London Math. Soc. (2) iii. (1906), pp. Ill — 123. 
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It is easy to deduce from the expansion (§ 5-21) of a Bessel function as a 
series of Bessel functions that 
\zJ^{z cos <l> cos J, (z sin ^ sin 4>) 

5 (-)’"(i«>‘'^*"*+'(cosAcos4>y‘+*“ _ , . , . 

-. 1 , 

= cos^ <f> cos'* ^ sin" <f> sin' d> 2 F — ^ — <^co8 — ^ 

«-oL »»!r(yIl + TO + l) 

X I * X + 2». + 2„ + 1) 

^ »Fi(—n, fi+ v + 2m + « + 1 ; i» + 1 ; sin* <f> sin* ‘^)| J 

= cos'* <f> cos'* d> sin" <(> sin" 4> 2 (/i + v + 2w + 1) Jm+f+m+i («) 

«-o L 

y cos**" <t> cos*" 4>.r(/A + v + ?i-fm4*l) 

^m=ot m!(n-r»)!r(i/+l)r(|<. + m+ 1) 

X — n,^ + v + m + n + l; i>+l; 8in*^sin’4>)|^ 

^ v-hn^l; /A + l, v + l; cos* <j> cos® <I>, sin® 0 sin® 4>)J , 

where JF. denotes the fourth type of Appells* hypergeometric functions of 
two variables, defined by the equation 

We now have to transform f Appells function into a product of hyper- 
geometric functions in order to obtain equation (1); in effecting the trans- 
formation we assume that R (/x) > 0, though obviously this restriction may 
ultimately be removed by using the theory of analytic continuation. 

The transformation is a consequence of the following analysis, in which 
series are rearranged, and a free use is made of Vandermonde's theorem : 

cos®** <P . jp 4 (— w, /x-hl, v+l; cos® 0 cos* <I>, sin* ^ sin® <P) 

r-o.-o «!r!(/i + l), (I/+1), ^ ^ 

= 2 Y (- «)r+.(M+«' + n + l)r.H. ^ (-ysin«"**«</ > - (-)'‘8in*"+*'*^ 
r\{v+i)r t.o <!(«-«)! U-O «!(m +!).-« 

* Compteg liendusy xc. (1880), pp. 296, 781. 

t This transformation has not been previously noticed to exist except in the special case in 
which 4> = 0, see Appall, Journal de Math. (3) x. (1884), pp. 407 — 428; some associated researclies 
are due to Tisseraiid, Annalea {Mimoires) de VObaervatoire (Paris), xvifi. (1638), in^in. C. 


24—2 
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^ * (- n)r+, ( /jL +v + n+ l )r+, (- )*+ “ sin'''* <f> sin” ^ 

r-{) #-0 /-r M-r r!(v+l)r(< -r)!(^ + *~0! («-»■)! (m+ l)r+i-« 

_ i * S ( - n)r+, (fi + v +n + l )r +, (-/•* •“ 4> sin”* ^ 

(-0 u“o r-o *-<- r r ! (i/ + 1), (< - r)! (r + « - it)! (m - r)! (/i + 

= 2 ? 2 (~ ” )< (m + y + w + l)t (t> + < + M + l)n-i (— <l> 8in’‘“<l> 

^-0 «to r-« r[(j/+ !),(<- r)!(M-r)!(^+ 

= i f ^ ^ ±V)‘ sin^* <f,M 8in«* <p 

f-0 M-0 u' 

= (-)'* /^ + »' + w+ i; »' + i; sin* (/>) 

+ I/+1; sin® 4>) 

= cos‘"^ <1^ . 2 ^i(- w, /i + + 1 ; I/ + 1; sin®0) 

X 2^1 (- w, /X + 1 / + n + 1 ; V + 1 ; sin® 4^). 
Hence we at once obtain the result 
{z cos <f) cos <I>) (z sin (f> sin 4>) 

= C 08 M ^ COS'* <P sin- 4, sin- «I> + P 

^ 1 1” • I (— n, /X + i; + n + 1 ; r 4* 1 ; sin® <^) 

X /A -h I' + n + 1 ; -f 1 ; sin® <I>), 

from which Bateman’s form of the expansion is evident. 
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DEFINITE INTEGRALS 


12 * 1 . VarioiLS types of definite integrals. 

In this chapter we shall investigate various definite integrals which contain 
either Bessel functions or functions of a similar character under the integral 
sign, and which have finite limits. The methods by which the integrals are 
evaluated are, for the most part, of an obvious character; the only novel feature 
IS the fairly systematic use of a method by which a double integral is regarded 
as a surfiice integral over a portion of a sphere referred to one or other of 
two systems of polar coordinates. The most interesting integrals are those 
discussed in §§ 12'2 — 12*21, which are due to Kapteyn and Bateman. Th(‘se 
integrals, for no very obvious reason, seem to be of a much moie recondite 
character than the other integrals discussed in this chapter; their ri‘al sig- 
nificance has become apparent from the recent work by Hardy desciibed in 
§ 12*22. The numerous and important types of integrals, in which thi* upper 
limit of integration is infinite, are deferred to Chapter X.III. 

The reader may here be reminded of the very important integral, due to 
Sonine and Gegenbauer, which has already been established in § 11*41, namc‘]\ 


( ^J(^ 4- 2^-2 ^Tzcos 0)1 
(Z^ -f- z‘^ — 2Zz cos 0)*'' 


C,,," (cos <f)) sin*** (f>dif> 


2''-‘./a.!r(vV ^ 


12 * 11 . Sonine s first finite integral. 

The formula 

(1) W = ^)sin'^+' e cos®*"^^ Odd, 

which is valid when both R{p) and R{v) exceed ~ 1, expresse.s any Bessel 
function in terms of an integral involving a Bessel functijm of lower order. 

The formula was stated in a slightly different form by Sonine*, Rutgers f 
and SchafheitlinJ, and it may be proved quite simply by expanding the inb - 

* Math. Ann. xvi. (1880), p. 36; see also Gegenbauer, n'lencr SitzungsbenchtCt i . xxxmii . (2), 
(1884), p. 979. 

t Ntentc Archiff voor Wtskunde^ (2) vi. (1905), p. 370. 

X Die Theorie der DesBel’schen Funktionen (Leipzig, 1908), p. 31. Sohafheitlin seems to have 
been unaware of previous researches on what be describes as a new integral. 
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grand in powers of z and integrating term-by-term, thus 

-v+1 riir 

2'’ r fv+T) Jo ^ 


= 2 




0 r(ft-f'wi+i)r(i/ + i) 

m ! r (/i + 1/ -f m + 2) ’ 

and the truth of the formula is obvious. 


r 


gin*M+*m+i 0 cos‘-‘'+» 0de 


It will be observed that the effect of the factor sin**"^^ 0 in the integrand 
is to eliminate the factors F (/i + m + 1 ) in the denominators. If we had taken 
sin*”^tf as the factor, we should have removed the factors m!. Hence, when 
R(v)> — 1 and /i is unrestricted, we have 

(2) f\ (, sin 0) sin'-M 0 co 8 -+> 0d0 = • 

In particular, by taking i; = — we have 

(3) j sin sin*”'* ( 2 ). 

A formula* which is easily obtained from (1) is 

(4) J* J^{z sin 0) 4 {z cos 0) tan <*+' 0d0 = 

when R{v)> — This may be proved by expanding /„ {z cos 0) and 

integrating term-by-term, and finally making use of Lornmel’s expansion 
given in § 5'21. 


The functional equation, obtained from (1) by substituting functions to be determined, 

and Z^ + i' + ij in place of the Bessel functions, has been examined by Sonine, J/aM. Ann. 
MX. (1904), pp. 629—552. 

Some special cases of the formulae of this section have l)een given by Beltrami, 
Istituto Loinlnirdo liendiconti^ (2) xiii. (1880), p. 331, and Rayleigh, Phil. Mag. (5) xii. (1881), 
p. 92. [^(‘ientifo Papers^ I. (1899), p. 628.] 

It will bo obvious to the reader that Poi.s8on’a integral is the .special case of (1) obtained 
by taking /i = - J. 

For some developments of the formulae of this section, the reader should consult tw<^ 
papers by Rutgers, Nienw Archufvoor Wukunde^ (2) vi. (1905), pp. 368 — 373 ; (2) vii. (1907), 
pp. 88—90. 


12*12. The geometrical proof of Sonine's first integral. 

An instructive proof of the formula of the preceding section depends on 
the device (explained in § 3 '83) of integrating over a portion of the surface of 
a unit sphere with various axes of polar coordinates. 

If (/, in, n) are the direction cosines of the line joining the centre of the 
* Due to Rutgers, Nieuw Archie/ voor Wiskvnde, (2) vn. (1907), p. 176. 
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sphere to an element of surface dm whose longitude and co-latitude are <f> and 
it is evident from an application of Poisson’s integral that 

P (m + i) r* (i) (i *)”■'■* [ (* sin 0) 8in'‘+* 0 co8*'+* 0d0 

J 0 

“ ^ 0 co8»*'-»-» 6 sin«u <f>d(l>d0 

J 0 J 0 

“ (i'*)* f [ e*^m^ »*•’+* dm 

J J fii>0,n>0 

= fl e**" »»’■’+' dm 

J J <>0, m>0 

= Bin»«+®'’+> 0 cos**- <l> 8in'''+‘ <f)d(f>d0 

JO 0 


=. -- ^ ^ ^ r^izom* 8 in.M+*»+» ed0 

= i r (m + i) r (./ + 1 ) r (4) (z), 

and the truth of Sonine’s formula is obvious. 

An integral involving two Bessel functions which can be evaluated by the 
same device* is 

riw 

/ Jv (z sin*^) •/„ (z cos’tf) 8in®*'+‘^ cos“*'+*0d^, 

Jo 

in which, to secure convergence, i2(i/) > — J. 

If we write 

VT^ = sin^^ + cos^^ — 2 sin®^ cos®^ cos <^ == 1 — sin® 20 cos® J (f>, 
and use § 11*41 (16), we see that the integral is equal to 


(yy [*'r” 


r(v-hi)r(j). 


gin^v+i 0 COS'*'"’'' 0 sin®*' d0 


<i^y r f*' ■/.[■ gV(l-sin»gcos»<^)l gin.. 9^d6d0 

= (i^y ff Vdjli!)} 

= (i^y __ ff J^jzy/il-n’)} 

= 2»>+‘ r(iTi) r(f) ^ 


2®*'+^ r ( 


^ir(lV r) io " ^ COS®*' 

so that finally, by § 12*11 (1), 


(1) J*V,. sin®^) J, (z coB^ 0 ) sin**'+' 0 co8®*'+' 0d0 - F (i/ It) "! * ‘ 

• This integral has been evaluated by a different method by Butgers, Nieuw Archief voor WU- 
kundeo (2) vn. (1907), p. 400; cf. also § 12*22. 
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Some integrals which resemble this, but which are much more difficult to evaluate, 
have been the subject of researches by Bateman, Kapteyn and Rutgers; see § 12‘2. 

As a simple example of an integral which may be evaluated by the same device, the 
reader may prove that, when i2(v)> 

/■ jr r + I 

by writing the integral on the left in the form 

+ 1 fir fv 

1 I e*^co3e+x8ineco8^8in2v4i^Bin2»'d,c;^rf,^. 

r(i/ + i)r(i) jo jo 

This formula was given (with i;*30) by B6cher, Annals of Math. viii. (1894), p. 136. 


12*13. Sonines second finite integral. 

The fornuila 

(1) I* {z s\ne)J,(Z cos 0) siti<^+'g cos- "6(16 = ^ ^ • 

which is valid when both R(fi) and R{n) exceed — 1, is also due to Sonine* ; 
and, in fact, he obtained the formula of § 12il from it by dividing both sides 
of the eijualion by Z*' and then making Z -^0, 

A simple* method of ])roving the formula is to expand the integral in })(>wers of s and Z 
and to verify that the terms of degree /x-f y-f 27w on the left combine to form 

( ~ y 

in ’ r(/i + i/ + 7a + 2) ’ 

The proof by this method is left to the roatler. 


\V(* jiroceed to establish Sonine’s formula by integrating over jiortions of 
ibi.' surface of a unit sjjhere. Under the hypothesis that R(fJL) and B {v) 
exceed — we see that, with the notation of § 12'12, we have 

L ^)./.(^cos^)sin'‘+>^cos-+>^d^ 

- [*'[*[*«'»»'" «[!!■**+' ^cos »>"< ' 6 sin’''<^ siiPi^ 

J (I 0 J 0 

oJ J 

J \\J J n^{).l>0 
Jo 0 J — 

g>!im« (i«+zo cos*^ 0 Bin‘'^0d(o d6 


-/I 
■ 0 , 


n*' co8’^^sin“’+‘^dwd0 


n>0 

m 2ir 

g. sinssiii « (zoo»^+zsin.#r) </> sin if> cos*^* 0 sin®''^*^ 

.1 


Math. Ann. xvi. (1880), pp. 35 — 36. 
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Now the exponential function involved here is a periodic analytic function of 
ylr with period 27r, and so, by Cauchy’s theorem, the limits of integration with 
respect to may be taken to be a and 27 r + a, where a is defined by the 
equations 

«r cos a = z, -ST sin a = Z, 


and «■ = 'we adopt these limits of integration, and then write 

yjr + a for yjr, the triple integi'al becomes 
rsw 

J J J cos®*' sin COS*^^ 

and this integral may also be obtained from its preceding form by replacing 
£ by w and Z by zero. On retracing the steps of the analysis with these 
substitutions we reduce the triple integral to 


f* f f wn <^co8 cos**''*’^ ff sin*^ <f> sin^*' d(f> dy/rdff, 

Jo J 0 J 0 


= r(v -t-i)r(^) r r 
f(l.+ l) 

= ff 

r («/ + 1) 

= ri*' 

r(v+i) Jojo 


givl 


«>0 


giwn m^y+i da> 


m>0 


r(v+i) 

0 r 

2r(/i + i'+5) Jo 


g-irco»»8i,js».+»i>+!^co8’''0 sin“'+’ <f>d<f>d$ 


= f’’giwco,«glj^a^+ty+iffdd 

J 


and we obtain Sonine’s formula by a comparison of the initial and final 
expressions, 

Sonine’s own proof of this formula was based on the use of infinite dis- 
continuous integrals, and the process of making it rigorous would be long and 
tedious. 


The formula may be extended to the domains in which (fi) > — 1, 

and — — 1, by analytic continuation. 

In Sonines formula, replace Z by + cos <^), multiply by 
sin-*' </)/(Z^4- r*— 2Zfcos<#))^^ and integrate. It follows from §11*41(16) that 


r\it 

(2) I (z sin 6) Jy (Z cos 6) Jy (fcos 6) sin'*'*"* 6 cos 0d0 

^'* Z-' f r " W(z^ + + r -2Zl cos <!>)} 

2^ r (I' + i) r (i) j 0 -h 4- r* “ 2Zf cos <^)* ('*+•""*> 

provided that 

i^(M)>-l, «(!/)> -J. 


sin-**' i)>d(f>, 


This result is also duo to Sonine, ibid. p. 45. In connexion with the formulae of this 
section the reader should consult Macdonald’s memoir, Proc. London Math. Soc. xxxv 
(1903), pp. 442, 443. 
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12*14. Oegenbauer’a finite integral. 

An integral which somewhat resembles the first of Sonine’s integrals, 
namely 

fir 

I . (z cos 0 cos ylr) (z sin 6 sin yjr) C/ (cos 0) sin*"*"* 0d0, 

J 0 sin 

has been evaluated by Gegenbauer*; we shall adopt our normal procedure of 
using the method of integration over a unit sphere. 

It is thus seen that 

I sin 0 sin (7/ (cos 0) sin*"*"* 0d0 

Jo 

^ Ppg«(ooHtfco8^+8in«sin^cos«) (^os 0) sin*" sin®*'-* 

r(j/)r(j) jo Jo 
r(*')r(i) JJm>o 

^ (f COB .A+ main i#r) Q^u y^4w-i 

1^00 I'd) J^>o 

= r%«8nitfcos(<^-.^-) Qfi (gin 0 cos <f>) cos-^*'"' 0 sin 0d^d0 

A iy) * (i) Jo Jo 

= ^ rf / f f ^ {sin 0 cos (<f>-hylr)] cos***'”* ^ sin 0 d(f> d0, 

I \V) I (i) J 0 Jo 

since the penultimate integrand is a periodic analytic function of (\> with 
jieriod 27r. 

If we retrace the steps of the analysis, using the last integral instead of its 
immediate predecessor, we find that the original integral is equal to 

f [ d CO® ylr — m sin yfr) n®*'”* d(o 

r(i') * H) J.'nX) 

= f f (n cosyjr — l sin sir) m**'"* da> 

1 d) 1 (^) JJwi>o 

^ (Jzsin^r^* /* f ^woo8OC'^v(QQg^cos0 — sini/rsin^cos0)sin‘''''tfsin'^*'“*<^rf<^ci0. 

r(i') r(J) JoJo 

Now, by the addition theoremf for Gegenbauers function, 

C/ (cos ylr cos 0 — sin yjr sin 0 cos <^) 

X Cltl (cos 0) CZl (cos t) c;-* (cos 4>). 


(r(i/)]' pto r(2i;+p + r) 


* Wiener Sitzungsbrrichtet lxxv. (2), (1877), p. 221 and lxxxv. (2), (1882), pp. 491—602. 
t This was proved by Oegesbauer, Wiener Sitzungeherichte, lxx. (2), (1874), p. 433; cn. (2a), 
(1893), p. 942. 
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When this is multiplied by sin’"-* <f> and integrated, all the terms of the integral 
of the sum vanish except the first which is 

F(2i7+7) Jo 

We thus find that 

J W9 flcos ^ (z sin 0 sin yfr) C/ (cos 0) sin*'“‘‘* 0d0 

= "'r(?H)r(2"+r)~* <^r'’(cosir) *0/(008 d) sin- 
and hence, by § 3'32, 

(1 ) f e**<soa««os ^ gjjj 0 gijj sin"’^* 0d0 

J 0 

= I'" sin*'""* i|r (7/ (cos («). 

If we equate real and imaginary parts, we obtain Gegenbauer’s formulae 

(2) I cos(-?cos^cos‘</r)t/^_^(^sind8in>/r)GV(cos^)sin*''^*dd^ 

J 0 

^ [(—)**■ sin*'”* G/ (cos yjr) J^^y. {z)y (r even) 

lo 


and 


(r odd) 


(3) f sin ( 2 : cos 0 cos -^/r) (z sin 0 sin C/ (cos 0) sin*'"''* 

J 0 

(r even) 

sin"** C/ (cos - 1 ^) (r odd) 


ro. 



(t)’ 


12*2. Integrals deduced from Batemans expansion. 

In Bateman^s expansion of § I1'6, write 4> = <^ ; and then, noting Jacobi's 
formula * 

2 jaFi (— a, //. + + a -f 1 ; 1 / -f 1 ; sin^ <f>)Y cos*'*'^^ (f> sin*'''^^ ^d<f> 

. 0 

^ n! r(/x-ha -H 1) (r (i^-H)l^ 

(/X + 1^-4- 2u + 1) r (/X 4-x>H-a-+-l)r'(i/ + ?i4‘i)* 

we deduce that, when B (fi) and R (p) both exceed — 1 , 

(!) z I Jf^(z cos'-* (f>) Jy (z sin* 0) sin cos <fid<f> = S (— )** (z), 

J 0 n-Q 

* Journal f Ur Math. lvi. (1859), pp. 149 — 176 [Werke, vi. (1891), pp. 184 — 202]. 
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that is to say 

(2) f (t) Jy — t) dt = 2 1 (-) (^)- 

J 0 n=0 

An important deduction from this result is that, when B (fi) > 0 and ii (i/) > — 1, 
2/1 f (t) J„ {z - 1) y* = I { (<) + J^+, (0} J, (a -t)dt = 2J^+, {z), 

Jo t J 0 

dt 


80 that 

(3) 


[y^(t)JAz-t)f=' 


This formula is due to Bateman*; some special cases had been obtained 
independently by Kapteynf, who considered integral values of /z and i/ only. 

It will be observed that we can deduce from (2), combined with §2*22 (2), 
that 

(4) I — t)dt = — cos z, 

Jo Jo 

when —1 < R (fi) < 1, and when —1 <R (/z) < 2 respectively. 

By interchanging /z with v and t with z — t in (3), we see that, if R{fi) 
and R{v) are both positive, then 


(5) 


Jo t z — t \fl pj 


It seems unnecessary to give the somewhat complicated inductions by 
which Kaptoyn deduced (3) from the special case in which /a = i/=l, or to 
describe the disquisition by RutgersJ; on the subject of the formulae generally. 


12 ‘ 21 . Kapte yn ’s trigo nometri cal integrals § . 

A simpler formula than those just considered is 


0 ) 


) cos {z — t) Jo (0 = '^•^0 (^)- 

J 0 


’ To prove this, we put the left-hand side equal to w, and then it is easily 
verified that 

d^u 


dz^ 


+ w = - Ji(2^), 


and therefore 


u = zJq {z) + A cos z-^ B sin z, 
where A and B are constants of integration. 


* Proc. London Math. Sue. (*2) in. (1905), p. 1*20. Some similar integrals occurring in the theory 
of integral equations are examined by the same writer, ibid. (2) iv. (1900), p. 484. 

t Proc. Section of Sci., K. A had. van Wet. te Amsterdam, vit. (1906), p. 499; Nieuw Archief 
voor Wulunde, (2) vn. (1907), pp. 20 — 26 ; M^m. de la Soc. R. des Sci. de Li€ge, (3) vi. (1006), no. 6. 
J Nieuw Archief voor Wiskunde, (2) vii. (1907), pp. 385 — 405. 

§ 3Um. de la Soc. R. des Sci. de Liige, (3) vi. (1906), no. 5. 
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Now, when z is small, 

M = « + 0 («•), 

and so A^B = 0, and the result is established. 

It follows from (1) by differentiation that 

(2) f Bin(z — t).Ji,(t)dt = zJ,(z), 

J 0 

and, by a partial integration, 

(3) f sin (z — t) , Ji (t) dt = sin ^ {z\ 

Jo 

The formula 

(4) f sin (z-t)'J^dt = ~ 2 

Jo ^ M'n-o 

which is valid when R(fi) > 0, is of a more elaborate character, and the result 
of the preceding section is required to prove it. 

We write v— f Jq{z — t)J,t{t)dly 

Jo 

and then we have 

+ V = f * \Jo" (« - 0 + Jo (z - 0} J. (t) dt + j; (z) 

=r'^'~-JAt)dt+j/(z) 

Jo z — t 

= iy^(z-t)^dt + J/(z) 

= tjJ^(z)lz, 

by § 12-2. 

By the method of variation of parameters (cf. § 7*33), we deduce that 

J (t) 

v — A cos z B ain z jLL sin - t) ~~ dt, 

Jo ^ 




+ Oiz'^*% 


and, since *’ = 2'‘r(M + 2) 

when z is small, it follows that, when K {fi) > 0, 

A=B = 0. 

/ 

Hence we obtain the required result. 

By differentiating (4) with respect to z we find that 


( 5 ) 


r 


cos (Z - t) d< = - i (-)'* f„ J^on iz)- 

0 t fi n=0 


t 
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12*22. HardifB imthod of evalucUing fi/nite integraU, 

Ah a typical example of a very powerful method of evaluating finite integrals* we shall 
now give a proof of the formula (cf. § 12*12) 

which is valid when 72 (^i) > - ^ and 72 (v) > - J . 

The method is more elaljurate than any other method described in this chapter, because 
it involves the use of infinite integrals combined with an application of Lerch’s theorem t 
on null-functions. 


Let 



(zra sin^ B) Jy (zr^ cos* + *»' + * sin** ^ cos**' ^^BdBmfi (r), 


r(p+j)r(v-t-i) 
2r (fi4-»' + l)s/(2ff2j 




By changing from polar coordinates (r, B) to Cartesian coordinates {x, y) and using 
13*2 (6) we see that, whenever ^ > ] 7(2) |, then 

J exp(— r*0 -/i j exp j exp(-y* 2 )t/^( 2 y*)y^ + *rfy 

^ (22)M^»* r(/i4-i)r(y-Ht) 

= exp(-7^t),f^{r)dr, 

and hence, by an obvious modification of Lerch’s theorem, /j (r) is identically equal to 
/2 (r) ; and this establishes the truth of the formula. 


12*3. Chessin^s integral for Yn if). 

A curious integral for Yn f) has been obtained by Chessin, American Joumaly xvi. 
(1894), pp. 186—187, from the formula 

1 


-J+I+...+ 

I 2 w + m 


r\ l_^n + m 


if we sulwtituto this result in the coefficients of the ascending series for Ym («), we obtain 
the formula in questi(»n, namely 


( 1 ) 


Y»(2) = 2(y + logi2)./„(7)- 2 

f I (2)-(t-*" +<»")./. (2 y/t) 






\-t 


dt. 


* 1 must express my thanks to Professor Hardy for commanioating the method to me before 
the publication of his own developments of it. The m^hod was used by Ramanujan to evaluate 
many curious integrals; and tlie reader may use it to evaluate the integrals examined earlier in 
this chapter. 

t Acta Mathematical xxvii. (1903), pp. 339 — 352. The form of the theorem required here is 
that, if / (r) is a continuous function of r when r > U, such that 


/: 


exp ( - r*t) . / (r) dr = 0 


for all Buificiently large positive values of t, then /(r) is identically zero. 



CHAPTER XIII 


INFINITE INTEGRALS 

13'1. Various types of infinite integrals. 

The subject of this chapter is the investigation of various classes of infinite 
integrals which contain either Bessel functions or functions of a similar character 
under the integral sign. The methods of evaluating such integi-als are not 
very numerous ; they consist, for the most part, of the following devices : 

(I) Expanding the Bessel function in powers of its argument and inte- 
grating term-by-term. 

(II) Replacing the Bessel function by Poisson’s integral, changing the order 
of the integrations, and then carrying out the integrations. 

(III) Replacing the Bessel function by one of the generalisations of Bessel’s 
integral, changing the order of the integrations, and then carrying out the 
integrations; this procedure has been carried out systematically by Sonine* 
in his weighty memoir. 

(IV) When two Bessel functions of the same order occur as a product 
under the integral sign, they may be replaced by the integral of a single 
Bessel function by Oegenbauer’s formula (cf § 12*1), and the order of the in- 
tegrations is then changed f. 

(V) When two functions of different orders but of the same argument 
occur as a product under the integral sign, the product may be replaced by 
the integral of a single Bessel function by Neumann’s formula (§5‘43), and 
the order of the integrations is then changed. 

(VI) The Bessel function under the integral sign may be replaced by the 
contour integral of Barnes’ type (§ 6*5) involving Gamma functions, and the 
order of the integrations is then changed ; this very powerful method has not 
previously been investigated in a systematic manner. 

Infinite integrals involving Bessel functions under the integral sign are 
not only of great interest to the Pure Mathematician, but they are of extremis 
importance in many branches of Mathematical Physics. And the various types 
are so numerous that it is not possible to give more than a selection of the 
most important integrals, whose values will be worked out by the most suitable 
methods; care has been taken to evaluate several examples by each niethod. 
In spite of the incompleteness of this chapter, its length must be contrasted 
unfavourably with the length of the chapter on finite integrals. 

* Math. Ann, xvi. (1880), pp. 33 — 60. 

t This procedure has been carried out by Gegenbauer id a number of papers published jn the 
Wiener Sitzungsberichtc. 



384 


THEORY OF BESSEL FUNCTIONS 


[chap, xm 

13*2. The integral of LipachitZy with HankeVs generalisations. 

It was shewn by Lipschitz* that 

( 1 ) 

where R (a) > 0, and, in order to secure convergence at the upper limit of in- 
tegration, both the numbers R(a ± ih) are positive. That value of the square 
root is taken which makes j a 4- ^/{a^ + 6*) | > | 6 |. 

The simplest method of establishing this result is to replace the Bessel 
coefficient by Parse vals integral (§ 2*2) and then change the order of the in- 
tegrations — a pnxiedure which may be justified without difficulty. It is thus 
found that 

I Jq (bt) dt = ~ f f dffdt 
Jo Jo Jo 

^ 1 /•- ^ 

IT Jo a — ih cos 6 

and the formula is proved. 

Now consider the more general integral 

re-^^J,(bt) tf^-^dt. 

J 0 

This integral was first investigated in all its generality by Hankelf, in a 
memoir published posthumously at about the same time as the appearance of 
two papers by GegenbauerJ. These writers proved that, if R(fi v)> (), to 
secure convergence at the origin, and the previous conditions concerning a 
and 6 are stitisfied, to secure convergence at infinity, then the integral is 
equal to 

(^b/ay r v) „fp + vfjL + v-\- \ - 6*\ 

2“ • + ~a«y>- 

To establish this result, first suppose that b is further restricted so that 
1 6 1 < I a |. If we expand the integrand in powers of 6 and integrate terin-by- 
tenii, we find that 

e-“' J, (bt) c/< = 2 p y '^5,-^- - - e-of dt 

Jo m^omir (v + m+l)Jo 

_ V (-)"* (i r (/X + 1 / + 2m) 

I’ (v + m + 1) tts 

* Journal fiir Math. lvi. (1H59), pp. 191 — 192. 
t Math. Ann. viii. (1S75), pp. 407 — 408. 

X Wiener Sitzung$herichte ^ lxx. (2), (1876), pp. 433 — 443; ihid. lxxii. (2), (1876), pp. 343 — 344. 
Ill the former, the special case ^^i^+l was inveatigated by the integral given in §3*32; in the 
latter, Gegenbauer obtained the general reRult by substituting PoiBRon’s integral for Jv(bt). 
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The final series converges absolutely, since j 6 | < | a |, and so the process of 
term-by-term integration is justified*. Hence 


(2) f (hi) dt 
J 0 

_(iblayr(/i-^v) ffjL + v + 6* 

a'‘r(i;4-l) 2“* 2 “"^2 


The result has, as yet, been proved only when R (a) > 0 and 1 1 1 < | a | ; 
but, so long as merely 

(a 4- tb) > 0 and R(a — ib) > 0, 


then both sides of (2) are analytic functions of h ; and so, by the principle of 
analytic continuation, (2) is true for this more extensive range of values of fc. 

Again, by using transformations of the hypergeometric functions, (2) may 
be written in the following forms : 


(3) (bt) dt 

Jo 


(ib/aYr(^^v)f^ ^ + 1 

“■ aMr(i;-hl) V^a^J H ■'2 '’ 


1/ — /i 
9 


+ 1 ; 


i^ + l; 


+ 1 j 


a* -h by ’ 



The formula (2) has been used by Gegenbauerf in expressing toroidal 
functions fis infinite integrals ; special cases of (2) are required in various 
physical researches, of which those by LambJ may be regarded as typical. 


By combining two Bessel functions, it is easy to deduce that 




_ . ( jf’)" r (ji+ v ) „ / fi+v 1 -ii+i’. \ 

*^(a2 + 6 a)J(i‘n >') r(»/+l)‘‘ ‘ \ 2 ’ ■ 2 ’ ’ a^ + b*) 

(,lb)-‘'r(n-v) „ ( n-v \ 

'\ 2 ’ 2 ’ ’ a^ + by’ 


— cosec vn 


provided /? (/x) > | {v) | and R {a±ih) > 0; siKscial cases of this formula arc due to Hobson, 

Proc. London Math. Soc. xxv. (1892), p. 75, and Heaviside, Ehctrommjnetic Theory,, ill. 
(London, 1912), p. 85. 

It is obvious that interesting special cases of the formulae so far discussed may l)e 


* Cf. Bromwich, Theory of Infinite Series, § 176. ^ 

t Wiener Sitzungsbenchte, c. (2), (1891), pp. 745—766; 'Gegenbauer also expressed series, 

whose general terms involve toroidal functions and Bessel functions, as integrals with Bessel 
functions under the integral sign. 

X Proc. London Math. Soc, xxxiv, (1902), pp. 276 — 284; (2) vii. (1909), pp. 122 — 141. See 

also Macdonald, Proc. London Math. Soc. xxxv. (1903), pp. 428 — 443 and Basset, Proc. Camb. 

Phil. Soc. V. (1886), pp. 425—433. 


W. B. F. 
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obtained by choosing and v so that the hypergeometric functions reduce to elementary 
functions. Thus, by taking y. equal to + 1 or v 4-2, we obtain the results 

1 ” «■*' - 

yo (a^ 4" y*) * s/w 

' yo ' ^ (a*+6y+V»r 

provided that Riy)> — J, R{v)>-\ respectively. 

These formulae were obtained by Qegenbauer, Wiener Sitzungeherichte^ lxx. (2), (1876), 
pp. 433 — 443; they were also noticed by Sonino, Math. Ann. xvi. (1880), p. 45; and Hardy, 
Trane. Camh. Phil. Soc. xxi. (1912), p. 12; while Beltrami, Atti della R. Accad. delle Set. 
di Torino, xvi. (1880 — 1881), p. 203, and Bologna Memorie, (4) ii. (1880), pp. 461 — 505, has 
obtained various special formulae b}’ taking /*■*! and v to be any integer. 

Other special formulae are 


[Note. It was observed by Piricherle, Bologna Memorie, (4) viii. (1887), pp. 125 — 143, 
that these integrals are derivable from the generalised form of Bessel’s integrals (§ 6’2) by 
Laplace’s transformation (cf. § 9-15). This aspect of the subject has been studied by 
Macdonald, Proc. London Math. Soc. xxxv. (1903), pp. 428 — 443, and Oailler, M^m. de la 
Soc. de Physique de Geneve, xxxiv. (1902 — 1905), pp. 295—368. The ditterential equations 
satisfied by (5) and (6), qua functions of a, have been examined by Kapteyn, Archives 
Nderlandaisesy (2) vi. (1901), pj). 103 — 116.] 

The integral j obtained by Neumann, Journal fdr Math. Lxxil. 

(1863), p. 46, as a limit of a series of Legendre functions (cf. § 14’64). The integral does 
not seem to be capable of being evaluated in finite terms, though it is easy to obtain a 
series for it by using the exjian.sioii 

cosoch nt — 2 2 j ~ + 1) 

n-O 

A series which converges more rapidly (when b is large) will lie obtfiined in § 13‘61. 

Some integrals of the same general tyjK; ai-e given by Weber, Journal fur Math. Lxxv. 
(1873), iqj. 92—102; and more recently the formula 

f” ./, (^>0 rdf /^ (26)"r( v4-i) * \ 

y 0 - 1 7,-1 7^* 4- 6 “)*' 4 ’ 

which is valid when 72 (i^)>0 and | 7(6)| <7r, has been obtained by Kapteyn, Mem. de la 
Soc. R. des Sri. de Liege, (3) vi. (1906), no. 9. 


13‘21. The Lipschitz-Havkel integrals expressed as Legendre functions. 

It was noticed by Hankel that the hypergeometric functions which occur 
in the integrals just discussed are of the special type associated with I^egendre 
functions; subsequently Gegenbauer expressed the integrals in terms of toroidal 
functions (which are known to be expressible as Legendre functions), and a 
little later Hobson* gave the formulae in some detail. 


Vroc. London Math, Soc, xxv. (1803), pp. 49 — 76. 
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To obtain the fundamental formulae* of this type, we shall change the 
notation by writing 

a = cosh a, b sinh a, 
where a is a complex number such that 

- j7r«/(«) iw; 

we thus obtain the formula 

(1) f (t sinh a) <<* dt = F (/a + v + 1) -Pm"' (cosh «), 

Jo 

provided that R{fi+ v) > — 1. 

The wi)ev;ial case of this formula in which had been given by Callaiidreau, Bull, des 
iici. Math, (2) xv. (1891), pp. 121—124, two years before Hobson published the general 
formula. 


It follows at once from (1) that 

(2) f"e-<co8h. X (< sinh a) dt = - r - «; + 1) Q/ (cosh a), 

Jo sin(/a + i/) 7 r v 

provided that -R (/i -f 1) > | (i/) |. 

The modification of (1) which has to be used when the argument of the 
Legendre function f is positive and less than 1 is 

(3) f Jy (t sin /3) t*^dt — r (/I -h -h 1) (cos /3), 

J 0 

and hence we find that 



Yy(ts\n^)t*^dt 


sin /xTT r(^t — i' + l) 
sin v) IT TT 


X [Q/ (cos 8 + Oi) + Q/ (cos 8 — Oi) e -**'"*]. 


Sonic s|>ecial cases of this formula have lieen given by Hobson, loc. cit. p. T-'i, and by 
Heaviside, Electromaguetic Tfmory^ ill. (London, 1912), p. 85. 


An apparently different formula, namely 

has been studied by Stein thalj. This formula is connected with formulae of 
the previous type by Whipple's§ transformation of Legendre functions, which 

* Since, by a change of variable, the integrals are expressible in terms of the ratio of b to a, no 
generality is lost. The various expressions for Legendre functions as hypergeometric series winch 
are requited in this analysis are given by Barnes, QuarierliJ Journal^ xxxix. (1908), pp. 97 — 201. 

t The reader will remember that it is customary to give a different detiiiition for the Legendre 
function in such circumstances; cl. Hobson, Phil, Trans, of the Royal Soc. cnxxxvii. A, (1896), 
p. 471 ; and Modern Analysis, §§ 15*5, 15‘6. 

X Quarterly Journal^ xviii. (1882), pp. 387 — 340. 

^ Proc. London Math, Soc. (2) xvi. (1917), pp. 301 — 314. 


-2r>.- -2 
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expresses a function of cosh a in terras of a function of coth a. The more 
general formula of the same type is 


/■go cos vTT O'*”* (cosh a) 

^ ' Jo sin (m + I') “w Vli*”*)* sinh^ »a 

In these formulae, i2 (fi + i^) > 0 and R (cosh a) > 1. 

On replacing i/ by — i; in (6), we find that 

/•« P*”!* (cosh a) 

and this formula is valid when R (ft) > | P (j/) | and R (cosh o) > — 1. 


If we take co»h a=0, we deduce that 

(8) J" 

a result given by Heaviside* in the case i/a*0. 


When /i«= 1, (7) becomes 


(9) 

and hence, if = 0, 


r.-(co.h. A' 

Jo siu vw sinh a ’ 


arc sinh y/(a^ - 1 ) arc sin ^(1 - a^) arc cos a 


f* arc sinh s/(< 

Jo * - - “ J(l-a^) -^{l-ar 


If we replace a by +i6, we find that 

/ * i»r + iarc8inh6 

and so, when I / (6) | < 1, 

( 10 ) j“ co^(bt).Ko{t)dt~^J^-^, 

/n^ f* • F arc sinh 6 

(H) ^,r^(U).Ko(t)dt~~j^^. 


The former of these is due to Basset, Hydrodynamics^ ii. (Cambridge, 1889), p. 32. 

[Note. Various writ/ors have studied the Lipschitz-Hankol integrals from the aspect of 
potential theory ; to take the simplest case, if (p, 0, z) are cylindrical coordinates, we have 

jo 

It is suggested that, since €~f^*jQ(ze) is a potential function, the integral on the left is a 
potential function finite at all points of real space except the origin and that ont the plane 
z*= 0 it is ecpial to 1/p, and so it is inferred that it must be the potential of a unit charge at 
the origin. But such an argument does not seem to preclude the possibility of the integral 
being a potential function with a complicated essential singularity at the origin, and so 
this reasoning must be regarded as suggestive rather than convincing. 


• Eleetromuffnetic Theory ^ iii. (London, 1912), p. 269. 
t On the axis of 2 , the integral is equal to a constant divided by {x |. 
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For various researches on potential theory with the aid of the integrals of this section, 
the reader may consult Hafen, Math. Ann. lxii. (1910), pp. 517 — 537. For some develop- 
ments based on the ^>otential function 

see Bateman, Messenger^ XLI. (1912), p. 94.] 


13*22. Applications of the addition formula to the Lipschitz-Hankel integrals. 

It is easy to deduce from the results of the preceding sections combined 
with §11*41(16) that, if all four of the numbers R{a±ib ±ic) are positive 
and E (ja + 2i/) > 0, while cr is written in place of sj{b^ + - 26c cos </>), then 


(1) f * J, (60 J, (ct) dt 
Jo 


(jbcy 




r(r + i)r(i) 


/■/■ 


g[jj2F 




Tra"-*-'"' r(2»<+ l)jo 

The hypergeometric function reduces to an elementary function if /it = 1 or 2; 
and so we have 

r« 1 ^ /a’ + 6’ + c®\ 

(2) e-»‘ J, (bt) J, (ct) dt = Q-J ( 26c ) ’ 

The case /i = 2 may be derived from this by differentiation with respect to a. 


These formulae, or special cases of them, have been examined by the following writers: 
Beltrami, Bologna Menwrie, (4) ii. (1880), pp. 461 — 505; xitti della It. Accad. delle Set. di 
Torino, xvi. (1880—1881), pp. 201—205; Sommorfeld, Konigfihcrg Dmertation, 1891; 
Gegenbauer, Monatahefte far Math, und Phys. v. (1894), p. 55 ; and Macdonald, Proc. 
London Math. Soc. xxvi. (1895), pp, 257—260. 

By taking /**= — 1, v = l in (1), we find that 

[ e-at J- + 2 - 2 cos (#>) - or} ( 1 + cos 0) d(/), 

Jo i' J 0 

.so that the integral on the left, which was encountered by Rayleigh, Phil. Mag. (o) XMi. 
(1896), p. 195 \fdentific Papers, iv. (1904), p. 260], is expressible as an elliptic integral. 


An integral which may be associated with (1) is 

_ f® 1 

(3) cos at I,(bt) h\ (ct) dt=j^ ' 

This was discovered by Kirchhoft* as early a.s 1853 ; the reader should have 
no difficulty in deducing it from § 13*21(10) oombined with § 11*41 (16); it 
is valid if all the numbers 

JR ( c + 6 i ia) 


are positive. 


Journal fUr Math. xLviii. (1854), p. 364. 



390 


THEORY OF BESSEL FTTNCTIONS 


[OHAP.Xm 


A somewhat nimilar result, namely 

(4) o-" (bt) J, (ct) dt 

_^(i6r(ic)‘’r(2^ + l) r» 

r(i' + 4)r(i) io (a* + 2iac cos - c® cos* ’ 

which is valid when /2 (a±i6±Vc) > 0 and is due to Gegenbauer, Wiener 

Sitzungeherichte^ Lxxxviii. (2), (1884), p. 995. It is most easily proved by substituting 
integrals of Poisson’s type for the Bessel functions. In the memoir cited Gegenbauer has 
also given a list of cases in which the integral on the right is expressible by elementary 
functions (cf. § 13*23). 


13*23. Gegenbauer 8 deductions from the integrals of Lipschitz and Hankel. 


A formula due to Gegenbauer, Motiatskefte fur Math, und Phys. iv. (1893), 
pp. 397 — 401, is obtained by combining the results of §13*2 with the integral 
formula of § 5*43 for the product of two Bessel functions; it is thus possible to 
express certain exponential integrals which involve two Bessel functions by 
means of integrals of trigonometrical functions*. The general result obtained 
by Gegenbauer is deduced by taking the formula 

2 

Jti (bt) Jv (bt) = - I {2bt cos <f>) cos (p — v) d>d(f}, 

TT jo 

multiplying it by and integrating from 0 to x ; it is thus found that,, 

if JS (a) > I / (b) I and (/x + i/) > — J, then 


f e^^^^ Jf>,(bt) J^(bt) t^^*" dt = ~ f j e~^^ Jf,^^(2bt cos<f)) cos (p’-M)<f>^d<bdt 
Jo n’Jo Jo 

2 

= - I / e~^^Jf^^y(2btcos<f>)tf^^*'cos(p-‘v)d>.dtd(f> 
n" J 0 Jo 

2 ri’^(46cos</))^+»'r(A6+i'-f i) , 

** TT J 0 (4a* -h 46* cos* <f)y^+^ Vtt 

The inversion of the order of the integrations presents no great theoretical 
difficulties ; hence 


(1) f e'~^*^‘J^(bt)J^(bt)t^^*'dt 
Jo 


r (/X + 1/ 4- i) 6'*'^*' r cos^"*'*' ^ cos (p — v)ff> , 
TT^ Jo (a* 4 6* cos* 


This result, in the special case in which p — v^O, had been obtained previously by 
Beltrami, Aiti della R. Accad. delle Sci. di Torino^ xvi. — 1881), p. 204. 

As particular cases of (1) take fi — \ and v equal to 0 and to — 1. It is found that 


r .1-2 (M rf, _ 2 ^ 


See also an earlier note by Gegenbauer, ibid. pp. 379 — 380. 
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where the modulus of the complete elliptic integrals K and E is 6/>/(a* -f- 6®). Beltrami’s 
corrciSfKinding formula is 

(4) 

Replacing h by we deduce from (2) that 

(5) /%— /, - 

where R(a)> \ R {h)\y arid the modulus ki of the elliptic integrals is hja. The fommlae (3) 
and (4) may be modified in a similar manner. 

It was stated by Gegeubauer that the integrals in (2), (3) and (5) are expressible by 
ineiins of elliptic integrals, but he did not give the results in detail ; some formulae 
deducible from the results of this section were given by Meissel, Kiel Programme 1890. 
[,Takrhuch iiher die ForUchritte der Math. 1890, pp. 521 — 522.] 


13*24. Webers infinite integral, after Schafheitlm. 


The formula 

[^JUt)dt^ r(i ^) 


ill which 0 <Ji (a) < (i/) 4- ^ , was obtained by Weber* for integral values of 

p. The result was extended to general values of v by Soninef ; and the com- 
jdetely general result was also proved by SchafheitlinJ. 

The formula is of a more recondite type than the exponential integral formulae given 
in 1 3*2; it may bo established as a limiting case of these formulae, for, since the conditions 
of convergence are satisfied, we have by 13*2 (3) 


Jo I o--H)Jo + l 


EW r, „+1. a 

•2-r(o + l)*^42’ ”2 


whence the formula is at once obtained. 


A direct method of evaluating the integral is to substitute Poisson’s integral for the 
Bessel function, and then change the order of the integrations ; this is the method used by 
Schafheitlin, but the analysis is intricate because the result is established first for a 
limited range of values of ^ and v and then extended by the use of recurrence formulae 
and partial integrations. 


Analytical difficulties are, to a large extent, avoided by using contour 
integrals instead of the definite integrals of Scjiafheitlin. If we suppose that 

* Journal /Ur Math. lxix. (1868), p. 230. The special case in which i/=:0 was set by Stokes as 
a Smith's Prize question, Jan. 29, 1867. [Math, and Phys. Papers, v. (190^), p. 347.] 
t Math. Ann. xvi. (1880), p. 89. 

X Math. Ann. xxx. (1887), pp. 157 — 161. 

§ Cf. Bromwich, Theory of Infinite Series, § 172. 
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R (/i) < 0 and R(i/) > — we then have (the integrals being absolutely con- 
vergent) 


i+* (-<)•'-'•+*■ 


- 2 - r(„+i)ra)j+. ^ Jo 

= f 0 sin- 0d0 


r(0+) fin- 

I cos{tco^d)Biixi^^ ddddt 

J +00 jo 

( 2 ) jo 


2'-r(v-hi)r(j) 

__ — 2i sin/xTT. r(^/i.) 

- /i + 1 ) * 

By the theory of analytic continuation, this result is valid when fi and v are 
subjected to the single restriction R{ti)< 

When jK(/i) > 0, we deform the contour into the positive half of the real 
axis taken twice, and we at once obtain the Weber-Schafheitlin formula. 

The integral* 

/•(«+> H,,(- t)dt 

I +00 

may be treated in exactly the same manner; the only difference in the 
analysis is that cos (t cos 0) has to be replaced by — sin (t cos 0), and so, by 
Euler’s formula (adapted for contour integrals), the factor cos J/att has to be 
replaced by — sin^/x7r. 

It is thus found that 

j*(o+)H„(— f) dt _ 2tsin /jltt, V (|/lc,) tan J/itt 

provided' that R(fi)< R{v 1) and i2(/i):^0. 

When R{/jl) > — 1, the contour may be deformed into the positive half of 
the real axis taken twice, so that 

/ov r* Kv{t)d t ^ r(i/x) tan (ifjLTr) 

^ ^ jo + 

provided that - l<R(fjL)^0 and R(fi)< R{v) + ^. 

If we take ^ = 0, v=l, we see that 

(3) 

This result, combiued with the asymptotic formula 

1 f Hi {2t) dt 2/1 1 \ cos(2j7 + J»r) 

n ^ tt* UFy ~ 27 rS' 2 a^' 2 - » 

was used by Struve, Aim, der Physik und Chemie, (3) xvii. (1882), p. 1014, to tabulate 

1 pH,(20o?^ 

^ j» ' 

for both small and large values of x. The last integral is of importance in the Theory of 
Diffraction. 

* GeneraliBations obtained by replacing Bessel functions by Lommel’s functions (§ 10*7) in 
the integrals of this section and in many other integrals are discussed by Nielsen, ii. Dantke 
Videmkabfmet Selskahs Skrifter, (7) v. (1910), pp. 1 — 37. 
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[Note. By differentiating (1) under the integral sign wo obtain Wcl)or’s result 

(4) Jq (0 log ^ = - y - log 2 ; 

this formula has also been investigated by Lerch, MonaUhefte fur Mat/i. und Phys. i. 
(1890), pp. 105—112. 

The formula for functions of the second kind, corresponding to (1), is 
r “ Y u (0 d t _ __ r r - v) cos - !>) TT 

provided that \ R{v)\<R{^-v)<^. This result has boon given by Heaviside, Electro- 
magnetic Theory^ III. (London, 1912), p. 273, when i/==0.] 


13*3. Weher's first exponential integral and its generalisations. 

The integral formula 

(1 ) J, (at) exp (-pH^) . tdt = exp (- 

was deduced by Weber* from his double integral formula which will be 
discussed in § 14'2. This integral differs from those considered earlier in the 
chapter by containing the square of the variable in the exponential function. 
It is supposed that | argp | < ^tt to secure convergence, but a is an unrestricted 
complex number. 

It is equally easy to prove HankeFst more general formula, 


( 2 ) 


j Jv (at) exp (- p^t ^) . dt 

2pn^(v+l) ^ ' 



by a direct method. To secure convergence at the origin, it must now be 
supposed thatj 

R (/X 4- 1/) > 0. 


To obtain the result, we observe that, since (by § 7 '23) 

I /|.;(| a 10-1 exp(-jp*(») I . I I dt 

Jo 

is convergent, it is pcrmissible§ to evaluate the given integral by expanding 
Jv (at) in powers of t and integrating term-by-term. 


* Journal fiir Math. lxix. (1868), p. 227. Weber also evaluated (2) in the case /x = + 2, v being 
an integer. 

t Math. Ann. viii. (1875), p. 469. See also Gegenbauer, Wiener Sitzungsherichte, lxxii. (2), 
(1876). p. 346. 

This restriction may be disregarded if we replace the definite integral j by the contour 


integral 



§ Cf, Bromwich, Theory of Infinite Seriet, § 176. 
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It is thus found that 

J^{at)e\p{-pH>).P‘-^dt= 1 IJ j-— — t’'+'‘+“*-'exp(-p*f)dt 

Jo ' ' r \ r y „=ow!r(»' + «»+l).'o 

i r(|i/ + iM + nO 

m=o»»! r(»' + wn-iv '2^*’+'*+^’” ’ 


and this is equivalent to the result stated. 


If we apply Kummer’s first transformation (§4‘42) to the function on the 
right in (2), we find that 

(3) f ./, (at) exp (— p’t®) . t'*”’ dt 


_ r (i V jjM) . (ja/P)'’ 

2 p'‘ !> + 1) P 





and 80 the integral is expressible in finite terms whenever /i — u is an even 
positive integer. 


In particular, we have 

(4) J,(at)exp(-p‘P).f*‘dt = (-^.+rexp (- , 

provided that > — 1. This integral is the basis of several investigations 
by Sonine, Math. Ann. xvi. (1880), pp. 35 — 38; some of these applications are 
discussed in § 13*47. 

In order that the hypergeometric function on the right in (2) may be 
susceptible to Kiimmers second transformation (§4'42), we take ^ = 1 ; and, 
if we replace v by 2i;, we then find that 

(5) exp (-pU^) . dt = ^exp (- 

a result given by Weber in the case p = ^. 

If we replace p by — p, it is easy to see that 


(6) [ Kjy (at) exp (- pH^) dt 

“ - (- i (|») ’ 

when I R (p) | < ^ ; and, if we make p -^0, (a being now positive), we find that 

/.wx I jr / .V 7 . tan PTT 

(7) l^A(it)dt=^ — , 

Jo w- 

when I /i (v) } < ^, by using § 7'23 ; and, in particular, 


(«) 


r Vo (t) (i<=o. 

J 0 
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Formulae (5) and (6) were given (when 0) by Heaviside, EUctromagmtic Theory^ ill. 
(London, 1912), p. 271. 

Another method of evaluating the integral on the left of (3) is suggested by Basset, 
Proc. Camh. Phil. Soc. viii. (1895), pp. 122 — 128; the integrals have also l^en evaluated 
with the help of Laplace’s transformation by Macdonald, Proc. London Math. Soc. xxxv. 
(1903), pp. 428 — 443; see also Curzon, Proc. Loihdon Math. Soc. (2) xiii. (1914), pp. 417 — 
440 ; and Hardy, Trans. Camh. Phil. Soc. xxi. (1912), pp. 10, 27, for formulae obtained by 
making a pure imaginary. 

For some applications of the integrals of this sectiotj to the Theory of Conduction of 
Heat, see Rayleigh, Phil. Mag. (6) XXii, (1911), pp. 381 — 396 [Stuentific Papers^ vi. (1920), 
pp. 51 — 64]. 


13*31. Webers secovd exponential integral. 

The result of applying the formula §]1*41(1H) to the integral just dis- 
cussed is to modify it by replacing the Bessel function under the integral 
sign by a product of two Bessel functions of the same order. 

If m = + 6® — 2a6 cos and if (*;)> — J , 72 (2i/ 4- /a) > 0, | argp | < J tt, 

we thus deduce that 


J exp ( - p^P) {at) Jy {bt) dt 

- r (. +WJ) <■ 

The hypergeometric function reduces to unity when ^ = 2 ; so that 


exj>(-pT)J.(at)Mbt)tdt = 


({ablp^y 


/ a’ + 6“\f’' fa.bcoa<f>\ . 


4pV 


ab cos <f}\ 




If we expand the exponential under the integral sign, we find that 

fOD "I / fi'i _l_ lp\ / (if) \ 

( 1 ) J^exp(-p‘t’)J,(at)J.(bt)tdt = ^-exp(^--^~ 

This formula is valid if i2 (i/) > — 1 and | arg p ] < Jtt. 


Like the result of § 13'3, this equation is due to Weber, Journal f Hr Math. Lxix. (1868), 
p. 228; Weber gave a different proof of it, as also did Hankel, Math. Ann. viir. (1875), 
pp. 469 — 470. The proof given here is due to Gegenbaruer, Wiener Sitzungsberichie^ Lxxii. 
(2), (1876), p. 347. Other investigations are due to Sonine, Math. Ann. xvi. (1880), p. 40; 
Sommerfeld, Konigsberg Dissertation^ 1891 ; Macdonald, Proc. London Math. Soc. xxxv. 
(1903), p. 438; and Cailler, Mem. de la Soc. Phys. de Oenkve^ xxxiv. (1902 — 1906), p. 331. 
Some physical applications are due to Carslaw, Proc. London Math. Soc. (2), viii. (1910), 
pp. 365>-374. 
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round a contour conHisting of the real axis and a large semicircle above it, that 

’ {1 - cos (at)\ (1 - co s (i8<)} ^ r * * * § sin (at) si n (fit) 

Jo 

Hence the triple integral under consideration is equal to the triple integral evaluated in 
proving (1), and consequently (2) is established in the same way as (1). 

The reader will prove in like manner that, if R{fi) and It(v) both exceed then 

2u-l 


/: 


( 3 ) 


/: 




and this may be extended over the range of values of and v for which R{v)>^ and 
R (/ii4-v)> 1. 

* Hm (0 (0 


The integrals J jo 


'-dt 


may lie evaluated in a similar manner, but the results are of no great interest*. 


13 ‘ 4 . The ducontinuoiis integral of Weber and Schafheitlin. 

The integral 

Jo 

in which a and h are supposed to be positive to secure convergence at the 
upper limit, was investigated by Weber, Journal fiir Math. LXXV. (1S73), 
pp. 75 — 80, in several special cases, namely, 

(i) \ = /X = 0, v = l, (ii) X = — /X = 0, 

Tho integral w'as evaluated, for all values of X, /m and v for which it is convergent, by 
Soninot, ^fath. Ann. xvi. (1880), pp. 51 — 52; but he did not examine the integral in very 
gretit detail, nor did he lay any stres.s on tho discontinuities which occur when a and h 
become equal. Some years later the integral was investigated very thoroughly by Schaf- 
heitlin b but his preliminary analysis rests to a somewhat undue extent on the theory of 
linear differential equations. 

Tho special case in which X«=0 was discussed in 1895 by Gublerjj who used a very 
elegant transformation of contour integrals ; unfortunately, however, it seems impossible 
to adapt Gubler’s analysis to the more general case in which X ^0. The analysis in the 
special case will be given subsequently (g 13-44). * 

* Some related integrals have been evaluated by Siemon, Prograinm, Luisenschule, Berlin, 
1890 [Jahrliuch ilbcr die Fortschritte dev Math. 1890, p. 341]. 

t See also § 13-43 in connexion with the researches of Gegenbauer, Wiener SitzumiHberichte, 
Lxxxviii. (2), (1884), pp. 990—991. 

* Math. Ann. xxx. (1887), pp. 161 — 178. The question of priority is discussed by Sonine, 
Math. Ann. xxx. (1887), pp. 582 — 583, and by Schafheitlin, Math. Ann. xxxi. (1888), p. 156. 

§ Math. Ann. xlviii. (1897), pp. 37—48. See also Oral and Gubler, FAnleitung in die Theorie 
der BesueVsehen Funktionen^ ii. (Bern, 1900), pp. 136 — 148. 
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The first investigation which we shall give is based on the results of § 13*2. 
The conditions for convergence are* 

+ + > 22 (X) >- 1 , (a*^fe 6 ) 

j/ + l)>ie(X)> 0 , (a = 6 ) 

it being supposed, as already stated, that a and b are positive. 

We shall first suppose that the former conditions are siitisfied. and we 
shall also take b < a. The analysis is greatly shortened by choosing new 
constants a, / 8 , 7 defined by the equations 

|2a = /i, + \ + 1, jX = ^ - a - 

j2/9 = i/-X-/^ + l, 

I 7 = 1 , ( 1 / = 7 — 1 . 

It will be supposed that these relations hold down to the end of §13*41. 

It is known that 

r dt = lim r dt. 

Jo e-^+oJo 

since the integral on the left is convergent; now, when c has any assigned 
positive value, the integral on the right is convergent for complex values of b; 
we replace 6 by ^ and the resulting integral is an analytic function of ^ when 
R(z)>0 and \I( 2 )\< c. 

Jo U‘0 m\r(y + m) j 


OD / { 1 ^\y+‘ 2 m—i roo 

^.^0 m\V{yh7n) Jo 


provided thatf 


is absolutely convergent; and it is easy to shew that this is the case wh(^n 


Hence, when \z\< c. 


_ V (^a)-'»r(2g+2m.) 

Jo* ty—^ ra=o in\r{y + m) ' («- + c-)“+’" T (o - /3 + 1 ) 


* It follows from the asymptotic expansions of the Beesel functions thtit the* coiiditious 

are sufTicient to secure convergence when a = 6, provided that /w.-i' is an odd intcijer. 
t Cf. Bromwich, Theory of Infinite Series^ § 176. 
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and the hypergeometric function on the right may be replaced by* 

r(«-^ + i)r(i) x-R-n,- X- 

r(l-;y-7n)f + m + ^ ^ a» + c*j 

r(a-y3+ l)r(-i) c . a. ^ \ 

+ r - m) r (a + m) V(a’ '+ c*) * ^ ^ ^ ’ a* + cV ‘ 

Now the moduli of the terms in the expansion of 

2F,(a + m, J; x) 

do not exceed in absolute value the alternate terms in the expansion of 
(1 — where A is the greater of | 2a | and | 2^ — 1 1; and, similarly, the 

moduli of the terms in the expansion of 

2 -Pi (a + m + 1 “/8- w; f ; x) 

do not exceed in absolute value the alternate terms in the expansion of 

(1 — »J x)~ j s/ X, 

Hence the terms in the infinite series which has been obtained do not 
exceed in absolute value the terms of the series 


* (— r(2a + 2m) f F (i) (1 — 

!r(J-/t^-m)r(a + w)| J 

where x = c^jia^ + c^). But this last series is absolutely convergent when 
\z\< VCa* + c®) — c, and it represents an analytic function of z in this domain. 

Hence, by the general theory of analytic continuation, 

Jo 

= V (-)” (jay-^ r ( 2a + 2m) 

m“o wi ! r (7 + w) (o® + 0*)*+™ f (a - /8 + i ) 

provided that z satisfies the three conditions 

R(z)>0, I / (z) I < c, I < s/(a* + c=) - c. 

Now take (7 to be a positive number so small that 

6< V(a* + C®)-C', 
and take 0 < c ^ (7, so that also 

b < v/(rt® -f c^) — c. 


* Cf. Foray th, Treatise on Differential Equations^ (1914), § 127. 
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Then in the last integral formula we may take z^h, and when this has been 
done, if we mbq fonctions majorantea jast as before, we find that the resulting 
series has its terms less than the terms of an absolutely convergent series 

; (-)“_( r ( 2a + 2w) T TfiHl - 

„..o w!r(7 + mr (a*+CY+'‘ [i ^(1 - -Tn) Pfa + m + j) | 

I r(j — y8 — to) r(a + 7»)| J’ 

whore X-(?/(a« + C»). 2 ^ \ /i j 

Hence, by the test of Weierstrass, the original series converges uniformly 
with respect to c when 0 ■g c $ C, and therefore the limit of the series when 
c 0 is the same as the value of the series when c “ 0. 

We have therefore proved that 
lim 1°° 

c~^0 Jo P ^ 

^ ; (-r r (^+^) „ 

m=o m! r(7 + m) + + ^ m,a-/9 + l,]), 

and therefore 

[“ (gQ Jy-i (60 , 


(-.)m 6Y+2”i-ip(2a4.2iw) T (i) 


mZo m! r (7 + m) p (1 - ^ - m) 1^ (o + m + J) ‘ 

It has therefore been shewn that 

m f" Wrf. 6v->r(a) 

that is to say 

m [“ J, r(^^ + ^v-|x + i) 

Jo ' t* 2^0"*+* l>+])f (4X + iM-i«' + i) 


b* r + 1 ) 

(1/ + ])f(ix + iM"-i''+i) 

. + 1; j). 


provided that 0 < 6 < a, and that the integral is convergent. This is the result 
obtained by Sonine and Schafheitlin. 

If we interchange a and 6, and also /i and v, throughout the work, we find 
that, when 0 < a < 6 and the integral is convergent, then 


( 3 ) r 

Jo 


Ja -fi (g^ ) - 1 (^0 


o*-^r(a) 

' 2y-«-^6‘^-y+i P(,y_a)P(a_/3+ i“) 

X j^’,fo,a-7 + l; a-/3+l : 


w. B. F. 


26 
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Now it 80 happens that the expressions on the right in (1) and (3) are not 
the analytic continuations of the same function. There is consequently a 
discontinuity in formula when a=b; and it will be necessary to examine 
this phenomenon in some detail. 


13*41. 2'he critical case of the Weber-Schafheitlin integral. 

In the case of the integral now under consideration, when a 
as before, 


[ * fjA^) Jv{at) (gQ Jy (at) 

.’o c-^ + uJi) t*^ 

assuming that R {fi v 1) > R (X) > 0, to secure convergence. 
Now consider 



tf a—fi y— 1 (at) 

f;y-a-p 


dty 


6, we have, 


where ^ is a complex variable with R (z) positive. 

When R(z)> 2a we may expand the integrand in ascending powers of a 
and integrate term-by-term, this procedure being justified by the fact that 
the resulting series is convergent. 

We thus get, by using § 5*41, 
r* ^zt •A-i (^0 

Jo 

fi*-oio 'r}i\ r(a - -f m + 1) r (7 + wt) r (a - -h 7 + rn) 

^ ? (-)^ ( r (2a + 2r?0 Ha - -h 7^ 2m) 

,,“0 m ! r (a - /S + H- 1) r(7 -H m) r(a -^ + 74- m) ' 

Now the integral vn the left is an analytic function of z when R (z) > 0, 
and so its value, when z has the small positive value c, is the analytic con- 
tinuation of the series on the right. 

But, by Barnes’ theory*, the series on the right and its analytic continua- 
tions may be represented by the integral 

1 /■*’ r(2o-f 25)r(a-/9 + 7 + 2fi) 

27riJ.*, 2«“-^‘*r(a~/?-h6 + r)T(7+ ^ 

and this integral represents a function of z which is analytic when | arg^ | < ir. 
It is supposed that the contour consists of the imaginary axis with loops to 
ensure that the poles of F (— s) lie on the right of the contour, while the poles 
of r (2a -h 2«) and of F (a — /3 + 7 -f- 2«) lie on the left of the contour. 

When I ^ I < 2a we may evaluate the integral by modifying the contour so 
as to enclose the poles on the left of the contour and evaluating the residues 


Proc. Ijondon Math. Soc. (2) v. (1907), pp. 59 — 118. See also §§ 6*5, 6*61 supra. 
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at them. The sum of these residues forms two convergent series proceeding 
in ascending powers of z ; hence, when R(z)>0 and \z\<2a, 

^ 

1 ® (— -g”* r( y — a — j 3 — m ) F (a + hn) 

^2„,Zo im) r (7 - a - Ui) F (7 - /(9 - im) 

“^2 „^Zo m!F(ia-itf-i7~Jm-f 1) F(^/:iH- J7 - F(ia-- i/3 + h - 

Now (7 — a — )9) > 0, and so, when we make z assume the positive value 
c and then make c 0, we deduce that 

r Ja-.fi (at) (at) , _ (ia)y-^~P-^ F (7 - a - ^9) F (o) 

jo " 2F(l-/5)r(7-«)F(7-^) 

provided that R(a)>0, (7 — a — ^) > 0. 

From the Gaussian formula for 3^i(a, 7; 1), there is therefore no discontinuity 

in the value of the integral, though there is a discontinuity in the formula which 
expresses that value as h increases through the value a. 

The result may be written in the alternative form 

( 2 ) 

^ (.w. )*-»r(\)r(^M + k-^x+^) 

2F(i\ -f ^1/ - F (^x + i/x, -f + i) F Tjx + ^/i — ^1/ + J)’ 

provided that i2 (/i + 1/ 1) > /2 (X) > 0. 

If /X — is an odd integer the integral converges whim 0 ^ (X) > - 1 ; 

this case next demands attention. 

We shall make a change in notation by writing a+p and a-;;- 1 in 
place of p and v in the preceding analysis ; if i?(X)> 0, we then find that 



J B+P J Ik— 

-A 




_ 1 _ f ®* ( ^a ) 9 »+»-' r (2a + 2$) r (2a + 2g - \ ) p (_ rf,, 

27 nj_«.«“+""*r(o + p + 4 ' + l)r(a-p + s)r(2« + s) 


\ ^ (— )”* r (\ — m) r (a - |V + \m) 

2„,1o f«! r(p — jw + pi + 1) r(-p- + JX)r(o + - iw) 


1 ® (-) ” r ( - \ - w) r (tt + \m ) 

2 „,tj wTFfp- ini + 1 ) r (-p - iw() r(a - i»i) ’ 

- 26-2 
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and hence 


/ 0 \ f j CL^ ^r(\)r(a— J\) 

^ ^ Jo t^~ ' 2'^r (p 4- ix + 1) r (a + i\) r -p) » 

unless X =s 0. This should be compared with the more general formulae 
obtained from § 13‘4, namely that, when b< a, 


(4) / (^0 (^0 
Jo 

r(a- JX) F / 1 . 

2Aai-p-Af(a_-jo)f (P + IX.+ 1)"^’ 1“ ^ “ ^’aV’ 

and, when b > a, 

(5) r 

Jo 


J n^p (flQ «/a--p-l (&0 


a*+fr(a-iX) „( 1 - , . , o’\ 

Since X 0, the functions on the right in (4) and (5) do not tend to limits 
when a -*^b. 

On the other hand, when X is zero, the contour integral becomes 
1 r*» - f 2j?)pr(- a) 

27ri J^cci r (a + p - 1 - 5 + 1) r (a — p + «) r (2a + 5 ) ’ 

and the residue at 5 * — o is (— )^/(2a). 

It follows that 


(6) f 


Ja+p((^tt) Ja^p-i (bt) dt ^ •{ 

(o. 


' r («) _ / fc»\ 


according as b < b a, b > a. Since 

aF,(o, -p; o-p; l)«(-)^'p! r(o-p)/r(a), 

it is evident that the value of the integral when b = a is the mean of its limits 
when b — a — 0 and 6 = a + 0. 


The result of taking X b 1 in (2) is 

/iwv i T / t\ T / d^ 2 sin i ~ m) it 

(0 1^ Mat)J,{at)-^ = - , 

which is also easily obtained by insei’ting limits in g 5‘11 (13); this formula h;is been 
discussed in great detail by Kapteyn, Proc. Section of Sci., K. Akad. van Wet. te 
Aimterdam^ iv. (1902), pp. 102 — 103; Archivee NeerlandaieeSy (2) vi. (1901), pp. 103 — 
116. 
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13*42. Special cases of the discontinuous integral. 

Numerous special cases of interest are obtained by giving special values 
to the constants X, fi, v in the preceding analysis. To save repe'^tition, when 
three values are given for an integral, the first is its value for t < a, the second 
for t = a, and the third for 6 > a ; when two values only are given, the fii-st is 
the value for the second for and the values are correct for all 

values of the constants which make the integrals convergent. 

The following are the most important special cases* : 



j J ^ {a() J ^ (bt) _ 

a (biay/fi., 
(i {ajbYjti. 




Jft. (at) sin bt 

f/i ^ sin [ft arc sin (6/a)}, 
sin i/irr 


J 

iyu • 

(3) 

f* (at) cos bt 

Jo t 

rft~^ cos (ft arc sin (6/a)), 

1 a^COS i/lTT 

[R{^)>0] 


i/i [6 + \/(6*'* — a’*)}^ 

' sin [ft arc sin (bfa)] 




fCO 

v'(a" - 

b^) 


(4) 

1 (^0 bt .dt= ^ 

X or 0, 


[ie(M)>-2] 

J 


a^ cos JftTT 







(5) J 

1 Jf,(at)cosbt,dt — ^ 

cos (ft arc sin (6/a)} 

^/(a^-b^) 

00 or 0, 



0 

a'* sin iftTT 




VCi*’ - »“) • [b + •Jib- - rt*))" ■ 


Special 

cases of preceding results are 

^00 1 

fO. 


(6; 

1 Jq (at) sin bt .dt^ ^ 
Jo j 



(7) 

r* ( 

I Jq (at) cos bt.dt^ - 
Jo ( 

30 , 

0. 



These two formulae, which were given by Welder +, Journal fur Math, i.xxv. (18«3), 
p, 77, are known as Weber's dUcontinuous factors \ they are associated with the proVilein nf 
determining the potential of an electrified circular disc 

* Numerous other special cases are given by Nielsen, Ann. ili Mai. (3) xrv, (1908), pp. 82 — 90. 
The integrals in (4) and (6) diverge for certain values of when a = b. 

t The former was known to Stokes many years earlier, and was, in fact, set bj* him as a 
Smith’s prize examination question m Feb. 1853. [J/uf/i. and J*hys. Papers, v (1905), p. 319.] 

X Cf. Gallop, Quarterly Journal^ xxi. (1880), pp. 230 — 231. 
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Another special formula is 

(8) f (i><) ^l/(2i»), [J?(;i)>0] 

|0; 

and if we put we obtain Webers result (ibid., p. 80), 

(9) r Jo (at) J, (hi) dt = 1/(26), 

(l/6. 

The result of putting in (8) is known as Dirichlet*s dUcontinumw factor \ see the 
article by Voss, EncyclopUdie der Math. Wub. ii. (1), (1916), p. 109. 

Some other special formulae have l:)een found useful in the theory of Fourier series by 
W. H. Young, Leipziger Berichte, LXiii. (1911), pp. 369 — 387. 

Another method of evaluating (5) hiis been given by Hopf and Sommerfeld, Archiv der 
Math. Wild Phya. (3) xviir. (1911), pp. 1 — 16. 

A consequence of formula (1) must be noted, When v > 0, we have, by § 5*51 (5), 

ii«*o y 0 f 

J 0 t 

= 1 , 

and 80 

(10) |4(^)I<1, |^.^i(^)|<l/v'2, 

provided only that v bo positive; this is an interesting generalisation of Hansen’s inequality 
(§ 2*r)) which was discovered by Lommel, MVm^hener Ahh. xv. (1886), p}). 548 — 549. 

The reader may find it interesting to deduce Bateman’s integral*, 

( 11 ) />•«■') ((,/.), 

from the Weber-Schafheitlin theorem. 


13*43. Oegenhauers investigation of the Weber-Schafheitlin integral. 

In the special case in which the Bessel functions are of the same order, 
Gegenbauerf found that by his method Webers integral could be evaluated 
in a simple manner. 

If R(2v + 1) >R(\) > R{v ^\e have 

.-.-< 1 "^)’' . 1 ° 

r (i' + i) r (A) j 0 

_ (nby r(y — ^\ + J ) f ^ sin®*' 0 d<f> 

2^ r(i' + J) r (^) r (|a. + i) io (a^ 6® -- tab cos 


J„ {t \/(u® + Ir — 2a6 cos (f>)] 
+ 6® — tab cos A)*** 


sin®*' <f>d(f}dt 


* Mensenyer, xli. (1912), p. 101 ; for a proof of the formula by another method, see Hardy, 
Messenyer, xlit. (1913), pp. 92 — 93. 

t Wiener Sitzungsberichte, lxxxviii. (2), (1884), p. 991. 
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by § 13'22. When b< a, the expression on the right is 

Now from the recurrence formulae 

^ {(1 -z>)-i’‘Cn'‘(z)}=(n + 2m- 1)(1 

^ {(1 - C^(z)] = - (« + 1) (1 - 

we see that 

(n + l)f' (l-zr^^C\^,(z)dz 
-1 

= - j (1 - “ «*)*»+>* Cn** (2)| dz 

= (n + 2ix-2v-l)j' (1 - z'^y-i (?„'*(«) dz 

- ” £ !<> - * 


2p 


HO that 

(cos (f)) ain^‘'<f>d<f> 




/■ 


- (^ + n*mn - -riT - ' j. 

Hence it follows that 

Jo ~ r (i. + i) r (i) r (^x + i) j o 

^ I “f i I' + 1 , » 

and this agrees with the result of § 13*4. 

The method given here is substantially the same as Gegenbauer s ; but 
he used slightly more complicated analysis in order to avoid the necessity of 
appealing to the theory of analytic continuation to establish the result over 
the more extended range JB (2i/ + 1 ) > i? (X) > — 1. 

By expanding the finite integral in powers of cos </>, Ave obtain the formula 

(1 ) \^J. (at) J, (bt) - 2* ju 67-l*+* r Iv + Y) 




2i'-fl— X 2 i/43— X 


; 4 i ; 


+>)V ’ 


(a^ + b'^y 


4 ’ 4 

which is valid whether a >b or a <b. This result was given by Gegenbauer, 
and with this form of the result the discontinuity is masked. 

The reader will find it interesting to examine the critical case obtained 
by putting 6 = a in the finite integral. 
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13 - 44 . GMer’s investigation of the Weher-Scha flieitlin integral. 
The integral 


I J^(at) (ht) dt 

J 0 

will now be investigated by the method due to Gubler*. It is convenient 
first to consider the more general integral 

/ * ( ( it) J y (bt ) 

' 0 

even though this intc*gral cannot be evaluated in a simple manner by Gubler’s 
methods. It is first sup{)osed that R (v) > 0, jR (X) > ^, 7^ (/£ — \) > — I ; and, 
as usual, a and b are positive, and a > h. 

From th(' generalisation of Bessel’s integral, given b\’ § 6‘2 (2), it is evident 
that the integral is equal to 

We take the contour as shewn in Fig. 29 to meet the circle i z] — I and the 



line 7^(r^ = 0 only at ^ = ± and then, for all the values of z and t under 
consideration, 

R\lht{z-\lz)\ ^ 0 ; 

and the repeated integral converges absolutely, since 

is convergent. The order of the integrations -may therefore be changed, and 
we have 




If we write 


Math. Ann. xlviii. (1897), pp. 37 — 48. 
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and suppose that that value of f is taken for which 1 f ^ ^ 1, wc have, by § 13'2, 


Jo t>‘ 27rfJ_« li«(f f (m + 1) 

^ s-^i J M + 1; (f^'+Ty) 

“ 27 r'i ‘ ' r (/I + 1 ) ' (f + 1 

by Kummers transformation*. 

Next consider the path described by f, when z describes its contour. Since 
the value of f with the greater modulus is chosen, the path is the curve on 
the right of the circle in Fig. 29; and the curve is irreducible because different 
branches of z, qua function of are taken on the different parts of it. The 
curve meets the unit circle only at where to is the acute angle for which 
b = a sin ©. 

Now both the original integral and the final contour integral are analytic 
functions of X when Ji (X) > — 1, so long as a ^ 6. Hence we may takef X =0, 
provided that It (/i) > — 1 ; and then we have 




Next write zt and then 

2 ^ _ T(6T + a) 

T (ar H- 6 ) ’ ttr + 6 ’ 


and the r contour is that shewn in Fig. 30; it starts from - 6/a, encircles the 
origin clockwise, and returns to — 6/a; where the contour crosses the positive 
half of the real axis, we have arg t = 0. 

dz 1 adr 

zJT-i^) ” ~ 2 T(b7T^ ’ 

we find (on reversing the direction of the contour) that 

/*y 1 /■(0-I-) 

I J^(at)J,{bt)dt = g— . / tS"-'*-"' (i»T + a)-*i‘'+'‘+" (ar + dr 

J 0 J —hfa 

h¥ r(Q+) / /»2 \ -Jiv-f-M+i* 

= ~ - - I ( 1 +-, W ) (1 + dw. 

27r'uV''*'^J .1 \ a* / 


* Journal fUr Math. xv. (1836), p. 78, formala (67). See also Barnes, Quarterly JournnI, xxxix. 
(1908), pp. 116—119. 

f If X^O, the hyperf^eouietric fanction does not in general reduce to an elementary function, 
and the analysis becomes intractable. 
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If we expand in ascending powers of 6’/®’ substitute the values of the 
Euler-Pochhammer integrals, then Gubler’s result 

f {at) Jv (bt) (it 

„ _ + / M+v + I v-M + 1. „ I 

a''+*f(v+l)r(i>-^i; + V)' \ 2 '• 2 ’ ’ W 

is manifest. 



13-46. A modification of the Weber-Schafheitlin integral. 


The integral 


((it)J^ (bt) 


dt. 


J 0 

which converges if i2 (a) > | / (6) | and J2 (i^ 4- 1 — X) > | (/i) | , is expressible in 

terms of hyporgeometric functions, like the Weber-Schafhcitlin integral, but 
unlike that integral it has no discontinuity when a = b. 

To evaluate it, expand J^(bt) in powers of by assuming temporarily that 
1 6 1 < I a i in order that the result of term-by-term integration may be a 
convergent series. By using § 13'21 (8) it is found that 
Ki^(at)Jv{bt) 


( 1 ) 




+ K^{at)dt 

r (i. + 1) ■ 


X 2^*^! 


and, in jmrticular, 

( 2 ) 




l' — V — \—fl+l 


; v + i; 


■ --"1 
’ a^) 


r (at) J, (bt) dt = (2uK 2^)'' r(M + »^+l) 

provided that It{v + 1)> |ii(/w)| and R(a) > !/(6)l. 

Formula (1) was given by Heaviside* when ^ « v = 0 and \ is 0 and — 1. 
* Klectromagnetic Theoryyin. (London, 1912), pp. 249, 268, 275. 
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13 * 46 . Generalisations of the Weber-Schafheitlin integral. 

To obtain the values of integrals containing three Bessel functions under 
the integral sign, take the integral 

Jo ^ 

replace b by v/(6^ -f c®* — 26c cos ^), where 6 and c are positive, multiply by 
sin®'' <j[>/(6® + c® - 26c cos and integrate. It is thus found that 


f 


® (at) Jy(bt) Jv (ct) , iibcY r* f (at) ('tsrt) - , 

^ - - ^^-f(7--rirf(i)jo Jo ~ ^^^t^ 

where w’ = ^(b^ -i' — 2bc cos <f>) ; and the integral on the right is absolutely 
convergent if 

(i/) > - i i2 (/i -f- 1/ + 2) > E (X + 1) > 0. 

Change the onler of the integrations on the right ; then the result of the 
integration with respect to t is an elementary function of xr if X -m; + 1 = ± /a, 
by the formulae 




(a > tar) 


It follows that 

(1 ) f (at) (60 (ct) t'^^ dt 
J 0 

= ^ — tttT 77 \ f — 6® — c® + 26c cos sin^^t^d^, 

ill which the value of A is 

6® + c® - a® 

0, arc cos 

acconling as a® is less than, between, or greater than the two numbers 

(6 — c)®, (6 4- c)®, 
j)rovided that both H (fi) and -R (v) exceed — 

In particular 


(2) 




f "a-'+>r(.. + i)r(i).io 

Multiply by a'+‘ and differentiate under the integral sign with respect to 


a ; and we then obtain the interesting result that, if Jf (i*) > — J, 

dt 2'’"* A®' 

. 0 


(3) 


r 00 

I ^ J. {at) jy {ht) Jy (ct) — = r (^) ■ 

when a, 6, c are the sides of a triangle of area A; but if a, 6, c are not sides 
of a triangle, the integral is zero. 

This formula is due to Soniiie, Math. Ann. xvi. (1880), p. 46; other aspects of it have 
been investigated by Bougall, Proc. Edinburgh Math. Soc. xxxvii. (1919), pp. 33 47. 
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It has been observed by Macdonald* that the integral on the left in (1) is 
always expressible in terms of Legendre functions. The expression may be 
derived from the integral on the right in the following manner: 

When a, 6, c are the sides of a triangle, by the substitution 
sin ^ = sin ^ sin 

we have 

[ (a® — 6® - c- + 26c cos sin^*' ^d(f> 

0 

I ^ 

= (2bc)^~''~^ (cos (f) — cos sin®*' <f>d(l> 

jo 

riir 

= (6c)^"‘'“‘ sin®^*^ . / (1— sin® J A sin®^)''"^ sin®*' ^cos-^"^*'"’ Odd 

Jo 

= 4'*-’ (6c)'‘-’'-' sin®"-' lA + + 

and therefore, if R and R (v) exceed — and a, 6, c are the sides of a 
triangle, we have 

(4) I” J, (at) (bt) (ct) dt = ^ )• 

If, however, a® > (6 + c)®, and we write 

or — 6® - c® = 26c cosh My 

we have 

I (a® - 6® - c® + 26c cos sin®*' 

j 0 

= ( 26 cy‘”*'”^ j (cosh M + cos ^ sin®*' <#)t/</) 
-(24e cosh ^ ' 

so that, when u® > (6 + c)®, we have 

/-\ f* 7 y O.X r r . 7. ( 6 cy~^ cos l/TT. sinh'^'i^W 

('■’) •/. (/-»0 JA<'d)t^~''dt = ^ 1 . 

In like manner, we deduce from § 13’4r) (2) that 

(0 /; A-, ./.(«, ./.(«, d, (A-,, 

where 26c A" = o® + 6®+ c®; and in this formula a, 6, c may be complex, 
provided only that the four numbers 

R (a ± ih + ic) 

luv. positive; this result is also due to Macdonald. 


* pK)c. London Math. Soc. (*2) vii. (1909), pj). 14‘2 — 149. 
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[Notk. Tlio apparent discrepancy between these formulae and the formulae of Mac- 
donald's paper is a consequence of the different definitions adopted for the function ; 
!sec § r>-71.] 


Other formulae involving three Bessel functions may be obtained by taking 
formula § 11*6 (1), replacing z by x, multiplying by 

2t/p {x cos 6)1 

and integrating. 

It is thus found that 


r ^ ^ diV 

(7) I (x cos (f) coa 4>) Jt, (x sin <f> sin <P) Jf, (x cos 6) 

J it ^ 


when 


cos^ cos** ^ sin*' if> sin" cos** 6 

2^“^ r(pTTr{r77+T))^‘ 


X i r (-)" (^ + . + 2n + 1) + ^11*' L" + " + 

.,=oL w!r(/i + w + i) 


1 ) 


r 4 + ip “ iX. + n + 1 ) 
i’(i/ + iv — ip + JX. + M + 1 ) 


.F,(‘ 


/Lt 4- + p — X 


+ n + 1, 


p — \ — /i, — i; 


-n; p + 1 ; cos* 6 


X 2^1 (— 71, /I + 1 / + n + 1 ; i' 4- 1 ; sin* </>) 

“I 

X 2^1 4 J' 4 w 4 1 5 I' 4 1 ; sin* 4>)J. 

It V -\r p 2i) > H (\) > ^ ^ 


and cos 6 is not equal to + cos (<1> + <f>). 


Some special cases of this result have been given by Gogenbauor in a letter tj> Kapte^n, 
f*roc. Section of Sci.^ K, Acad, van Wet. te Amsterdam., iv. (1902), pp. 684 — 688. 

Some extensions of formula (3) have been given recently by Nicholson*. 
If a, , « 2 , . . . Ltjn, are positive numbers arranged in descending order of magnitude* 
it is easy to shew that, if 

ttj ^ S ^ "^l* 

n = 2 

then 

/ * iit 

( 8 ) 

the simplest method of establishing this result is by induction, by substituting 
Gegenbauer’s formula of § 11-41 [on the assumption that for 

Jviflmt), and then changing the order of the integrations. 

When aj, a,, ... are such that they cjin bo /the lengths of the sides of 
a polygon, the integral is intractable unless r)i = 3 (the case* already considered), 
or m == 4. 


* Quarterly Journal, xlviii. (1920), pp. 321 — 329. Some associated integrals will be disenssod 
in §13-48. 
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When a,, Oj, a,, a« can form the sides of a quadrilateral, we write 


16 A’= n (o, + Oj + a, + tti — 2a„), 

n^l 

SO that ^ is the area of the cyclic quadrilateral with sides ai, erg, a.,, a^. 

The integral can be evaluated in a simple form only* when v^ 0 \ but 
to deduce its value, it is simplest first to obtain an expression for the integral 
when R(v)>\, and deduce the value for v = 0 by analytic continuation; the 
value of the integral assumes different forms according asf 

fX| ^ ttj I 

i.e. according as A* ^ ai a, 

We write -bj’ = a./ + Uy- — 2a2 ^3 cos </>, and replace Jy(a2t) by 

Gegenbauer’s formula, so that 

]„ Jo 

_ (a,a,)- (g.o ,)-' f . x, _ j r . _ „ y,._i sin“’'0rf<#> 

where tbc lower limit is given by «r =ai — a4 and the upper limit by cr = + a4 

or ac + ou,. whichever is the smaller. 

We write 

^ ^4)" - (tt] - ^0 

isr- - (Uo - a,)* (O'l 4-a4y-(a2- t/s)'* ' 

so that the upper limit for .r is 1 or A/V(ttit^2a3«4): this exi)ression will be 
called l//c. 

We now carry out the process of analytic continuation (unless a,, 

when the integrals dive rge at the upper limit if i^ — 0), and we get 

[ n jQ{ant)tdt 
0 n^l 

= I* “*■ ^'' 4 )" - '=^"1 {tsr* - (Ui - a^yi {ur^ - (o^ - f/a)") {(ug 4- (hY - 'O-'*!]"* tsrdtff 

1 riorl/k (if. 

"" J 0 v la • 

Hence 

'_1 j.r f V(ci;.a.jU,aJ\ 

r«) 4 tt^A \ A / ’ 

(9) n Jo(fInt)tdt={ 

' 0 n~l \ 

. 7 r*V(Ol« 2 <^Tja 4 ) W(«l« 2 ^ 3 ^ 4 V ’ 

where denotes the complete elliptic integral of the first kind, and that one 
whose modulus is less than unity is to be taken. 

* For other values of p it is expressible as a hjpergeometrio function of three variables, 
t We still suppose that Oj ^«.2^a3^fl4. 


Hence 
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Nicholson has also evaluated 

I' 


when R(v)>0 and a > 0. The simplest procedure is to regard the integral as 
a special case of the last, so that it is equal to 




+COS 


(2a“(l — cos <f>)\^ ’ 


and hence* 

( 10 ) 



r(2i/)r(o 

27rr(8*;){r(i; + |))^'- 


13 * 47 . The discontinuous integrals of Sonine and Gegenhauer. 

Several discontinuous integrals, of a more general character than the Weber- 
Schafheitlin type, have been investigated by Soninef and (JegenbauerJ; some 
modifications of these integrals are of importance in physical problems. 

The first example§ which we shall take is due to Sonine, namely 


( 1 ) 




fO, (a<l>) 

<a>i) 

To secure convergence, a and 6 are taken to be positive and Ji(r)>Ii(/u,) 1 ; 

if a = 6, then we take R(p)> R(/ll - hi) >0. The number r is an unrestricted 
complex number, and the integral reduces to a case of the Weber-Schafheitlin 
integral when z is zero. 

The integrals involved being absolutely convergent)!, we see from § (j‘2 (8) 
that, if c> 0, then 


/, 




1 /•» ,’c+oci r /2 1 

*ss/. jj*-" 

= -— r-- w^*"''exp -\du. 


* An arithmetical error in Nicholson’s work has been corrected. The result for values of B (v) 
between 0 and \ is obtained by analytic continuation, 
t Math. Ann. xvi. (1880), p. 38 et spq. 
t Wiener Sitzungsberichtp, lxxxvhi. (1884), pp. 990 — 1003. 

§ This formula is also investigated by Cailler, de la Soc. de phya. de GenVve, xxxiv. 

(1902—1906), pp. 348—349. 

li The convergence is absolute only when /? (i^) > i2 (m 1)>0; for values of v not covered by 
this condition, the formula is to be established by analytic continuation. 
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When a<h the contour involved in the last integral maybe deformed into an 
indefinitely great semicircle on the right of the imaginary axis, and the 
integral along this is zero; but, when a >6, we have to apply § 6*2 (8), and 
then we obtain the formula stated*. 


A related integral 


(2) 






may be evaluated in a similar manner. 

We suppose that a and b are positive f, and that R (/a) > — 1 ; in evaluating 
the integral it is convenient to suppose that !arg^|<j7r, though we may 
subsequently extend the range of values of z to |argz|<j7r by analytic 
continuation. 

From § f)-22 (8) it follows that the integral on the left of (2) is equal to 

I /m W ®xp -I- ^ 

b*^ /■* r (a^-hb^)u az^l , 

- »p [- -sr^ - FuJ * 

by § 6*22 (8); and this is the result stated. 

Now make arg ± Jtt. If we put z = where y > 0, we find that 

= iTre-*"--*-*' ^ {y V(a» + 6»)) - \y V(a'+ 6*)l]. 


provided that R{v) < 1 ; and it is supposed that the path of integration avoids 
the singularity t^y hy an indentation above the singular point, and that 
inter{)retation is given to v(i* — y*) which makes the expression j)ositive when 
/ > //. 

If we had put 5 = - ly, we should have had the indentation below the real 
axis and the sign of i would have been changed throughout (3). 

In })articular 

(i) r T ihf\ ’e xp(TtVV(o»+6») } 

where the upper or lower sign is taken according as the indentation passes 
above or below the axis of y, 

* For pliyRieal applications of this integral, see Lamb, Proc. London Math. Soc. (2) vii. (1909), 
pp. 122—141. 

t With certain limitations, a and b may be complex. 
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The lost formula (with the lower sign*) has been used in physical investigations hy 
Sonimerfcld. An7i. der Physik vnd Chemie, (4) xxviii. (19()9), pp. 6S2— 683; sw also 
Bateman, Electrical and Optical ^yave-Motion (Cambridge, 1915), p. 72. 

If in (1) we divide by and make 6-^0, we obtain Sonino's forniuhi 

provided that a ^ 0 and Ji(i p — ^) > H (/n) > — 1 ; this might have been 
established independently by the same method. 

Similarly, from (2) we have 

p A\ {a 2 h r (/X + 1 ) 

if a > 0 and (/a) > - 1. 

In (5) replace i; by 2i/, a by 2 sin ^ and integrate from 0 = 0 to ^=» Jtt. It 
follows that 

X f " [ v(<* + «’)! _ r (m + 1 ) [ *' (2z sin 6) dd . 

^ ’ Jo 'o sin'‘-^>5» 

this is valid when jR (v — ^) > i2 (m) > — 1. 

The integral on the right is easily expansible in powers of but the only 
case of interest is when 2i' = 2/i~h3, and we then have 

r (v/(<’ + ^*)! . rf, - r (i- - i) „ ... 


2z*''* * ^s/tr 


( 9 ) 

and these are valid if JR(i/)>J. The last formula was established in a 
different manner (when i/=l)by Struvef; and from it we deduce the important 
theorem thatj, when p and a; > 0, H„(a;) is positive. Struve’s integral is 
of considerable value in the Theory of Diffraction. 

Some variations of Sonine’s discontinuous integral are obtainable by 
multiplying by and then integrating with respect to h from 0 to b. 

It is thus found that 


= _i_ [ f/KzJ^' 
a‘'6'‘+'Jo I ^ 


[n — «“)i du, 


the upper limit in the last integral being 6 or a, whichever is the smaller. 

/ 

* My thankfi are due to ProfeBsor Love for poiutiDg out to me the desirability of emphatrizing 
the ambiguity of sign. 

t Ann. der Physik und Chemie, (3) xvii. (1882), pp. 1010 — 1011. 

: Of. § 10-45. 


W. B. F. 


27 
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If 6 < a, the integral on the right seems intractable, but, when 6 > a, we 
put w = a sin Q and deduce that 

( 10 ) r («)-^- 1 ” „ a . r (-Jti) :Ma> 

provided that R (i/ + 1) > R (/i) > — 1 ; this is one of Sonine's integrals. 

If wc replace a by w in (1) and then take a^b and integrate with respect 
to u from a to ao after dividing by u''-\ we find that, ivhen e is restricted to he 
j)0sitivey 


/. 




_ •'■'T!.*'* f" / .-y-i (t’g) 
fiH- r® r® 

2M-V + 1 ^I^-l /•» / 

j exp^-^-6^- 












r(i') 

by § 13‘3 (4), and thence we see that 

(11) 

provided that a <b and E {v + 2)> R (//.) > — 1 ; the restriction that z is 
positive may now be removed. 

Formula (10), which may be written in the form 


( 12 ) 


f.,, if-dt. <2£) , 

/o (^^-f2‘)*'' bf^ z'' 


wh(!re R{v -]-2)> R{fjL)> 0 and 6>tt, has been generalised in two ways by 
Gegenbauer*, by the usual methods of substituting Neumann’s integral and 
Gegenbauor’s integT*iil (cf. § 18‘1) for the second Bessel function. 

The first method gives 


(13) f 

J <1 


’ / (bt) dt 

(V- + e2)Ji*+‘i . ' 

7a+„ j2a cos (f > . \/(t- + z^)] 

{F'+z^^^^ 

2^"-* r(/i.) J„(U2^) Ja(u^) 

■'A^'r ' ■ * 


2 r® 

TT J 0 . 0 


Jf, (bt) ■ 


t^~' cos (\ - I/) <f)d<f)dt 


b*^ z' 

provided that b > 2a and R{v’^\+ 5) > R{F) > 0. 


* If'iener Sitzungsherichte, lxxaviii . (2), (1884), pp. 1002 — 1003. 
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Ifi 

(14) f 


If w = V(®* + c* — 2ac 003 4>), the second method gives 

j, (W, ^)1 ^ * 

0 (.4 + ■* 1 

(ioc)- r® /■' r V( <’+«’)! 

“ r'(r+ j) r(i) Jo Jo ' 18 ^^ (rl- «•)*' 


^2^-1 r(/L(.) (o^) t/„ (c£) 

if 6 > a + c and (2»/ + ^)> R (fi) > 0. 

By induction it follows that, if 6 > Sa, 
n [J„ (a + 2!^)\] 


(15) 


/■ 


r /AA /it-i _ 2^'"^ r (/i.) rj^ (gj 


(a^y 


where the product applies to n values of a, and 

R (nv -h + i) > (/jl) > 0. 

If the induction of the second method is used after applying the first method once, we 
find still further generalisations. 

The special case of (15) when 2-*“0 is 

OC) ly.iMw.i-)]---' •4- 

this has been pointed out by Kluyver, Proc. Section of Sci.^ K. Akad. van Wet. te Amster- 
dam^ xr. (1909), pp. 749 — 755. 


13*48. The problem of random flights, 

A problem which was propounded by Pearson * (in the case of two-dimen- 
sional displacements) is as follows : 

“ A man starts from a point 0 and walks a distance a in a straight line ; 
he then turns through any angle whatever and walks a distance a in a second 
straight line. He repeats this process n times. 

“I require the probability that after these n stretches he is at a distance 
between r and r + Sr from his starting point, Of 

The generalised form of the problem, in which the stretches may be taken 
to be unequal, say fti, « 2 , Un, has been solved by Kluyverf with the help of 
the discontinuous integrals which were discussed in § 13*42; and subsequently 
Rayleigh J gave the full details of the analysis of the problem (which had been 
examined somewhat briefly by Kluyver), and then obtained the solution of the 
corresponding problem for flights in three dimensions. 

If s^n is the resultant of ai, Oj, . . . , am (m = 1, 2, . . . , 7/, — 1), and if 6m is the 

* Nature, lxxii. (1906), pp. 294, 342 (see also p. 318); Drapers* Company Research Memoirs, 
Biometric Series, in. (1906). 

t Proc. Section of Sci., K. Akad. van Wet. te Amsterdam, viii. (1900), pp. 341—350. 

t Phil. Mag. (6) xxxvii. (1919), pp. 321—347. [Scientific Papers, vi. (1920), pp 604—620.] 

27—2 
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angle between and a^+,, then, in the two-dimensional problem, all values of 
the angle between — tt and tt are equally probable. 

Now let Pn(r; aj, Un, ..., (in) denote the probability that after ?i stretches 
the distance from the starting point shall be less than r, so that the probability 
that the distance lies between r and r -h hr is 

dP„ (r; a,,ao, ....(in) 
dr 

It is then evident that 

(r ; ai , flj «„) = ‘ “ / . / ^ 

where ^n-z assume all values between — tt and tt, Avhile 6n-i is to 

assume only such values as make* 

Sn^r, 

for each set of values of ^j, ^25 ••• . ^n-z* 

Now (§ 13'42) 

r f Jj(rt)Jo(s„t)dt = 

Jo 

and so, if this discontinuous factor is inserted in the (n — \ ytuple integral, the 
range of values of 6n~i inay be taken to be (— tt, tt). 

We change the order of the integrations with respect to ^n-i and t, and, 
remembering that 

^ n ^ n— 1 “h a.“n — 2^,|_] COS Ofi—1 > 

we get 

r [ f Jj (rt) {Snt) dt ddn^i = 27n' f (rt) (Sn-^it) {ant) dt 
J - It J 0 J Q 

by § 11 '41 ( 1 (J). We next make the substitution 

® ii — 1 — S n—2 1 “ a ^'n— 1 COS 0ji—‘2 ? 

and perform the integration with respect to ^n-z- By repetitions of this pro- 
cess we deduce ultimately that 

r» n 

Pn (r ; tti , « 2 , . . . , (In) = ?• Ji {rt) n Jo {(imt) dt, 

Jo w-1 

and this is Klnyver s result. 

^\ e shall now consider th(! corresponding problem for space of p dimensions. 
In this problem it is no longer the case that all values of d,n are equally likely. 
If generalised polar coordinates (in which is regarded as a co-latitude) are 
used, the element of generalised solid angle contains only by the factor 
sin''~- and d,n varies from 0 to tt. The symmetry with respect to the 
polar axis enables us to disregard the factor depending on the longitudes. 

• It is to be remembered that i', a function of the variables Si, 0.^, . 


I > {^?i ^ r) 

0 , (*„ > r) 
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lfPn(^; ai,« 2 , denotes the probability that the final distance is 

less than r, we deduce, as before, that 

Pn(^; 

/« /o ■" io /il, 

where the integration with respect to S^-i extends over the values of 
which make Sn < r. 

The discontinuous factor which we now introduce is 

(Sn < r) 


and then, since by § 11‘41 (16), 


(»« > r) 


= r (ip - i) r (i) ■ 


.0 sjp-^ 
we infer that 


(r ; o, , a,, . . . , a„ I p) = r {r (ip)}’-’ Q 

When the displacements a,, ag, , . . , a„ are all equal to a, and n is large, we may 
approximate to the value of the integral by Laplace’s * process. The important 
part of the integrand is the part for which t is small, and, for such values of t, 

so that (§ 13*3) 

P„ (r ; a, a, . . . , a I p) ~ (»•<) exp (- dt 

“ rli pl-T) (w) • {iP>iP + ^’- 2nf.) • 

This process of approximation has been carried much further by Rayleigh in 
the cases p = 2, p = 3, while Pearson has published various arithmetical tables 
connected with the problem. 


13*49. The discontinuous integrals of Oallop and Hardy, 

The integral 

/* 01 j# 

is convergent if a and h are positive and P (/x + i>) > — 1 ; when a — h the last 
condition must be replaced by i2 (p 4* i^) > 0. 

The special case of the integral in which /x=0, — J has been investigated by Gallop, 
Qrmrterly Jounnaly xxi. (1886), pp. 232 — 234; and the case in which a—h has been 
investigated by Hardy, Proc. London Math, Soc. (2) vii. (1909), pp. 469. The integral is 
obviously to be associated with the discontinuous integrals of Weber and Schafheitlin. 

* La thiorie analytique des ProbabilitSs (Paris, 1812), chapter ni. The process may be 
recognised as a somewhat disguised form of the method of steepest descents. 



422 


THEORY OF BESSEL FUNCTIONS 


[chap, xm 


To evaluate the integral in the general case, the method discovered by 
Hardy is effective; suppose that a^b, and at first let us take 72(i/)> — 

so that Poisson’s integral may be substituted for the second 
Bessel function and all the integrals which will be used are absolutely con- 
vergent. Write t in place of i + f, and l<)t z — Z, so that the integral to be 
evaluated becomes 


ja {^Z 4- f)} Jpihi) 
{Z^ty ~ t- 

r(i^ + i)r(4) 
(W 
r(v + i)r(i) 


r r 

J ~ CO 0 


tl ^ {ct (^Z 


cos {ht cos <f>) sin®*' <f)d<f>dt 


f [ cos lb (i — Z) coa </>} ain^’' (ffdcpdt 

) J — 00 0 

= ^ f f cos (bt cos </>) cos (bZ cos <f>) sin*" <f)d(f)dt 

1 + (4)^0 'o 

— ~ 4>) siiP" <f)d(f>, 


(2ayr(/j,- 


by a special case of § 18 4* (2). 

This integral is expressible in a simple manner only when /a= 4, n, case 
considered by (Jallop, or when a = b, the case considered by Hardy. 

We easily obtain Gallop’s two results 


(1) r = (b^a) 

J -eo Z t 

/«v f * a(z-[-t) . ^ ... f'* cos uz .du /t ^ , 


and Hardy’s formula 

r* {a (^ + <)1 "^^ !«(?+<)! j,_ r(/i + i;)r(§) 

{z + tY Tf+V' r(^V|)r(‘>^+i) 

X (^\*'Li+—i (“Kf ~fll 

\a) {z - ^>‘+•'-4 

The roftdcr will find it interesting to obtain (1) by integrating 

/ fM\(a + t) 

jj- — ♦/,! {ht) dt 

round the contour formed by the real axis and an indefinitely great seinicirclc above it ; it 
has to he supposed that there is an indentation at — s when z is real. 


The integral 


y - jr Z + t 


has also been considered by Gallop. To evaluate it, we observe that 


z-}-t‘' 


1 - 


z+t* 



13-5] INFINITE INTEGRALS 423 

and so the integral may be written in the form 

I {- sin a (z + 1)} Jo (it) dt+ f sin a (z + 1) Jo (bt) dt 

f® sina( 2 : + t) , . . , (■“sinai^ + O r .. s , 

+ ^ t '^0 - 2^ — Jo (bt) dt 

-00 ^ + t Jo z-i-t 

f oo r a f 00 

sin at Jo (bt) dt-hz j cos « + 0 Jo (bt) dtdu 

.■ 0 . 0 J -00 

— 2z I j cos ii(z-j-t) Jo (bi) dtdu 

f oo ra rco 

sin at Jo {bt) dt-\-2z j / sin as sin iit Jo {bt) dt du. 

0 J 0 J 0 


'0 . 0 

= 2 cos az 


Hence, when a > 6, 

1 1 1 sin a (z + t) 


/** + r 2eosf7^ r« sin?/2' , 

2 I 


but, when a < b, 

0>) 


^ 2co8a^ r® 

J —X 


6 

aro cosh nth 


sin (zb cosh 0) 


2 + ^ 


Jo (bt) dt = 0. 


13*6. Definite integrals evaluated by contour integration, 

A large number of definite integrals can be evaluated by considering 
integrals of the forms 

\^J^O)IIv^^(az)dz, <f> (z) ^<0'^(bz) (az) dz, 

taken round suitable contours; it is supposed that (f>(z) is an algebraic 
function, and that a is positive. 

The appropriate contours are of two types. We take the first type when 
(j> (z) has no singularities except poles in the upper half-plane; the contour is 
taken to be a large semicircle above the real axis with its centre at the origin, 
together with that part of the real axis (indented at the origin) which joins 
the ends of the semicircle. 

We take the second type when <f> (z) has branch points in the upper half- 
plane; the contour is derived from the first type by inserting loops starting 
from and ending at the indentation, one loop passing round each branch point, 
so that the integrand has no singularity inside the contour. 

A more powerful method (cf. § 131) which is effective in evaluating 
integrals with Bessel functions under the integral sign is to substitute for the 
Bessel function one of the integrals discussed in § 6*5, and change the order of 
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the integrations ; since the integrand in §6*o (7) is 0 qua function of x, 
where S is an arbitrarily small positive number, the double integral usually 
converges absolutely when the original integral does so, and the interchange 
produces no theoretical difficulties. 


13*61. HankeVs integrals involving one Bessel function. 

Before Ilankel investigated the more abstruse integrals which will be 
discussed in Chapter xiv, he evaluated a large class of definite integrals* by 
considering 

1 / (nz) 

taken round the first typo of contour described in § 1»S'5. In this integral, a 
is positive, m is a positive integer (zero included), r is a complex number with 
positive imaginary part, and 

\R{v)\< R (p) < 2m 4- ^ . 


The first inequality aecuri's the convergence of the integral when the radius 
of the indentation tends to zero; and (as a consequence of Jordan’s lemma) 
the second inequality ensures that the integral round the large semicircle 
tends to zero as the radius tends to infinity. 


The only singularity of the integrand inside the contour is the point r. It 
follows that 

1 r* icP-J (ax) - (axe^^)\ , _ J|_ (az) dz 

27riJo ^ 27riJ 

~47nJ (r-rT+' 2.m!\dr‘J ‘ 


It follows from § 8 G2 (5) that 

C * xf * — ^ fix 

(1) [(] +e('--'")/.(aa;) + t(l r, (oa-)] 


m 

2^to! 




This result can be expressed in a neater form by writing r = ik, so that 
R (A;) > 0. It is thus found thatf 


f ® tP — ^ fJ X 

[cos i(p-v)ir. J,{ax) + sin | (p ~y) v . Y, (a®)] 


2*" . 7n! 




* Hankel’a work was published posthumouBlj, Math. Ann. viii. (1875), pp. 458 — 461. A partial 
inveatigatiou of the iiiteKral with p=2n + 2, m=2n was given by Neumann, Theorie der 

liesseVscJien Functionen (Leipzig, 1867), p. 58. 

t The evaluation of integrals of this character which contain only one of the two Bessel 
functions is effected in § 13-6. 
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The reader should notice the following special cases of this hjriiiula: 

(3) [ {cos i/TT . Jy (ax) - sin uir . {ax)\ -f — 

f * f „ {^) 

' ^ Jo + Xr=*)*“ 2"* . 7»1 ! ' " ■ 

The former is valid when - 2m - ^ < /f (i^) < I, and the latter when -l</{(v)< 2m 4 - jj . 
For an extension of (4) t(» the cfvso when m is not an integer, see J5 13-G (2V 

The special formula 

/rN xJo{ax)dx_ 

O) -Ao(ai), 

has been pointed out by Mehler, Math. Ann. xviii. (18RI), p. 194, and llasset, Hydro- 
di/uamtcsj ii. (Cambridge, 1889), p. 19; while Nicholson, Quarterly Journal^ xtii. (1911), 
}». 220, has obtained another special formula 


f * J 0 {ax) dx Kq {ak) 

Jo h » 


by a complicated transformation of repeated integrals. 

Some integrals resembling those just given may be established here, 
though it is most convenient to prove them without using Cauchy’s theorem. 

Thus, Nicholson has observed that 

/** t/o ((uO rfa: 2 f" f cos (aa; cos 0) , 


f Jo{(ta^)(ix ^ 2 ( cos (ax cos 
Jo '~7rJo Jo 

1 ri*" 

= 7- 

^ J 0 




by § 10'4 (11), provided that a and R(k) are both positive; so that 

(^) r = 2k 


.C = 2k 

More generally, if (r) > — J, we have 

I, (ak) - L. (ak) = Y(J+ljT{l) L ®”* 

and since, by a special form of (2), 

provided that JR (v) < 2 and a is positive, it follows that 


^ sin-*' Odd, 


I. {ak) - L. {ak) - ^ ) P ( , ) J _ 


2ki-''{\a)'' r J,. 


(«'+l)r(j);« 

’ /■* Jy {ax) -t- iH, {ax) j 

■j-. *» + &* 


I' r® . dx 

- [(1 H- e'") /, {ax) + 1 (1 - e'”) H. (aa:)] 
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and so we have the formula 

( 8 ) j [cos ivir. J, (ax) + ain ii'TT.H, (ax)] {I, (ai;)-L,(ak)}, 

whore a>0, Ji (k) > 0 and - J < 72 (i/) < 2. The change in the order of the 
integrations presents no great theoretical difficulties. 

A somewhat siiiiilar integral is 

r® (cw;) dx 

Jo ar>^k‘^ 

which converges if R (v)>—l and R (a) > 0. 

If we choose k so that R {k) > 0, wo have, by § 616 (1), 

r (U.7;) dx + r* r* (2a)‘' cos XU . dudx 

Jo x‘^-hk^ ~ l'(i) Jo Jo -h k-) (u^ -h 


ttV (v -h i) f '^ (2ay du 


— (y 4- i) f 

~~ ~2kr(i) Jo 

when we use § 10-41 (3). Hence, when R(p) > -i, 

and therefore, when R(iy)<^, 

Ky (a.r) dx 


( 10 ) 


Jo x^ 




‘ cos l/TT 


{Hjak)- V,(ak)j. 


These formuhu' (when v = 0) are due to Nicholson, and the last has also 
been given by Hc5aviside. 

Thointo^ral 

^ J„ x^ + i;^x- 

lias htM'ii invesl.igatod by Gcgcnbaucr*. To evaluate it, we suppose that 
Ii(i>) > — i and that a and R (k) are both positive; we then have 


sin" ddSdx 


and so 

(11) 


/"* J,(ax) d.c _ f“°fi^cvs(ax 

Ju :i^ + k^ xf r(v + i)r(J)Jo '(, ^ 

e-“*'-'<>"’sin"^d^, 

’ Jo 


r(v + i)r(i)k. 


f'‘J,(ax)dx ir ,j , , , ,m 


* If jL'Tier SitzunffsbericJiti’, lxxh. (2), (1876), p. 349. Oegenbauer’s result is incorrect because 
he omitted to insert the term - L,, (ak ) ; and consequently the results which he deduced from his 
formula are also incorrect. A similar error was made by Basset, Proc. Camb. Phil. Soc. vi. (1889), 
p. 11. The correct result was given by Gubler, Zunch Vierteljahrtschrift, xlvii. (1902), 
pp. 422—424. 
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13-52] 

The condition R{v)>-\ may now be replaced by the less stringent 
condition R (v) > — f , by analytic continuation. 


An integral which may be evaluated in the form of a series by this method is 


/, 


ainh ax r ^ , 

. ^ - Jy (fix) .r" + * dx^ 
0 sinh rrx ^ ' 


which is a generalisation of Neumann’s integral described in 13 2 ; it is supposed that 
|y2(a) l + l 7(6)|<7r and R(p)> -1. 


By taking 


1 f ainh az rr /iw* v » 


round the contour used in this section, we find that the definite integral is tti times the 
sum of the residues of 


sinh 


“//,<') (fti) 2-* > 


at the points 2i, 3i, It follows that 


HI Till flV O nr 

2 (-)«-» W''+1 sin 7ia.A\(«6). 

(■) siiiil irx If fiss] 

The scries converges rajiidly if b is at all large. 

An integral expi’essible as a similar series was investigated by Riemann, Ann. der Phynih 
and Chemie^ (2) XCV. (1855), pp. 132 — 135. 


13*52. The generalisation of UankeVs integral. 

Let us next consider the integral 

__1_ {az) dz 

2wiJ ' ’ 

This differs from Hankel’s integral in containing the (complex) number /a 
in place of the integer in. The conditions for convergence (with the second 
type of contour specified in § 13*5) are* 

a>0, \ R H(p) < 2R(fjL) + 

The contour is chosen with a loop to exclude the point ik, as shewn in 
Fig. 81, and then there are no poles inside the contour; and the integral round 
the large semicircle tends to zero as the radius tends to infinity. Hence 
1 r*** ^ tlx 

Jo 

1 (a.g) 


Now 


1 r gp-i dz 
2-in Jo 


^p-2M-2r(ip) 

r(ip-M)r(M + i)‘ 


Ab in § IS'Sl, we take ii(k)>0. 
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Hence, when we expand H,®’ (az) in ascending powers of z, we find that 

f * (yP"! flj' 

J J(1 + «(->— V)H)4 +,•(!_ e(p— w«) Y, (cue)] 

r. ? r(ip + ^,> + 7n).(jaAr 


sin j/TT. r(/4+ 1) 


«i=ow5r(i/ 


! r(i/ + m 4- 1) r(^p + ^i^- /LtH- m) 


and therefore 


0 w! r (- 1/ + m + 1) r (I p - /. + m)J ' 


(1) [co8(^/)-fi/-/i)7r.t/^(tta;) + sin(i/)-ir -/i)7r. F, (a^c)] 


xf'‘~^dx 


2 sin j/TT. r(/i4- 1) 


iiakyriip+iv) J^{p + v_p + v .. .. 

Lrrv>i)r(fp+iv-p)' 4 2 ’ 2 ^-" + 1 ’ 4 ; 

_ Qat)-‘'r(^p-t»/) „ /p-r. p-v_ , _ 



It is natural to enquire whether the integral of this type which contains 
a single Bessel function cannot be evaluated; it seems that the only effective 
method of evaluating it is the method which will be explained in § 13‘6. 

13 * 63 . HankeVs integrals involving a product of Bessel functions. 

Integrals resembling those of § 13*61, except that they contain a product 
of Bessel functions instead of a single Bessel function, have been investigated 
by Hankel* by applying Cauchy’s theorem to tjie integral 

in which a ^ 6 > 0, m is a positive integer, r is a complex number with a 
positive imaginary part, denotes any cylinder function of order /i, and 
\R{v)\-^\R{fi)\< R{p)<2m + 4s. 


Math. Ann. viii. (1876), pp. 461 — 467. 
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[Wlieii '(fiL is a Beshtl fiiDutioii of the first kind, J li (/i) j nmy Ipo I’cplaced by —R\\i) in 
this ineqiuility. I 

When a = 6, the presence of a non -oscillatory term"^ in the asymptotic (ex- 
pansion of the integrand shews that we must replace 2m 4 4 by %n, + 3 in thi^ 
ineipiality in order to make the integral, when taken round a large semicircle 
above the real axis, tend to zero as the radius tends to infinity. 

The contour to be taken is that of §13'52; and if we proceed in the 
manner of that s(‘ction, we find that 

Numerous special cases of this result are given by Hankel. 


It must be pointed out that, when, p = 2»i + 3 and a = &, the integral round the large' 
semicircle tends to a non-zero limit as the radius tends to infinity ; and, if 

(az) 3 Cl HfS^) {az) 4 C 2 (az\ 

we then obtain the new formula 




+ 2 

ax) (ax) + ^ (tw-e’") if,0) {axe”')] 


(r-y I’”*'*'- <") Ml- 


C2#>i 


The particular case of (1) in which p = 2, m = 0 and is a Bessel function 
of the first kind deserves special mention ; it is 

r X vf] 7' 

(3) {bx) [cos i (/L6 - I/) TT . (ax) -b sin i (pt - v) TT . V, (a^ )] ‘ ' 

Jo ^ 

= ^ TTi (hr) (ar), 

provided that a^b>0 and R (/x) >\R(v)\ — 2. 

If we take /x = and R(v)> — 1, we see that 

xdx (l7nJ^(br)Hy^^>(ar), 

according as a $ 6. 

The existence of the discontinuity in the expression for this integral was 
pointed out by Hankel. 

If we modify formula (3) we see that, if a^b >0 and R (A?) > 0, then 

(5) [ [cos i (/X — I/) TT . (ax) 4- sin i (p - i/) TT . Fy (aa;)] dx 

Jo ^ 4- A;* 

= (bk) Kt, (ak). 

* Since //„<*> (az) when | -? | Is large. 
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More generally, taking equation (1) with to = 0 and = we have 

(6) f ?^..^-^f}[coa^(p+/i-i»)7r.J,(aa;) + 8in + v)7r. F,(aa:)](ia: 

Jo X -T tC 

= - {hk) (ak) 

In this result replace p by p + i', a by V(«* — 2ac cos 0), where a — ob, 

multiply by sin**'^/(a® 4 - c® — 2ac cos ^)*^ and integrate with respect to 6 from 
0 to tt; we find from Gegenbauer’s formula, § 11‘41 (16), 

(7) J — — («^) + sin i (p + fi)7rY^ dx 

= — (bk) ly (ck) Ky (ilk) kf~^. 

This process may be repeated as often as we please ; and we find that, if 
a > 6 + 2c, then 

(8) f II J, (c„x) [cos i {p + /i + (JV - 1) ,;| TT . (ax) 

J 0 X -j- /C" f,-i 

4- sin i {p 4- /X 4- (N — 1) i/J TT . Yy (a^p)] dx 
= — /^ {bk) n ly {Cnk) . Ky {ak) . 

n=\ 

Again, by considering 

^•/ 


round the contour previously used, where both b and /a differ in the different 
factors of the product, we obtain the slightly more general result 

( 9 ) + 

4 sin i (p 4- 2p- — I/) TT . Yy {ax)'] c?£c — — [IT (^A;)] Ky {ak) kf~- 

provided that a > 2 1 i? (6) | and 7i [p 4- 2 (/x)} > | iJ (i^) |. 

Ifp4-2/x-i^ is an even integer, the integral on the left involves functions 
of the first kind only; a result involving the integrals of products of functions 
of the first kind of this type was given by Gegenbaiier, who overlooked the 
necessity for this restriction (cf. §18'51). 

An extension of Hankels results is obtained by considering 

J_ f , 

2iri} {z^ 4 - i z^ - 

round the contour, where a ^ 6 > 0, 77x is a jjositive integer, and 
\ R{v)\< R{p)< 2m 4- 4 + i? (/a). 

It follows that 


J_ [ * ^ ^ ‘ ± I*)} I (1) _ gpiri 


{axe~^)] dx 


2’"+^ m ! \rdr) [ (7'* 4- ’ 
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and, in particular, 

i» i^A;* '~(x» +?“)*<* A.(ai), 

A result obtained in a much more elaborate manner by Soriine, Math. AiJii. 
XVI. (1880), pp. 56—60. 


13'54. Oeneralisations of AHcholson*s integral. 

An interesting consequence of Mehler s integral of § 13*51 (5) is due to 
Nicholson*, namely that, when a and k are positive, 

(•) 

The method by which this result is obtained is as follows : 

K, (ak) (ak) = f dp 

— ~ f f ~r7~r- '^0 {® ^ ~ -P^ '#*)1 d<l>dp- 

0 J 0 P + 

This repeated integral may be regarded as an absolutely convergent double 
integral, since the integrand is 0{p~^) when p is large. Now make a change 
of origin of the polar coordinates by writing 

p cos <f> = k r cos 6, p sin 0 = r sin 0, 

and we have 

Tjr / i\ r / i\ 1 f* r Jo((fr)rd0(b' Jf,{a7')rdr 

Ko (ak) J„ (ak) ^ 2Av cos'^ + j„ v (»•' + 4F) ’ 

and this is the result to be .established. 


To generalise the result consider 

r {az)dz 

J 

taken round the contour shewn in Fig. 32. 



It is supposed that a is positive, and, to ensure convergence, 

* Quarterly Journalf xLii. (lyil), p. *224. 



432 THEORY OF BESSEL FUNCTIONS [CHAP. XIII 

It is also supposed that | arg k\<\*iry and the loops in the contour surround 
the points 

h V2. k V2. 

By analysis resembling that of § 13*52, the reader will find that 

( 2 ) [coB(ip-ii^-2fi)v.J,(aa;) + sin(ip-iif-2jj,)7r.r,(cuc)]^~--^^y- 

_ TT (A: r ^ (ak/^/2 y-*-^ r(ip -f jv + jm) p +y--4/i,+ 2m 

2sin V7r.r(/a+l) L;„^oWi^r(i/+mH-l)f(JpH-ii/— 4 ^ 

* (ak/^2)~*'^ — ^rti) /o — r — 4 m + 2m 

rZoni\r(- i/-h Ip- + 4 ^ 

If the series on the right are compared with those given in § 5*41, it is seen 
that the former is expressible as a product of Bessel functions if p — 2 = i/= m + i 
orifp--4 = i; = M + i, while the latter is so expressible ifp — 2 = — i/ = M + i 

orifp--4=: — = M + 

The corresponding integral which contains a single Bessel function will be 
considered in § 13*6. 


13*56. Sonims integrals. 

A number of definite integrals, of which special forms were given by 
Sonine, Math. Ann, XVT. (1880), pp. 63 — 66, can be evaluated by the method 
of contour integration. 

The most general contour integral to be taken is 

-I r p* (2+*) 


round a contour consisting of the parts of the circles 

\z\ = Sy \z\^Ry 

terminated by the lines arg {— z) = ± tt, and the lines which join the extremities 
of these circular arcs*. 


It is supposed that m is an integer and k is not a negative real number. 
The integral round | ^ j = 5 tends to zero as provided that R{p)>\R wi. 

and the integral round \z\ = R tends to zero as R-*- X) , provided that 


R (p) < m + §. 

By Cauchy’s theorem we have 


\ 

2171 J {z + ky 


(- (- z) dz = '4;^ "^ 5 ^ (6-“ (A:)] 


Cf. Modem AnabjaiSy § 6-2; or § 7*4 supra. 
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m ! dk^ 

1 r« e*^*-*-*' 


1 /■« gt(a!+*i ^-1 

= 2^- i„ 

=-r 

TT Jo 


1 f ^ ^Uaf+k) 

(iTXy^^ 


[*/i, (ic) {sin (p + 1/) TT + 2i cos i/tt cos pw] 

+ iVt, (x) sin (p — v) tt] da. 

In particular, taking m = 0, we get 

1 I* CO gi(«+t) 

(2) (A;) = — T~i~ fsi^ (p + J') tt + 2i cos i/tt cos p7r) 

“Jr J 0 X ’T rC 

+ t’F,, (a) sin (p — I/) tt] da\ 

If we consider the integral 


1 

27n j 2 + k 

1 roe g-i(*+*) ^-1 


1 fg-Ht+k) 


we find that 

1 foo g-i(fl;+jk) ^-1 

(3) (A?) = — 7— [%/„ (^p) {sin (p + i^) tt — 2i cos i/tt cos prrj 

TT J 0 ^ 4* aJ 

— I Vy (x) sin (p — p) tt] dx. 

]f we take p = 1, i/ = 0, we get 

y 2 r*8in(a?+ A?) . 

TT 0 3/ -f /C 

Tr/I\ 2 r*C08(x4-A:) 


(4) 


(5) 

The last two results are due to Sonirie*. 

More generally, taking p = j/ + 1 and — J < ii (r) < i, we get 


1 r* a;*' 




ivjrt 


ir 

a result also due to Sonine. 

By writing - 

and using the formulae (6) and (7) of § 13*42, Sonine deduced from (5) that 

(7) Fo (ifc) = - - r d® + - I sin (1- cos d) (Iff, 

•jrJo^ + A*' ‘n’.'o 

and hence from §§ 3 56 (2), 9*1 1 (2), 

(«) Fn(/fc) = -- r 0„(x + i;)J„(x)(ix + - [*%in(/.-cosd-J)nr)cos7i6»(/^. 
•rr ./ 0 *3^ 0 

♦ See alsoLercb, Monatshe/te /Ur Math, und Phyt. i. (1890), pp. 105-112. 


W. H. F. 


28 
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13-6. J new rtiethod* of evaluating definite integrals. 

We shall now evaluate various definite integrals by substituting for the 
Bessel function, under the integral sign, the definite integral of § 6'5, and 
reversing the order of the integrations. 

As a first example consider the integral of Hankel’s type 

Jo + *»>*+> 

in which it is at first supposed that 

ie(i/)>0, R(2,i + 2)>R(p + i>)>0-, 

and a is a real (positive) number, in order that the integral may converge. 
The integral is equal tof 

1 f^' Ti-s) 1 p r(-s) 

2«jo J.«.r(v + s + l) p + 27n:j-„.r(j; + s + l) 

X r (jp + ^ + B)r(p + ^ 

1 (/i. + 1 ) 

When this is evaluated (by swinging round the contour so as to enclose the 
poles on the right of the contour) we find that 

Ci) [ ® (uai) da; 

_ ^ (p + v p^v ^ ^ . a'^k^\ 

2-+>r(u + i)T(v + 1) ‘ 2 ’ 2' 4 y 


2--^>r(^ + i)r(v + 1) 
•r(jv + „/ 


The hypergeoinetric functions on the right are reducible to Bessel functions 
in certain circumstances ; the former if p = 4- 2 or p = 2 / + 2/4 + 2, the latter 

if p = 2 ± i/. 

By the principle of analytic continuation (1) is valid when 
— E(v)< R(p)< 2R{p) + 

In particular, taking pay 4- 2, we find that 

Jo ’’ 

a formula obtained by another nietliod by Sonine^ Math. Ann. xvi. (1880), p. 50; it is 
valid when 

* This method id due to Lerch, Rozpravy^ v. (1896), do. 23 [Jahrbuch fiber die Fortschritte der 
Math. (1896), p. 233]; he shewed that 

1 r'r(-s)x^‘d8 

but no other use ha» been made of the method. 

t The change of the order of the inteRrations may be justified without difficulty. 
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A formula of some interest is obtained by making ^ = 1, = the 

hyporgeometric functions then reducing to squares or products of Bessel 
functions ; and another such formula is found by making v — 

It is thus deduced that (cf. § 5*41) 

provided that (v) > — 1 ; and that 

pj,-- J,(aa:)d.T_(2(r/^»)-r(K+ 1) ^ 


Jo 

provided that E(v) > — 1. 


1' {2v -p 1 ) 




Next consider 


/■« af~^ J^{ax)(Jx 

Jo 


Jo 

in which a > 0 and | arg k\<\ir. It is first to be supposed that 

R{u)>0, R(^ii^^)>R{p-¥v)>0, 

The integral is equal to 

j p p* r 

^TTlJo j-oot r(v + S + l) 

= _i_ r®' r(- s) r Hp + ii/jp Tip, 

■ ~ r(v+s + i)r{p + }) 

X ( {k v'2)'»+''+’“ (is 

l7r(k r * 

sin(Jp + ^ 1 /- 2/i)7r r(/x -H 1) Lm"^ow! r(i/-P 'm -f 1) VHp-^iv- p+\m) 

X cos (ip + i »/ - /I + |m) TT 

* (-y" r (/X, + ni + 1) 1 


r(2/M-|p + Ji» + 2w-p3) r(2/z~ jp- Ji/ + 2wi + 3)J ' 

This expansion is a representation of the integral when the conditions to be 
laid on p, v and p are 

4/2 {p) R (p) > — 72 (i'). 

Now take the cases in which the first series reduces to a product of Bessel 
functions, namely 

p-2-v = pA'i p-4 = i/ = p + J. 

By § 5*41 we then obtain the formulae 

f* x^^^Jv(u,x)dx (JU ')*' j 
j, (^T4^-y-T = (2^> r (,r+-J) 

/^g\ f” x'''^^ Jy (ax) dx (|ay ^ (ak)K (ak) 

The former of these is valid when /2(i/)> — J, the latter when R(v) >i, and, 
in both, n> 0 and | arg k\<\ir. 
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Finally, as an example suggested by § 13-55, we shall consider 
roc jf-i (^aai) da; 

Jo (x + ’ 

in which a > 0 and | arg k\<Tr. It is first to be supposed that 
R{v)>0, R (fi 1) > R (p v) > 0. 

The integral is equal to 

1 r(-^) ^ ^ 

^Tri ' 0 J -00 i r (i^ + 5+1) (x + ^ ^ 

.'.r 

_ r * (— r(p + 1 ; + 2m) 

ain(p + i/-/it)7r. r(/i, + l) [w-owi! r(i^ + 7a + 1) r(p + j; - /i + 2m) 

_ V (^aky'^^~^'^ r (/Lt + m + 1 ) sin ^ (p + y — /A - m) TT 1 
m ! r ( Jp + ii/ - Jp + Jm + 5) i - ip + + i)J * 

The first series reduces to (ak) when p = 0, and the second series is then 
expressible by Lommcl’s functions (cf. §10*7). In particular we have 




sin (p + v — p) TT . r (p + 1) 


(-)”* (jaky^^ r (p + 1 ; + 2m) 

! r (i^ + 7a + I) r (p + j; - p + 2m) 


* a?'' Jy (ax) dx _ irk'' 


Jo X 


2 cos PTT 


[H^,(ak)- V-,(ak)] 


provided that - ^ < i2 (i^) < f . 

The reader will find that a large number of the integrals discussed in this 
chapter may be evaluated by this method. 


13*61. Integrals involving products of Bessel functions. 

If an integral involves the product of two Bessel functions of the same 
argument (but not necessarily of the same order), it is likely that the integral 
is capable of being evaluated either by replacing the product by Neumann s 
integral (§5-43) snd using the method just described, or else byreplacing the 
product (x) Jy (x) by 

2 r' r (- A-) r (p + 1 / -I- 2s + 1 ) 

STT'/j _ r (p + 5 -f- 1) r (i' + .f + 1) r (p + V H- + 1 ) 

in which the poles of T (— s) are on the right of the contour while those of 
r(p + 1 ' + 2.s*+ I) are on the left; this expression is easily derived from §5-41 
by using the method of obtaining §6*5. 

The reader may find it interesting to evaluate 

{(tx)J^{ax) dx 

Jo 

by these methods. The result is a combination of two functions of the typo 3/4, and the- 
final element in each function is 
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Another integral formula, obtainable by replacing J, (blx) by an integral, ia 

/ * P~1 

X Jft. {ax) Jy (bfx) dx 




22 i'-p+i p (ir+ 1 ) r — ip + 1 ) 

■*’2a>*+p+ir(/i + i)r(Jp+i».+ip + i) 


• 0^3 

• 0^3 


2 


+ 1 ,. 


2 


+ 


2 ‘^^’167 
V +f i + p d^b^\ 

■'2 +'! icj- 


This is valid when a and b are positive and 


- 7? (p + i}) < /2 (p) < /J (v + ^). 

The general formula was given by Hanumanta Rao, Afeaaenger^ xlvii. (1918), pp. 134 — 
137; special cases had been given previously by Cailler, de la Soc. de Phya. de Genhe, 
XXXIV. (1902—1905), p. 362; Bateman, Trana. Gamb. Phil. Soc. xxr. (1912), pp. 185, 186; 
and Hardy, who disouaaed the case of functions of orders + J, (see § 6*23). 


An interesting example of an integral* which contains a product is 


liin 
5^+0 L ' « 


^ * dx 

exp {-p^x') /„ (x) («) ~ 

t a. 


X* 

Sin vir 


which may be written in the form 




) dx 

.a" 


V^{ T -v) (t (2) - V- (^ + 1) - V- (2 - «>) - 2 log 2p) 

It is easily proved that 

r* , o ox f r / X r /X Air; sin I/7I 

cxp(-p’a:«) 

1 r« /’14*** 

-ffisJ. I> 

1 /■*+“» 

stti 8 (s + 1) r(i^ -f .V -f 1) r(2 — 1/ +«) (2p)‘' 


r] dic 

. +:v 4- 1 ) r ( 2 - 1 / -h .?rr {s + 2 ) ' 

r(-5)r(2,v + 2) ds 


1 I 

4 ,^=1 n . {71 H- 1) ! r (v + ?i + 1) r (2 — I' 4- w)' 


and this series is an integral function of l/p. 

To obtain an asymptotic representation of the integral, valid when | p | is 
small and largp|< we observe that the last integrand has double poles 
at 0 and — 1, and simple poles at — f, — 2, - f, — 3, .... 


* This integral was brought to my notice by Mr C. G. Dar.vin, who encountered it in a 
problem of Diffusion of Salta in a circular cylinder of liquid. 
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Hence we find 


Btti j j-x, s (s + 1) f (i/ + s + 1) r (2 - j; + 5) (2p)®* 

^ ( 1 / + 1 ) - ^ (2 - /O - 2 log 2p) (1 + 2i/ (1 - 1 /) ^ 2 ] 

_ (1 - 2i/)8in i/TT 2 V (— V^(2p)” r(^n) 

iirv (1 — ^ ^ n ^3 2n (n — 2 ) r (v 4 - 1 — Jw) F (2 — v — ^n) . (n — 2)! 

and so 


(2) liin 
fi-*. f 0 


dx 


sin VTT 
27r 

OD 

+ 2 ■, 


exp {-fx^) J, (x) («•) ' 

■*■ 4^(1"- y) ^ '°g ~ ~ ~ *'))] 

(2) - f (y 4- 1 ) - (2 - 1 >) - 2 log 2p) p‘ 


2Tri/(l — v) 


{-)H2p)«ra,i) 


„=» in (n - 2) r (.; + 1 - J/)) r(2 - ^ - J«) . {n - 2)! ' 


111 the special case k = 0, we find that 

d u”! 

+ I exp (- pV) J, (x) J, (x) -f J 


(3) lim 


7 + l<>g(P) 


I |r(w»+|)]»(2 p)””*» 

^ ,„^u7r“(2m + i)“(2wi + 3).(2«i + l)r 


13'7. Infefjrcd repreaentatiom of products of Bessel functions. 


From Gegenbauera formula of § 11*41 (16) an interesting result is obtain- 
able by taking the cylinder function to be of the first kind and substituting 
the result of § 6*2 (8) for the function under the integral sign. 


This procedure gives 


2-'r(e-f J)r(i) 


J.{Z) J,{z) 

z- 


-2mi. i, ^ 

and if we change the order of the integrations, we find that 

(1) = -/-.£_^J‘exp {i«-~2r} (t) f- 


dtd(f>, 


This result is proved when R{v) > — J and < \Z\\ but the former restriction 
may obviously be replaced by R(v)> — ly and the latter may be removed on 
account of the symmetry in z and Z. It is also permissible to proceed to the 
limit by making \ z\-*-\Z\, 
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By using the results of § 6 21 (4) and (5), we find in the same way that 


( 2 ) 

( 3 ) 


1 fC+oc* f 

= exp jit- 

I rc-oo* ( 

= expji^ 


+ 2'^) 
2t 

_ i' 
2t 



provided that (i/) > — 1 and \ 2 :\<\Z\. 

The formula (1) was obtained by Macdonald, Proc. London Math. So<. xxxii. (1900), 
pj>. 152 — 155, frpm the theory of linear differential equations, and he deduced Gegenbaucr’s 
integral by reversing the steps of the analysis which we have given. The formulae (2) and 
(3) were given by Macdonald, though they are also to bo found in a modified form in 
Sonine’s memoir, Math. Ann. xvi. (1680), p. 61. 

A further modification of the integrals on the right in (2) and (3) was given by Stminc, 
the object of the change being to remove the exponential functions. 

For physical applications of these integrals, sec Macdonald, Proc. London Math. Sac. 
(2) XIV. (1915), pp. 410 — 427. 


13*71. The ex'pression of Ky {Z) Ky {z) as an integral. 

We shall next obtain a formula, due to Macdonald*, which represents tht‘ 
product Ky (Z) Ky {z) as an integral involving a single function of the tyi)e 
A\, namely 

This formula is valid for all values of p when 

|argZ|<'7r, |arg2:i<7r and \siTg{Z + z)\< in; 

but it is convenient to prove it when Z, z have positive values A', .r, and 
to extend it by the theory of analytic continuation; the formula, which is 
obviously to be associated with § 11*41 (16), is of some importance in dealing 
with the zeros of functions of the type Ky{z). It is possible to prove the formula 
without the rather elaborate transformations used in proving §1J‘4J(16); 
the following proof, which differs from Macdonald’s, is on the lines of § 2*6. 

By §6*22(7) we have 

K. (X) K. W = ~ f * [” e— ('+>‘)--voo.h <-xio.h.. dtdu 

= 1 P f” ^•iuT-XcoshiT+lD-xcmhiT-U) 

2 J _ao J - oc 

If (Xe'^ + xe~^) be taken as a new variable v, in the integral 

^-A'coih{7’+£r)-xooih(7’- «7) 


/: 


Proc. Lon lon Math. Sor. xxx. (1899), pp. 109—171. 
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it becomes 
arid so we have 




+ 2Xx cosh 27’) 


dv 

V ’ 


and, on performing the integration with respect to 7\ we at once obtain 
Macdonald 8 theorem when the variables X and x are positive. 


13 * 72 . Nicholsons integral representations of products. 

We shall now discuss a series of integral representations of Bessel functions 
which are to be associated with Neumann’s integral of § 5*43. 

The formulae of this type have been developed by Nicholson*'*, and the 
two which are most easily proved are 

(1 ) (z) (s) = 2 f Kfi+y (2s cosh t) cosh (/a - v) ^ dt 

Jo 

= 2 f (2z cosh t) cosh (p + r) t dt, 

J 0 

when I arg ^ | < Jtt, while p and v are unrestricted. 

To obtain these formulae we use § 6*22 (5) which shews that 

1 r* r* 

(z) X,,(z)ss - I (cosh^+coshw) cQgh i/u dtdif. 

^ J — 00 J - OD 

The repeated integral is absolutely convergent, and it may be regarded as a 
double integral. In the double integral make the transformation 

t-\-u = 2T, t-u = 2U, 

and it is apparent that 

K^{z)K,(z)==ll I e-^<='>*^o''«h^cosh^i(T+U-)coshv(T-rr)dTdU. 

Zt J —ecJ — ao 

But 2 cosh p (T + U) cosh v (T— U) 

= cosh ip 4- v) T cosh (p — v)U-k- cosh (p-~v)T cosh (p + v) U 
+ sinh (p-\- v)T sinh (p — v) U sinh {p — v)T sinh {p + v) U. 

The integrals corresponding to the last two of these four terms obviously 
vanish; and, if we. interchange the parametric variables 7’ and 6" in the integral 
corresponding to the second of the four terms, we obtain the formula 

A’'^(z)A\(z) = ll f rco,ht/ cosh cosh (/X - v) tr</7’ (if/. 

If we integrate with respect to U we obtain the first form of (1), and if we 
integrate with respect to T we obtain the second form of (1). 


Quarterly Journal, xlii. (1911), pp. 220— 2i3. 
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The formula 

2 /*** 

( 2) /m (^) Iv (‘^) =® - ^M*f V (2^ cos 0) cos (fL-v)B do, 

TT Jo 

which is valid when R{fi’\-v) exceeds —1, is at once deducible from Neu- 
manns formula. 

If we take fi = 0 and change the sign of i/, we find that 

(3) /o {z) Kp I Ky (2z cos B) cos i^BdB. 

TT Jo 

More generally, if we take /a = — m and then replace /i and v by m and - v, 
we find that, if | 72 (i; — m) | < 1, then 
9 / — V" 

(4) Im (^) {z) = ~ - Ky^^m (2^ cos 6) cos {m^v)B dB. 

TT Jo 


If we combine (3) with § 6*16 (1) we find that 

T rr /.X 2 r(l' + i) /■»' r (4^)' COB (U COS COS 

provided that — ^ < 72 (i/) < 1 ; and in particular 

(5) 

a result of which a more general form has been given in § 13‘6, formula (3). 


13*73. Nicholso)) 's integral * for Jy^ {z) -f {z). 

The integral, corresponding to those just discussed, which represents 
Jy{z)-^Yy^{z) is difficult to establish rigorously. It is first necessary to 
assume that the argument is positive {=x), and it is also necessary to appeal 
to Hardy s theory of generalised integrals, or some such principle, in the course 
oj‘ the proof. 

Take the formula (§ 6 '21) 

1 r go 4-fr« 

77 „ 0 ) (x) = ~ 

TTl J 

From the manner in which the integrand tends to zero as j m; | -► ac on 
the contour, it is clear that when an exponential factor exp {- X?y;=) is inserted, 
the resulting integral converges uniformly with regard to and so it is a 
continuous function of X. Hence f 

1 .'ao+iri 

{x) = lim - exp (— Xw'^) e* dw. 

A-^+O TTl ' _QD 

* Phil. Mag. (6) xix. (3910), p. 234; Quarterly Journal, xlii. (1911), p. 221. 

+ Hardy, Quarterly Journal, xxxv. (1904), pp. 22 — 66; Tram. Canib. Phil. Soc. xxi. (l'.U2), 

pp. 1 — 48. In this integral (as distinguished from those which follow) the sign Inn is commuta- 
tive with the integral sign. 
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By Cauchy’s theorem, the contour may be deformed into the line 
^ {'^^0 = Jtt, so long as \ has an assigned positive value ; writing ^ -f for w, 
we get 

p—^viri /*oo 

(a?) = lim — r- I exp {— \ (^ 4 - liriy} dt 

x-*-4-0 J-oc 


p—\viti I'ao 

X-*-4-0 


TTl 


G r dt, 

J —CD 


in Hardy 8 notation. In like manner 

P^vnt rcc 

H„<^) (x) r G e-"' du, 

frt j — X 

with an implied exponential factor exp (— X(ti — 

Since the requisite convergence conditions are fulfilled when A, > 0, we may 
regard the product of the two integrals 

[* et(t)e*'<^''‘-’'‘dt X I 

. — X J — ® 

(in which e,(<) and 62 ( 11 ) stand for the exponential factors) as a double 
integral 

. - X J — X 

Wc‘ thus find that 

(x) (x) = G f f e*^(co8ii'-cosh i.)-r«+«) (dtdu), 

J _0D J — X 

with the implied exponential factor 

exp |~ \ (i + \TT%f — \ (w — \lTlf]. 

Make the substitution i + u~2Ty t — u = 2 U and then 

1 (x) 4- (x)} =Gr f * 

J — CO J — X 

with an implied exponential factor 

exp [— 2X7’“ — 2X ( C/ 4 - \’Triy]. 

In vi(*w of the absolute convergence of the intcigral, it may be replaced by 
the repeated integral in >vhicb the integration with respc'ct to U is performed 
first, so that 

Jtt* !.4“ (a:) + IV (a-)} = G [ f 

I 0 J -a 


g2i:r8inh T^sinli dUdT 


a x 

-0 


g- 2 /xsiiih Th\\\\\U+ 2 vT 


» 


with an implied exponential factor in each case equal to 
exp j- 2X7’“ -2\{V +\ tti)’)- 
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We first consider the integral 

f exp {- 2\(U + iirty} f^fxtmiiTnnhV dU, 

J — flO 

in which T is positive. 

When T is positive, the J7-path of integration may be deformed into the 
contour I{U) = \ir \ if we then write ?/= + Jtti, where v is real, the integral 
becomes 

exp {- 2\(« + 7n)’l e-**»inhrcoah»(i„ 

J ~(Xl 

= 2 exp (2\7r^)J exp (— 2\v^) cos 4iir\v . e~ ^ •* dv 

= 2 exp (2X7r*) | “e-2a:8inh Tcofihv 
J 0 

— 2 exp (2\7r®) f (1 — exp(— 2\v*) cos 47r\v} ^®o8h 

J 0 

To approximate to the latter integral when \ is small, we use the 
inecpialities 

0^1 — exp (— 2\v^) cos 4'7rXv 

= 1 — exp (— 2Xi;*) + 2 exp (— 2\v^) sin^ 27r\v 2Xv“ + 
so that, for some value of 6 between 0 and 1, 

r exp {- 2\ ( CT 4- iniy} e^*'*'"** ^dU 

J —on 


= 2 exp (,2X7r'‘) 


1’“ p-ar*inh2’co«h» dv — (2\ -f S 7 r‘\‘) 0 t)i>e-2*»inh rcosho 

= 2oxp(2X7r») ir,(2a!8inhT)-(2X + 87r»X»)<?||^,ir^(2a:sinhr)| J. 

If we treat the integral 

r exp {- 2X ( £/■ + i tn)-} e" 

J -CD 

in a similar manner, we find it equal to 

2Ko {2x sinh T) - 2X6, j|^, {2x sinh r)| 

where 0 ^ 1 , provided that T is positive. 

f ® 

means the same thing 

0 

as lirn [ , we find that 
6~^+0J B 

i TT- [Jy^ (X) 4- (x)] 

= lim lim f Texp ( 2 X 7 r'^) A^o( 2 ^ 8 iiih F) 

8 L ' . -J 

- ( 2 X + 87 r»X’) 6 exp ( 2 X 7 r=') /f,. ( 2 a; sinh r)| J dT 

+ lim lim r f/ir, (2a: sinh T)-2X<?,-(|\ ir^(2x sinh T)} 

A-*.-fO6-*.+0d« L Im-oJ 
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Now, qua function of T, 


“ {2x sinh T)! = 0 ((log sinh Ty\, 

1 Jm-o 


when T is small, and so we may proceed at once to the limit by making S •♦O, 
since the integral is convergent; and, since the integrals 


f"]A^M(2icsinhr)l e^^'^dT 

Jo {0^ J/i-0 


are convergent, the result of making X -►O is 


i 7r» (X) + IV = r ^0 (2a? sinh T) 

Jo 

It is therefore proved that, when a? > 0, 

.4» (»■) + IV (r) = r (2^- sinh T) cosh 2vTdT. 

TT Jo 

If we replace x by z, both sides of this equation become analytic functions 
of z, provided that i? (z) > 0. Hence, by the theory of analytic continuation, 
we have the result 

(1) + IV(^) = f -^ 0 (2^ sinh t) cosh 

Jo 

provided that It (z) > 0. 

Another integral formula which can be established by the same method* is 


(2) J, (z) - F, (z) 1 [ " 

0*/ di' ttJo 


= -- f /iro(2zsinh 

yr Jo 


To prove this formula, we first suppose that is a positive variable (which 
we replace by x), and then 

, ^dV,{x) y ^dJ^(x) 

— 

2i\ ” ^ ' dv ' ' ' dv j 


{dtdu) 


1 r“ r* 

= -^Gr f” {2U+idye^*‘‘*'^^T»mhne-t.’i\(^TdU) 

TT I J - 00 _ ao 


= -4-.g 


JoJ-m 


(2 IT + wi) e*“ 2'*‘"h V e-'i, t ^ jj^f 


f"f° (2tr+,ri)e-«*»‘nh7-.inhPe2vI'jif^rfy 


• For the full details of the analysis, see Watson, Proc. Royal Soc. xciv. a, (1918). pp. 197*- 
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Now, T being positive, we have 

[ * (2 + -Tn) exp {- 2X ( £/■+ i 7rt)*j v^u 

= 2 J* (v + Tri) exp j— 2\ (v -h Triyj 

and, since ve'^xsinh rooahv jg function of v, it may be proved that the 

last integi'al is 



where the constant implied in the symbol 0(\) is a function of T such that 
its integral with respect to T from 0 to x is convergent. 

In like manner, 


[ (2 ?7 -f TTl) exp {— 2\ ( Z7 -h J TTiY] smh rsinh u ^lu 

— QO 



2v exp (- iXi^) e-2*.inhTco.ht) _ 0. 


Hence it follows that 


U) _ Y, {x) = --rr e-2xsmb Tco,h dvdT 

ov OP TrJoJ^ao 

= _:i f"/C(2^8inh r)e-^-'^'dT. 

TT 'o 

The extension to the case in which the argument of the Bessel functions is 
complex with a positive real part is made as in (1). 

It should be mentioned that formula (2) is of importance in the discussion 
of descriptive properties of zeros of Bessel functions. 


The reader may find it interesting to prove that 






and hence that 

(3) J'/z) y (j) fziicoHh 27’- v^) A'„(2.<'ainh T) e-'^'-^dT. 

' tv Ov nz^ J 0 

Other formulae which may be established by the methods of this section are 

(4) 

= 4 / Ky^f,(2zsiuh t). coH(fi-v) 7r)c/t, 

Jo 

(5) r„ («)-./„(?) ( A\.^(-2zainht)e-(>^+‘')tdt-, 

If Jo 

these are valid when iZ(z)>0 and | 72 (ft- v) | < 1 ; they do not appear to have been 
previously published. 
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13‘74. Deductions from Nicholsons integrals. 

Since is a decreasing* function of f, it is clear from §13'73(1) that 

is a decrciising function of x for any real fixed value of v, when x is p<3sitive. 

Since this function is approximately e<pial to 2j(Trx), when x is large, we 
shall investigate 

and prove that it is a decreasing function of x when v>\y and that it is an 
increasing function of when v< i. 

It is clear that 

= f [No (2x sinh T) + 2x sinh TK^ (2x sinh r)jcosh 2vTdT 
*rr'Ju 

= I /fo (2ic sinh 'f) tanh T cosh 2vT^ 

+ f *A'„(2xsiiih T) l^cosh {tanh iTcosh 2i-Z}j dT, 

on integrating the second term in the integral by parts. Hence 

= ^, f A'o (2x sinh T) tanh Tcosh 2pT {tanh T —2v tanh 2vT\ dT. 

7r“ .1 0 

Now \tanh\y is an increasing function of \ when A,>0, and so the last 
integrand is negative or positive according as 2v> I or 0< 2i^< 1 ; and this 
establishes the result. 

Next we prove that, when x^v^O, 
is an increasing function of x. 

If we omit the positive factor 8 (.t“ — from the derivate of the ex- 

pression under consideration we get 

I jx/io {2x sinh t) + 2 (a* - sinh t . {2x sinh ^)j cosh 2nt dt, 

J 0 

and to establish the theorem stated it is sufficient to prove that this integral 
is positive. 


* This is obvious from the formula 



^-tcosh t 


dt. 
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We twice integrate by parts the last portion of the second term in the 
integral thus 

2t'‘ [ sinh t Ko ( 2x sinh t) cosh 2vt dt 

Jo 

= 1^1/ sinh t sinh 2vt K^' (2x sinh t ) —v (sinh tK„' (2x sinh <)) sinh 2i'tclt 

r ao g] 

= — 1/ I {sinh i AV (2a? sinh ^)} sinh 2vtdt 
Jo 

= — I 2x sinh t cosh tK^ (2a? sinh t) sinh 2i/tdt 

J 0 

= j^— a? sinh t cosh IKq (2a? sinh t) cosh 2i;^ J 

r* (i . 

+ a? j [sinh t cosh t {2x sinh <)] cosh 2vt dt 

= f [a? cosh 2^ A'o (2a? sinh t) f 2a?^ sinh t cosh* tK^ (2.r sinh t)] cosh 2vt dt : 

Jo 

the simplification after the second step is produced by using the differential 
equation 

zK'^ {z) + K' (z) - zKo (z) = 0. 

The integral under discussion consequently reduces to 

[ [— 2a? sinh* t Kq (2a? sinh t) — 2a.'* sinh* t Kq (2a? sinh<)] cosh 2vt dt 

Jo 

~ ^^sf/ •^o(2a? sinh t) cosh 2pt^ 

r® r fjl fsmh* t I 

4- a? j Ko (2a? sinh t) 1 — 2 sinh* t cosh 2pt 4 |co^ i 

= a? I (2a; sinh t) [tanh* t cosh 2pt 4 2p sinh'^ t sech t sinh 2pt] dt, 

Jo 

and this is positive because the integrand is positive ; hence the didiirontial 
coefficient of 

(a?*-i/*)*{^.*(a?)4 K,»(a;)) 
is positive, and the result is established. 

Since the limits of both the functions 

X l/„*(a?) 4 F„*(a?)j, (a?* - i/*)* [Jy^x) 4 lV(a*)| 

are 2/'7r, it follows from the last two results that when J, 


( 1 ) 




An elementary prciof of the last inequality (with various related inequalities) was 
deduced by Schanicitlin, Berime?’ Sitzu?\gB\m’ichie^ v. (1906), p. 86, from the formula 
(of. § 614) 

= ^ (a* + 6>) - ar (•»•)}*+ 2 (l “ ( ' )] - 

where (x) a aJ^ (x) + 6)'^ (x). 
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The next consequence which we shall deduce from the integrals of § 13*73 
is that, when v is positive, 

To obtain this result, we observe that the expression on the left may be 
written in the form 

r J. («) (^) 


dv 


dp 


= -2 _ i ( 2 ^ sinh T) e-^''^dr 

TTP TT J 0 

''•('■'""''s) “"I- 

But, for each positive value of t, 2i/sinh is a decreasing function of i/, 

and so, since Kq{x') is a positive decreasing function of its argument, we see that 

1 — J e“^ iTo ^2i/ sinh dt 

is a decreasing function of v, and therefore 


^ lim 


= lim 


lOSTri/'** 

by using the asymptotic expansions of § 8*42 ; and this establishes the result 
stated. 


13*76. The asymptotic expansion of (z) -I- 

It is easy to deduce the asymptotic expansion of Jy^ {z) Yy^{z) from 
Nicholson’s formula obtained in § 13*73, namely 

Jy^ (r) + Yy^ (z) = - i f Kq (2z sinh t) cosh 2vt dt ; 

J 0 


for we have, by § 7*4(4), 


where 




|K,1< 


I COS R (ptt) I 

and, when p is real and p is so large that p + i > p, Rp lies between 0 and 

2*1’ sinh’*' «. 

(2p)! 
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We at once deduce the asymptotic expansion 

4 ® ! (i/, m) 




(2m) I 


22W 


I Kq(2zii)u^''^ dll, 
Jo 


that is to say, by § 13*21 (8), 

(1) + 2 11.3...(2m-l)J 

m=0 


2wpwi » 


this is proved when H (z) > 0, but it may be extended over the wider range 
I arg zj < tt; and, if p is real and z is positive, and p exceeds the remainder 
after p terms is of the same sign as, and numerically less than, the (p 4* 1 )th 
term. 


13*8. Ramanujans integrals. 

Some extraordinary integrals have been obtained by Ramanujan* from an 
application of Fourier’s integral theorem f to Cauchy’s well-known formula 


r 




TtF (/LL-h V— 1) 


which is valid if R(p-hi')> 1. The application shews that 




f.. r f) - f) ~ I ^ 


(|t|<7r), 

( I « 1 > IT), 


where t is any real number. 

By expanding in ascending powers of a; and y, and then applying this 
formula, it is seen that 


= cos it + 3/»e‘-'))]. 

if — TT < f < TT ; for other real values of t, the integral is zero. 

In particular 

( 2 ) / (a^) (a?) d^ = (2a:). 

J — ao 


In view of the researches of March, Ann, der Physik und Ckemie, (4) xxxvii. (1912), 
pp. 29 — 50 and Rybezyhski, Ann, der Phyvik und Chemie, (4) xli. (1913), pp. 191 — 208, it 
Boenis quite likely that, in spite of the erroneous character of the analysis of these writers J, 
these integrals evaluated by Ramanujan may prove to be of the highest importance in the 
theory of the transmission of Electric Waves. , 


w. B. F. 


* Quarterly Journal, xlviix. (1920), pp. 294 — 810. 
t Cf. Modem Analyeie, §§ 9 '7, ll’l. 

t Cf. Love, Phil. Trane, of the Royal Soc^eexv. a, (1915), pp. 128—124. 
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CHAPTER XIV 


MULTIPLE INTEGRALS 

14'1. Problems connected with multiple integrals. 

The difference between the subjects of this chapter and the last is more 
than one of mere degree produced by the insertion of an additional integral sign. 
]n Chapter XIII we were concerned with the discussion of integi-als of perfectly 
definite functions of the variable and of a number of auxiliary parameters; in 
the integrals which are now to be discussed the functions under the integral 
sign are to a gr(;ater or less extent arbitrary. Thus, in the first problem which 
will be discussed, the integral involves a function which has merely to satisfy the 
conditions of being a solution of a partial differential equation, and of having 
continuous differential coefficients at all points of real three-dimensional space. 

In subsequent problems, which are generalisations of Fourier’s integral 
formula, the arbitrary clement hiis to satisfy even more general restrictions 
such as having an absolutely convergent integral, and having limited total 
fluctuation. 


14*2. Webers infinite integrals. 

The intcgmls which will now be considered involve Bessel functions only 
incidentally; but it seems desirable to investigate them somewhat fully 
because many of the formulae of Chapter xill may easily be derived from 
them, and were, in fact, discovered by Weber as special cases of the results of 
this section. 

Weber’s researches* are based upon a result discovered by Fourier f to the 
(iffect that a solution of the equation of Conduction of Heat 


3 // _ dH d-u 
dt 
is 

u = I ^ ^ -f 

X exp {- (X'H F= + dXdFdZ, 
where is an arbitrary function of its three variables. 


Weber first proved that, if y, z) is' restricted to be a solution of the 
c‘(] nation 

(V ~ ^ 


• Jotimal fiir Math. mix. (1868), pp. 222 — 237. 

t La Th£orie Analytique de la Chakur (Pans, 1822), §372. Thu simpler equation with only 
one terra on the right had previously been solved by Laplace, Journal de VEcole polytechnique, 
vm (1809), pp. 23:1—244. 



MULTIPLE INTEQBALS 


451 


14-1, 14*2] 


then 

(2) M = exp (- kH) ^ (x, y, z\ 


provided that ^ has continuous first and second differential coefficients, and 
the integral converges in such a way* that transformations to polar coordinates 
are permissible. 

The method by which this result is established is successful in expressing 
a more general triple integral as a single integral [cf. equation (4) below]. 

If we change to polar coordinates by writing 

2X fjt = r sin 0 cos <f>, 2Y»/t — r sin 0 sin <f>, 2Z cos 0, 

we get 


u == f [ f ^ sin ^ cos y -f r sin ^ sin <f>, z-{-r cos 0) 

(Wt)* Jo .f 0 J -ir 

X exp r* sin 0 d(f>d0dr. 


Now consider the function of r, ‘cr(r), defined by the equation 

rn rir 

m(r)= <*> (x -h r sin 0 cos y + »’ sin 0 sin <f>, z cos 0) sin 0 dtf>d0. 

J 0 j -jr 

It is a continuous function of r, with continuous first and second differential 
coefficients when r has any positive value; and the result of applying the 
operator 

L ^ 

r® i 

to isr (r) is 


T^drV dr)^^ 




We proceed to shew that the last integral is zero. If we make use of the 
differential equation (1), which <I> satisfies, we find that 






sin ff 


s<i>\ 1 


sin 0dffid0, 


To avoid the difficulty f caused by the apparent singularity of the last inte- 
grand on the polar axis, we consider the integral taken over the surface of a 
sphere with the exception of a small cap of angular radius 8 at each pole ; 
since the integrand on the left is bounded at the poles, the integrals over the 
caps can be made arbitrarily small by taking h sufficiently small. 

If we perform the integration of the second term on the right with respect 


* A suffioient condition is that should be bounded when the variables assume all real values, 
intinite values of the variables being inoluded. Cf. the corresponding two-dimensional investigation , 
Modern Analysis ^ § 12*41. 

t This difficulty was overlooked by Weber. 


21 ) - 2 
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to <l>, we see that its integral vanishes because is supposed to be a one- 

valued function of position. The first term on the right gives 


-if 


dOjt 


d<l)y 


and this can be made arbitrarily small by taking S sufficiently small since 

04>/(sin 0d$) 

is continuous and therefore bounded. 


Hence 


Id 

dr 




can be made arbitrarily small by taking h sufficiently small, and therefore it 
is zero. 

Consefjuently 

(3) 

so that 


dr- 


r (r) = 


A sin kr B cos kr 


where A and B are constants; since m {r) and its derivate are continuous for 
all values of r, A and B must have the same constant values for all values 
of r. 

If w(‘ make we see that 

B = 0, = 47r4> y, z'jjk. 

Heru'f^* 

^ .y, 


exp ^ j sin kr . rdr = exp (— kH) <t> {x, y, z), 


2k y/{7rt^) 

and this establishes Weber’s result. 

A similar change to polar coordinates shews that, if y, z) is a solution 
of (1) of the ty))e already considiTed, and if /’(/') is an arbitrary continuous 
function of r, then 

( 4 ) r r r <i^(x,i\z)/[Vt{X-xr + {y-yr'i-(^-^r}]dXdydz 

y - at - ir. J - oc 

47r<I>(3-, y, z) , , 

=, - , — - /(O kr . rar. 

k / 0 

The reader will havt* no difficulty in enunciating sufficient conditions 
concerning absoluteness of convergence to make the various changes in the 

* Thin inie^^ral is most ensily evaluated by differentiating the well-known formula 

J ®*P ^ ) «P ( ~ 0 


with respect to k. 
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integrations permissible. One such set of conditions is that 4> should be 
bounded as the variables tend to infinity, and that 

/(r) = 0(r-P), (r— 0); f {r) 0 {f-i), (r ♦ oo ), 

where p < 3, 5' > 1. 


A somewhat simpler formula established at about the same time by Weber* is that, 
if B) is a function of the polar coordinates (r, B) which has continuous first and second 
differential coefficients at all points such that O^r^a, whose value at the origin is Wy, 
and which is a solution of the equation 


then 

when 0 ^ r ^ a. 


d'^u ,0 

“=o. 

u (r, B) dB=^ 2nUo Jq {kr\ 

r 

The proof of this is left to the reader. 


/: 


14 * 3 . General discmsim of Neumanns integral. 

The formula 

(1) j udu J I 4>).Jo[w\/{JR* + r® — 2JSrcos(<t> — (^)j]U(tZ4>(ijB) 

=^27rF(r, (fi) 

was given by Neumann in his treatisef published in 1862. In this formula, 
F (R, 4>) is an arbitrary function of the two variables {R, <&), and the in- 
tegration over the plane of the polar coordinates (JB, is a double integration. 

In the special case in which the arbitrary function is independent of 4>, we 
replace the double integral by a repeated integral, and then perform the in- 
tegration with respect to <I> ; the formula reduces to 

(2) f udul F{R)J^{uR)J^{ur)RdR=^F{r\ 

Jo Jo 

a result which presents a closer resemblance to Fourier's integral! than (1). 
The extension of (2) to functions of any order, namely 

(3) ("udu ("F(R)J,{uR)J,iur)RdR^F(r), 

Jo Jo 

was effected by Hankel§. In this result it is apparently necessary that ^ 
though a modified form of the theorem (§§ 14 5 — 14 o2) is valid for all real 
values of i/ ; when ± J, (3) is actually a case of Fourier’s formula. 

The formulae (2) and (3) are, naturally, much more easy to prove than (1) ; 
and the proof of (3) is of precisely the same character as that of (2), the 

* Math. Ann. i. (1869), pp. 8 — 11. / 

t Allgemeine L^ung des Problemes iiber den stationdren Temperaturzwtand eines homogenen 
Kiirpertf welcher vonzwei nichtconcentriichen Kugelfltichen begrenzt wird (Halle, 1862), pp. 147 — 
151. Of. Qegenbauer, Wiener Sitzungeberichte^ xcv. (2), (1887), pp. 409 — 410. 

X Cf. Modern Analysis, § 9*7. 

§ Math. Ann. vni. (1875), pp. 476—483. 
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arbitrariness of the order of the Bessel functions not introducing any additional 
complications. 

Following Hankel, many writers* describe the integrals (2) and (3) as 
Fourier integrals” or ‘‘Fourier- Bessel integrals.” 

On account of its greater simplicity, we shall give a proof of (3) before 
proving (1); and at this stage it is convenient to give a brief account of the 
researches of the various writers who have investigated the formulae. 

As has already been stated, Hankel was the first writerf to give the 
general formula (3). He transformed the integral into 

lim [ RF{R)dR [ Jy{uR)J^{ur)Aidu 

A-^ooJo .U 

= lim r RF{R) [RJ,^, (\R) (\r) - (\r) J, (\R) , 

A-»aojo — 


and then applied the second mean- value theorem to the integrand just as 
in the evaluation of Dirichlet^s integrals. Substantially the same proof was 
given by Sheppard j who laid stress on the important fact that the value 
of the integral depends only on that part of the ii-range of integration which 
is in the immediate neighbourhood of r, so that the value of the integral is 
independent of the values which F{R) assumes when R is not nearly equal to r. 


A different mode of proof, based on the theory of discontinuous integrals, 
has been given by Sonine§, who integrated the formula (§ 13*42) 


-I'+i 


{ur) Jy (uR) du = 

.'o 


0 , 


(R<r) 

{R>r) 


after multiplication by F (R) RdR, from 0 to oo , so as to get 


[ f Jy+i(ur)Jy(icR)F(R)RdRdu=f R’"^'F(R)dR; 

Jo Jo Jo 

and then, by differentiating both sides with respect to r, formula (3) is at once 

obtained ; but the whole of this procedure is difficult to justify. 


A proof of a more directly physical character has been given by Bassety, 
but, according to Gray and Mathews, it is open to various objections. 

A proof depending on the theory of integral equations has been constructed 
by WeyllT. 


The extension of Hankel s formula, which is effected by replacing the 


* See e.g. Orr’s paper cited later in this section. 

t A statement of a mode of deducing (H) from (1) when r is an integer was made by Weber, 
iVafJi. Ann. vi. (1878), p. 149, but this was probably later than Hankel’s researches, since it is 
dated 1872, while Hankel’s memoir is dated 1869. 

J Quarterly Journal, xxiii. (1889), pp. 223 — 244, § Math. Ann. xvi. (1880), p. 47. 

11 Proe. Camb. Phil. Soc, v. (1886), pp. 425 — 133. See Gray and Mathews, A Treatiae on Beasel 
Functions (London, 1895), pp. 80 — 82. 

^ Math. Ann. lxvi. (1909), p. 324. 
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Bessel functions by arbitrary cylinder functions, was obtained by Weber*, and 
it will be discussed in §§ 14*5 — 14-52. 

An attempt has been made by Orr-f* to replace the Bessel functions by any 
cylinder functions, the t^-path of integration being a contour which avoids the 
origin ; but some of the integrals used by him appear to be divergent, S 90 it is 
difficult to say to what extent his results are correct. The same criticism 
applies to the discussion of Weber’s problem in Nielsen ’s treatise. It will be 
shewn (§ 14-5) that if, as Nielsen assumes, the two cylinder functions under 
the integral sign are not necessarily of the same type, the repeated integral is 
not, of necessity, convergent. 

It should be stated that, if r be a point of discontinuity of F(R\ the 
expressions on the right in (2) and (3) must be replaced byj 

J(F(r-0)+^’(r + 0)}, 
just as in Fourier’s theorem. 

For the more recent researches by Neumann, the reader should consult his treatise 
Ueber die nach Kreia-^ Kugel- und Cylinde^^-fumtionen fortschfeiteiiden Entwickelungt’.n 
(Leipzig, 1881). 

Neumann’s formula (1) was obtained by Mehler§ as a limiting case of a 
formula involving Legendre functions; in fact, it was apparently with this 
object in view that he obtained the formula of § 5-71, 

lim Pn {cos {zjn)] = Jf,{z), 

but it does not seem easy to construct a rigorous proof on these lines (cf. 
§ 14-64). A more direct method of proof is given in a difficult memoir by 
Du Bois Reymondjl on the general theory of integrals resembling Fourier’s 
integral. The proof which we shall give subsequently (§§ 14*6 et seq,) is based 
on these researches. 

Subsequently ErmakofflT pointed out that the formula is also derivable 
from a result obtained by Du Bois Reymond which is the direct extension to 
two variables of Fourier’s theorem for one variable, namely 
^ (a?, y) 

= j" J" I" 'it{X,Y)cos{a{X-w)-\-fi{7-y)].{dXdY)dad^. 

Ermakoff deduced the formula by changing to polar coordinates by means of 
the substitution 

a = w cos a>, /9 = w sin &>, 

and effecting the integration with respect to co. 

• Math. Ann, vi. (1873), pp. 146—161. 

t Proc, Boyal Irish Acad, xxvii. ▲, (1909), pp. 206 — 248. 

t The value of the iuteKral at a point of disoontiniiity ha? been examined with some care by 
Cailler, Archives des Sci, {Soc, Helv^tique), (4) xiv. (1902), pp. 347 — 350. 

§ Math. Ann. v. (1872). pp. 136—187. 

II Math. Ann. iv. (1871), pp. 362—390. Math. Ann. v. (1872), pp. 639—640. 
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If (r, <f)) and (R, <I>) be the polar coordinates corresponding to the Cartesian 
coordinates (x, y) and (X, Y) respectively, the formal result is fairly obvious 
when we replace ^ (X, F) by F(R, <I>) ; but the investigation by this method 
is not without diflSculties, since it seems to be by no means easy to prove that 
the repeated integral taken over an infinite rectangle in the (a, 0) plane may 
be replaced by a repeated integral taken over the area of an indefinitely great 
circle. 

If the arbitrary function F(R, <&) is not continuous, the factor F{r, (f)) 
which occurs on the right in (1) must be replaced by the limit of the mean 
value of F(R, <I>) on a circle of radius S with centre at (r, (f>) when S -*-0. 
This was, in effect, proved by Neumann in his treatise of 1881, and the proof 
will be given in §§ 14‘6— 14*63. The reader might anticipate this result from 
what he knows of the theory of Fourier series. 

A formula which is more recondite than (3), namely 

I F(R)dudR^F{r\ 

has been examined by Bateman, Proc. London Math, Soc, (2) iv. (1906), p. 484; cf. § 12‘2. 


14‘4. HankeVs repeated integral. 

The generalisation of Neumanns integral formula which was effected by 
Hankel (cf. § 14*3) in the case of functions of a single variable, may be formally 
stated as follows : 

Let F(R) be an arbitrary function of the real variable R subject to the 
condition that 

\"F{R)^/R.dR 

h 

exists and is absolutely convergent; and let the order v of the Bessel functions 
be not* less than — J. llien 

(1) f udu \ F{R)J^,{uR)J^{ur)RdR — l[F(r + 0)’^F(r--0)], 

Jo Jo 

provided that the positive number r lies inside an interval in which F{R) has 
limited total fluctuation. 

The proof which we shall now give is substantially Hankels proof, and it 
is of the same general character as the proof of Fourier’s theorem ; it will be 
set out in the same manner as the proof of Fourier’s theorem given in Modern 
A nalysisy Chapter ix. It is first convenient to prove a number of lemmas. 

* It seeniB not unlikely that it is sufficient for i' to be greater than - 1 ; but the proof for the 
more extended range of values of » would be more difficult. 
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14*41. The analogue of the Riemann-Lehesgue lenima. 

A result, which resembles the lemma of Riemann-Lebesgue* in the theory 
of Fourier series, and which is required in the proof of Hankels integral 
theorem is as follows : 

rb 

Letf ( F(R)^R.dR exist, and (if it is an improper integral) let it he 


absolutely convergent; and let — Then, X ^ oo , 

f F(R) J, (\R) RdR = 0 (l/VX). 

J a 


It is convenient to divide the proof into three parts ; in the first part it is 
assumed that F(R)\/R is bounded, and that b is finite; in the second part 
the restriction that b is finite is removed ; and in the third part the restriction 
that F(R)\/R is bounded is also removed. 

(I) Let the upper bound of be K, Divide the range of in- 
tegration (a, 6) into n equal intervals by the points a-,, ... a^n-i (^'o= 

Xn = b), and choose n so large that 

n 

^ Tfn) (Xfn — 

w-1 

where € is an arbitrarily small positive number and Um and Lm are the upper 
and lower bounds of F(R) \/R in the mth interval. 


Write F(R) s/R = \/Rm-i -f (R\ so that, when R lies in the mth 

interval, [ cd^ (R) — L„i. Now, when both of the functions of x, 


Jy (x), J* J„ (t) dt, 


are bounded when a? ^ 0, even though the integral is not convergent as a? oo . 
Let A and B be the upper bounds of the moduli of these functions. It is then 
clear that 


F(R)J,{\R) RdR 

. a 

n rxm 

m-1 J 

+ 2 f*” <D„{R)J,(\R)'^R.dR 
^ i r- j,{x)^x.dx + 2 T" 

m-1 m=lJ Xm-i 


2BnK Ae 


* Cf. Modem Analysis, § 9‘41. 

t The upper limit of the integral may be infinite ; and a^O. The apparently irrelevant factor 
R preserves the analogy with § 14*8 (8). 
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By taking \ sufficiently large (n remaining fixed after e has been chosen) the 
last expression can be made less than 2Ael‘^\, and so the original integral 
is o(l/V^)- 

(II) If the upper limit is infinite, choose c so that 

r I ^’(fl) I VR • diJ < e, 

J C 

and use the inequality 

j j“/’(fl)y,(\ft)22dK|« jl" F(R)J,i\R)RdR\ + ~j'^\F{R)\^R.dIi; 


then, proceeding as in case (I), we get 



F(R)J,i\R) 


RdR 


2B),K 2A€ 


The choice of n now depends, on € through the choice of c as well tis by the 
mode of subdivision of the range of integration (a, c); but the choice of n is 
still inde-'pendent of and so we can infer that the integral (with upper limit 
infinite) is still o(]/\/^). 

(Ill) If F(R)y/R is unbounded*, we may enclose the points at which it is 
unbounded in a number/; of intervals S such that 

Xl lF{R)lx/R,dR<€. 

8 J 8 

By applying the arguments of (I) and (II) to the parts of (a, b) outside these 
intervals, we get 

f'F{R)J, (\R) RdR i < ' , 

J a I X* y/K 

where K is now the upper bound of | F (R) | *JR outside the intervals 8. The 

choices of both K and n now depend on 6, but are still independent of so 

that we can still infer that the integi’al is o (l/\/X.). 


14‘42. The inversion of HankeVs repeated integral. 

We shall next prove that, when — J, and \ F(R)\JR.dR earists and 

J 0 

is absolutely convergent, then 

f udii [ F{R)J^{uR)J„{ur)RdR 
Jo Jo 

= lim f F{R) i f J,, (nR) {ur) udiX RdR, 

A-^qoJo (jo j 

provided that the limit on the right exists. 


* Cf. Modem Aiialyeu, § 9*41. 
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For any assigned value of X, and any arbitrary positive number e, ex 
hypothesi there exists a number $ such that 

/;iW) <2^^, 

where A is the constant defined in § l^ ^l. 

If we write ft) Jv {uR) (ur) wR = <^ (R, u), 

it is clear that* 

I I [ ^ ” / { P ^ u) dR| du j 

= I J I J (^1 ~ I I f (f>{R, u)dR du 

^ P f I ^ W I Vft . dudR + J* ~ 1 F(R) I Vft . dRdu 
< €. 

Since this result is true for arbitrarily small values of e, we infer that 

[ f (/>(R, u) dudR — [[(/> (ft, fi) dRdu, 

J a J 0 J 0 J 0 

the integral on the left existing because the integral on the right is assumed 
to exist. If the integral on the left has a limit as \ oo , it is evident from 
the definition of an infinite integral that 

[ udu \ F{R)J„{uR)Jy{ur)RdR 
.U Jo 

= lim f udu f F(R) Jy (uR) Jy (ur) RdR 

A-*-qo Jo Jo 

= lim I ft (ft) I f Jy(uR) Jy(ur)udul RdR, 

A-^oo 'O (Jo ) 

and this is the inversion formula which had to be proved. 

14*43. The relevant part of the range of integration in HankeVs repeated 
integral. 

Next we shall prove that, in HankeFs integral, the only part of the ft-range 
of integration which contributes anything to the value of the integral is the 
part of the path in the immediate vicinity of r, provided merely that ft (ft) \/ft 
has an absolutely convergent integral. 

* The juBtification of the inversion of the order of intef^ration tor e finite rectangle whose sides 
are X and p presents no great theoretical difficalties. 
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To effect this, it is suflScient to prove that, if r is not a point of the 
interval* (a, 6), then 

J uduj F(R)Jt,(uR)Jy(ur)JidIi = 0. 

We invert the order of the integrations, as in § 14*42, and we find that, if 
the limits on the right exist, 

J uduJ F(R) J^{uR) Jy(nr) RdR 

= lim ( F{R) i f Jy (uR) Jy(itr) udui RdR 

(Jo j 

= lim [ V (/?) (\lt) J, (Xr) - (\r) J, (\R)] 

A-^ao.'a * 

= lim }.JA\r)r 

A-»oo Ja £i “-r* 

- XrJ^,+, (Xr)J J,(\R)dR. 

Since both the integrals 

r IMP is, f‘ ^Mp iR 

Ja R^-r^ ' Ja R^-r^ 

are ex hypothesi absolutely convergent, it follows from the generalised Riemann- 
Lebesgue lemma (§ 14*41) that the last two limits are zero; and so 

f uduf F{R)J^{uR)J^{ur)RdR = 0 
Jo J a 

provided that r is not such that a ^ r ^b. 


14*44. 


The boundedness of j j {uR) {ur) uR^ dudR. 


It will now be shewn that, as X oo , the repeated integral 

f f (uR) Jy (ur) dudR 
J a J 0 

remains bounded, provided that a and b have any (bounded) positive values. It 
is permissible for a and b to be functions ofX of which one (or both) may tend 
to r as \ oo . 

Let us first consider the integral obtained by taking the dominant terms 
of the asymptotic expansions, namely 


TT •Jr 


[ [ cos(afi — j 7 r)co 8 (ur — ^i/TT — 47 r)ci«rf 22 
Ja 

^ 1 p fsin X (/2 — r) cos {X (i? + r) — vrr] — cos vtt '] 

^ TT y/rj a\_ R - r -K+.r J 

•TT vV L^(o-r) X J; 


A(6+r) cos (x — vir) , 

dx + cos inr 


A(a+r) ^ 

It is permissible for b to be infinite. 


logM 

® a + rj 
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The first integral is bounded because j dr is convergent ; and the 

J -oo ^ 

second integral is bounded because J — du: is convergent ; and so 

the integral now under consideration is bounded, and its limit, as X ^ oo , is 
the limit of 


1 r/*A( 6 - 

'rr^/r [i a fa- 

provided that this limit exists. 
But we may write 


sin a: J 

aa? + cos vTT 

r) ^ 


^fi+ r J 


/‘r 


{uR) Jt, (ur) uR^ dudR 
2 

TT »Jr 


^ f f [i'rruJt,(uR) Jy(ur) ^(Rr) 
Ja JO 


- cos (tiR - ^PTT - Jtt) cos (?fr - \v7r - Jtt)] dudR 


[ I [i7ruJ^(uR)Jy(u7‘)\/(Rr) 

y'f' J a } k 

— COS {uR — \vir — Jtt) cos (iir — Ji/tt - Jtt)] dudR 

2 

H r / / COS (ui2 — ii/TT — Itt) COS (wr — JiTT— l7r)dudE. 

TT V r ./ J 0 

Now, of the integrals on the right, the first is the integral with respect to 
R of an integral (with respect to u) which converges uniformly in any positive 
domain of values of R and r, and so it is a continuous (and therefore bounded) 
function of r when r is positive and bounded. 

The third integral has been shewn to be bounded, and it converges to a 
limit whenever 

tHb-r) gin X 
J A(a-r) ^ 

does so. 

The second integral may be written in the form 


- "^.^—7- f f f sin (uR - Ji/TT - iw) cos (t/r - Jj/tt - Jtt) 
4 > 7 r\/rJaJk 

-f ~cos(ai2- Jj^TT - Jtt) sin (Mr-^i/7r-i7r) + 0(l/w*)| dudR 
ur J 

"~tr J L [s ^ 

where <^,(X), <f>.2(X) and <f>3(X) are functions of X and R which tend uniformly 
to zero as X -► 00 . 
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Hence, for all bounded positive values of a, 6, r, the integral 
[ f J^{iiR)Jy{ur)uR^ dadR 

is bounded as X oo ; and it converges to a limit whenever 

rA(6~r) sina: ^ 

J A (a- r) ^ 

does so. 


14 * 45 . Proof of Harl eVs integral theorem. 

Now that all the preliminary lemmas have been proved, the actual proof 
of Hankel’s theorem is quite simple. 

Since 7^ (jR) has limited fluctuation in an interval of which r is an internal 
point, so also has F{R)\/R\ and therefore we may write 

r(2e)v«=x>(«)-x.W. 

where Xi(7i) ?^nd are monotonic (positive) increasing functions. 

After choosing a positive number e arbitrarily, we choose a positive number 
S so small that F{R) has limited total fluctuation in the interval (?*- S, 7 ’ + S) 
and also 

Xi " Xi + 0) < €| xi (^’ - 0) - Xi - 2) < 

XAr -f S) - xa ('’ -f 0) < €) ^ Xfi 0‘ “ 0) - X 20 ’“ S) < el ■ 

If we apply the second mean- value theorem, we fir)d that there exists a 
number | intermediate in value between 0 and 6 such that 


f I Xi (^) n *JR. dudR 

J r J 0 

frhS fA 

= Xi (uR) (t/r) u y/R . du dR 

Jr ’ 0 

rr-f-a fA 

+ [Xi + 0)) 1 / Jy{uK)Jy(ur)u\/R.dudR. 

J r+t J 0 


Since r 

Jo X 

as X 00 , S remaining fixed, it follows from § 14*44 that the first term on the 
right tends to a limit as X->- oc wdiile S remains fixed. And the second term 
on tht' right does not exceed C-e in absolute value, where C is the upper bound 
of the modulus of the repeated integral (cf. § 14-44). 


Hence, if 

lim [ I Jy{iiR) Jy{ar)uR^ dudR = 0^1 %Jr, 

A-*» oc 7 r Jo 

it follows that 


Urn uR^ dudR 

A~^a3 J r Jo 

exists and is e(]ual to f7,Xi (r -I- 0)/\/r. 
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We treat (^) similar manner, and also apply similar reasoning to 
the interval (r — 8, r ) ; and we infer that, if 

lim j I J,(uR)Jr(ur) uR^ dudR = C,Wr, 

J r—S J 0 
fr-^i fX 

then lim I I F {li) J^(uR)J^{ur)uRdudR 

CD J r-S J 0 

exists and is equal to 

C'ii’(r+0)4-0,F(r-0). 

We now have to evaluate (7, and C^. By the theory of generalised 
integrals*, we have 

-^‘= r r'*^‘j,(iiR)J,(ur)uR^dRdu 

SlT J a J r 

= lim f exp (— f i^fR) Jv («>“) uR^ dRdu 
Jo Jr 

= lim f exp (— p^u^) J,, (uR) Jy (ur) iiR^ d^idR 


j» -*■ 0 . r • 0 


= lim ^--expj- 
p-^Q J r — P ( 




by § 13 31 (1). 

Now, throughout the range of integration, 




as ^ 0. 

Hence 


and similarly 


Cj = lim ) 

2p >/7r ' 
1 


1 ( (R-ry 


1 fhi/P 

= lim — I exp (- dx =\, 
p-^o v *^ Jo 

1 r® 

C'. = lirn I exp u^) dx = 
p-^O VTT J ^ISfp 


We have therefore shewn that 


lim j j F(R)Jy{uR)Jy{ur)uRdadR 

A -*-50 / r-a J 0 


exists and is equal to 


J !/’(/• +0) + F(r- 0)1. 


* Hardy. Quarterly Jownnl, xxxv. (1004), pp. 22—06. For a different n^* tbod of calculating 
C^ and Co, bch §14'o2. 
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But, if this limit exists, then, by § 14‘42, 

f udu f F(R) J, (uR) J, (ur) R dR 

Jo Jo 

also exists and is equal to it ; and so we have proved Hankel’s theorem, as 
stated in § 14'4. 

The use of generalised integrals in the proof of the theorem seems to be due to 
Sommerfeld, in his Konigsberg Dissertation, 1891 . For some applications of such methods 
combined with the general results of this chapter to the probleme dea momenta of Stieltjes, 
see a recent paper by Hardy, Meaaenger^ XLVii. ( 1918 ), pp. 81 — 88 . 

14'46. Note on HankeVa proof of hia theorem. 

The proof given by Haukel of his formula seems to discuss two points somewhat 
inadequately. The first is in the discussion of 

lim { f F{R)Jt,(uR)J^{ur)uRdudR, 

Jo 

which lie replaces by 

J 0 it - r* 

In order to approximate to this integral, he substitutes the first terms of the asymptotic 
expinsioiis of the Bessel functions without considering whether the integrals arising from 
the second and following terms are negligible (which seems a fatal objection to the proof), 
and without considering the consequences of \R vanishing at the lower limit of the path of 
integration. 

The second iioint, which is of a similar character, is in the discussion of 

fr+S fA 

lim I I Jy{uR) Jy{ur)uRdudR; 

A-»oo j r+t ] 0 

after proving by the methfxi just explained that this is zero if ( tends to a positive limit 
and is ^ if £*=0, he takes it for granted that it must be l)ounded if {-►O as ; and 

this does not seem prima fane obvious. 

14*6. Extensions of HankeVs theorem to any cylinder functions. 

We shall now discuss integrals of the type 

J uduj F{R)^^{uR)^y{ur)RdR, 

in which the order v of the unrestricted cylinder function is any real* 

number. The lower limits of the integrals- will be sjiecified subsequently, 
since it is convenient to give them values which depend on the value of v. 

For definiteness we shall suppose that 

{z) = <7 {cos a . (z) + sin a . Vt, (^)J , 

where a and a are constants. 

* The Bubeequent diBOussion is simplified and no generality is lost by assuming that 
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The analogue of the Rieinann-Lubesgue lemma (§ 14-41), iiamelv that 
r F(R) K (\R) RdR = o (l/v'X), 

J a 

provided that f F{R)»JR,dK 

exists and is absolutely convergent may obviously bo proved by pn oisoly the 
methods of § 14'41, provided that a ^ 6 < x , and 

i^a>0 if J, 

\a>0 if p>l. 

Tht‘ theorem of § 14*44 has to be modified slightly in form. The morlified 
th(‘orem is that the repeated integral 


j j (uR) (ur) u >sJR . ( 


IS bounded as X^oo Avhile t remains fixed; as in §14*44, a and b may he 
functions of X which have finite limits as x . The number t is positive, 
though it is permissible for it to be zero when 
Also the repeated integral and the integml 

Jx(a~r) 

both converge or btith oscillate as X ^ x 

[Note. If the two cylinder functions in the repeated integral \v(‘rc not of the same 
ty])e, ].e. if wo considered the integral 

J ^ • dn dlt, 

it would he found that the convergence of this integral necessitates the convergence of tlie 
integral 

/ A(&-r) 1 -co^r^ 

K (a -r) X 

and so, if X (ft — as X“*-x , the repcjited integral is divergent*,] 

14*61. The extension of Hankel’s theorem when 0 ^ i/ ^ J. 

Retaining the notation of §§ 14*4 — 14*5, we shall now prove the following 
theorem. 

Let [ F{R)AjR.dR exist and he an absolutely convergent integral, and 
Ja 

letO^v^^. Then 

(1) r udu r F{R)^,{uRVi^i,{ur)RdR 

Jo Ja ' _ 


=^i(r^F{r-h0)-¥F{r-0)]- 


2<r^ sin a sin (a + v’jt) , 




F(R)dH, 


* This point was overlooked by Nielsen, Handbuch der Theorie der Cijlinderfnnktionen 
(Leipzig, 1904), p. 366, in his exposition of Hankel’s theorem. 


W. B. F. 
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promded that the pos'ltive number r lies inside an interval in which F{R) has 
limited total fluctuation. 

As in § 14*42, we may shew that 

r ndu r F{Ry{/^,{uRy{^,{ur)RdR 
Jo Jo 

= lirn r F(R) r?/',(uR)^^^,(ur)uRdudR, 

A ® . 0 Jo 

provided that the limit on the right exists. 

But now we observe that 

[ ( uR) d u 

0 

= , (Mi?) - urV",^i{urY{r,{uR)^^ 

= (^R) 1”. (Xr) - r {\r) (\R)] 

2a“ sin a sin (o + i/tt) R^*" — r-'^ 

TT sin VTT RFr^yW — ? “) ’ 

Hence we infer that, if r is not a point of the interval {a, h)y then 


f F(R) [ {nR)^y,{ ur) u R du dR 

J a -0 


, , . 2cr® sin a sin (a + vir) y 1 

=„(i) .. 


_ ^ 2 . 




F{R)RdRy 


IT Sin VTT 

as X X ; and so the last repeated integral has a limit when \ x . 

Now choose an arbitrary positive number e, and then choose 8 so small 
that F {R) has limited total fluctuation in the interval (r — 8, r + 8) and so that 
1 1 F {R) - i^(r + 0)|<e if r</?$rH-8, 
\\F{R)--F{r^0)\<^ if r- 8 $i^<r. 

Now take j F(R)J ^,,(uR)^y(ur)ududR, 

and divide the i2-path of integration into four parts, namely 
(0, r - 8), (r - 8, r), (r, r + 8), (r + 8, x ). 

Apply the second mean- value theorem as in § 14*45, and we find that 

I * F (R) f ^ K (wi?) (ur) uRdudR 

Jo Jo 

2a* sin o sin (a + vfr) ( 


TT sin Z/TT 




I'r+d fA 

Fir + 0) x/r . -g?. {uR) (ur) uRHudR 

Jr Jo 

F(r -0)Vr. [' r ’if.(uF) K (ur) uRidudR 
Jr-»Jo 



14-51] 


MULTIPLE INTEGRALS 


where |i;| has an upper bound which is independent of \ and which is 
arbitrarily small when e is arbitrarily small. 

The integrals on the right converge to limits when X x , and so, by 
making € -► 0 after X oo , we infer that 

r udu r RdR 

Jo Jo 

is convergent and equal to 

2<r* sing sin w) /■” wfTt\jT> 

■irsmiir " 

rco fr+S 

+ F(r + 0) Vr . lim (uR) (ur) uRidRdu 

6^0 Jo Jr 

^ F(r‘-0)^/r, Mm f [ '(^\(uR)'^f^(ur)uR*dRdu, 

6-^0 .'0 Jr^-S 

provided that the limits on the right exist. 

To prove that the limits exist and to evaluate them simultaneously, take 
F(R) = R* when r < < r + S and F{R) = 0 for all other values of R, 

We thus find that 

lim I I ^^{uRy^^{ur)\tR^dRdu 

l^oJo Jr 

rao rr+fi 

5= lim / 1 9^y{uRy{Sy{ur)uR*'^^dRdu, 

i~^oJo Jr 

provided that this repeated limit exists ; and similarly 
r*'+Mim f f ^y{uR)9^y{ur)uR^dRdu 

s ^0 .0 r-S 

= lim [ [ ^y{uR)^y(ur)uR*’+^dRdu, 

6-^0 Jo Jr-4 

For brevity we write 6 in place of r + 6. We then have 

J J (uR) (ur) uR''"^^ dRdu 

» f {6’'+^ (ub) - r*'+» (ur)} (ur) du 

Jo 

roc 

= lim [b^^^%\^,(ub)^v^^^^^y^,(ur)Y^y(ur) 
p^ + oJo “ 

since the second of these three integrals is convergent, and the third is abso- 
lutely convergent when 0 < p <1 — v. 

Now the last expression can be replaced by a combination of the four 
integrals of the types 

/ oo ^ J„(ur) du 

^ J±(y+i) (ub) — r'''^^J±(y^i) (“ar)} ^ , 
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and these are all absolutely convergent. They may be evaluated as cases of 
Weber’s discontinuous integral of § 13’4, and hence we find that 

1 il'ti 

\ ^ -gw, («6) - (Kr)l %% («r) ~ 

__ sin (a + pir) sin (o -f vir ) . T (r + 1 — p) 

2^^ sin pTT sin vir .T (p l)T(p -h 1) 

sin a sin (a + pvr + ptt) . P (1 — p) 


2'^ sin (pTT + ptt) sin i/tt . P ( I — v) P (i/ -h p + 1) 

X f F (l-p -v-p- 1-p- 

Xj^6 ’ fcv r(p-p)r{p + i)j- 

The limit of this expression, when p --*- 0, is reducible to 
o-''r*'sinasin(a+ ivtt) f / i ^ rr i 

+ Jtt cot a — Jtt cot (ft + i'tt) — (1) + (— *')J, 

after some algebra; and the limit of the last expression, when + 0, is 

simply Jo-V*'. 

In like manner it may be shewn that 

lim f [ ^f,(uJi) ^y{itr) dRdu = 4<r*r*', 

6 ^+ 0./ 0 J r-i 

and so we have proved that 

r u du [‘^F(R) (uR) (ur) RdR 
Jo Jo 


2a^ sin o sin (a 4- ptt) 


r(x> Tfiy 


= io-= {i<\r+0) + ^’(r-0)t 

TT Sm I/TT 

provided that F{R)is subject to the conditions stated in § 14*4, and 

(z) ™ a (cos ft (z) + sin ai\ (^)} *, 

and this is the general theorem stated at the beginning of the section. 


14*52. Webers integral 'theorem. 

r* 

It is evident from § 14'ol that, if I F{R)t^RdR exists and is absolutely 

J a * 

convergent, where a > 0, then 

( 1 ) F{R)[R {\R) (Xr) - r (Xr) (Xii)] 

= la^{F{r + 0) + F(r- 0 )}, 

provided that r lies inside an interval in which F (R) has limited total 
fluctuation and F(R) is defined to be zero when O^iZ < tt, if the order of the 
cylinder functions lies between — | and J. 
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'Wq shftll now ostftblish the truth of this formula for cylinder functions of 
unrestricted order. 

Let (\R) (Xr) - (Xr) (Xfl)] (ft, r ; X). 

It is an easy deduction from the recurrence formulae that 

(ft, r- ; X) - <!>,_, (ft, r ; X) = [K~i (Xft) (Xr) + (Xr) (Xft )] , 
and so, by the analogue of the Riemann-Lebcsgue lemma (§ 14-41), we have 

(2) lim [ [<I>, (ft, r ; X) - 4),_, (ft, r ; X)] RF (ft) dR = 0. 

Hence, by adding up repetitions of this result, 

(3) lim f [4>,(ft, r; X) — <I>»±„ (ft, r ; X)] ftft(ft) dft = 0, 

A-»>ao J a 

where n is any positive integer. 

Choose n so that one of the integers v ±n lies between ± J , and then from ( 1 ) 

Urn f ^ i ^0‘ 

A-^ao J a 

and so, for all real values of i>, we deduce from (3) that 


(4) lim r<t.(ft, r; X)ftft(ft)<fft = i<r» {ft (r + 0) + ft (r -())). 

K~^<n J a 

This result is practically due to Weber and it was obtained by the method 
indicated in § 14*46. 

To obtain the result in Weber s form, let 

\^y{z) = Yy (r) Jy (z) - Jy (r) (z), 

l^t^y (Z) = Vy (R) Jy {Z) - Jy {R) Y, {z). 

Then __ 

u (uR) («r) f “ («0 

and the expression on the left is also equal to 
u [ft'i!?’,+i (uft) (ur) - (wr) “(f . (ttft)] 

= uR[Y, (ft) (uft) - J, (ft) (uft)] [ ¥, (/•) (ur) - J, (r) F, (ur)] 

— ur\Y, (r) Jy^x (ur) — Jy (r) F„+, (u?-)] \ Yy(R)J, (uft) — J,(R) F, (uft)] 

= wF. (ft) F, (r) [ft J,+, (uft) Jy (ur) — rJy^x (ur) Jy(vR)\ 

+ \u{Jy (ft) Yy (r) - Jy (l’) Yy (ft)l [if + , ( Uft) Yy (UV) - ft F.+, ( Uft) Jy ( Ul') 

— rF„+, (ur)Jy(uR) + r J.+, (ur) F„(uft)] 
-\u\Jy (ft) F, (r) + Jy (r) Yy (ft)) [ft_2>.+, (uft) By (ur) - rDy+, ( ur)Dy ( uft) 

- RDy+, (uft) By (ur) + rBy+, (ur) By(uH)] 

- uJy(R) Jy (r) [ft F.+, (uft) F,(ur) - rF.+', (ur) F. (uft)], 

By(z) = Jy(jl)+Yy(z), 

P.(z) = Jy(Z)-Yy(z). 


• Math. Ann. vi. (1873), pp. 146—161. 


where 
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Now suppose that 

f{R)RdR 

J a 

exists and is absolutely convergent ; and consider 


lim f{R) ^^Mury^,{uR)uRdadR, 

.'a .1 

Carry out the integration with respect to w, and replace the integrated part 
by the sum of the four terms written above, divided by R^ — r\ 

Since J, (R)Y Ar) -Jr(r)Y,( R) 

R^ — r® 

is hounded near r, and has limited total fluctuation in any hounded interval 
containing ?*, it follows that the integrals corresponding to the second group 
of terms tend to zero as oc ^ hy the generalised Riemann-Lehesgue lemma. 

Corresponding to the third group of terms we get a pair of integrals which 
happen to cancel. 

When we use (1), we are therefore left with the result that 

lim /(ii) r («r) {uR) uR . dudR 

= h{J^^{r) + Y>(r)].[/ir + 0)+f(r-0)}, 

that is to say 

((3) [ nduj f(R)^t,(ur)^^^(uR)RdR 

= i [J.Hr) + IV (r)} . {/(r + 0) ^/(r - 0)}, 
in which the cylinder functions are defined by (5), and r lies inside an interval 
in which f(R) has limited total fluctuation. 

Apart from details of notation, this is the result obtained by Weber in the 
case of functions of integral order. 


14*6. Formal statement of Neumanns integral theorem. 

We shall now state precisely the theorem which will be the subject of 
discussion in the sections immediately following. It is convenient to enunciate 
the theorem with Du Bois Reymond’s* generalisation, obtained by replacing 
the Bessel function by any function which satisfies certain general conditions. 
The generalised theorem is as follows : 

(T) Let Y) he a hounded arhitrary function of the pair of real 

variables (X, V), which is such that the double integral 

r f" 'Y(X.Y).(X> + Y‘)-i.(dXdY) 

J — 00 j — ac 

exifits and is absolutely convergent. 


* Math. Ann. iv. (1871), pp 3S3— 390. Neumann’s formula (cf. § 14*3) is obtained by writing 
/; (/) E f/o (t), and the conditions (1) — (111) are subBtantially those given in Neumann’s treatise 
published in 1881. 
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(II) When ^ (X, Y) is expressed in terms of polar coordinates, let it be 
denoted by F {R, ^), and let F (R, <J>) have the property that { for all values 
of <[> between ± tt), F{B, <1>), qua function of R, has limited total fluctuation in 
the interval (0, oo ); and let this fluctuation and also -F(+ 0, <J>) integrable 
functions of 4>. 

(III) If fl{R, ^) denote the total fluctuation of F{R, 0 ) in the intemil 
(± O 3 R\ let ^{Ry ^) tend to zero uniformly with respect to ^ as R~^{), 
throughout the whole of the interval (— tt, tt), with the exception’'^ of values of <t> 
in a number of sectors the sum of whose angles may be assumed arbitrarily 
small. 

Since \F (R, — F {-^ 0, ^)\ ^Il(R, this condition necessitates that 

F {R \ 0)-^-P(4- 0 , <I>) uniformly except in the exceptional sectors, 

(TV) Let g(R) he a continuous function of the positive variable R, such 
that g {R) \/R is hounded both when R-^0 and when R x> . 
rJt rao 

Let j g{t)tdt = 0{R), and let J G{t) - be convergent. 

Then r udu f * f ^ (X, Y).g[u ^(X* + Y^)} . {dXdY) 

Jo J ~ J —cc 

is convergent, and is equal to 

r® (It 

27r.[ilttX(+0,<I>)] G(Ot^ 

Jo t 

where 0 , 4>) means^ 

Before proving the main theorem, we shall prove a number of Lemmas, 
just as in the case of Hankel’s integral. 

14*61. The analogue of the Riemann-Lehesgue lemma. 

Corresponding to the result of § 14’41, we have the theorem that if T is 
an unbounded domain^ surrounding the origin, of which the origin is not an 
Interior point or a boundary point, then, as \ cc , 

f j^ F(R. 4>) 0 i\R) = 0 (1). 

* The object of the exception is to ensare that the reasoning is applicable to the case (which 
18 of con$«iderable physical importance) in which Y) is zero outside a region bounded by one 

or more analytic curves and is, say, a positive constant inside the region, the origin being on the 
boundary of the region. 

t The diacovery that the repeated integral is equal to an ^expression involving the mean value 
of F{R, 4>) when the origin is a point of discontinuity of F (R, 4>) was made by Neumann, Ueher 
die naeh Kreis-, Kug^l- und Cyliuder-functionen forUchreiienden Entivickeluugen (Leipzig, IBftl), 
pp. 130—131. 

X For instance T might be the whole of the plane outside a circle of radius d with centre at the 
origin. 
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It will be observed that this is a theorem of a much weaker character than the 
theorem of § 14’41, in view of hypothesis (II) of § 14*6. The reason of this is the fact that 
G (X/J) may })e* 0{^\) for certain values of R, and this seems to make arguments of the 
tyi)e used in § 14 -41 inapplicable. 

To prove the lemma, suppose first thiit T is bounded. Then, for any value 
of <1>, F(R, ^I>) may be expressed as the difference f of two (increasing) mono- 
tonic functions X 2 ^)» whose sum is the total fluctuation of 

F(R, 0) in the interval (0, R). 

If Ro and Ry are the extreme values of R for any particular value of it 
follows from the second mean-value theorem that, for some value of Rg between 
Riq and R /^ , 

J*' X. (R. 4>) G {\R) = X. jy ^ + X. («.. <*>) /^' G {\R) 

dt df 

= X.(i2,.‘f) G(t)j + x^(R,.^) G{t)^. 

J KRo ^ J AJK, t 

dt . 

Since j (0 j convergent, if e is an arbitrary positive number, we can 
choose \ so large that 



for all values of f not less than the smallest value of Rq. Also 

I X, (R, d>) I ^ [x. - i^'(+ 0, ^)j^ilF(^ 0, (l>) I 

^ (^ » ^) “ i i ^(+ 0, cl>) , 

and similarly 

+ <P)-hilF(-hO, <I>)|, 

whence it follows that 

i jJ^F(R.<P)G(\R) I 

J -n 

= 2ej {n(co,^) + |jF'(+0, <I>)}d<I>; 

and, since F(-l- 0, is bounded, this can be made arbitrarily small by taking 
€ sufficiently small, and it is independent of the outer boundary of T, Hence 
we may proceed to the limit when the outer boundary tends to infinity. 

* This is the case when p {R)bJq {R)\ then G {R)=RJi (/2). It ia by no means iniposaible that 
some of the conditions imposed on F{R,^) are superfluous, 
t Cf. Modern AmlysiSf §3*64. 
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We infer that, if T has no outer boundary, the modulus of 
I j^F(R, <J>) Q (\R) 

can be made arbitrarily small by taking \ sufficiently large ; and this is the 
theorem to be proved. 

14*62. The inversion of Neumanns repeated integral. 

We shall next prove that the existence and absolute convergence of the integral 
f* P ylr(X ir\ ^ 

are sufficient conditions that 

["udur r ^(X,V).g{uV(N^-hF^)},(dXdF) 

Jo J —UO J —CD 

= lim r r ^{X,Y)rg{u./{X‘+¥^)}udu{dXdY), 

\-^eD J — CD J -CD Jo 

provided that the limit on the right exists. 

For any given value of \ and any arbitrary positive value of c, there exists 
a number such that 

F (R, <&) I Ri (dRd4>) < , 

where A is the upper bound of |^(w) , \/u. 

We then have 

if f f F(R, <i>)g(uR)udu . E(dRd<P) 

jj -tr Jo Jo 

- p J’ l“F(R,<P)g (uR) R (dRd<P) adu j 

- r r rF(R, ^)g(uR)R(dRd^) udy | 

Jo J -jtJ fi 

r r Ti F{R, 4>) I xiHu jRi {dRd^) 

J -nJ p Jo 

+ ^ I* j ’ J” I F{R, <!)) I R^ (dRd<t>) «* du 

< €. 

Since this is true for arbitrarily small values of e, we infer that 

J*/' P F(R,<P)g(uR)R(dRd4>)udu 

= lim r r r F(R, <P)g(uR) udu . R (dRd^>), 

00 J -ir J 0 Jo 

the integral on the left existing because the limit on the right is assumed to 
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Hence it follows that, if the limit on the right exists, then 
r^dup p F(R,^)g(uR)R(dRd^) 

= lira [’ r F(R,^)G{\R)^~^^. 


14 ' 63 . The proof of Neumanns integral theorem. 

We are now in a position to prove without difficulty the theorem due to 
Neumann stated in § 14*6. We first take an arbitrarily small positive number 
€ and then choose the sectors in which the convergence of H {R, <t>) to zero is 
uniform, in such a way that the sum of their angles exceeds 27r — e. We then 
choose h so small that H {R, 0) < e in these sectors whenever R%h \ and we 
take the upper bounds of 

ft(iJ.4>) + |/’(iJ,4>)| and 

to be B and C. 


We then apply the second mean-value theorem. We have 

Pj,(R,^)0().K)^ 

= X. (+ 0, <!>)/' 0 {\R) + (x. (S, «!>) - X, (+ 0, «>)} p 0{KR)^, 

where 0 ^ f ^ 5. 


Now 

Hence 



<2a 


dR du 

F{RA^)rr(\R)^^F{-^0,^) G{u)-+v. 

J {) iv J a U 

where 1 17 1 is less than 26(7 inside the sectors in which convergence is uniform, 
and is less than 2BG in the exceptional sectors. 

Hence it follows that 


I r [’fcR, <P) 0 (\R) ^ 0.4>) r G (u) 

‘ J -nJ 0 -tC . 0 

< 2Tr.2e(7+«.2BC 
= 2€G[2Tr + R]. 

Hence, for large values of 

I r p F(R. <I>) G (\R) _ 27riWf’(+ 0, 4>) pG («) - 

\J-nJo li Jo U 

<26(7 (27r + i^) + 0 (1), 

that is to say 

iim If' rF(R.4>)G(\R) _ 27ri«f (+ 0, 4>) f * G (u) 

A oc I J —ir J 0 Jo U 

«2e(7(2ir + £). 
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Now the expression on the left is independent of e : and so since e is arbitrarily 
small, vve infer that the limit is zero. That is to say, 

lira r r 

j -tr J 0 

exists aiifl is equal to 

27ri«^'(+0,4>). [*(?(«) 

J 0 

Applying the result of § 1462, we see that Neumanns theorem has now 
been proved. 

In the special case in which g (u) = Jo(uX we have 

[ tg{t)dt=-uJ^{u\ 

y 0 

so that G (a) = mJ, (m), 

and 1“ =["(- («)1 du = i: 

Hence we have 

( 1 ) ["uditf" J" ^(x,v).j,{uv(^^+y-)}.(dxdy) 

= 2ir (+ 0 . cos 4>, 4 0 . sin t|>). 

If wo change the origin, we deduce that 

(2) ruduT r ^(x,y).j4uv{(^-^r+(y-yy}].(d:^dy) 

Jo J -ac J 

= 27riltt^ (.r -4- 0 cos <'P, y + 0 sin 4>), 
and finally, changing to polar coordinates, 

(3) f udu f f F(Il, Jo [u ^(R^ + 7*^— 21tf* cos ((p (f>)] HdRd^ 

= 27r <f>X 

where </>) now means the mean of the values of F(R, 0) when (J?, <1>) 

traverses the circumference of an indefinitely small circle with centre (r, <f)) 


14 * 64 . MeJilei'^s vivestigation of Neumanns mtegral. 

Neumann’s integral has been deduced by Mehler* from the formula 

/ { 0 , <t>)= ^ -T^ f f /(^’^) y) d4> d% 

n-o y 0 y — IT 

by a limiting process ; in this formula 

cos 7 = cos 6 cos 0 + sin ^ sin 0 cos (tl> — </>). 

The formula is obtainedf by constructing a solution of Laplace’s equation, 
valid inside a sphere of radius /c, which has an {(ssigned value f{6, </>) on the 
surface of the sphere. 

* Math. Aim. v. (187*2), pp. 135 — 137 ; cf. Lamb, Proc. London Math. Soc. (2) ii. (1905), p. 384. 
t Cf. Modern Anahjais^ § 18*4. 
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The limiting process used by Mehler is that suggested by the result of 
§6*71 ; the radius of the sphere is made indefinitely large, and new variables 
R, r are defined by the equations 

R = a:0, r = kO, 

so that Ry r are substantially cylindrical coordinates of the points with polar 
coordinates (/c, 0 , < 1 >), (/c, dy <^); the function of position /( 0 , is then de- 
noted by F{Ry 4>), and Pn (cos 7 ) becomes approximately equal to Jo(nvrlK), 
where 

m- = P* + — 2Rr cos — </>). 

We are thus led to the equation 

17 , 1 V 2n + 1 ^ , , .RdRy. 

P(r, </>)= hm 1 A ~ F(R, ^)Jo(nvr/fc ) — - - d<I>. 

K 00 » = 0 tTT J 0 J —n 

If now we write ii/k — u, and replace the summation by an integration (taking 
1/k as the differential element), we get 

F{r, Uduj" j’ F{R, <^) RdRd<P, 

which is Neumann’s result. 

But this procedure can hardly be made the basis of a rigorous proof, be- 
cause there are so many steps which require justification. 

Thus, although we know that 

^ (-)" r r f 7 ) ® 

71 — 0 \^/ J () J ~jf. 

is a potential function (when r < /c), which assumes the vahie /(^, c^) on the 
surface of the sphere, the theorem that we may put p = k in the series 
necessitates a discussion of the convergence of the series on the surface of the 
sphere ; and the transition from the surface of a sphere to a plane, by making 
K 00 , with the corresponding transition from a series to an integral, is one 
of considerable theoretical difficulty. 

It is possible that the method w^hich has just been described is the method 
by which Neumann discovered his integral formula in 1862. Concerning his 
method he stated that “Die Methode, durch welche ich diese Formel so eben 
abgeleitet habe, ist nicht vollstandig strenge.” 



CHAPTER XV 

THE ZEROS OF BESSEL FUNCTIONS 


16 ‘ 1 . Problems connected with the zeros of Bessel functions. 

There are various classes of problems, connected with the zeros of Bessel 
functions, which will be investigated in this chapter. We shall begin by proving 
quite general theorems mainly concerned with the fact that Bessel functions 
have an infinity of zeros, and with the relative situations of the zeros of different 
functions. Next, we shall examine the reality of the zeros of Bessel functions 
(and cylinder functions) whose order is real, and discuss the intervals in 
which the real zeros lie, either by elementary methods or by the use of Poisson- 
Schafheitlin integrals. Next, we shall consider the zeros of J, (z) when v is not 
necessarily real, and proceed to represent this function as a Weierstrassian 
product. We then proceed to the numerical calculation of zeros of functions 
of assigned order, and finally consider the rates of growth of the zeros with 
the increase of the order, and the situation of the zeros of cylinder functions of 
unrestrictedly large order. A full discussion of the applications of the results 
contained in this chapter to problems of Mathematical Physics is beyond the 
scope of this book, though references to such applications, will be made in the 
course of the chapter. 

Except in §§ 15’4 — 15'54, it is supposed that the order v, of the functions 
under consideration, is real. 


The zeros of functions whose order is half an odd integer obviously lend 
themselves to discussion more readily than the zeros of other functions. In 
d 1 5?”^ J 1 { tw) I 

particular the zeros of — dx~ investigated by Schwerd 


and by Rayleigh*; and more recently Hermitef has examined the zeros of 
Jn^\ {sc)- The zeros of this function have also been the subject of papers by 
RudskiJ who used the methods of Sturm; but it has been pointed out by 
Porter and by Schafheitlin§ that some of Rudski s results are not correct, and, 
in particular, his theorem that the smallest positive zero of lies 

between J (n + 1) tt and J (n H- 2) tt is untrue. Such a theorem is incompatible 
with the inequality given in §16’3 (5) and the fonnulae of §§ 15*81, 15*83. 


* Sohwerd, Die Beugungsertcheinungen (Mannheim, 1B36); cf. Verdet, Lecom d'Opiique 
Phyeigue^ i. (Paris, 1869), p. 266; Bayleigh, Proc, London Math. Soc. iv. (1H73), pp. 95— 103. 
t Arckiv der Math, und Phys. (3) i. (1901), pp. 20—21. 

t M^m. de la Soc, R. des Set, de LUge^ (2) xviii. (1895), no. 3. See also Prace Matematyezno- 
FizycznCf in. (1892), pp. 69—81. [Jahrbuch fiber die Fortschritte der Math. 1892, pp. 107—108.] 
S Porter, Ametican Journal of Math. xx. (1898), p. 198; Schafheitlin, Journal ftir Math, cxxii. 
(1900), p. 804. 



478 


THEORY OF BESSEL FUNCTIONS 


[chap. XV 


15 * 2 . The Bessel- Lomviel theorem on the zeros of (z). 

It was stated by Daniel Bernoulli* and Foiirierf that Jo{z) has an infinity 
of real zeros ; and a formal proof of this result by an analysis of Parse vals 
integral is due to Bessel 4. It was subsequently observed by Lommel§ that 
Bessel’s arguments are immediately applicable to Poisson’s integral for Jv(z)y 
provided that — ^ A straightforward application of Rolle’s theorem to 

is then adequate to prove Lomiiiers theorem that Jy(z) has an 
infinity of real zeroSyfor any given real value of v. 

The Bessel -Lorn m el investigation consists in proving that when — 
and ,7; lies between niv and (m + J)7r, then J„(x) is positive for even values 
of m, (0, 2, 4 , ...), and is negative for odd values of m, (1, 3 , 5 , ...). Since 
J„(on) is a continuous function of a: when it is obvious that Jy(x) 

has an odd number of zeros in each of the intervals (Jtt, tt), (^tt, 27r), 
(fTT, Stt) 

Some more precise rcsullH of a similar character will be given in §§ 15*32 — 15-36. 


j 2(K)‘' 


COB iiru j 


To prove Lornmers theorem, let x = (m + \6) tt where 0 ^ ^ ^ 1 ; then, by 
o])vious transformations of Poisson s integral, we have 

'+WJo 

Now the last integral may be written in the form 

m 

S {-yVr+{-)”'Vm', 

r = l 


where 


/ xr COS Ittw , 

^ ^ “ Kr-2 {{irn+ey- 

{-r<= f 

J 9 


2m4-» COS \TrU 




If now we write zt = 2/- — 1 + i7, and then put 

l(2m + ey - (2r - 1 + - [{2m + Of - (2r - 1 - =/, ( U\ 

it is clear that 

^V= \^fr(U)^\n^irU,dUy 
J 0 

and, since II v^^yfr{U) is a positive increasing IT function of r. 


♦ Comm. Acad. Sci. Imp. Petrop. vi. (1732 — 3) [1738], p. 116. 
f La TMorie Anah/tiqtw de la Chaleur (Paris, 1822), §308. 

X Berliner Abh., 1824, p. 3'J. 

§ .Stiidicn iiher die BeseeVsehen Functionen (Leipzig, 1868), pp. 65—67. 

II This is the point at which the condition v ^ ^ is required ; the condition i' > - ^ ensures the 
convergence of the integral. 

II The reader will prove this without anj difiScultj by regarding r as a continuous variable and 
then differentiating/,. (iq with respect to r. 
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15-2-16-22] 

It follows that 
and so 

sgn J, {mtr + |^7r) = sgn [(-)•» + (i-„ - v,„_,) + +..,)] 

= 8gn(- 1)“, 
since vj is obviously not negative. 

That is to say, when — J ^ 

T / , 1/) \ f +» = 0, 2, 4, ...) 

and from this result Lommel’s theorem follows in the manner already stated. 

The zeros of Ji{x\ as well as those of J^^ (.^•), have been investigated by Baohr, Archives 
yeerlandaiscs^^vii, (1872), pp. 351 — 358, with the help of a method which resembles the 
Bossel-Loinmel method. Baehr’s result for «/| {x) is that tho function is positive when x 
lies in the intervals (0, tt), (Stt, Stt), (Jtt, Stt), and that it is negative when .r lies in 
the intervals (jjTr, 2n-), (^tt, 4ir), dn-), .... The function J\{x) has also been investi- 

gated in this way by C. N. Moore, Amah of Math. (2) ix. (1908), pp. 156 — 162. 

The results just stated are of a less exact nature than the results obtained with the aid 
of slightly more refined analysis by Schaflieitlin 15-33 — 15*35). 

It was noted by Whewell, Trans. Camh. Phil. JSoc. ix. (1856), p. 156, that •/!) (a*) has a 
zero between 2 and 2 ^2, and that the function Ho(^) has some real zeros. 

15'21. The non‘re petition of zeros of cylinder functions. 

It is easy to prove that 9^p(z) has no repeated zeros, with the possible ex- 
ception of the origin*. For, if '?v(z)and 9r^'(z) V^anished simultaneously, it would 
follow, by repeated ditferentiations of the differential equation ^0’,, (^) = 0, 
that all the differential coefficients of (z) would vanish at the common zero of 

(z) and (z), and then, by Taylor s theorem,^,, (z) would be identically zero. 

15*22. The iniei lacing of zeros of Bessel functions. 

It will now be shewn that if >,21 positive zeros of Jy(x), 

arranged in ascending order of magnitude, then, if v > — 1, 

ff ^jv^l ^ ■^jV+1,2 ^jy,i < ••• • 

This result is sometimes expressed by saying that the positive zeros of ./„ (x) 
are interlaced with those of (t^*). 

To prove the result we use the recurrence formulae 

= -x-’J.+iix), ^{x’’*‘J,+i(x)]=x'-^‘J.(x); 

the first of these shews that between each consecutive pair of zeros of 

J,, (a ) there is at least one zero of a?"** (x), and the second shew^s that 

between each consecutive pair of zeros of Jv^-\ if) there is at least one zero 
of and the result is now obvious. 

* This is a special case of a theorem proved by Sturm, Journal de Moth. i. (1836), p. 109. 
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If 1, the zeros are obviously still interlaced but the smallest zero of i/^ + iOr) is 
nearer the origin than the smallest zero of Jy (a?). 

The result concerning interlacing of positive zeros is obviously true for any real 
cylinder function* (.v) and the contiguous function 

This fundamental and simple property of Bessel functions appears never 
to have been proved until about a (juarter of a century agof, when four 
mathematicians published proofs almost simultaneously; the proof which has 
just been given is due to Gegenbauer:[; and Porter §; the other proofs, which 
are of a slightly more elaborate character, were given by Hobson || and 
van Vleckll. 

It has been pointed out by Porter that, since 

J ^ (ic) + J 1 , 4.2 {X) = 

at any positive zero of Jy{x) the functions */„ 4 .i(.r) and Ju^. 2 {x) have the 
same sign ; but at successive zeros of (j?) the function (^0 alternates in 
sign, and so there are an odd number of zeros of (.r) between each con- 
secutive pair of positive zeros of Jv{x) \ interchanging the functions i/„ 4.2 {x) and 
Jy {x) throughout this argument, we obtain Porter’s theorem that the positive 
zeros of {x) are interlaced with those of ./„ (x). 

15'23. Dixons theorem on the interlacing of zeros, 

A result of a slightly more general character than the theorem of § 15*22 
is due to A. C. Dixon namely that, when v> — \, and A, By (7, Z) are 
constants such that AD^ BCy then the positive zeros of AJy(x) + BxJJ{x) are 
interlaced with those of CJy (a) + DxJJ {x)y and that no function of this type 
can have a repeated zero other than x = 0 . 

The latter part of the theorem is an immediate consequence of the formula, 
deducible from §5*11 (11), 

J y (x)y Xtf y (x) j 

I Jy^(t)idt=-ix d{jy(x)} dlxjy'ix)}^, 

’ d.r 

for the integral is positive when x is positive and the expression on the right 
would vanish at a repeated zero of AJ^y(x) + BxJJ {x). 

* A leal cylinder function is an expresRion of tbe form 

aJy(x)+pYy {x) 

in which a, fi and v are real, and .r is positive. 

t Cf. Gray and Mathews, A Treati»e on Bessel Functions (London, lS9o), p. 50. 

t Monatshefte fUr Math, und Phys. viii. (1897), pp. 383 — 384. 

§ Bulletin American Math. Soc. iv. (1898), pp. 274 — 275. 

11 Proc. London Math. Soc. xxviii. (1897), pp. 372 — 373. 

ir American Journal of Math. xix. (1897), pp. 75 — 95. 

** MessenneryTLTLTS.il. (1908), p. 7 ; see also Bryan, Proe. Camb. Phil. Soc. vi. (1889), pp. 248-— 264, 
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To prove the former part of the theorem, we observe that, if 


A. (t'S = ^ ^ 

AJv (iP) + BxJJ (x) ’ 




i rj^^(t)tdt, 

Jo 


..... ^ V-., - ^ . lo, B u o '' ^ ' ' 

and so ^ (x) is monotonic. The positive zeros of <f>(x) are therefore interlaced 
with the positive poles, and from this result the former part of the theorem 
is obvious. 

If the function Jy(x) is replaced by a real cylinder function aJ„ (j;) +/3V^(x), 
we have 

(ic), x^J (x) 


provided that — 1 < v < 1 ; and so the theorems concerning non -repetition and 
interlacing of zeros are true for A^^(x) + (x) and C'(^y(x) + Dx^{^J (a.) 

provided that /9 (a sin w A- 0 cos vir) is positive. 

Again, since 

(xl x^:(x) 

\x d^j^yjx) d [x9^y'(x)] + 

dx ’ dx 

the theorem is true for zeros exceeding + V*'** whether v lies between — 1 
and 1 or not. 


The result of § 15*22 is the special case of Dixon s theorem in which 
A = l, J5 = 0,(7 = v,D = -l. 


16*24. The interlacing of zeros of cylinder functions of order v. 

Let 9^y(x) and ^y{x) be any distinct cylinder functions of the same order ; 
we shall prove that their positive zeros are interlaced*. 

If {x) = aJy {x) + {x\ (x) =^^Jy{x) + hYy (x), 

then (x) (x) - (x) {x ) = . 

TTX 

Now it is known that, at consecutive positive ^ros of (a;), (x) has opposit(‘ 

signs, and therefore, from the last equation, 9^'y(x) has opposite signs; that is 
to say (x) has an odd number of zeros between each consecutive pair of 
positive zeros of ^y(x) ; similarly 9fy(x) has an odd number of zeros between 
each consecutive pair of positive zeros of (x) ; and so the zeros must be 
interlaced. 

If we take one of the cylinder functions to be a function of the first kind, 
we deduce that all real cylinder functions have an infinity of positive zeros. 

* Olbr icht, ^ova Acta Cae$.- Leap.- Acad. {Halle)^ 1888, pp. 48 — 48, has given an elaborate dis- 
cussion of this result with some instructive diagrams. 


W. B. F. 


31 



482 


THEORY OF BESSEL FUNCTIONS 


[CHAP. XV 


16*26. LomweVs theorem on the reality of the zeros of 

An pxtijnsion of a theorem due to Fourier*, that the function ( 2 ) has no 
zeros which are not real, has been effected by Lommel'f*. The extended theorem 
is that, if the order v e.i‘ceeds — 1, then the function Jy(z) has no zeros which 
are not real. 


To prove Loinmel’s theorem, suppose, if possible, that a is a zero of Jv{z) 
which is not real. It follows from the series for Jy{z) that ot is not a pure 
imaginary, V^ccanse then 

„"ow!r(r + + i) 

would be a series of positive terms. 

Let Ofo be the complex number conjugate to a, so that ao is ^^Iso a zero of 
J^{z\ because J^,(z) is a real function of 

Since i; > — 1, it follows from § 5*1 1 (8) that 

and so, since ^ 


/: 


tJy {at) Jt, (ofoO dt = 0. 


The integrand on the left is positive, and so we have obtained a contradiction. 
Hence th(' number a cannot exist, and the theorem is proved. 


Similar arguments J may be used to shew that, if A and B are real and i'>- 1, the 
function J ./„ (:)-f Zlc.V (*) has all its zeros real, except that it has two purely imaginary 
zeros when (.•!//?) + r<0. 

These results follow from the scries for ^ Jy{z)} combined with the formula 
which is satisfied if ^ and f% are finy zeros of AJ^{z) + BzJ^ {z) such that 


16*26. The analogue of Lorn mel's theorem for functions of the second kind. 

It is not possible to prove by the methods of § 15*25 that§ l\{z) has no 
complex zeros in the regionjl in which |arg. 0 | < tt. But it has been proved 
by Schafheitlin* that Yq{z) has no zeros with a positive real part, other than 
the real zeros. 


• La Thtonv Annjytujnv de la Chaleur (Paris, 18*22), § 308 ; see also Steam, Quarterly Journal, 
XVII. (1R80), p.93. 

t Studien idter die BeueVschcn Functionen (Leipzig, 186vS), p. 09. 

t See A. C. Dixou, Messenger, xxxii. (1903), p, 7. 

§ Or, more generally, (z). 

1 : When arg £ = i ir, 1*,, (z) ^ cos i/tt ( - z). and hence, by § 3*r>3 (1), }\ {z) 

cannot vanish unless v is half of an odd integer. This t\pe of reasoning is due to Macdonald, 
Proc, London Math. Soc. xxx. (1899), pp. 166— 179. 

T Archiv der Math, und Phys. (3) i. (1901), pp. 133—137. In this paper Schafheitlin also sub- 
jects the complex zeros of Ti {z) to a similar treatment. 
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For let /8 be a complex zero of F„(z), and let /3, be the conjugate complex, 
so that /8„ is also a zero of Yt(z). Then, by §§ 5-11 (8) and 3-51 (1), 

rtv.m r,(^,t)di 

Jo 

and so, ii = pe*", we have 

and the expression on the left is positive while the expression on the right is 
negative when co is an acute angle. 


15*27. 7%e theorems of Hurwitz on the zeros of (< 2 ). 

The proof which was given by Fourier that the zeros of Jo (^) are all real 
was made more rigorous and extensive by Hurwitz*, who proved (i) that when 
I' > — 1, the zeros of J„(^) are all real, (ii) that, if s is a positive integer or 
zero and v lies between — (2s + l) and —(2s +2), J„(^) has 4s + 2 complex 
zeros, of which 2 are purely imaginary, (iii) that, if 5 is a positive integer and 
V lies between — 2^ and — (2i' + 1), has 4s complex zeros, of which none 
are purely imaginary. To establish, these results, we use the notation of § 9*7. 

We take the function which has, in the respective cases (i) m 

positive zeros, (ii) w— 25— 1 positive zeros, 1 negative zero and 25 complex 
zeros, (iii) m — 25 positive zeros and 25 complex zeros. 

Qo / yi yn 

We now prove that, if /„(f) ^ 2 ■ p ■- — t-it » then the function (f ) 

> 1=0 a ! 1 (i' + -r 1 j 

has at least as many complex zeros as i/.>w,,„(?)- After Hurwitz, we write 

A ft- \ (^) (C ) "" /72m-i-i,i' (^ ) //a/rt, ► 

9m (C> V) "? * 

where rj are real and ?’ = f ?' = f — The terms of highest degrc-e in 
are easily shewn to be 

\m{m + \){v m) ( 1 / + m 4- 1) (( 1 / + m) (2wi + 1) + m — 1 1 (f** + ; 

and since g-ttn,v is a real function, it follows that if f is a complex zero of 
92 m,v{K)* so also is ; and therefore the complex zeros satisfy the equation 

(f . 'n) = 0. 

Again, it is not difficult to deduce from the recurrence formulae (§ 9*7) that 

(f» 2va + 2)^2m-n,v (?)5^2 «H-i,»' (? ) "f* (f* "*■ “*?*) 4^m ^)* 

* Math. Ann. xxxiii. (1889), pp. 246 — 266; cf. also Segar, Meitsengert xxir. (1893), pp. 171 — 181, 
for a discussion of the Bessel coetficients. The analysis of this section differs in some respects from 
that of Hurwitz ; see Watson, Proc. London Math, Soc. (2) xix, (1921), pp. 266 — 272. 

31—2 
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Hence, for suflSciently large values of m (i.e. those for which p -H 2m is positive), 
the curve <f>m (f, ^) = 0 lies in the finite part of the plane, and <kv.il V) is 
negative when (f, v) is zero so the curve (f , ^7) = 0 lies wholly inside 
one or other of the closed branches which compose the curve (f » v) = 

Hence as m 00 , the complex zeros of ^ 2 m,r (?) lie in bounded regions of 
the ?-plane, and consequently have limit-points. 

Now, since, by §§9*65, 9-7, 

f 

r(i; + 2m + l) 

can be made arbitrarily small in any bounded domain of the ?-plane, by taking 
m sufficiently large, it follows from Liigrange's expansion* that the number of 
zeros of /, (?) in any small area is at least equal to the number of zeros of v (?) 
in that area when m is sufficiently large; and so /„(?) has 2^ complex zeros. 
None of these zeros is real, for if one of them were real it would be a limit 
point of two conjugate complex zeros of ^am,i^(?), and so it would count as a 
double zero of /,.(?); and /.,(?) has no double zeros. 

Again, from the series for (f) it is seen that, when v lies between - (2s + 1) 
and ~ (25 -f 2),/^ (?) must have one negative zero, and it cannot have more than 
one negative zero, for then „(?) could be made to change sign more than once 
as ? varied from 0 to - 00 [since ^a,n,v(?)can be made to differ from /„(?) by 
an arbitrarily small number], and this is impossible. 

For similar reasons fy (?) c«annot have more than 25 complex zeros. 

If we replace ? by Jz*, so that negative values of ? correspond to purely 
imaginary values of z, we obtain the results stated in the case of Jy (z). 

For a discusBiou of zeros of Bessel functions in association with zeros of polynomials 
hased on rather different ideas, the retider should consult Lindner, Hitz. der Berliner Math. 
Ges. XI, (1911), pp. 3 — 5. It may be mentioned that Hurwitz has extended his results to 
generalised Bessel functions in a brief jMper, Hamburger MUtheilungen, ii. (1890)^ 
pp. 31. 


15*28. Bourgeis hypothesis. 

It has been conjectured by Bourgetf that, when v is a positive integer 
{zero included), the functions Jy{z), Jy+m{^) have no common zeros, other 
than the origin, for all positive integral valjues of m. 

It seems that this theorem was not proved before 1929, except in some 
simple special cases, such as m = 1 and m = 2 (of. § 15 22). 

The formula 

{^) ” dy (z) V {^) 1 {^) 1 , v+i (^ ) 

* Of. Modem Amilysig, § 7*32. 

t Ann. Sci. de VEcole norm. sup. in, (1863), pp. 55— 95. 
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15-28, 15-8] 

shews that, since J ^ (z) and J (<?) have no common zeros, the common zeros 
of Jy(z) and must satisfy the equation 

-®in— 1, r+i (^) = 0, 

i.e. they must be algebraic numbers. 

It has, however, been proved by Siegel* that Jy(z) is not an algebraic 
number when v is a rational number and z is an algebraic number other than 
zero; hence follow theorems which include Bourget's hypothesis asaspecial case. 

When V is half of an odd integer, it is easy to shew that Jy (z) and 
have no common zerosf ; for such zeros are algebraic numbers and it is known 
that no algebraic number J can satisfy the equation 

since the right-hand side is algebraic in z when p is half of an odd integer. 

The proof J given by Lambert and Legendre that tt* is irrational may be 
applied to §5 6(6) to prove that J^(z) has no zero whose square is rational 
when i; is rational ; an inspection of the polynomial now immediately 

yields an elementary proof of Bourget’s hypothesis in the cases w = 3 and m »■ 4. 

16-3. Elementary properties of the zeros of Jy (a?). 

It is possible to acquire a considerable amount of interesting information 
concerning the smallest zeros of Jy (a?) and related functions, when v is positive, 
by a discussion of the differential equation satisfied by Jy (a?) together with 
the recurrence formulae ; we shall now establish the truth of a selection of 
theorems concerning such zeros. 

The reader will find a more systematic investigation § of these theorems in various 
papers by Schafheitlin, notably Journal fUr Math, cxxii. (1900), pp. 299 — 321 ; Archiv 
dcr Math, und Phya. (3) I. (1901), pp. 133 — 137; Berliner Sitzungaberichte^ III. (1904), 
pp. 83 — 85. 

For brevity, the smallest positive zeros of Jy (a;), JJ (x\ Jf {x\ . . . will be 
called yV. yV', .... The smallest positive zeros of F„(a?), F/(a;), Yf (x), ... 
will similarly be called y,., y/, y/', .... 

We first prove that 

(1) j. > V, jj > V. 

It is obvious from the power series for Jy {x) and JJ (x) that these functions 

/ 

* Abhqndlungen A had. Berlin, 1929, pp. 1 — 70. This abstruse and important memoir contains 
numerous applications of Siegel’s fundamental theorem. 

t This was noticed by Porter, American Journal of Math. zx. (1898), p. 208. 

t Cf. Hobson, Squaring the Circle (Cambridge, 1913), pp. 44, 51 — 53. 

§ Some related results are due to Watson, Proc. London Math. Soc. (2) xvi. (1917), pp. 166 — 
171. 
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are positive for sufficiently small positive values of oo ; and, from the differential 
equation 

it is evident that, so long as a; < i/ and Jv{x) is positive, xJp {x) is positive and 
increasing, and so Jt,{x) increases with x. 


Therefore, so long as 0 < a; < i/, both (a?) and xJJ {x) are positive increasing 
functions so that^\, and^V cannot* be less than v. 

Again, from the differential equation 

i/J/' (*/) = - a// (r)<0, 

and so JJ' (x) has become negative before x has increased to the value v from 
zero. Hence, whenf > 1, 

(2) jJ'Kv, 


Next, since 


j. - 2)j tm-ii)} j 


the expression on the right is positive so long as a? < i/ + 2. Now, if^V were less 
than 2)), the expression on the right would be negative when x is equal 

to^V (which, from a graph, is obviously less thany„), and this is not the case. 


Therefore 

0^) + 

Now, from § 15*22 it follows that 

and, as has just been stated, 

Jv ^Jvy 

SO that Jy{ju) and *4+2 (>) positive. If now we put x^jj in the 

formula 

J {x) — — I ^7 „ {x) — t/ p (.7;), 

it is obvious that 

(4) jJ < \/12i/(i/ + 1)}. 

Similarly, by putting x = in the formula 

1 - — +("■*- 1) (^) = 0. 


(r + »S) (x) + 2 (i/ -h 2) 

w'e deduce that 


and therefore 

(5) 


jy < V^(2 (i' 4- 1) (i' -f 3)}, 
V(v(i^4-2)j <j,. < Vi2 (iz + lXi^ + S)}. 


* Cf. lliemanu, PartieUe Differentiahileichungen (Brunswick, 1876), p. 269. 
t When O-^pd, Jy' (or) is negative for sufficiently small values of x. 
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In like manner, we can deduce from the formulae 

i jl - + 1) 4' w 


(6) \/\v {v “ 1)1 <i/' < - 1). 

Some rather better inequalities than these are obtainable by taking more 
complicated formulae ; thus, from the equation 

J v-^ (^) = J I/+1 (^) if+1 (^) (x) {x\ 

Schafheitlin* deduced that 


-Rfl, I'+i ( 

i.e. 3;V - 16 (i; + 2) {v + 4) jj^ 4- 16 (i/ + 1) (i; + 2) (i; 4- 4) (i; 4- 5) > 0. 
Since is certainly less than § (v 4- 2) (i; 4- 4), by results already proved, 
must be less than the smaller positive root of the equation 

3a;‘ - 16 (i; + 2) (i; + 4) 4- 16 (i; 4- 1) (v + 2) {v + 4) (i; 4- 5) = 0, 
and hence, a fortiori, 

(7) (i' 4- l)(i' 4- 5)]. 

Similarly, from the e(|uation 

4t7 ,,^4 (x) ^ Jy (x) „ (tZ;) 4" i^+u (^) *“ v (^) “■ (^)} 

— 2J y (x) ( (x) — Jti (•*'■) 1 * 

Schafheitlin deduced that 


(8) ;V>Vli'(»'4-2)l, 

and, when i/ > 4, 

(9) i;>v'(i'(*' + 3)i, 

these inequalities being derived from the consideration that jy lies betwi'en 
the positive roots of the equation 

or* — 8 (i^ 4- 2)" a;* 4- 2t/ (v 4- 1) (i/ + 3) (*/ 4“ 4) = 0. 


The discussion of yy requires slightly more abstruse reasoning. We use 
the result that 

is a decreasing function of x\ this is obvious from §13 73. Hence it follow^ 
that YC^{x) decreases through the interval (0,j„'), and so exceeds jj\ again, 
in this interval F„(.r) is negative, and it follows from § 3’63(J ) that Yy(jy) is 
positive, since JJ {jy) is obviously negative. 

Hence 

( 10 ) 

This inequality (with yV replaced by i/ 4- i) was established by Schafheitlin f 
with the aid of rather elaborate analysis. 


* Berliner Sitiungsberichte, in. (1904), p. 83. 
t Journal flir Math, cxxii. (1900), pp. 317—321. 
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15*31. Stationary values of cylindei* functions^. 

It has already been seen that the cylinder function Jy {so) cos a — F„ (so) sin a, 
or {x\ has an infinite number of positive zeros, and so there are an infinite 
number of positive values of x for which it is stationary . Such values of x 
which exceed the order v (supposed positive) will be called /ii, ftg, where 


fii< fii< .... 

We shall now study some of the simpler properties of the sequence 



The first theorem which we shall establish is that 


To prove this, observe that the function A (x) defined as 






has the negative derivate 

and so A (/ij) > A (/ta) > A (/Aj) > . . . . 

Since A (/Xn) = the truth of the theorem is now evident. 

A more interesting result is suggested by HankeFs asymptotic formula 
(§7*21) 

(^) = cos (a? + a - ^i;7r — Jtt) + 0 . 


This indicates the possibility of proving inequalities consistent with 

when /Mn is large. 

It can in fact be shewn that 

(I) The values assumed by (aJ® — | | whe7i x takes the values 

/A,, ,,, form an increasing sequence whose members are less than \/(2/7r). 

(II) The values assumed by |^^V(^)| 'o^hen x takes the values /ar+i» 
• • • form a decreasing sequence whose members are greater than \f{2l*rr) 

provided that 

(i) I' > ^ \/3, (ii) > I/® {4i/® + 4 + V(48i/® + 13)) /(4i/* — 3). 
Consider the function 

A (x) (x) + 25 (x) {x) (x) + C {x) {x) = 0 (x), 

where A (x), £(x), C(x) are to be suitably chosen. We have 
0 ' (x) = { A' (a;) - 2 (a^ - i;®) B {x)/x^} ^f{x) 

^ 2 {R (x) ^ A {x)-B (x)lx - (a;® - p^) G {x)/x^] % (x) feV (^) 

+ [C' {x) -I- 25 {x) - 2G{x)lx] ^/® {x) 

^D{x)^i^:^{x\ 

>vhere D (x) = C' (x) + 25 (x) — 2C {x)jx^ 


C£. Proc. London Math, Soc, (2) *vi. (1917), pp. 170—171. 
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provided that A{x) is chosen arbitrarily and that B{x) and C{x) are then 
defined by the equations 

2B{x) = ai‘A'{x)l(a^-v‘), 

C{x) = a;’ {B' (x) + A (x) - B (x)jx]/{x^ - 

(I) If A {x) = (iT* — K*)*, then 

2D (x) {af‘ — !;•)♦ = x’ (3x* + 14a!* v’ + 4j»‘) > 0, 
and so 0 (x) is an increasing function of x which is therefore less than 

lim 0(a!) = 2/7r. 

X 

Since 0 (/i„) = (mw® - (Mn) we see that when n assumes the values 

1, 2, then the numbers I (Mn) | form an increasing sequence 

less than \/(2/7r). 

(II) If A (x) = X, then 

2D (x) (a^ - {(4i;« - 3) - Sp^ (*/« + 1) ^ (4>p^ - 1 )) 

< 0 . 

provided that 4i/* > 3 and x exceeds the greatest root of the equation 
(4i/^ ~-S)a^^Sp^(p^+l)x^-¥p* (4i/» - 1) = 0. 

In this case @ (x) is a decreasing function and we can apply arguments, similar 
to those used in theorem (I), to deduce the truth of theorem (II). 


16 * 32 . Schafheitlins investigation of the zeros of Jo(x), 

By means of the integrals which have been given in §6*12, it has been 
shewn by Schafheitlin* that the only jx)sitive zeros of Jo (x) lie in the intervals 
(rnTT + fTT, mir 4-^7r) and the only positive zeros of Yo{x) lie in the intervals 
(mTT 4- ^TT, mTT + Itt), where m = 0, 1, 2, ... . 

We shall first give Schafheitlin's investigation for Jo(®)» with slight 
modifications, and then we shall prove similar results for cylinder functions 
of the type 

Jy {x) cos oi—Yy {x) sin a 

(where p lies between — J and $), by the methods used by Schafheitlin. 
Schafheitlin 8 investigations were confined to the values 0 and ^tt of a. 


From an inspection of the formula of § 6*12 (7), 



0 sm 6 Vcos 6 


it is obvious that, when rmr <x< mir + f tt, 

sgn {sin {x + J^)} = sgn (- 1)”*, 
and so sgn Jo (^) = sgn (- I)*”- 


Consequently Jo (a?) has no zeros in the intervals (wtt, mir + J tt). 


* Journal filr Math. cxiv. (1894), pp. 81 — 44. 
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To prove that J„{a;) has no zeros in the intervals (mir + lir, mir + tt), write 

X *= (m + 1) TT — 0, 

e-^cot» d0. 


a>nd th6n i a—, a 

TT Jo sin 0 vcos 0 

The last integrand is negative or positive according as 

0 <0 <2<f> or 2(l><0 < Jtt. 

Since ff> < ^tt, the second of these intervals is the longer; and the function 

g— 2* cot 0 

sin 0 Vcos 0 

is an increasing function* of 0 when x >|7r and 0 is an acute angle. 


Hence to each value of 0 between 0 and 2<f> there corresponds a value 
between 2(f> and Jtt for which sin — <^) has the same numerical value, but 
has the positive sign, and the cofactor of sin {i0 — (f>) is greater for the second 
sot of values of 0 than for the first set. The integral under consideration is 
consequently positive, and so Jq{x) cannot have a zero in any of the intervals 
(m7r+ J tt, m-TT + Tr). Therefore the only positive zeros of Jo(x) are in the 
intervals (witt -f Jtt, mir + 1 tt). 


15'33. Theorems of Schafheitlins type, token — J ^ 

We shall now extend Schafheitlin’s results to functions of the type 
{x) = Jy (x) cos a — (x) sin a, 

where 0 < a < tt and — ^ ^ 

We shall first prove the crude result that the only positive zeros of (x) 
lie in the intervals 

(7/l7r + 3 TT + ^ J/TT — a, tUTT + TT — Of) 

where vi = 0, 1, 2, ... . This result follows at once from the formulae of § 612, 
which shew that 






ri- c o8-*^.sin(.r +a-„0+i0) ^ 


sin-' 


for, when ///tt ^ ol< x < mir -f Jtt -f \vTr — ol, 

we have sgn [sin (ic -f a — + \ 0)'] = sgn (— 1)*", 

and so, for such values of x, (x) is not zero. Consequently the only zeros 

of V^y(x) lie in the specified intervals, and there are an odd number of zeros 

in each interval, with the possible exception of the first if a > |7r-f 

Next we obtain the more precise result that the only positive zeros of (x) 
lie in the inter'vals 


{mrr-^ ^tt + — a, mir + |7r + — a) 


* Its logarithmic denvute is 


(2.r - sin B cos 6>) oosec’-^ ^ ^ tan B, 
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where m = 0, 1, 2, except that, if a is sufficiently near to tt, there may be 
zeros* in the interval 

J w — a, TT — a). 

We shall prove this result by proving that ^^{x) has a fixed sign throughout 
each of the intervals f 

(WTT + JtT + J I/TT — a, WTT + TT — fl). 

Write a? = (m + 1) TT — flt — (1 — 2v) 

where is an angle between 0 and 
With this value of x, 

ft- cos-t g Bin {(1 - 2.) (je- «^)1 , , 

To each value of 0 between 0 and 2(f> there corresponds a value between 2<f> 
and Jtt for which sin {(1 — — ^)} has the same numerical value, but 

has the positive sign. 

Again ^- 2 ® cot e QQ^p-i ^/sin**'"*’^ 0 

is an increasing function of 0 provided that 

2a? > max 1 ^( 21 / -h 1 ) sin 0 cos + (i^ — i) ~ , 

L COSC/J 

and this condition is satisfied when a? > J since p 

Hence, if a? > J and 

imr ^TT -{• {pit — ci< X < mir + tt — or, 

we have sgn (a?) = sgn (— l)’”■’■^ 

and this proves the more precise theorem. 


16'34. Theorems of Schafheitliiis type, tvhen ^<p< 

We next consider the function 

(a?) = Jy (x) cos a—Yy (a?) sin a, 

where 0^a< tt, as before, in which it is now supposed that \< 

We shall first prove the crude result that the only positive zeros of ^("'y (.^.) 
lie in the intervals 

(wiTT — a, mrr — \ir + ^ i/tt — a) 

where J m = 0, 1, 2, . . . . This result follows at once from the formulae of § 012, 
which shew that 




for when 


[*’ cos;;:;* ffsin(x+tt-vff+iff) . . 

r(^ + i)r(i)lo 

mTT — Jtt + Ji/TT — o < a? < (?a 4- 1 ) TT — Of, 


* By taking as an alternative function «7| „( (.t) and applying the theorem of § l-')-24, we see that 
there cannot be more than one such zero. 

t If a: < ^ and m = 0, the reasoning fails when iir-h^vir - a<i. 

J If o > (ii' - i)T, the interval for which m=0 is, of course, to be omitted. 



492 


THEORY OP BESSEL FXJNOTIONS 


[CHAP. XV 


we have sgn [sin (a? + a — + i ^)] = sgn (— 1 )”*, 

whence the theorem stated is obvious. 


Next we obtain the more precise result that the only positive zeros of^v{x) 
lie in the intervals 

(WTT — JtT + \ vir — OL, rWTT — ^TT + — a), 

where m = 0, 1, 2, except that, if o is sufficiently near to tt, there may be 
a zero in the interval (0, Ji/tt — — a), and there may be one in the interval 

(tt — Of, IfTT -f \vn — a). 

We use the same notation and reasoning as in § 15*33; only now, if 

cos*'-*0/sin2*'+» 

f (0) is not necessarily an increasing function of 0 ; but it is sujfficient to prove 
that, when 0 < ^ < 2(f), then 


To obtain this result, observe that 

^ {cosec2 (2</) + V') + cosec* (2</) - 
- sin 40 ^ — i- 


2v + l 




_cos (20 + 0) cos (20 ~ 0) sin (20 + 0) sin (20 - 

But [cosoc* (20 + 0) + cosec* (20 — 0)] sin (20 + 0) sin (20 - 0) 

is an increasing function of 0, and therefore, a fortiori, 

[cosec* (20 + 0) + cosec* (20 — 0)] cos (20 + 0) cos (20 - 0) 
is an increasing function, since this function exceeds the former by an increasing function 

because 40 is an acute angle; and so always positive if it is positive 

when 0 = 0, i.e. if 

4j;> {(v - J) tan* 20 + (2i/ + l)} sin 40, 
and this is the case when a7> |i» + J. 


Hence, when J < ^ < |, the only zeros of (a?), which exceed f i/ + lie in 
the intervals 

(mTT — Jtt + \vTr — a, mir — Jtt + ^vir — a). 

The method seems inapplicable for larger values of v on account of the 
oscillatory character of sin (a: + a — as 0 increases from 0 to Jtt ; a 
method which is effective for these larger values will now be explained. 


15 * 35 . Schafheitlins investigations of the zeros of cylinder functions of 
unrestrictedly large order. 

We shall now prove that, if i/ > those zeros of the cylinder function 
J„ (a;) cos a — Y„ (x) sin a 
which exceed (2j/+ 1) (2v + 3)/7r lie in the intervals 

(mTT — a + \inr + Jtt, mir — a + Ji/tt + Jtt) 
where m assumes integer values. 
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The method used to obtain this result is due to Schafheitlin*; but he 
considered the case of functions of the first kind and of integral order only, and 
his reasoning is made lengthy and obscure by the use of arguments equivalent 
to the use of the second mean-value theorem when the explicit use of that 
theorem is obviously desirable. 

As in the preceding analysis, write 

(x) = Jy (^) cos a — (ir) sin a, 

so that 




C 08 g sin (a; + g - K(? + 


r(v + i)r(j)i« 

2 »+i aj" ri' 

'rlT+fvrTijl, 




Now cot^''+' 0 . increases as 0 increases from 0 to 0.^ and then decreases 

as 0 increases from 02 to Att, where ^2 = arc tan- — , . 

I' + i 

It will be observed that 02 is nearly equal to Jtt when x is large compared 
with V. 

Now suppose that x lies between 

viTT — a + Itt (v — i) and inir — a + Jtt — J) 4- f tt, 
and then choose 0i so that 

+ a — (i' + f ) = mir. 

It is easy to verify that 

2i/— I tt ^ 2i;4-2 tt 

2iiT3'2"^'^*'^2irT3’ 2’ 

SO that 01 is a positive angle less than 0^, provided that 

I'H- J TT 

arc tan < • 

X 4i/ + 6 

We suppose now that 

X > (2v 4- 1) (2v 4" 3)/7r, 
so that 01 is certainly less than 02. 

Then, by the second mean- value theorem, there exists a number 0q, between 
0 and 01, such that 

r^‘ cos''"* 0 sin ( 074 - 0 -1/^4- Jtf) 

(, + 1) I ^ ^ d0 


= (cot»+‘ ffi . 


f*' d {coB{x\a. — vd — \d)] ja 

cos (tnv + 0,) cos (x + a — v 0i>— \0^ 
cos’”*'* 01 cos”'*’* 01, 


Journal fUr Math, cxxn. (1900), pp. 299 — 321. 
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Now qua function of 6, 

cos {x^-OL — vd - J0)/cos*'+* 6 

is stationary when sin (a; + a — i;^ + = 0, and for such values of d the 

fraction is equal to ± ] 0. 

cos (it + a — “ i^o) 


Hence 


COS''+i 00 


cannot exceed numerically the greatest value of 1/cos*'”* 0 in the interval (0, ^i), 
and therefore 


sgn 


cos (mir -f ^, ) cos (ic -f a - v0o - i ^o)] / v 

= <- 


Therefore, since the sign of sin (x a-- p0 + ^0) is the sign of (— 1)"^ when 0 
lies between 0i and Jtt, we see that, for the values of a? under consideration, 

sgn (x) = sgn (- 1 )"*. 

Hence, when x exceeds {2v-{- 1) (2i/-h 3)/7r, has no zeros in intervals of 

the type 

(wiTT — 0 + — |7r, mir — a + | w + Jtt), 

and 80 the only zeros of Wv (x) which exceed (2p -f 1) (2v + 3)/7r lie in intervals 
of the type 

(mir — a -H + Jtt, witt — a + ^inr + Jtt), 
and this reduces to Schafheitliri s result* when a = 0 and p is an integer. 

The reader will observe that this theorem gives no information concerning 
the smaller zeros of when p is large; it will be apparent in § 15*8 that 

there are a large number of zeros less than (2i^ + 1) (2i/ + 3)/7r, and that 
interesting information can be obtained concerning them by using Debye’s 
integrals. 


15*36. Buchers theor'emf on the zeros 

A result of a slightly different character from those just established was 
discovered by Bocher from a consideration of the integral formula § 1 1-41 (16). 
The theorem in question is that (ic) has an infinite number of positive zeros, 
and the distance between consecutive zeros does not exceed 2;o where is the 
smallest positive zero of Jo (.x). 

To establish this result, write i' = 0, z^^o in § 11*41(16), and then 

Hence cannot be one-signed as <f> increases from 0 to- 7 r, i.e. as -bt 

increases from Z — jo to Z + jo] and so must vanish for at least one 

valuej of vj in the interval (Z -jo, ^+jo). Since Z is an arbitrary positive 
number (greater than jo), Bocher s theorem is now evident. 

* Schafheitlin Kives (2*' + 3) (2i' + 5)/ir as the lower limit of the values of x for which the zeros 
lie in the specified intervals. 

t Bulletni American Math. Soc. y. (1899), pp. 385 — 388. 

Cf. Modern Analysis, § 3-63. 
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15 - 36 , 15 - 4 ] 


[Note. By a form of Green’s theorem, 



where w, v are two solutions of ^ + ^“ 2+^=0 with continuous second diffei-entiul 

coefficients inside the closed curve and d/dv indicates differentiation along the normal. 

By taking and the curve to be Weber* deduced that u 

must vanish at least twice on any circle of radiusy'o. 


Bochor inferred from this result that since (r) cos satisfies the requisite conditions 
except at the origin, if a circle of radiu.s is drawn with centre on the axis of .r and 
subtending an angle less than rr/a at the origin, (r) must vanish somewhere on the 
circle. Hence the positive zci'os of (?•) are such that consecutive zeros are at a distance 
apart leas than 2joj and the distiince from the origin of the smallest of them does not 

exceed j/o + cosec ^ I . 


These results are of interest on account of the extreme simplicity of the methods used 
to prove them.] 


16 ’ 4 . 0?t the number of zeros of Jv{z) in an assigned strip of the z^plane. 

We shall next give the expression for Jv{z) as a Weierstrassian product, 
and then develop expressions involving quotients of Bessel functions in the 
form of partial fractions ; but as a preliminary it is convenient to prove the 
following theorem, which gives some indication as to the situation of those zeros 
of which are of large modulu.s. In this investigation it is not supposed 
that V is restricted to be a real number, though it is convenient to suppose 
that V is not a negative integer. When v is real the results of § 15'2 to some 
extent take the place of the theorem which will now be proved. 

Let (7 be the rectangular contour whose vertices are 

+ ^ iril (i^'X 4 + mir -f i i^tt + | tt, 


where is a (large) positive number. 

We shall shew that when m is a sufficiently large integer the number of 
zeros of 2 ^“*’ Jy{z) inside C is precisely equal f to m. 


Since z~^ Jy{z) is an integral function of z, the number of its zei os inside 
C is 


1 /■ rilog [ur'' Jy{w)\ 
2wiJc dw 


dw = — 


2iriJ c Jy(w) 


dw. 


* Math. Ann. i. (1809), p. 10. 

t When F is a real negative number (and for certain complex values of v) there may be pairs 
of zeros on the imaginary axis; in such circumstances the contour C has to be indented, and each 
pair of zeros is to be reckoned as a single zero. 
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We now consider the four sides of C in turn. It is first to be observed that 
on all the sides of C, 

\7rw/ 

where ^ {w) and r} 2 , ^ (w) are 0 (1/to) when | w |l is large. 

Now, since the integrand is an odd function*, we have, as B oo , 

__L.r 

27rijj^ 

-.i./ 

27rti 

Next take the integral along the upper horizontal side of C : this is equal to 

^ *B+mir+|wr+i» 




idw= \il(v). 


_ -L f" 

27 ri ' . n 


27ri 
] 

27r 


1 /■ifl+TOir+i^ir+iir (I ^ 

1 1 [1 + 0 (e”“)] dw 


m-TT + i Tt/? (l^) + J TT + 


2i/ + 1 , iB-\- mir H- ^ i/tt + i tt 

ir\r^ _ 


2i 


log 


iB + \7ril(v) 


0(1/-B)] 


as J5 00 . 

Similarly the integral along the lower side tends to the same value, and 
so the limit of the integral along the three sides now considered is w + Ji' + i- 

Lastly we have to consider the integral along the fourth side, and to do 
this we first investigate the difference 

— tan (to ^vTT — \ tt), 


which, when [ w; | is large, is equal to 

2w 

I* iJS + mir + J + Jir 
- i/?+Wlir+ JvTT-f ^ir 


Now 
and so 

2niJ . 


riB-i 
J -iB 


tan (w — J vTT — ^ tt) dw = 0 , 


.fl+mir+W+J. J (iff) 

dw 

*a+Wir+|i'ir+J»r VvK^) 


rtB-^mir^^yn^\ir 

27riJ 


2v + 1 


2w 


+ 0 


i)} 


dw 


— J (2v + 1) -|- 0 (1/m). 

Hence the limit of the integral round the whole rectangle is m + 0(l/m). 

* Allowance is made for the indentations, just specified, in the first step of the following analysis. 
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15-41] 

If we take m suflBciently large, we can ensure that the expression which 
is 0 (1/m) is numerically less than 1 ; and since the integral round the rectangle 
must be an integer, it is equal to m. 

That is to say, the number of zeros of z-^J^(g) between the imaginary axis 
and the line on which 

R (z) * WITT + (i -R (v) + 11 TT 

is exactly w. 

Note. The approximate formulae quoted for the functions of the third kind shew 
that the large zeros cannot have a large imaginary port ; and so all the zeros of Jy (z) lie 
inside a strip whose sides are parallel to the real axis and at distances from it which are 
bounded when 1 | is bounded. 


15*41. The eaypression of Jv(z) cis an infinite product. 

It is possible to express Jy(z) as a product of ‘simple factors’ ot 
Wcierstrassian type, each factor vanishing at one of the zeros of Jy(z). In 
order to express Jy(z) in this form, it is convenient first to express the 
logarithmic derivate of z'^Jy(z) as a series of rational fractions by Mittag- 
Leffler’s theorem*. 


The zeros of z~^Jy(z) are taken to be ± ± ±^V,8, . .. wheref 
R{jy,n)>^ and the values of 

jf„a, ... being all unequal (§15*21). We draw a (large) rectangle D, whose 
vertices are ± A ± iB, where A and B are positive, and we suppose that ± 
are the zeros of highest rank which are inside the rectangle. 

We now consider 

1 f f 1 

2inj i,w(w — z)' Jy(w) ’ 

where z is any point inside the rectangle, other than a zero of Jy{iv\ and v is 
not a negative integer. 

The only poles of the integrand inside the rectangle are z, ••• » 

The residue at z is Jy+i(z)jJy(z) and the residues at ±jy,n are 

since JJ (z) = - (^) when z » ±>.n, by § 3*2. 

It follows that 


J.(z) 



1 f Z (w) 

2Triij)W(w — z)' Jy(w) 


dw. 


* Acta Soc. Scient. Fennicae, xi. (1880), pp. 278 — 293. Cf. Modern Analysis, § 7-4. 
t If J2( ,j) = 0 for any value of n, we chooaejy^^ to have itH imaginary part positive. 

32 


w. a F. 
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We next shew that, by giving A and^ suitable sequences of values which 
increase without limit, can be taken to be bounded on D. 

Since this function is an odd function of w, it is sufficient to consider the 
right-hand half of D. 

We take A = Mir + ii + J)7r, where il/ is a positive integer ; and then 
we take M to be at least so large that M = w, which is possible by § 15 4, and 
also to be so large that we can take the functions defined in 

§ 15‘4, to be less than, say, J in absolute value. 

Then {w) is bounded whenever 

(iff— iw— J*) 


is* less than | or greater "han 2 ; and when the expression does not lie within 
these limits, I {w) is bounded and w is not arbitrarily near a zero of Jy{w)\ 
so that, from the asymptotic expansion of § 7*21, {w)IJy (w) is bounded on 
the part of the rectangle witidn this strip. 

That is to say {w)IJy (w) is bounded on the whole of the perimeter of 
the rectangle D an B and M tend to infinity. 


Hence 


and therefore t 


27ri j D 




2iri J dw(W’~z) Jy (w) 




( 1 ) 


I'-H (‘^) 


~Ui — ^l. 

Jy,n) n=l U+>,n Jt^,n) 


dv(z) ,|Bll {^Z Jy f^ Jy 

When we integrate, we find that 


and hence 


W -r- W - r{^Tl) -t) GrJl.“.l(’ ^f.) “f (" f.)} ■ 

This is the expression of Jy (z) in the specified form. 

The formula may also be written in the modified form 


This formula was assumed by Euler, Acta Acad, Petrop. v. pars 1, (1781) [1784], p. 170, 
when i/ = 0, and subsequently by various writersjor other values of v ; cf. §§ 15*5, 16*61. 

The analysis of this section is due in substance to Graf and Qubler, Eirdeitung in die 
Tfuiorie dcr BesseVachen Funktionen, i. (Beni, 1898), pp. 123 — 130, and it was given 
o.\plicitly by Kapteyii, Monatahefte fiir Math, und Phya. xiv. (1903), pp. 281—282. 


* Because 


i^>i. 

l + i 2' 


t If we take the rectangle to have its vertices at A - A'^iB, we see that the two series 
ou the right converge separately. 
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The expansion on the right of (1) is evidently expansible in a power series; the 
coefficients in such a series have f»een expressed as determinants by Kapteyn, Proc. Section 
of Sci., K. Acad, van Wet. te Amsterdam, viii. (1905), pp. 547—549, 640—642; Archive* 
Nserlandaises, (2) xi. (1906), pp. 149—168. Some associated formulae have just lieen 
published by Forsyth, Messenger, L. (1921), pp. 129 — 149. 


15*42. The Kneser-Sommerfeld expansion. 

An expansion which, in some respects, resembles the partial fraction 
formula obtained in § 15*41 is as follows : 

y (j»,n _ nrJ„(xz) ^ j y V u\ T iV 

in which x and X are positive numbers such that 


while z and v are unrestricted (complex) numhers, except that it is convenient 
to take R (z) > 0. 


The expansion was discovered in the case i/=0, as a special form of an expansion 
occurring in the theory of integral equations, by Kneser, Math. Ann. lxiii. (1907), pp. 511 — 
517. Proofs of this and of related expansions for integral values of v were published 
later by Somnierteld, Jahresberic/U der Deutsefven Math. Vereinigung, xxi. (1913), pp. 309 — 
353, but Somnierfeld’s method of proof has lieen criticised adversely by Carslaw, Proc. 
London Math. Soc. (2) Xlli. (1914), p. 239. 

It may bo noticed that the expansion has some connexion with the ‘ Fourier- Bessel ’ 
expansions which will be discussed in Chapter xviii. 


To obtain a proof of the expansion, consider the integral 

1 (Xw) Hy^*^ (w) — Hy^^^ (Xw) (w) Jy (xw) , 

2m I z^^ 

in which the path of integration is a rectangle with vertices ± Biy A ± Bi, and 
it is supposed that the left side of the rectangle is indented at the origin. 

The integral round the indentation tends to zero with the radius of the 
indentation, whether v be an integer or not ; and the integrals along the two 
parts of the imaginary axis cancel. 

Also, when x and X satisfy the specified inequalities, the function 
(Xw) Hy^^ (w) — Hy^^^ (Xw) Hy^^^ (w)] Jy {xw)IJy (w) 
remains bounded on the other three sides of the rectangle when B oo and 
when .A -*-00 through the values specified in §15*41. 

Hence the limit of the integi*al round the rectangle is zero, and so the 
limit of the sum of the residues of the integri^nd at the poles on the right of 
the imaginaiy axis is zero. 

Now the residue at z is 

rAz)-J.(z) YAXz)], 

32—2 
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while the residue at is 

- 2i J, {j,, nX)Y, OV „) J. ( >. „ x)l{J,' ( „) («’ - j\ „)} 


^ - 2^ ( jV. n X) J, ( n x) 




= ^ (i>.« -^) 

'•'J.’, (jn, I>) ~ j‘r, n) 

and on summing the residues we at once obtain the stated expansion. 


For a generalisation of this expansion, obtained by replacing •/„ {xw)IJ, {w) by 
(w) in the contour integral, see Carslaw, Proc. Londi^n Math. Soc. (2) xvi. 
(1917), pp. 84—93; Carslaw has also constructed some similar series which contain 
Legendre functions as well as Bessel functions, and these series represent the Green’s 
functions appropriate to certain physical problems. See also Beltrami, Lombardo Rendicontiy 
(2) XIII. (1880), p. 336 ; and Lorenz, Oeuvres Scientifiques^ ii. (1899), p. 606. 


16*6. Elder s investigation of the zeros of Jq {2 \Jz). 

An ingenious method of calculating the smallest zeros of a function was 
devised bv Euler*, and applied by him to determine the three smallest zeros 

If the zeros arranged in ascending order*f of magnitude be a,, aa, ots) ••• > 
then by §15’41, 

j.(2v^>=-n (i-f). 

tt=rl \ ®n/ 


As has already been stated (§ 15*41), this formula was assumed by Euler; if it 
is differentiated logarithmically, then 




00 

= 


n = l 



provided that \z\<ax \ and the last series is then absolutely convergent. 


Put 2 l/ofn’"'*'' = o‘m +1 and change the order of the summations ; then 

n=l 

— ^ «/o (2 = «/o (2 V^) 2 (Tfn+I • 

az • 


Replace J^(2\Jz) on each side by 

-i _ ^ ^ 


• Acta Acad. Petrop. v. pars 1, (1781) [1784], pp. 170 et seq. A paper by Stern, Journal /Hr 
Math, zxxiii. (1846), pp. 863 — 366 should also be consulted. 

t P'rom § 15*25 it follows that the zeros are positive and unequal. 
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multiply out the product on the right, and equate coefficients of the various 
powers of z in the identity ; we thus obtain the system* of equations 

1 » CTj, i * <^2 (T*!, 

” ih = 0*4 - <^8 4- JcTa — g>jjcr,, 

^4 + “■ 3V<^8 + 

■” ^8 + i^4‘-BV^8 4* — 

whence 

a, = l,o-8=i,4y, = i,a-,*Ji,cr, = -iV^,<re = :j^ 

Since 0 < Oj < ag < a* < .... it is evident that 

1/a,’" < <r^, cr^+, < o-^/o,. 

and so < «! < (rjam+i . 

By extrapolating from the following Table : 


m 



1 

1*000 000 

2*000 000 

2 

1*414 213 

1*500 000 

3 

1*442 250 

1*454 645 

4 

1-445 314 

1 *447 368 

5 

1*445 724 

1*446 089 

6 

1*445 786 

— 


Euler inferred that a, = 1*445795, whence 

1 /a, = 0*691661, 2 s/a, = 2*404824. 

By adopting this value for a,, writing 

n-2 

and then using the inequalities 

l/ag’" < O' jn, <T < (T 

Euler deduced that 02 = 7*6658, and hence that 03 = 18*63, by carrying the 
process a stage further. 

These results should be compared with the values 

01=1*446796, 02=7*6178, 03=18*72, 

derived from the Tables of Willson and Peirce, Bulletin American Math. Soc. in. (1898), 
pp. 153 — 165. 

The value of o, is given by Poisson t. as 1*446796491 (misprinted as 1*46796491); 
according to Freeman J this resxilt was calculated by Largeteau for Poiasoii by solving the 
quartic obtained by equating to zero the first five terms of the series for Jq (2 Jz) ; the 
magnitude of the sixth term is quite sufficient to account for the error. 

* This system is an obvious extension of Newton’s system fur an algebraic equation, 
t M€m. de VAcad. R. dee Sci. xii. (1833), p. 880. 

X Proc. Camb. Phil. Soc. in. (1880), pp. 375 — 377. Of. Freeman’s translation of Fourier’s La 
ThAorie Analytique de la ChaleuVt p. 810, footnote. 
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15 * * * § 51 . Rayleigh's extension of Euler s formula. 

The method just described was used independently by Rayleigh * to calcu- 
late the smallest positive zero of {z). 

Taking the formula (§ 15*41) 




and writing 

we find, after Rayleigh, that 


r(p + ^) 



rr (U ~ (2) — ff (3) — - -■ 

2»(i/ + l)’ 2*(v + lY(v + 2)' 2‘^(i; + l)»(v + 2)(v + 3)* 


"2^ +iy{v+ 2y {v + S}(p + 4) ’ 


2 » (i/ + 1 )“ (z/ -f 2 )-^ (i; + 3) (v + 4) (v + 5) ' 

The smallest positive zeros of (z) and Ji (z) are deduced to be 2*404826 
and 3*831706. 


Immediately afterwards Cayley t noticed that can be calculated rapidly when r is 
a power of 2 by a process which he attributed to Enckc J, but which is more usually known 
as Graeffe’s method of solving an equation. 

The method consists in calculating when r is a power of 2 by starting with the 
given equation and forming from it a sequence of equations each of which has for its roots 
the squares of the roots of its predecessor; and then rapidly tends to a ratio of 
equality with 1 , . 

Cayley thus found to be 

429*/* + 7640*/*+ 53752*/® + 1 85430*/® + 311387*/ + 202738 
{v + l)s (v + 2)4 (*/ -H 3)® (*/ + 4)® (*/ + 5) (»/ + 6) {v + 7) (*/ + 8) ’ 

It was observed by Graf and Gublerjl that the value of can easily be checked by the 
formula 

where Bj. is the rth Beraoullian number ; this formula is an evident consequence of the 
equation 

Extensions of some of these results to the zeros of iJJ {z) + («), where A is a constant, 

have been made by Lamb, I*roc. London Matk.^Soc. xv. (1884), p. 273. 

The smallest zero of Jy{z\ for various values of v between 0 and 1, has recently been 
tabulated by Airey, Phil. Mag. (6) xli. (1921), pp. 200—206, with the aid of the Rayleigh- 
Cayley formulae. 


* Proc. London Math. Soc. v. (1874), pp. 119 — 124. [Scientijic Papers^ i. (1899), pp. 190 — 195.] 

t Proc. London Math. Soc. v. (1874), pp. 123 — 124. [Collected Papere^ ix. (1896), pp. 19 — 20.] 

J Journal fiir Math. xxn. (1841), pp. 193 — 248, 

§ Die Aujiomng der hdheren numeriechen Qkichungen (ZQrich, 1837). 

II Einleitung in die Theorie der BesseVachen Funktioneny i. (Bern, 1898), pp. 180 — 181. 
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[Note. The procedure of calculating the sum of the rth powers of the roots of an 
equation in order to obtain the numerical value of its lor^^est root seems to be due to 
Waring, Meditatioms Analyticae (Cambridge, 1776), p. 311 ; other writers who were 
acquainted with such a method before Graeffe are Euler (cf. § 15-5); Dandelin* Mhn, de 
I’ Acad, R. des Sci, de Bruxellee, lir. (1826), p. 48; Lobatschevsky*, Alyehra^ or CaJculm 
of Finitee (Kazan, 1834), § 257.] 


16*62. The large zeros of 

The most effective method of calculating the large zeros of cylinder 
functions (when the order v is not too large) is, in substance, due to Stokesf, 
though subsequent writers have, to some extent, improved on his analysis. 

Stokes’ method will be sufficiently illustrated by his own example + 
whose zeros are the roots of the equation 


cot (x — J'tt) = 


Q(^.0) 


with the notation of § 7*3. It will be remembered that the asymptotic 
expansions of P {x, 0) and Q {x, 0) are 


P (jr, 0) 1 — 


1.9 


1.9. ^5. 49 

4! (8;/;)- 


Q{x, 0)~ 


1 1.9.25 

IIS®"'' 3!(8a:)» 


For sufficiently large values of x, P(x, 0) is positive, Q(x, 0) is negative 
and the quotient Q (a*, 0)/P (a?, 0) is a negative increasing § function of x. 
The function cot(a? — ^tt) is a decreasing function which vanishes when 
a7 = W7r — Jtt, and so it is obvious from a giaph of cot(a? — Jtt) that there 
exists a positive integer N such that when n > iV, has precisely one z(to 

in each of the intervals (wtt - rnr + ^tt), and that the distance of the zero 
from the left-hand end of the interval tends to zero as oo , 


Again, if Ur, Vy denote the (r l)th terms of P {x, 0) and 0) we may 
write 

wi-l m-l 

P(x, 0) = 2 Ur + dum, Q(a-, 0) = 2 y, 0iV,n, 

/•^o #-=o 

where 6 and 6^ are certain functions of x and m which lie between 0 and 1. 


* I owe these two references to Professor Whittaker. 

t Camh, Phil. Trans, ix. (1856), pp. 182— 184, [Math, and Phijs. Papers, ii. (1883), pp. .3.30— 
353.] 

t Stokes also considered Airy’s integral (§ 6*4) and Ji (jc), for the purpose of investigating the* 
position of the dark bands seen in artificial rainbows. 

§ The reader may verify, by § 3-63, that its derivate is 

{i.p2-g2}/n 

where P,Q stand for P(x, 0), Q{x,0) ; and, by the asymptotic expansions, this is ultimately 
positive. 
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Now consider the equation 

m -1 

S ti, + 

cot(a:-i7r) = ^“Y ’ 

^ Ur ■¥ BUm 

r=0 

in which it is temporarily supposed that 6 and instead of having their actual 
values, are any numbers which lie between 0 and 1. 

The equation now under consideration involves no functions more compli- 
cated than trigonometrical functions. If a; were supposed complex, there 
would be a number of contours in the a;-plane each of which enclosed one of 
the points rnr — Jtt and on which | cot (a; — i'Tr) ; exceeded the modulus of the 
quotient on the right. 

By Burmann’s theorem* the modified equation would have one root inside 
the part of the contour which surrounds mr — Jtt, and this root can be ex- 
panded in descending powers of mr — Jtt. 

We thus obtain an expansion for the root of the equation in the form 

in which the coefficients fr(B, Oy) are independent of n but depend on 6 and 6 ^ ; 
and it is readily perceived that the first m of the coefficients are actually 
independent of 6 and so that, when r< m, we may write 

Me.e,)^fr. 

Now the sum of the terms after the mth is a bounded function of ^and $i 
as 6 and vary between 0 and 1; and it is clear that the upper bound of the 
modulus of the function in question is as n -► oo . Hence, when 6 

and 6 1 are given their actual values which they have at the zero under con- 
sideration, the sum of the terms after the mth is still 

That is to say, it has been proved that there exists one zero (nearly equal 
to mr — j-Tr), and its value may be written 

w?-l f 

a; = («w - iw) + 2^ + 0 (n— >). 

Hence the asymj)totic expansion of the zero is 


+ 0 


ajr^TlTT — ItT + S ■ ^ ^ - . 

It remains to calculate the first few of the coefficients /r. If 


tan*^ = 


where 0 as .r oo , then 




1 33 3417 

‘~8a: 5124!* 16384®“ ' 


Cf. Modem AnalyeU, § 7*31. 
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so that 


1 25 1073 

384^'^5120a^ 


and therefore the equation to be solved assumes the form 


X — (nir — Jtt) 


1 25 1073 

8a: 384a:*'''5120a)» 


The result of reverting the series is 

. 1 31 _ 3779 

^ WTT jTT 8(w7r — 384 (titt — ^tt)* ^ 15360 (n-TT — Jtt)® 

This series is adequate for calculating all the zeros of to at least five 

places of decimals, except the smallest zero, for which n = 1. 


16*63. The large zeros of cylinder functions. 

It is easy to see that the large zeros of any cylinder function, 

Jv {z) cos o — {z) sin a, 

where v and a are not necessarily real, may be calculated by Stokes' method 
from a consideration of the equation 

cot (^ - - i-n- + a) = ^ ■ 

It seems unnecessary to prove the existence of such zeros (with large 
positive real parts) or the fact that they may be calculated as though the 
series for P{Zy v) and Qiz^ v) were convergent, because the proof differs from 
the investigation of the preceding section only in tedious details. 

The expression for the large zeros of a cylinder function of any given order 
was calculated after the manner of Stokes by McMahon*; but the subsequent 
memoirs of Kalahnef and Marshall J have made the investigation more simple 
and have carried the approximation a stage further with no greater expendi- 
ture of work in the calculation. 

Following Marshall we define § two functions of z, called M and \/r, by the 
equations 

cos-ilr s= P{z, Msinyjr = - Q(z, v), 
m the understanding that M and •^-► 0 as 5 ^-*- + oo. 

It is then clear that 

*/'„ (z) cos ct-Yy (z) sin a = M cos {z — — {tt -t- a — 

* AnnaU of Math. ix. (1895), pp. 23—25; see also Airey, Proc. Phys. Soc. 1911, pp. 219—224, 
226—232. 

t Zeiischrift fiir Math, und Phy«. nv. (1907), pp. 55 — 80. 

t Annals of Math. (2) xr. (1910), pp. 163 — 100. 

§ Cf. Nioholson, Phil. Mag. (6) xix. (1910), pp. 22S— 249. 
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Again 


arc tan 


iLM 

U.w, 


= .? — ^VTT — JtT — 


and, when we diflferentiate this equation, and use § 3*63 (3), we find that 


dyfr ^K'rrz) 

* “T ““ r a / ^ ! iy 


dz J,* {z) + (z) ’ 


so that, by § 7‘61, 


1 - 




When the expression on the right is expanded as far as the term involving 
1/s", we find that 


dz 2*s* 2’s< 2*''s* 


(ai - 1 ) (5/a" 1 535 m“ + 54703/a - 375733) 

2>»s" ' ■■■’ 

in this equation /a has been written in place of 4i'" for brevity. It follows, on 
integration, that 

_ /A-1 (/a-1)(/a-25) (/a- 1)(/a»- 114/a + 1073) 

2«s 3.2’s" 5.2>«s' 


(/A-1) (6/a" - 1535/a> + 54703/a - 375733) 
■ 7.2>»s" '■ 


and so the equation to be solved is* 


Z — UTT - ^I^TT + ^TT + 


2^z 


(/A - 1) (/A - 25) 

3r2’s' 


If /S = (a + J V — i) TT — a, the result of reversion is 

/A-1 (/a-1)(7/a-31) (/a -1)(83/a»- 982/a + 3779) 

2»/Sr 3.2"/9» 15.2>“/3» 

(/A - 1) (6949/a» - 153855/a" + 1585743/a - 6277237) 
105 . 2>»/8" 


Therefore the large zeros of J, (s) cos a — F, (s) sin a are given by the 
asymptotic expansion 


(n + ip-i)‘jr-a 


4i>»-l 

8 {(a + Jv — J) TT — aj 


(4>;"-l)(28v"-31) 
384 {(n + ^1/ — J) w — «)" 


* This equation (in the case f = 1) was given by Qauss in his notebook with the date Oct. 16, 
1797, but no clue is given concerning the method by which he obtained it. [Of. Mat/i. Ann: 
Lvii. (1902), p. 19.] 



ZBROS OF BRSSEL FXTKCTIORS 


507 


16-54, 16-6] 


[Note. The fact that IV W a simple asymptotic exi>ansion shortens the 

analysis in a manner which was not noticed by Marshall ; he used the equations 

JL 

'i/3’ 

and he solved the latter by assuming a descending series for M."] 


1 [d^ 


15' 64. Zeros of functions related to cylinder functions. 

The method of Stokes is, of course, applicable to functions other than 
those just investigated. Thus McMahon* has calculated the large zeros of 

{z) and of ^ when the cylinder function is a Bessel function of 

dz 

the first or second kind. 

The general formula for the large zeros of (z) is 

^ yx + 3 7/u.* + 82/i> — 9 

38W •••’ 

where /0i = (n + J) 7 r — a, while the corresponding formula for the large 

+ 7 


zeros ' 


dz 






7/x* 4* 154/x 4* 95 
384A* 


The zeros of Jy (z) Ty — Vy (z) Jv i]^z\ 

where k is constant, and of 

J:{z)Y'{kz)-Y^{z)J:{kz) 

have been treated in a similar manner by McMahon. Kalahnet has constructed tables of 
the zeros of the former function when k has the values 1*2, 1*5, 2'0 and v is 0, 1, i}, 2, 5 ; 

while it has been proved by Carslaw, CondvAstion of Heat (London, 1922), p. 128, that those 
zeros are all real when v and k are I’eal. The zeros of Jy if) Yy(kz)- Yy {z) Jy{,kz) have 
been examined by Sasaki, TOhoku Math. Journal^ v. (1914), pp. 45 4/. 


16'6. The mode of variation of the zeros of a cylinder functim when its 
order is varied. 

The equation in z 

has an infinite number of roots, the values of which depend on v ; since Jy{z) 
is an analytic function of both z and v, so long as ^ 0, it follows that each 

root of the equation is (within certain limits) an analytic function of v. A 
similar statement holds good when the function of the first kind is replaced 
by any cylinder function of the type Jy(z)co&a— Y „(^)sina, where a is any 
constant. 

If j denotes any particular zero of Jy{z\ the rate of change of^’, as v varies, 
is given by the ordinary formula of partial differentiation 



* Aniuils of Math. ix. (1896), pp. 26 — 29. 
t ZeitBchrift fUr Math, und Fhyz. liv. (1907), pp. 56—86. 



508 


THEORY OE BESSEL FfTHCTIONS 


[OHAP. XV 


Since J,{j) = 0 , it follows that (j)=‘ — Jr+i(j)^0, so long as j is not 

zero, and hence, from §5'11 (15), when R{v)>0, 

dj _ 2i» 




dp-jju,(j)j 

This formula shews that when v is positive^ the positive zeros of J‘y (x) in- 
crease as V is increased. 


Equation (2) was stated without proof by Schlafli, Math. Ann. x. (1876), p. 137 ; and the 
deduction from it was established in a different manner by Gegenbauer*, de la Soc. 
R. des Set. de LUge, (3) ii. (1900), no. 3, in the case of the smallest zero of Jy {x). 


We proceed to extend the results already obtained to the positive zeros of 
^^y (z) = Jy (z) cos a— Yy (z) sin a, 

where v is an unrestricted real variable, and o is constant (i.e. independent of v). 
The extended theorem is as follows : 

Any positive zero, c,of^Sy (z) is definable as a continuous increasing function 
of the real vaHahle v. 

To prove this theorem we observe that c is a function of v such that 

arc tan i -r-r-c > 

is constant, so that 



and therefore 


2^dc 
rre dp 


Hence, by §13’73(2), we have 
(3) = 2c K. (2c sinh t) e-^^dt. 


= 0. 


Since the integrand is positive, this formula shews that c is an increasing 
function of v. 


A less general theorem, namely that, if c is a zero which is greater than 
the order v {supposed positive), then c is an increasing function of v, has been 
proved by Schafheitlin f with the aid of .very elaborate analysis. 

It will be observed from the definition of Yy {z) that c tends to zero only 
when V tends to any negative value which satisfies the equation 

sin (ct — pit) = 0 . 


* The reader should note that the analysis in the latter part of Gegenbauer’s memoir is 
vitiated by his use of Rudski’s erroneous results (§ 15-1). 

t Berliner Sitsungeherichte, v. (1906), pp. 82 — ^93 ; Jahresbericht der Deatschen Math. Vereini- 
gung, xvi. (1907), pp. 272— 279. 
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It should be noticed that (3) shews that, when v is taken to be a complex 
number and c is a (complex) number, with a positive real part, then c is an 
analytic function of p ; and so, as i; varies, the zeros of (z) vary continuously, 
and they can only come into existence or disappear when c fails to be an 
analytic function of i/, i.e. when c = 0. 

It follows that the positive zeros of are derived from those of 
by a process of continuous variation as v varies, except that one positive zero 
disappears whenever p passes through one of the specified negative values. 

If we now choose a so that* 0^a<7r, we see that, as v varies from J 
to any value exceeding (a/7r)— 1, no zeros disappear during the process of 
variation of i/, and so in the case of zeros which are so large that the formula 
of Stokes’ type (§15‘53) is available, the formula 

nTT-hil/TT — — j . ... 

* * 8(n7r + Ji/TT — Jtt — a) 

gives the nth positive zero, when the positive zeros are regarded as arranged 
in order of magnitude. 

If, however, p has varied so that it finally lies between {aj’n^ — k and 
(w/tt) — A — 1, where A; is a positive integer, k zeros have disappeared, and so 
the formula just quoted gives the (u — i)th positive zero. 

This type of argument is due to Macdonald, Proc. London Math. Soc. xxix. (1898), 
pp. 576 — 584 ; it was applied by him to the discussion of the zeros of Bessel functions of the 
first kind of order exceeding - 1. 

If we draw the curve <^a.(y) = 0, it evidently consists of a number of 
branches starting from points on the negative half of the a:-axis and moving 
upwards towards the right, both x and y increasing without limit on each 
branch. 

If we take any point with positive coordinates (^ 0 ,^ 0 ) and draw from it a 
line to the right and a line downwards terminated by the ar-axis, it is evident 
that the curve ^a.(y) = 0 meets each of the lines in the same number of 
points. It follows that the number of zeros of ywa function of 1 /, which 

exceed Pq is equal to the number of positive zeros of {y) qua function of y 
which are lees than yo* This is a generalisation of a theorem due to Macdonald f, 
who took 1/0 = 0 and the cylinder function to be a function of the first kind. 

Fig. 33 illustrates the general shape of the curves (y) = 0, the length 
of the sides of the squares being 2 units. A much larger and more elaborate 
diagram of the same character has been constructed by Gasser J, who has also 
constructed the corresponding diagram for^ Fa.(y) = 0. The diagram for 
= 0 is of the same general character as that for «/e(y) = 0, except that 

* This does not lead to any real loss of generality. 

t See a letter from Macdonald to Carslaw, Proc, London Math. Soc. (2) xm. (1914), p. 239. 

X Bern Mittheilungen, 1904, p. 135. 
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the portions of the curves below the axis of x consist merely of a number of 
isolated points on the lines on which 2a? is an odd integer. 



Fig. 33. 


[Note. The reader will find it interesting to deduce from g 13*73 (3) that, if c! is a zero 
of («), then 

(4) ^ 2 f ®^®h 2t - y^) (2c' sinh r) c " dt, 

CLv C * “ V* J Q 

and hence, if the variables are real and c' > | v | > 0, then c' increases with v. 

The sign of ddfdv has also been discussed (bj more elementary methods) by Schafheitlin, 
Jahreabericht der Deutachen Math. Vereinigung., xvi. (1907), pp. 272 — 279; but the analysis 
used by Schafheitlin is extremely complicated.] 

15'61. The problem of the vibrating rnembrane. 

The mode of increase of the zeros of (x) when v is increased has been 
examined by Rayleigh * with the aid of arguments depending on properties of 
transverse vibrations of a membrane in the form of a circular sector. If the 
membrane is bounded by the lines ^ 0 and ff « tt/i; (where i/ > ^), and by 

♦ Phil. Mag. (6) xxi. (1911), pp. 63—58 IScUntiJu: Papera, vi. (1920), pp. 1—6]. Cf. Phil. Mag. 
(6) XXXII. (1916), pp. 644 — 64fi [Scientific Papera, vi. (1920), pp. 444 — 446], 
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tho circle r « a, and if the straight edges of the membrane are fixed, the dis- 
placement in a normal vibration is proportional to 

i/„ {rpjc) sin v6 cos {pi 4- e), 

where c is the velocity of propagation of vibrations. If the circular boundary 
of the membrane is fixed, the values of apjc are the zeros of while if 

the boundary is free to move transversely they are the zeros of JJ 

The effect of introducing constraints in the form of clamps which gradually 
diminish the effective angle of the sector is to increase v and to shorten the 
periods of vibration, so that p is an increasing function of v, and therefore 
(since a and c are unaltered) apjc is an increasing function of v. That is to 
say, the zeros of (x) and JJ {x) increase with v. 

By using arguments of this character, Rayleigh has given proofs of a 
number of theorems which are proved elsewhere in this chapter by analytical 
methods. 


16 - 7 . The zeros of K^{z). 

The zeros of the function K^{z), where i/ is a given positive number (zero 
included), and z lies in the domain in which | arg-? | < f tt, have been studied 
qualitatively by Macdonald*. 

From the generalisation of Be.s8ers integral, given in § 6*22, it is obvious 
that Ky (z) has no positive zeros; and it has been shewn further by Macdonald 
that Ky{z) has no zeros for which | arg^ 1 This may be proved at once 

from a consideration of the integral given in §13*71 ; for, if ^ = were such 
a zero (r > 0, — Jtt < a< ^tt), then z = would be another zero ; but the 
integral shews that 


Ky (rc**) Ky 



r*cos 2a 




dv 

\V/ V 


> 0 , 


which is contrary to hypothesis. 

If a is equal to ± J*7r, we have 

I Ky H iTT yf{Jy^ (r) + (r)}, 

and so Ky (z) has no purely imaginary zeros. 

Next we study the zeros for w^hich Jt(z) is negative, the phase of z lying 
either between and tt or betw'een — Jtt and — tt. 

It may be shewn that the total number of zeros in this pair of quadrants 
is the even integerf nearest to unless i/ — J is an integer, in which case 

the number is i/ — J. 

In the first place, there are no zeros on the lines arg z = ± tt, unless i/ — ^ 


* Proc, London Math, Soc. xxx. (1899), pp. 165—179. 
t This is not the number given by Macdonald. 
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is an integer ; for Ky (r) + tti ly (r), and, if both the real and 

the imaginary parts of this expression are to vanish, we must have 
cos vTT . Ky (r) = 0, sin vir . Ky (r) -^-irly (r) = 0. 

Since the Wroriskian of the pair of functions on the left of the equations is 
(7r/r)co8 iz-TT, they cannot vanish simultaneously unless cosr7r = 0. 

Now consider the change in phase of z'' Ky{z) as z describes a contour 
consisting of arcs of large and small circles terminated by the lines arg z = ± TT, 
together with the parts of these lines terminated by the circular arcs. 
(Cf. Fig. 15 of §7-4.) 

If the circles be called F and 7, their equations being \z\=R and | 2: | = 8, 
it is evident that the number of zeros of Ky {z) in the pair of quadrants under 
consideration is equal to the number of zeros of z^ Ky {z) inside the contour, 
and this is equal to l/(27r) times the change in phase of z^ Ky (z) as z traverses 
the contour. 

Now the change in phase is 





/2eip( -iri) 
4exp(-iri) 


As i?-^Q0 and 8-*-0, the first two terms* tend to 2Tr(v-i) and 0 
respectively, because when | | is large or small on the contour, 

Ky {z) ^ z^ K, {z) F (y) 

respectively f. 

The last two terms become 


( 


lim 2 r 

fi— 0 \ L 


arc tan 


IT . Iy{r) 


Ky (r) + TT sin PIT . ly (r)j 5 ’ 


Now Ky(r) is a positive decreasing function of r while Iy{r) is a positive 
increasing function, and so the last denominator has one zero if sini/7r is 
negative, and no zero if sin vtt is positive. 


If therefore we take the inverse function to vanish when r-^O, its limit 
when r-^x is arc tan (cot j/tt), the value assigned to the inverse function 
being numerically less than two right angles and having the same sign as the 
sign of cos VTT. 

Hence the total number of zeros of Kf{z) in the pair of quadrants^ in which 
R {z) is negative and | arg z | < tt is 


1/ — ^ - arc tan (cot i/tt), 


* This is evident from the consideration that the asymptotic expansion of § 7*28 is valid when 
I arg r I ^ TT. 

t The second of these approximate formulae requires modification when f = 0. 

The two zeros of (z) are not very far from the points -1*29=^0*44}. 
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and the reader will find it easy to verify that this number is the even integer 
which is nearest to v — 

When V — i is an integer, (z) is a polynomial in z multiplied by a 
function with no zeros in the finite part of the plane, and so the number of 
zeros for which R{z)<0 is exactly v — 

Next consider the portion of the plane for which tt < arg^^ 27 r. 

If we write z = we have 

(z) = - iTreH-nri [ IT ) + ,* (1 ^ 2e^^) J, (?)], 

and so Ky{z) has a sequence of zeros lying near the negative part of the 
imaginary axis. The zeros of large modulus which belong to this sequence 
are given approximately by the roots of the equation 

tan (f — i VTT — \Tr) = — i (1 -f 26^*"*) ; 

it may be verified that they are ultimately on the right or left of the imaginary 
axis in the - 2 ^-plane according as cos* vir is less than or greater than \ ; i.e. 
according as v differs from the nearest integer by more or less than J . The 
sequence does not exist when — 1, i.e. when v is half of an odd integer. 

There is a corresponding sequence of zeros near the line arg 2 ^ = — |7r. 

16* 8. Zeros of Bessel functions of unrestrictedly large order. 

The previous investigations, based mainly on integrals of Poisson's type, 
have resulted in the determination of properties of zeros of Bessel functions, 
when the order v is not unduly large. This is, of course, consistent with the 
fact that Hankels asymptotic expansions, discussed in Chapter vii, are 
significant only when v* is fairly small in comparison with the argument of 
the Bessel function. 

The fact that Debye s integrals of §8*31 afford representations of functions 
of large order suggests that these integrals may form an effective means of 
discussing the zeros of Bessel functions of large order; and this, in fact, proves 
to be the case*. Moreover, the majority of the results which will be obtained 
are valid for functions of any positive order, though they gain in importance 
with the increase of the order. 

We shall adopt the notation of § 8'31, so thatf 

gi/«(tan/3-/3) roD + iri-f/3 

(v sec 8) = : dw^ 

TTl J-oo-lfi 

where — t = sinh w-W'i-i tan j3 (cosh w — 1)/ and the contour in the plane of 
the complex variable w is chosen so that t is positive on it. 


w. B. F. 


* Watson, Proc. Royal Soc, xciv, a, (1918), pp. 190 — 206. 
t We shall use the symbols x and p sec indifferently when 


33 
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If + iv, where u and v are real, u and v both increase steadily as w 
describes the contour, so that 

du, dv 

J -00 J -P 

are both positive. 

Hence, if we regard ^ as variable, and define 

r 00 -f- iri — 

arg dw 

J -et> — ip 

to be a positive acute angle when y8 = 0, and to vary continuously with /3, it 
will remain a positive acute angle for all values of /3 between 0 and ^tt; and, 
moreover, by § 8*32, it cannot exceed ^tt, since dvIdu^^/S. 

This positive acute angle will be ciilled and then ^ will be defined by 
the equation 

^ (tan 

It is then evident that 

(v sec = ilWe*'*’, 

where is positive (not zero); and 

Jv (®) =" iW cos (x) — iltfl sin 

If (x) = Jy (x) COS a - Yy (x) sin a, 

it is clear that the only zeros of Y^y(x\ greater than j/, are derived from the 
values of which make “'P -I- ot equal to fin odd number of right angles. 

It is easy to shew that increases with Xy when u remains constant. For 
we have 


= arc tan 


Yy(x) (i‘'P __ 2/(7rx) 


> 0 . 


Jy {x) ’ dX Jy^ {x) + IV (^’) 

Hence, as x increases, ^ increases steadily, and so, to each of the values 
of ‘'P for which 

*q/ = (m+ i)7r-a, 

corresponds one and only one positive zero ot^y (x). 

Next we shall prove that x is also an increasing function of x. This is a 
theorem of a much deej)er character, since the result of § 13*74 is required 
to prove it; wo thence have 

dx_d^^_ d(tan^ — 2l(7rx) __\/{x'^ — v‘) ^ 

dx dx ^ dx Jy^ {x) + Yy^ (x) X ^ ' 

From Hankers asymptotic expansion it is clear that 
lim X — [a; — i w — i TT — — i'®) + arc cos {vjx) + \ir + 0 (l/x)] 


X -*• V 

= \ir, 


and so 


arc tan 


J,(v) 




1- n(^)) 

in which the expression on the left is a positive acute angle. 
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To form an estimate of the value of x when v is large, we write 
'Jv C*') “ - (v) tan 7, ; 

hence, from § 8'42, we have 

lim 7 „ = Itt, 

and, when p is large, 

tanv, =^|l + 

V3( 2iora).ar)* I 

SO that, when v is large, is an increasing function of i/. 

The following Table gives the sexagesimal measure (to the nearest half 
minute) of the angle ivhose circular measure is 7,,; it exhibits the closeness of 
7„ to its limit, even when v is quite small: 



The table suggests that 7^ is an increasing function of v for all positive 
values of v; to prove that this is the case we need the theorem that 

. .dYy(v) ^ . .dJy(p) 


and this inequality has already been established in § 13*74. 

We are now in a position to infer that {p sec /9) has a zero for which 
p (tan iS — ^) + X ■“ 

where m is any positive integer (unity possibly excepted) ; and therefore at 
the positive zeros of ^„(i/sec)S), with the possible exception of the first, 
p (tan — y8) has a value between 

(m — i) TT — a and mir — 7,, — a, 

and the difference of these expressions (when p is not small) slightly exceeds ^tt. 

From the result of § 15*3(10), it follows that the phase of (Jf ) 
increases from a — \ir to''F + aasX increases from 0 to any value exceeding v, 
and so, if 0 < a < tt , the number of zeros of {X ) in the interval (0, x) is the 
greatest integer contained in (‘^ + a)/tr + J. 

A simple theorem which may be noted hero is that, when iy it follows from S 13'74 
that, if b is any })Ositive number, dir decreases as d is increased. This result 

shews that the interval between consecutive zeros of decreases wheu the rank ol the 

zeros is increased. 

A difibrent proof of this theorem is due to Porter; cf. § 15'82. 

33-2 
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16 * 81 . The smallest zeros of Jy {x) and (x). 

It has been seen (§ 15*3) that Jy (x) and Yy (x) have no zeros in the interval 
(0, p), when p is positive, and it is fairly obvious from the asymptotic formulae 
obtained in § 8 42 that they have no zeros of the form p-\-o(p^) when v is large. 

The asymptotic formulae which were quoted in § 8*43 shew that, with the 
notation of § 15‘8, 

where the inverse tangent denotes a negative acute angle. 

Hence, at the smallest zero of Jy (x), 

+ 0(1W.)I - 

As 0 increases from 0 to ^tt, the expression on the left increases from 
1 -f 0(l/*^p)f while the expression on the right decreases from 0’2679 to 0; the 
smallest root occurs for a value of for which i/(tan ^ — yS) lies between f tt 
and Jtt, so that 

V (tan yS - yS) = J 1 / tan* y8 + 0 (V"*). 

Hence, if we solve the equation 

tan(|-f7r)=-Q(^i)/P(?,.a 

the value of f so obtained is the value of ^i^tan*y9 at the zero with an error 
which is 0(i/”*). The value of f is approximately 2*383447, and hence the 
smallest positive zero of Jy (x) is 

iz + i/ix 1*855757 + 0(1). 

In like manner, by solving the equation 
tan(?-j7r) = -g(f 

of which the smallest root is approximately f = 0*847719, we find that the 
smallest zero of Yy {x) is 

I/+ 1/^x0*931577 + 0(1). 

The formula for the smallest zero of Jy{x) has been given by Airey, Phil. Mag. (6) 
xxxiv. (1917), p. 193. Airey’s formula was derived by using Debye’s asymptotic expansion 
of 8 42 for Jy (x) when x has a value such that 

For such values of the variables, it has not been proved that Debye’s expansion is valid, 
and although Airey’s method gives the two dominant terms of the smallest zero of 
corriictly, the numerical result which Airey gives for the smallest zero of Jy {x) is not the 
same as that of 1 f)'83. The reason why Airey’s method gives correct results is that Jy(v-\- f) 
is exiwinsiblc in powers of f so long as f is o{v\ and in this expansion it is permissible to 
substitute Debye’s formulae for JJ {y\ Jf{v\ .... 

A formula for the smallest zero of J^y{x) was given by Airey. This zero may lie any- 
where between 0 and the smallest zero of Jy (x), according to the value of v. 
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It does Dot seem to be possible to make further progress bj the methods used in this 
section. We shall now make a digression to explain the methods of Sturm (which have 
been applied to Bessel’s equation by various mathematicians), and we shall then give an 
investigation which leads to the fascinating result that the two expressions which, in this 
section, were proved to be ^?(1) are in reality so that approximations are obtained 

for the smallest zeros of •/„ (x) and in which the errors are 0(i;"*), i.o. the errors 

become negligible when v is large. 

[Note. An elementary result concerning the smallest zero of (x) has been obtained 
from the formula of § 5*43 by Gegenbauer, Wiener Sitzungaberichte^ cxi. (2a), (1902), p. B71 ; 
if — where 0 < f < 1, then the smallest zero of , (x) is less than twice the smallest 
zero of ■/„ (jr), because, for the latter value of x the integrand cannot bo one-signed.] 


16*82. Applications of Sturms methods. 

Various writers have discussed properties of Bessel functions by means of 
the general methods invented by Sturm * for the investigation of any linear 
differential equation of the second order. The results hitherto obtained in 
this manner are of some interest, though they are not of a particularly deep 
character, and most of them have already been proved in this chapter by 
other methods. 


The theorem which is at the base of the investigations in question is that, 
given a differential equation of the second order in its normal form 

. 7 A 


in which the invariant I is positive, then the greater the value of /, the more 
rapidly do the solutions of the equation oscillate as x increases. 


As an example of an application of this result, we may take a theorem due to Sturm 
{ibid, pp. 174 — 175) and Bourget, Ann. aci, de Vicole norm. aup. in. (1866), p. 72, that, if 
1/2 - J bo positive and c be any zero of {x) which exceeds - J), then the zero of (a:) 


which is next greater than c does not exceed c + 


ttc 


This result follows at once from the consideration of the facts that the function 
(a:) is annihilated by the operator (§ 4*3) 


and that, when a: ^ c. 



1 - 




A slightly more abstruse result is duo to Porter, America7i Journal of Math. xx. (1898), 
pp. 196 — 198, to the effect that, if J and if the zeros of {x\ greater than iw/(»'‘'^-i)» 
in ascending order of magnitude are q, C3, ... then c„+i -c*n decreases as n increases. 
This has already been proved in § 15 8 by another method. 

Other theorems of like nature are due to Bocher, Bulletin American Math. Soc. iii. 
(1897), pp. 205—213; vii. (1901), pp. 333—340; and to Gasser, Bern Mittheilungen, 1904, 
pp. 92—135. 

* Journal de Math. i. (1836), pp. 106—186; an account of recent reBearches on differential 
equations by Sturm’s methods is given in a lecture by Bdoher, Proc, Int. Congreaa of Math. 1. 
(Cambridge, 1912), pp. 163—195. 
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16*83. AppUcaticms of Sturm's methods to functions of large order. 

We proceed to establish a number of results concerning cylinder functions 
of large onler which are based on the following theorem of Sturm’s type : 

Let u^ {x) and u^, (x) he solutions of the equations 


d^Ui 

dx^ 


= 0, 




+ /jUa = 0 


such that, when x = a, 

Ui (a) = U 2 (a), (a) = u^ (a), 

and let and /g he continuous in the interval a^x^h, and also let w/ {x) and 
Wg' (x) he continuous in the same interval. 


Then, if throughout the interval*, exceeds \ui{x)\ so long as 

X lies between a and the first zero of 7/, {x) in the interval, so that the first zero 
of Ui {x) in the interval is on the left of the first zero of u^ (a?). 

Further, if w/ (a) has the same sign as u^ (a), the first maximum point of 
I Wj {x) I in the interval is on the left of the first ma^mum point of \ u^ix) \ ,and, 
moreover 

max I (a?) | < max | (a?) |. 


To prove the theorem f, observe that, so long as (a?) and Wa(^) are both 
positive, 

d^U2 d^Ui . j Y \ A 


and so, when we integrate, 


[ du2 


Sihce the expression now under consideration vanishes at the lower limit, 
we have 

dwg dwi ^ ^ 


(1) 


Hence we have 

and therefore 

that is to say, 

( 2 ) 


d(u,/u,)^^ 

dx 



^ ^(£) ^ J 

M, (x) " u, (a) 


* To simplify the presentation of the proof of the theorem, it is oonyenient to ohange the signs 
of u, (x) and u.^ (x), if necessary, so that U] (x) is positive immediately on the right of x = a; the 
signs indicating moduli may then be omitted thronghout the enunciation. 

t The theorem is practically due to Sturm, Journal 4e Math. i. (1836), pp. 125 — 127, 145—147. 
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It follpws that just before v^{x) vanishes for the first time W3(a;) is still 
positive, and it has remained positive while x has increased from the 
value a. 

The first part of the theorem is therefore proved. 

Again, if a/(a) is positive, as well as Uj (a), then u^{x) must have a maximum 
before it vanishes, and at this point, /i,, we have from (1) 

(/^l) ^2 (/^) ^ 0, 

so that ^2(^1) is positive and (x) must be positive in the interval (0, /x,). 
Therefore the first maximum point of u^{x) must be on the right of /xi. 

Finally we have 

max {x) = M, (/Xi) < (/Xj) ^ (/x.^) = max (x\ 

and the theorem is completely proved. 

When two functions, u^{x) and ih{x), are related in the manner postulated 
in this theorem, it is convenient to say that u^{x) is more oscillatory’'^ than 
Wa (j") and that U 2 {x) is less oscillatory than (a?). 

We shall now apply the theorem just prayed to obtain results f concern- 
ing Jv(x) and Yt,{x) when v is large and x~- v \s 0{v^), Our procedure will 
be to construct pairs of functions which are respectively slightly less and 
slightly more oscillatory than the functions in question. 

In the first place we reduce Bessel's equation to its normal form by writing 
a; = 1/6® ; we then have 

(3) - 1)] n (I'e*) = 0. 

A function which is obviously slightly less oscillatory than '^?y{ve^) for 
small positive values of 0 is obtainable by solving the equation 



since — 1 ^ 20 when 0 > 0.* 


The general solution of (4) is 



and the constants implied in this cylinder function have to be adjusted so 
that u and its differential coefficient are equal to {ve^) and its differential 
coefficient at 0 = 0. 

* The reason for the use of these terms is obvious from a consideration of the special case in 
which and I 2 are positive constants. 

t These results supersede the inequalities obtained by Watson, Proc. London Math. Soc. (2) 
XVI. (1917), pp. 166—169. 
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It follows that a function which is (slightly) less oscillatory than {x\ 
when a; ^ I/, is 

(2^)* [r (s) Qv)i (p) j_j + r (i)ap)i (,.) (?^^)] . 

We now endeavour to construct a function which is (slightly) more oscil- 
latory than (x\ in order that we may have (x) trapped between two 
functions which are more easily investigated than ^y {x). 

The formula for the less oscillatory function, combined with the result 
stated in § 8*43, suggests that we should construct a function of the type* 

where {6) is a function of 6 to be determined. It might be anticipated 
from § 8*43 that the suitable form for {$) would be J tan*/S, where sec /3 = e^ ; 
but it appears that this function leads to a differential equation whose solution 
is such that its degree of oscillation depends on the relative values of p and 
and we are not able to obtain any information thereby. 

The invariant of the equation determined by 

^{ir{ew(e)].%%[pyir(e)\ 

is known to be (§ 4*31 ) 


2 '^'(6) 4 |^'(^)j 36 1'^(^)j » 

and it is requisite that this should slightly exceed p^ (e^ — 1). It is consequently 
natural to test the value of xfr (^) which is given by the equations 

^'(^) = V(e*«-l), t(0) = o, 


by determining whether, for this value of yjr (0), 

1 ir'" (6) __ 3 \ylr"(e)Y (^)) « 

2 yjr' (6) 4 {$) ) 36 | “i/r (6) 


>0, 


When we replace c® by sec /9, we find that 

{6) = tan j3, y^ {6) « tan ^ — 13, 


Vr"(^) = sec^co8ec/3, (^) = - , 

and hence we have to test the truth of the inequality 

sin* /3 


(5) 


3 (tan ^ — /3)^ 


cos* ]Sv'(l + itan‘y8)’ 


No, A [3 (to g - g) - ^ j 

is negative when tan* < V24 — 3, and it is positive for greater values 
of tan*)9. 


* The multiple of the cylinder function is taken so that the product satisfies a differential 
equation in its normal form; of. §4*31 (17). 
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Hence, since (5) is true when = 0, it is true when 0 ^ ^ ^ /8o, where /3^ 
is a certain angle between arc tan VlV24 - 3] and The sexagesimal 
measure of is ^9° 39' 24 j"‘27. 

Proceeding as in the former case, we find that the function 
V{3 (1-/3 cot ff )] . [r (J) (iv)^ iy) {i; (tan ^ - /3)} 

+ r (4) ii^)^ (v) 1*^ (tan /3 - iS)l] 

is slightly more oscillatory than J^{vsec ^), so long as* 0^/3^ /So- 

We can now obtain an extremely important result concerning the smallest 
zero of which is greater than v ; for let be the smallest value of f 

which makes 

r Q) av)i (i>) J-j (f) + r (i) (i.)i K' M j, (f) 

vanish. Then both of the equations 

20 = V/i'^ V (tan /8 - /3) = 
give =r 1 / + + 0 (i/"^). 

Since, by Sturm s theorem, the zero of lies between two expressions of 

this form, we see that the value of the zero of (a?) which is next greater than v 
is expressible in the form 

V + 0(i/“*). 

When %\,{x) is equal to Ju(x) it is easy to verify from a Table of Bessel 
functions of orders ± 4 that 

\^=:1 *926529 + 0(i/-3), 

and so the smallest zero of (x), when p is large, is 

p + p^x 1*855757 + 0(i/“i). 

In like manner, the smallest zero of Yy{x) is 

iz + i/i X 0*931577 + 0(i;-4). 

The first maximum of J^{x) may be obtained in a similar manner, by difter- 
entiatingt the two expressions constructed as approximations. 

The result is that if is the smallest value of f which makes 

r (I) (io* J, (0 A (?) - r (p (i (») J-i (?) 

vanish J, then the first maximum of f/„(a;) is at the point 

V + + 0 (v-i), 

i.e. at the point 

i/ + i/i X 0*808618+ 0(j/-i). 

The first maximum of the function F„(ar) cannot bo treated in this manner because its 
first maximum is on the right of its first zero ; this follows at once from § 16‘3, because 
F„ (j:) increases from ~ oo to 0 as .r increases from 0 to the first zero. 

For an investigation of the maximum value of J^{x) qua function of v the reader 
should consult a paper by Meissel, Astr. Nach, cxxyiii. (Ifi91), cols. 435 — 438. 

* This restriction is trivial because we have to consider values of /9 for which is bounded ; 
i.e. small values of /3. 

t The permissibility of this follows from the second part of Hturm’s theorem just given. 

X This value of ( is approximately 0*685548. 



CHAPTER XVI 

NEUMANN SERIES AND LOMMEL’S FUNCTIONS OF TWO VARIABLES 


16’ 1. The definition of Neumann series. 

The object of this chapter and of Chapter xvii is the investigation of 
various types of expansions of analytic functions of complex variables in series 
whose general terms contain one or more Bessel functions or related functions. 
These expansions are to some extent analogous to the well known expansions 
of an analytic function by the theorems of Taylor and Laurent. The expansions 
analogous to Fourier s expansion of a function of a real variable are of a much 
more recondite character, and they will be discussed in Chapters X Vlll and xix. 

Any series of the type 

00 

^ Art t/ 1,-j-n {z) 
n-0 

is called a Neumann series, although in fact Neumann considered* only the 
special type of series for which v is an integer ; the investigation of the more 
general series is due to Gegenbauerf. 

To distinguish these series from the types discussed in § 16-14, the description ‘Neu- 
mann aeries of the first kind’ has been suggested by Nielsen, Math. Ann. LV. (1902), p. 493. 


The reader will remember that various expansions of functions as Neumann 
series have already been discussed in Chapter v. It will be sufficient to quote 
here the following formulae : 


(}*>■= S 

n-0 


(/X 4- 2?i) . r (xt 4- m) 


n\ 


4+S»(«). 


S J v-m^) 

m= -00 




r (y) S (i/ 4- m) 

7n=0 


z'' 


'(cos (/>), 


where -f -a:** - 2Zz cos 

We shall first discuss the possibility of expanding an arbitrary function 
into a Neumann series; then we shall investigate the singularities of the 
analytic function defined by a Neumann series with given coefficients ; and 
finally we shall discuss the expansions of various particular functions. 


For a very general discussion of generalisations of all kinds of serie.s of Bessel functions, 
the reader may consult memoirs by Nielsen, Journal fur Math, cxxxii. (1907), pp. 138 — 
146; Leipziger Berichte^ LXi. (1909), pp. 33—61. 


* Theorie der BeaeVsehen Functionen (Leipzig, 1867), pp. 33—35. 
+ Wiener Sitzungiherichte, lxxiv. (2), (1877), pp. 126—127. 
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Various expansions of types which resemble Neumann’s (other than those given in this 
chapter) are due to H. A. Webb, Phil, Trans, of the Royal Soc. cciv. (1905), p. 487 and 
Nielsen, Atti della R. Accad, dei Lincei^ (6) iv, (1906), pp. 490—497. 

Neumanns expansion* of an arbitrary function in a series of Bessel 

coejfficients. 

Let f{z) be a function of z which is analytic inside and on a circle of 
radius R with centre at the origin. If C denotes the contour formed by this 
circle and if z is any point inside it, it follows from Cauchy’s theorem that 


Now, by §91, 




- - — S On {t) ,tfn (^) ) 

t — u=0 


and this expansion converges uniformly on the contour. It follows at once 
that 


(1) 

/(z)^ S a„J„(z), 


where 

(2) 

u^O 

= 2^* (t)dt; 


and this is Neumann’s expansion. 


If the Maclaurin 

expansion of f(z) is 


we see that 

/(z)= 2 b„z”, 

n=0 

= > . 2 b„f t”‘0„(t)dt 

Atti J c 

— ^ ^ I 

(«>1) 

and so 

(3) 

fn=0 

(^0 ~ 

L-.f 

1 I»=0 Wl! 

(jl> 1) 


This result shews that the Neumann series corresponding to a given function 
assumes a simple form whenever a simple expression can be found for the sum 

»=o 

/ ... 

The construction of the Neumann series when the Maclaunn expansion is 

given is consequently now merely a matter of analytical ingenuity. 

* Theorie der BetseVsehen Functionen (Leipzig, 1867), pp. 33 — 35. See also Kdnig, Math. Ann. 
V. (1872), pp. 338—340. 
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16*12. Neumanria^ analogue of Laurents theorem. 

Let f{z) be a function of z which is analytic and one- valued in the ring- 
shaped region defined by the inequalities 

r^\z\^R, 

Let C and c be the contours formed by the circles 

\z\=‘R, \z\ = r, 

both contours being taken counter-clockwise; then, if 2 be a point of the region 
between the circles, we have 

f + L f /(M 

^ 2TnJ c l — ^ 27nJc z — t 

*= 2^’ \ ^ ^0 2^ ^ 

Consequently f{z) is expansible in the form 

(1) 2 anJn(-S^)+ i anOn{z)y 

n=*0 n=sO 

where 

If the Laurent expansion of / (z) in the annulus is 


00 ^ h * 

f{z) *= 2 6n + 2 — i 

n=0 n=l ^ 

we have, as in §16*11, 



r ao — 6o , 


(3) 

J !)• 2 

\On—n^2 bfi—Tnti 

t 7n-=0 ml 

(n>l). 

(4) 

^ ^ yn. 



1 6*13. Oegenhauers generalisation of Neumanns expansion. 

By using the polynomial An^,{t) defined in §9*2, Gegenbauerf has 
generalised the formula given in §16*11. 

If f{z) is analytic inside and on the circle \z\ = R, and if G denotes the 
contour formed by this circle, we have 

2lTiJc t-z 


and so 
( 1 ) 


z*f{z)^ 2 ar^J^+n{z% 

H^O 


* Theorie der BeaieVschen Functionen (Leipzig, 1867), pp. 36 — 39. 

t Wiener Sitzungsberichte, lxxiv. (2), (1877), pp. 124—180. See Wiener Denkeehri/ten, xlyiii. 
(1884), pp. 293 — 316 for some special oases of the expansion. 
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(2) an = ~j^/(t)A„At)dt, 

provided only that p is not a negative integer. 

If, as in §16*11, the Maclaurin expansion of f(z) is 

/(«)= i 

fi>0 

then 

( 3 ) an = (v+ n) • 

m=0 

Neumann's expansion of §16*12 may be generalised in a similar manner. 

16 * 14 . The Neumann-Oegenhauer expansion of a fumtion as a sei'ies of 
squares or products. 

From the expansion of §9*5, namely 
00 

X I “ ^ M,»' (0 *^M+in ('^) Jv+^n 

^ ^ n=0 

which is valid when | -^ | < 1 ^ | , we can at once infer that, if / (z) is analytic 
when I I ^ r, then the expansion 

(1) i<‘+*’/(«)= 2 0»JM4-i»(^)^.+J»(^) 

n=0 

is valid when | | < r, and the coefficients are given by the formula 

(2) = 2^ j 

C being the contour formed by the circle \z\ = r. This expansion is due to 
Gegenbauer* ; an expansion closely connected with this, namely that 


(3) 

/(z)= 2 Un'Jn^iz), 

where 

T$— “ V 

(4) 



and n„(<) is Neumann's second polynomial (§9*4), is valid provided that f(z) 
is an even analytic function \ this expansion was obtained by Neumann f. 

Gogenbauer’s formula has been investigated more recently by Nielsen, Nouv. Ann. de 
Math. (4) II. (liK)2), pp. 407—410. 

A type of series slightly different from those previously considered is 
derived from the formula of §5*22(7) in the form 

QD (1 n 

= 2' r ( + 1) s (z). 

n^O 

* Wiener Sitzunggberichte^ lxxv. (2), (1877), pp. 218 — 222. 
t Math. Ann. iii. (1871), p. 699. 
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which shews that 


( 6 ) 

where 


1 


n=0 


00 


n=0 


( 6 ) 


_-4“ 2''+»-*"r(i»'+ Jm-OT+1)^ 

tn- - - , 6„-m. 


Expansions of this type have been the topic of a detailed investigation by 
Nielsen*. 


16'2. Pincherle’a theorem and its generaMsaiions. 


00 

Let S anJyj,.n{z) be any Neumann series, and let the function defined by 

n=sO 

this series and its analytic continuations be called f{z)> 

Let also 


2 


n-O 


r(i/ + n+ 1) 




The function defined by f{z)y and its analytic continuations will be called 
the associated power series of / {z). 

The Neumann series converges throughout the domain in which 


lim V IK-/v+n(-^))|< 1, 


and this domain is identical with the domain in which 


lim 

n-^oo 





< 1 , 


by Horn’s asymptotic formula (§8T). 


It follows that a Neumann series has a circle of convergence, just like a 
power series, and the circles of convergence of a Neumann series and of the 
associated power series are identical. 


The theorem that the convergence of a Neumann series resembles that of 
a power series is due to Pincherlef ; but it is possible to go much further, 
and, in fact, it can be proved that/(^) has no singularities which are not also 
singularities of/(^) 3 ^. 

To prove this theorem, we write 


2 


V 
n =0 


^ JL /,v 


♦ Nyt Tidssknft, ix. (b), (1898), pp. 77—79. 

t lioloyna Memories (4) iii. (1881), pp. 151 — 180; see also NieUen, Math* Ann. lv. (1902), 
pp. 493—406. 
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and then, inside the circle of convergence*, 

/(^) = cos v(l - <»)} • 4> {zi*) 

From the theory of analytic continuation it follows that, if </> {z) is analytic 
for any value of z, so also is f{z\ provided that the path of integration is suitably 
chosen; and so all the singularities of f{z) must be singularities of 

Now the series defining <t>{z) may be written in the form 

^ 5 an r(y-h n4-l) „ 

r (i/ + n-H 1) + + ’ 

and a theorem due to Hadamard f states that, if 

Fi(^)= i hnZ‘*\ F^{z)= i F^{z)^ S hnCnZ^, 

n = 0 w=0 n = 0 

then all the singularities of F^{z) are expressible in the form /Sy, where ^ is 
some singularity of F^ (z) and 7 is some singularity of F^ (z). 

Since the only finite singularity of the hypergeometric function 

i r(i>+w .-n),„ 

n-or (v + n + j) 

is at the point ^ = 1 , it follows that all the singularities of 0 {z) are singularities 
of f{z )^ ; and therefore all the singularities of f{z) are singularities of f(z)y\ 
and this is the theorem which was to be proved. 

The reader should have no difficulty in enunciating and proving similar 
theorems^ connected with the other ty})es of expansions which are dealt with 
in this (chapter. 

16‘3. Various sf)ecial Neumann series. 

The number of Neumann series, in which the coefficients arc of simple 
forms, whose sums represent functions with important analytical properties is 
not large ; we shall now give investigations of some such series which are of 
special interest. 

By using the expansion 

cos 2 ^ + 1 )'* = i (cos 2e\ 

* It is assumed that + is positive; if not, the several series under discussion have 
to be truncated by the omission of the terms for which is negative, but the general 

argument is unaffected. 

t Acta Math. xxii. (1899), pp. 55—64; Hadamard, La S^ru (U Taylor (Paris, 1901), p. 69. 
For such theorems concerning the expansion of § 16'14, see Nielsen, Math. Ann. 1.11. (1H99), 
p. 230 et seq. 
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Pincherle* has observed that 


n«0 


(z) Pn (cos 20) 


1 r exp \^z{t~~llt)] dt 
2Tri I ijit* — 2t^ cos 20-^1)' 


where the contour lies wholly outside the circle | f | == 1. 

If now we write — = w, so that the contour in the t/;-plane is a 

(large) closed curve surrounding the origin, we find that 


2 J, 

n=0 


2 n+i 


1 f(®+> 


e^dw 


View’d- l)(w“+sin»d)j ’ 


and so wc obtain the formula 


® 1 /•(0+) 1 /•! 

(1) 2y»+,(^)P„(co8 20) = ^j 


(i*r'+) 


12 Bin 0 Bn 


“du, 


where the modulus of the elliptic function is sin 8. 


The interesting expansion 


( 2 ) 


= ? l^^..X2n - 1) V{2v + 2n + 1) 

«=o 2.4...T2n)' 12-+’*f(i.-fn+I)p 

^ [J 2F-Mn ('^) + av-i-4n+a (-2^)1 


has been given by Jolliffef, who proved that the series on the right satisfied 
the same differential equation as {\z). This expansion is easily derived as 
a special case of § 11'6 (1), but the following direct proof is not without 
interest : 


By Neumann s formula (§ 5 43) we havej 


7 2/i^\ ^ •T2,v(^z sJV) dt 

and, if we expand {z VO into the series 


T / V ( 2 ^ + 2 m 4 -l)r( 2 i/ + m + 1 ) 

^2.(^V0- r - 7A.!r(2,.+ l) 


^ m = 0 


X qP I ( W, 2p + 7/1 + 1 J 2p + 1 J 0 (^)> 

we find on integration that 

_ ® 2(2j; + 2m+l) . . . 

•A'*’ ^ ®in (^)f 


m-0 


* Bologna Memorie, (4) viii. (1887), pp. 126—143. Pincherle used elliptic functions of modulus 
6oBec 0 in his result. 

t Messenger^ xlv. (1916), p. 16. The corresponding expansion of Jy^^{^z)Jv(^z) was obtained 
by Nielsen, Nyt Tidssknft, ix. b, (1898), p. 80. 

X If R(v + wc use loop integrals instead of definite integrals. 
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“““tt m' r(2i- + »«. 2|/ + nt + 1 ; 2(- + 1 ; t)<it 


TT 

(_)m n 


d" (1 — <)-»] 






TT . m ! 

by m partial integrations. 

It follows that a^i is the coefficient of in the expansion of 

- I {t - ht (1 - 01—* {1 - < + A< (1 - 0}-* dt 
^ 0 

in ascending powers of h ; and this expansion is absolutely convergent when 

1A|< 1 . 

M (] — A) 


If we write 
we find that 


t = 


1 ~ Aw ’ 


5 - - f't-* (1 - A (1 - O)-'-* (1 - 0“* ( 1 + hi)-* dt 

Ml = 0 “W" J 0 

= i f w*'"* (1 — w)“* (1 — da, 

*”■ J 0 


It is now evident that a^n+i = 0 and that 


1 1.3 




f (1 — u)~i du 

Jo 


"*”7r* 2. 4. ..(2/1) 

1 1 3 ...('2w-i) r(i>4-w + j)r(^ ) 

TT * 2.4... (2n) r (i/ H- 71 + 1 ) 

and this form\ila at once gives Jollifife s form of the expansion. 


16*31. The Neumann series summed by Loviniel, 

The effects of transforming Neumann series by means of recurrence 
formulae have been studied systematically by Loiniriel*; and he has suc- 
ceeded by this means in obtaining the sums of vanous series of the type 

2 0,n*^ v-\'n ('^) 

in which is a polynomial in n. 

Take the functions 

I {z) = 2 (i; + 2w -f l)y;,« (i/ + 2a + 1) v+'jii II 

1 n=0 

1 ® 

m (•*) = “ {v + 2h + 2)/,„,li (i/ + 2/1 + 2) y .+,,,+2 (z), 

\ n = 0 

where is a function to be determined presently. 

* Studien Uber die lUeaeVichen Funettonen (Leipzig, 1868), pp. ■iG — 49. 


W. B. F. 


34 
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By the recurrence formula we have 


(1) — ^ fum (v + 2n+ l){J,+a,i(^^) + i>-f-9n+2 (^)l 

^ n ~0 

provided that f^{y) satisfies the equation of mixed differences* 

fzm {v -\-2n-\- 8) -\-fifn (v + 2n + 1) = 2 (i/ + 2w + ^)f£m^i (i/ + 2n + 2). 

A solution of this equation is 

We adopt this value of fm{^) then it is found by the same method that 

(2) " (^) “ finrv-‘\ J i/+i (^) + 2t9^v,m— i ('^)* 

z 

Hence it follows that 

= Wim (v + 1 ) ./» (^) - i {v) *^V+1 {z) + I^s4, ,m—\ 

m 

and HO (s) = 2 [\z'~^fmiv + l)J»(,z) 

« = 0 


Therefore, since 


we have 


OP j rz 

^A'v —1 (^) = i ^42n+i ~ o / V (0 ^ 

n=-i) ^JO 


r !!» + ; - m + i) *** 

. ( w—//, w d, + W {_f »'>■ 


— J (Z\\ ^ + J) /l^\2m-27»+2 1 

and similarly, from the expression for 

(4) i (. + 2« + 2) 


(4) V (v + 2« + 2) : ( 

n=o' ' r(jK + JI -m + ^) 




— J I 2 + W + i) / I X8,re-an4-i] 


* Kecent applications of Neumann series to the solution of equations of mixed differences aie 
due to Bateman, Proc. Int. Congregu of Math. i. (Cambridge, 1912), pp. 291 — 294. 
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The potentialities of the other recurrence formula 

2/^ W — •/v + i (^) 

were also investigated by Lommel, but the results are not so interesting. As examples of 
his expansions the reader may notice that 

These results were given by Lommel, though his formulae contain numerical errors. 


16*32. The Neumann aeries summed by Kapteyn. 

The sum of the series 

i nJn{z)Jn{a) 
n-1 

is expressible as the integral 

the sums of the alternate terms of the series have been expressed by Kapteyn * 
in the form of integrals from which this integral may be deduced, and 
conversely Kapteyn s formulae may be deduced from this integral. 

We proceed to establish this result by a simplified form of Kapteyn’s 
methods. 


The series may be written in the formf 

00 /•(0+) r(0+) ® 

Iz 2 (z) + (z)] J„ (a) = / 2 (<- + <-»-*) «-»-■ 

X exp 

= (2^ rT' r(i”-T) 1 ^" (‘ - 7) + (“ - »)i 

where the contours may be taken to be the circles |u| = l, \ t\ = A >1. 


Now, let 

“p {*“ (“- ;)} 

Then, if 7?i = ^ — 1/^), we have 

5 ^ + i '*^^2 {] + -i) "*P {i“ (“ - «){ 

* Sieuw Archicf voor Wiskunde, (2) vii. (1907), pp. 20 — 25; Proc. Section of Sci,^ K. Akad 
van Wet. te Amsterdam, vn. (1906), pp. 494—600; Kapteyn has subsequently summed other serieh, 
ibid. XIV. (1912), pp. 962—969. 

t The interchange of summation and integration is permissible so long as | tuj>l, where t, h 
are any points on the contours. 


34 - 2 
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Therefore, on integration, 

I = Cc“"“ + i f <•“'> {Jo (v) - Ji dv, 

L ' 0 

where C is independent of a. By taking a = 0, we see that C—ljt. 
Hence we have 


(^) Jn («) = ^ [exp ji (^ - «) (< - -5)} 

+ 1 exp - a 4 t>) jtJo (v) — Ji (v)} drj dt 

= ^J [Ja(£ - a + v) + J:,(z — a + v)]Jo(v) dv, 
the majority of the terms having a zero residue at ^ = 0. 


Consequently 

S nJn(z)Jn{CL) 

n^l 


2 

2 


0 z — a-^v 


Jo (v) dv, 


that is to say 

(1 ) ^ nJ„ (z) J„ (a) = I f Jo(a-v)dv. 

n-^1 ZJo ^~~V 


If we select the odd and even parts of the functions of z on each side of 
this equation, we find that 


( 2 ) 


— (2ri + 1) ( 2 ^) J 2 n+i (a) 

/I^O 

= - r [^1 Ji( ^H- 1;) | 

4jol z - V z -^-v I 


Jo (a - v) dv, 


which is one of Kapteyn’s formulae; and 


^ Vo T / \r / \ z\JAj^-o) J,(z + a) 




when we integrate by parts. 

Hence it follows that 

(3) V 2nJMJ^{«) = l\^dt r |£i<£±^> »>) } J, 

which is the other of Kapteyn’s results. 
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The reader should have no difficulty in proving by similar methods that, 
when It {v) > 0. 

(4) l(v + n) (z) J,+n (a) = - I “ J. (a - v) dv 

n=^0 ^ ’0 Z—V 

VZ /*“ Jy {z — v) 




16*4. The Webh-Kapteyn theory of Neumann series, 

Neumann series have been studied from the standpoint of the theory of 
functions of real variables by H. A. Webb*. His theory has been developed 
by Kapteynf and subsequently by Bateman J. The theory is not so im- 
portant as it appears to be at first sight, because, as the reader will presently 
realise, it has to deal with functions which must not only behave in a 
prescribed manner as the variable tends to ± oo , but must also satisfy an 
intricate integral equation. In fact, the functions which are amenable to the 
theory seem to be included in the functions to which the complex theory is 
applicable, and simple functions have been constructed to which the real 
variable theory is inapplicable. 

The result on which the theory is based is that (§ 13*42) 


i 


dt 


(0 I an+1 (0 t 
0 ► 


0 

,l/(4n + 2) 


(m = n), 


•so that, if an odd function /(a;) admits of an expansion of thd tyj)e 

00 

fix) — 2 a^+i J ^,4^1 (a?), 
n=0 

and if term-by-term integration i^ permissible, we have 


/. 




We are therefore led to consider the possibility that 


(] ) Aw) = 2 (4a + 2) {w) r ; 

n=0 -'0 * 

and we shall establish the truth of this expansion under the following 
conditions : 


(I) The integral 

rf(t)dt 

exists and is absolutely convergent, 

* Messenger, xxxni. (1904), p. 65. 
t Messenger, xxxv. (1906), pp. 122 — 125. 
t Messenger, xxxyi. (1907), pp. 31—37. 
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(II) The function f(t) has a continuous differential coefficient for all 
positive values of the variable which do not exceed x, 

(III) The Junction f{t) satisfies the equation 

/o\ «)/' /A — r* I /•/„ _ 4\\ 


(2) 2/' (t) = r ^ {f(v + 0 + f(v - 01 dv 

Jo ^ 

when t does not exceed x. 

We now proceed to sum the series 

S = £ (4n + 2) {x) r /«) dt. 

and we first interchange the order of summation and integration. It is evident 
that 

^ «^2n+i t/gn+a (<)} 

n-0 

converges uniformly with respect to t for positive (unbounded) values of t, 
since [ J.jn (01^1 ^ (^) I is convergent. Hence, since f(t) possesses 

an absolutely convergent integral, we may effect the interchange, and then, 
by §16-32, 

s = J * /«) I (4n + 2) (x) (o| Y 

1 f” (Jj(t-V) J,(t + V)} 

= 2 u 0 -eT-ir} 

= dt(x-v)f —^(/(t + v)+/(t-v)}dtdv 

^ 0 Jot 

4- f Jo(x- v) f f(v — t) dtdv. 

Jo Jo * 

We now transform the last integral by using §12*2, and then we have* 

f f Jq{x — v)f {v ^ t) dtdv 
J o' 0 t 

— [I Jo(u — t)f(x^u)'^-^^-dtdu 
JoJo t 

= I Ji (u) f(x---u) du 
Jo 

= fi(^)’~ I d^o (w) f' — w) du, 

J 0 

* The first transformation is effected by writing 


v=x+t~u. 
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Hence 

(3) i (4n -I- 2) Jsm+i (*) [ 


«Ati+1 (0 


f{t)dt 


n=0 .0 C 

Jt {!« - 1)) [/' (») - ^ 1 /(< + «') + /(«- w)! dt^ dv. 


Now write 


/'(•»- If 


Mt), 


2 1^ ^ {/(< + ») +/(< -* »)1 

so that F(r) is a continuous function of v, since J, {t)jt has an absolutely 
convergent integral. 

If then we are to have S=f{x) when x has any value in such an interval 
as (0, X), we must have 

f Jo(x^v) F(v)dv = 0, 

Jo 

throughout this interval ; and, differentiating with respect to x, 

F(x)=f Jj(x-v)F(v)dv. 

Jo 

Since i ./, {x — v) \ < 1/V2, it follows by induction from this equation, since 


that 


i^(-)i^-24^V 


where A is the upper bound of | F{x) | in the interval and n is any positive 
integer. 

If we make w 30 , it is clear that F{x) = 0, and so the necessity of e([UJition 
(2) is established. 

The sufficiency of equation (2) for the truth of the expansion* is evident 
from (3). 

It has been pointed out by Kapteyn that the function sin (a? cosec a) is 
one for which equation (2) is not satisfied; and Bateman has consequently 
endeavoured to determine general criteria for functions which satisfy equation 
(2) ; but no simple criteria have, as yet, been discovered. 

[Notk. If f(x) is not an odd function, we expand the two odd functions 

separately; and then it is easy to prove, by rearranging the second expansion, tluil 

«=0 
1 r*' 

where ao= g I f(x) Ji (| a- 1) dx, 

C ® dx 

o,= n j W . (« > 

provided that the appropriate integral equations are satisfied.] 


* The BuflSciency (but not the neccHsity) of the equation was proved by Kapteyn. 
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16*41. Caillers theory of reduced functions. 

The Webb-Kapteyn theory of Neumann series which has just been ex- 
pounded has several points of contact with a theory due to Cailler*. This 
theory is based on Borel’s integral connecting a pair of functions. Thus, if 

f(z) = i CnZ^y 

n=0 

then the function f{z)R defined by the series 

f{z)R^ i Cn. n\z>\ 

n=0 

supposed convergent for sufficiently small values of \z\^ may be represented 
by the integral 

/(z)R = f e-^f(tz)dt. 

The function may be termed the reduced function {la reduite) of /(^). 
If the Neumann series which represents f(z) is 


f{z)^ S anJn(z\ 

n=0 

then we have, formally, 

f{z)R= 2 :, a„f e-*J„(tz)dt 

n=sO J 0 


Now put 
and we see that 


1 * f. 

V(i+^0-i 






1+i” atr' 

i-r-'u 


Hence, if the Neumann series for f(z) is S anJn(z\ then the generating 

n=0 

00 

function of 2 Unf” is 

n=0 



provided that this function is analytic near the origin. 

More generally, if f(z) has a branch-point near the origin of such a nature 


that 


(1) 

f(,z ) — S^Uni/v-t-n (^)> 

then 


(2) 

f( 2? \ 


* M€m. de la Soc. de Phys. de Oemve, xxxiv. (1902—1905), pp. 295 — 368. 
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In like manner, if 

( 3 ) 

then 

r + 2^ + 1 ) 


f{z)= 2 


( 4 ) 


I J:C?»'±2_^+ 1)_ ^ ' r N 

„.o2'+’* r(i-+n +1) Vfl Vd-n/B' 


[Note. If 
then 


c«*8in 62= 2 a„./„ (2), 

11=1 

I a 2 fe 2 (l+ 2 ‘^) 

„=, " (l-2az- 22y + 46M- 


This result, which is immediately deducible from Cailler’s theory, was set as a problem 
in tne Mathematical Tripos, 1896.] 


16*6. LommeVs functions of two variables. 

Two functions, which are of considerable importance in the theory of 
Diffraction and which are defined by simple series of Neumann’s type, have 
been discussed exhaustively by Loinmel* in his great memoirs on Diffraction 
at a Circular Aperture and Diffraction at a Straight Edge. 

The functions of integral order w, denoted by the symbols Un{WyZ) and 
Vn are defined by the equations 

* A/A 

(1) Un{W,Z)^ 2 (-rr) (A 

m=0 \^J 

(2) V,,{xv,z)^ 2 

m^O f 


It is easy to see from § 2*22 (3) that 

(3) V^{w,z)-V_,^.,{w,z)^ 2 

fnsr-QD \Z 


) 


'n+2m 




fw mr\ 


rr ^ X f ^ Z'^ nir\ 

(4) Un+i (W, z) - (W, z) = sin “ T/ ■ 

The last equation may be derived from the preceding equation by replacing 
?i by n -I- 1. 

There is no difficulty in extending (1) to define functions of non-integral 
order ; for unrestricted values of r we write 

* /w\ 

(5) Vy{w,z)^ 1 

m=0 \^/ 


* Ahh. der math. phys. Clame der k. b. Akad. der (Mtinchen), xv. (1886), pp. 229—828, 

529 — 664. The first memoir deals with functioDS of integral order ; and the definition of (iv, x) 
in it differs from that adopted subsequently by the factor ( - 1)". Much of Lommel’s work is repro- 
duced by J. Walker, The Analytical Theory of Light (Oambridge, 1904). The occurrence of Lommel s 
functions in a different physical .problem has been noticed by Pocklington, NaturCt lxxi. (1905), 
pp. 607—608. 
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The expression on the right is an integral function of and (when the 
factor w* is removed) an integral function of w. 

The corresponding generalisation of (2) gives a series which converges 
only when v is an integer. And consequently it is convenient to define 
(w, z) for unrestricted values of v by means of the natural generalisation of 
(3), namely 

(6) F, (w. = c„s (I + £. + ’J) + {w, z). 

It is evident that 

(7) [/■, {w, z) + U,+,(w, z)^ 

(8) V, (w, z) + F,+, (w, z) = 7_„ (z). 

As special formulae, we deduce from § 2*22 that 

(9) fTo (z, z) = Fo {z, z) = l (z) + cos z], 

(10) Ui(z,z) = -Vt(z,z)=‘lainz-, 

and hence, by (7) and (8), 

r n-l 

\C09Z- 2 

m-0 






( 11 ) U^m{z,z)= V.^n{z,z)’- 

(12) ^2ni-\ {z, ^) = — (Zf ^) == J (“)” jsin Z — 2^ (— )7» (^)|’ j 

provided that n^l in (1 1), and a ^ 0 in (12). 

It is also to be observed that, as a generalisation of these formulae, 

(13) Vn (w, z) = (-)’‘ Un {z^/w, z). 


The functioim 


m-=o m =0 “ 


which are closely associated with Lommers functions, have l>een studied by Kapteyn, 
J*roc. Section of Set., K. Akad. van Wet. te Anisterdani., vii. (1905), pp. 375 — 376, and by 
Hargreaves, Phil. Mag. (6) xxxvi. (1918), pp. 191 — 199, respectively. 


16'51. The differential equations for LommeVs functions of two vamahles. 
It is evident by differentiating § 16*5(1) that 


( 1 ) 

and hence 


^U,(w,z) = U,+, (vf, z), 


02 jg2 'I 

a7. U,+^(w, z)-- U.+, (w, z), 


dz- 


and consequently 

fa» 1 0 ^ 


TT 


Z’^ 
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It is now evident that (w, z) is a particular integral of the equation 


( 2 ) 


_idy 
dz* zdz 




J.(z). 


Since the complementary function of this equation is 


2^ 

A cos ^ 4- B sin ^ , 
2w 2w 


where A and B are independent of z, it is clear from § 16*5 (h) that z) 

is also a particular integral. Therefore V^(w,z) is a particular integral of 


(B) 


0^ 


10y /£_Y 

z dz w* \w/ 


(^)* 


These equations are due to Lomrael, MUnchener Abh. xv. (1886), pp. 561 — 563. 


16*62. Recurrence formulae for LommeVs functions of two variables. 
We have just obtained one recurrence formula for ^), namely 

( 1 ) ^^U,(w,z) = -^U,+t(w,z). 

To obtain other formulae, we observe that 

Uy{WyZ)=^ S {-y^{v + Ju+2m{z)ls 

ow m =0 

= i i (-)“ (wlzy-^””-^ (^) + ■Z.+m+i (^)l. 

^ »n = 0 

and so 

(2) 2 ^ ll,(w, z) = {w, z) + {zjwf ITy^i {tv, z). 

Again, by differentiating § 16'5(6) we deduce that 

(3) ^ V, {w, «) = - £ y.-t {w, Z), 

(4) 2 ^ Vy {w, z)=Vy^., {w, z) + {z/wy F,_, (w, z). 

If now we take w = cz, where c is constant, we deduce that 

(6) 2 ^ Uy{cz, z) = c{f._, (cz, z) - (1/c) Uy+i (cz, z), 

(6) 2 V, {cz, z) = cF,+, {cz, z) - (1/c) F,_, {cz, z). 


Hence we get 

4 Uy {cz, z) = c> Uy^ {cz, z)-2Uy {cz, z) + (l/c»> Uy^ {cz. z) 

= C>Jy^t{z)-\-C—*Jy{z)-{C+\ICy Uy{CZ, Z). 
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Hence it follows that i7„ (c^, and similarly z), are particular 

integrals of the equation 

The particular case in which z = 0 is of some interest; Ave have 


( 8 ) 




(-)’"(^w)' 


=0 1 ' iv "h "i" 1 ^) ' 


and so U, (w, 0) and (w, 0) are expressible in tends of Lommel’s functions 
of one variable by the equations 


( 9 ) 


^ r{v-i) ’ 


(10) (w,0) = . 

Of these results, (1) — (8) were given in Loinmers memoir. 

The following formulae, valid when n is a positive integer (zero included), 
should be noticed : 


(11) 

i^im(w, 0) = (-)’*rcosjw- 2 


L m = 0 


r n-l 

(12) 

Um+i (w, 0) = (-)" sin J w - 2 


L m=0 

(13) 

(w, 0) = cos {\w \n7r). 


(2m) 1 


]■ 


Hence it follows that 

(14) F.(«;,0) = 1, F„+.(«;,0) = 0, 


(15) 

(16) 


F 0)-( )« V 

(2m)! ’ 

F f«, 0) = f-)» i 


16'63. Integral representations of LonimeVs functions. 

The formulae 

(1 ) U, (w, z) = [ J,_, {zt ) . cos [J w ( 1 -<’)}. F dt, 

* .0 

7#f*' ri 

(2) (7.+, (w, z) = — \ (zt) . sin [\w (1 - <•)) . Vdt, 

which are valid when R {v) > 0, may be verified immediately by expanding 
the integrands in powers of w and then using the result of § 12*11(1) in 
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performing term-by-term integrations. For other values of v, they may be 
replaced by the equations 

r(0+) 

(4) (w, j ^ •4-.(-«<)-sinjiw(l -<=)}•(- O' 


in which the phase of — < increases from — tt to tt as i describes the contour. 
It is clear that, when R (v) > 0, 

'IV*' 

(5) Uy (w, z) ± i Uy+i (tv, z) = J J, I “ 

By modifying this formula we can obtain integral representations of V^('w, z) 
valid for positive values of w and z. Let us consider 


w*' 



izt) exp {± \iw (1 — t^)] 


. t*' (it 


The integral converges at the lower limit when R(v)>0 and at the upper 
limit when R(v)<^, if w and z are restricted to be positive. 

To evaluate the last integral, swing the contour round until it coincides 
with the ray arg t = + i^r, this ambiguity in sign being determined by the 
ambiguity in sign in the integral; such a modification in the contour is 
permissible by Jordan’s lemma. 

When we expand the new integral in ascending powers of z, as in § 
we find that 


z*'- 


exp (± ^iw (1 — t^)] . V' dt 

0 


V fOD 

rj 

J 0 

2*'~* ri’ (v + rn) J o 


yjoe±iiw « 2tY+’'' 

2' ,„to m\ V w) 


exp(+ \ iwty)dt 


iw iz‘ _ vTri\ 

■ — T- 1 . 


that is to say 

n,jv X , / im; . %z~ _ vm 

(6) (^0 exp { ± i w (1 - <’)} . = exp f ± -2 ± ^ 

Z J i) ' 

When we combine the results contained in this formula, we see that, if w > 0, 
z >0, and 0< R(v)< | , then 

% /w z^ nr\ 

(7) ^ (zt) COB [iw (1 - «»)) . = cos f 2 2 - - j , 

Z J 0 

rao . , . /'IV Z- I/TTN 

1^ (zt) sin [\w (1 - <*)! .fdt= sm ( g + 2«; “ 2 j ' 


( 8 ) 
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It follows at once from (1) and (2) combined with § 16'.5(6) that 

4/i»» r® 

(9) {w, £)-- — I ^ {zt) cos { (1 - <•)) . V dt, 

r* 

(10) {w, z) = - {zt) sin {\w (1 - 1*)} . f dt. 

* J 1 

Since convergence at the origin is now unnecessary, the theory of analytic 
continuation enables us to remove the restriction R (v) > 0. 

Changing the notation, we see that 

-F— 1 fCO Jf 

(11) V, {w, z) = - {zt) cos [\w (1 - t^)} , 

(12) (w, ^) = - (zt) sin {^w (1 - t^)] — , 

provided that w and ^ are positive and R(v)> 

The following special formulae are worth mention : 

(13) — = f * Jin-i («t) cos [ (1 - t»)j . dt 

z Jo 

= [ (^0 sin {hz{l- <*)! . t”"* dt, 

0 

(14) =.( * (*0 cos (iz (1 - t*)} . dt 

^ 0 


= [ (zt) sin (i« (1 - t*)] . t"* dt. 


Again, from (6), we see that 


(16) 


{zt) exp 


Vdl- 


z—' 


(* 


iz^ _ V7ri\ 

2m;'*' T/’ 


and, in particular, 
(16) 


.'o Sin \ 2 / w 


1 sin 
cos 



The last results should be compared with § 13 ’3; see also Hardy, Trans. Camb. Phil. 
Soc. XXI. (1912), pp. 10, 11. 

The formulae of this section (with the exception of the contour integrals) are all to be 
found in one or other of Lommers two memoirs. 


16*54. LommeVs reciprocation formulae. 

It is evident from §16 5(13) that functions of the type U,{z^lWyZ) are 
closely connected with functions of the type 11^, (w, z) provided that v is an 
integer. 



IjOMMBL’S ixtnctions 


543 


16-64, 16-66] 

To appreciate the significance of such relations observe that 
j^cos ( + 

= sin (!«;«») . j^- totU. 

= - zJ^ (zt) sin 
On integration we find that 

( 1 ) j (zt) sin {\wt^) dt 

= - cos \w sin \w . + U, (^. o) , 

and, similarly, 

(2) ^2, J Jv (^0 cos dt 

= Bin \w.U,{^, 2^- COB lw.U,+, • , z^ + f/^+, , 0^ . 

Hence it follows that 

7 #!*' /*1 

(3) I Ji-. (^) cos {\w(l— <’)) . t” dt 

Z J 0 

= - Ut-, +8in .O^+cos Jw.f/j , 

and 

(4) (^0 sin 1 J w (1 — <*)j • ^ dt 

= Ifi-r ~ cos \ w.Ui-, , 0^ + sin Jw . , oj , 

and these integrals diflFer from the corresponding integrals of the preceding 
section only in the sign of the order of the Bessel function. 

The reader will find some additional formulae concerning Loimners functions in u 
[mper by Schafheitlin, Berliner Sitzungaberichte^ viii. (1009), pp. 62 — 67. 

16'55. Pseudo-addition formulae for functions of orders ^ and 

Some very curious formulae have been obtained by Lomrnel, which connect 
functions of the type {w, z) with functions of the same type in which the 
second variable is zero, provided that v is equal to ^ or 

When we write i/ = J in § 16’53 (5), we get 

?7j(w, z) ± iUi{v), z) = /„®*P ^ -zt - dt 

+ (^)*/ cxip{±i{\w-\- zt-\we)\ dt. 
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Now write 


(w + zy 


» ® O-.. > 


and we find that 

Ul{w, z) ± iUi {w, z) = f exp {+ (ri(l — f*)} df 

\*^ / J ^lgy(2wir)} 


expl+SiXl-fi)) df, 


in the respective integrals, and -Ja, njh are to be interpreted by the conventions* 


Hence we have 


W + Z j, w — z 


U (w, z) ± iUi {w, z) - {L^j(2o-, 0) ± iU^(2a-, 0)} 

+ K“lt7j(2S,0) ±i?/,(28,())} 

/ctN* /■''l*V(2M>ir)| 

Jo exp[±<n(l-f*)ldj^ 

/g\i rvW-Jwa)) 

+ e""' (- ) exp [± Si (1 - f )} 

When we take er^‘‘‘ and S(^ as new variables in the last two integrals respectively, 
these integrals are seen to cancel ; and so we have the two results combined 
in the formula 

(1) l^i(w,z)±i[/^ (w, z) = { V^{2(r, 0) ± (2(7, 0)1 

+ 0)±ii/g(28, 0)1, 

and, as a corollary, 

( 2 ) ± iU^{z,z) = \U^{4>z, 0 ) ± iU^(4fZ, 0 )). 

These foriimlae are due to Lommel, Affnichrner Ab/i, xv. (1886), pp. 601 -- G0r>; they are 
reproduced hy Walker, The Analytical Theory of Lvjht (C.’ainbridge, 1904), pp. 401-402. 


16*56. FresneVs integrals. 

It is easy to see from § 16*5o (1) and (2) that, when R{v)> 0, 

ri 

u,{w, 0) = 2,-irj„)Jo ~ 

l/,+, (w, 0) = j\ C"-' sin {i W (1 - <“)) dt, 

SO that 

0) 2'-T(v) Jo 0)co8j«; + I7n.,(«;, 0)sinj«;, 

(2) I ^ C”-' sin (iwe)dt = U,(w, 0) sin jw - U,+, {w, 0)cos Jw. 

* These are not the same as the conventions used by Lommel. 
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If we take v — ^ and modify the notation by writing Jw => a «• Jwm’, we 
see that 

f* „ 1 1 /•* - 


(3) cos (iwt*) cos tdt = ^ I* (J) dt 


■» [Cfj(2z, 0) cos x: + Ifj (2«, 0 )sin 2 ]/\/ 2 * 

* i (2«> 0) sin « + F| (2z, 0) cos x]/v'2. 


(4) sin (i dt = 1 1* (^)* sin tdt = |/ Vj (0 


s= [ [/j (2^, 0) sin z — U^(2z, 0) cos £:]/^2 
= i — [ F* (2s, 0) cos s — Vj (2s, 0) sin s]/V2- 

We thus obtain ascending series and asymptotic expansions for Fresnel's 
integrals^ 

I C08(^7rt^)dt, f sin (^7rt‘^)dt. 

Jo Jo 

The ascending series, originally given by Knockenhaucr, Ann. der Physik und Chemie, 
(2) XLi. (1837), p. 104, are readily derived from the ^-series, namely 


(5) 


(6) 



while the asymptotic expansions, due to Cauchy, Comptes Retuias, xv. (1842), pi>. .■)r)4, 573, 
are derived with equal ease from the T-series, namely 


<S) 

Tables of Fresnel’s integrals were constructed by Gilbert, Mem. couronneea de VAaui. 
R. des Set. de Bruxelles, xxxi. (1863), pp. 1 — 52, and Lindstedt, Ann. der Physik und Chemie, 
(3) XVII. (1882), p. 720; and by Lommel in his second memoir. 

Lommel has given various representations of Fresnels integrals by series 
which are special cases of the formulae f 

(9) f J„ (t) dt ^ 2 2 «/ (^) 

J 0 n=0 

® (^) 

nto (v t !)(" + ••• (V + + i/ 

(10) r J.(0dl~ I 

Jz n=0 ^ 

* Mem. de VAcad. des Sci. ▼. (1818), p. 339. [Oeuvres, i. (1866), p. 176.J 
t It IS supposed in (9) that R {v)> -1. 


w. B. F. 
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These are readily verified by difierentiation. Other formulae also due to 
Lominel are 


(11) r (<) = 2» cos r 2 (-)« (i^)i 

Jo L»=« J 

+ 2* sin iz (-)" ^»+l (i2)j , 

(12) l‘ Jt (t) dt = 2« sin iz [ J/-)" (i^)] 

-2«co8i^[i^(-)»J„+,(i^)]. 
These may also be verified by differentiation. 


16 - 67 . Hardy’s integrals for LommeVs functions. 
The fact that the integrals 



dt 



tdt 

T±t^ 


are expressible in terms of elementary functions* when a and b are positive 
suggested to Hardy f the consideration of the integrals 



dt 

r±7*' 




tdt 

r±7*’ 


and he found them to be expressible in terms of Lommers functions of two 
variables of orders zero and unity respectively. This discovery is important 
because the majority of the integrals representing such functions contain Bessel 
functions under the integral sign. 

If 1/f be written in place of it is seen that 


(I) + 

< 2 ) 




tdt 

rT7*’ 


and since, by § 613 (3), 


^ .[^ sin ^a< + y = J, {2 V(a6)), 
it is sufficient to confine our attention to the case in which b<a. 


We now write 

c * V(b/a), a: = 2 ^ « J (1 - c*)/c, 


* Hardy, Quarterly Journal, xxxii. (1901), p. 374. When the lower sign is taken it is supposed 
that the integrals have their principal values. 

+ Messenger, xxxviii. (1900), pp. 129 — 132. 
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and then the substitutions t = cs“ and cosh w =■ t shew that 
/■* ( h\ dt r* co8(a;coshM)du 

Jo r +<J f+?= ■ ««+ We-T 

= J“ cos (* cosh u) 
a + b /“* cos ((lt) . rdr 


Now consider 


j_r 

27ri J r (^ + 


e^rdr 


27riJr(^ + T*)V(T*-l)* 

where F is a contour consisting of the real axis and a large semicircle above 
it. the real axis being indented at t = ± 1. 

The only pole of the integrand inside the contour is at iB, and so 


J_.[ 

27n j r 


^rdr 




/r(^ + T0V(T*-l) 2iV(^ + l)* 

As the radius of the large semicircle tends to infinity, the integral round 
it tends to zero by Jordan's lemma, and hence 

/■* cos (icr). rdr ^ ^ f ^ sm(a? T) . rdr ^ 

Ji (F+^V(T»“i) 2 J -1 + T*) V(1 - tO * 2\/(^Vl) ■ 

Thus we have 

r« / b\ dt a + b sin ( x cos 0 ) . cos (f >d<f> 

jo ! + «>“ 2 ^ io ^ + coB*<^ 

4c 


But 


^ + cos* 1 + c 
and so we find that 


■ 9^^ (c cos — c* cos 3<^ + c® cos 5(/> - . . . 

_l_ ^ 1 ^ y*S ' ' 


(3) I" cos (a« + i) (*)• 


Similarly it is found that* 

b\ tdt_ Tre-'--^’ 
-f 


(4) 8in(a« + ^)j~^ 


TT X f/ ir/i (^)» 

2 m-1 


and 


(5) F f cos ( at + = Jtt sin (a + 6)- tt S c*'" */m-i (^), 

J Q \ t J 1 “* t ' m=l 

(6) P I sin Y ^-~ (a + i) - ( je). 


The details of the analysis will be found in Hardy’s paper. 
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The last two results may be written in the form 

(7) U, {w, X) + V. («,,«:) = - i Pj' cos + 1) . 

(8) IJ, {w, X) + Fo {w, X) -Pj^ sin , 

provicled that 0 < tcKx. 


16*58. Integrals of Gilberts type for LommeVs functions. 

An obvious method of representing U,(w, z) and z) by integrals is 

to substitute the Bessel-Schlafli integral of § 6’2 for each Bessel function in 
the appropriate series. We thus get 

= in (' - ft) • 


When the contour is so chosen that it lies wholly outside the circle on 
which I ^ I = ^ I w 1 , we may change the order of summation and integration 
and get 


ft/ n 1 /•(«+. -**«’+) z^\dt 

(1) = rTW""P('"4l)T 


Now the residues of the integrand at ± ^iw are 


and so 


- { iw ^ iz^ _ i/Tri) 

i ±2«, + x}’ 

Tr / X 1 {\wity 



Making a slight change in the notation, we deduce that 


( 2 ) 



(t/w)” 

1 + t'Vw* 


exp 


/t z^\ dt 


and, in this integral, the points ± iw lie outside the contour. 

In general it is impossible to modify the contour in (2) into the negative 
half of the real axis taken twice, in consequence of the essential singularity of 
the integrand at the origin. The exception occurs when z=^ 0, because then 
the essential singularity disappears, and 


(3) 

and hence 

(4) 


K.wu; 2wi].^ i+t^/w^ t ’ 


TT Jo 


t^jw' 

sin vTT f * 


du, 


provided that R(v)>0 and a is an acute angle (positive or negative) such 
that 


I a + arg w | < J tt. 
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If K is equal to i or the integral on the right in (4) is called aHhert’$ ivtegral* 

Formula (4) was obtained by Lomnielt from the formula of § 16-53 (11) by a transforma- 
tion of infinite integrals. 

From (4) it is clear that, when v and w are positive, V^(w, 0) has the same sign as, and 
is niiincrically less than 

j" \ . ■ 

;,) r(l 

A similar but less exact inequality was obtained by Lomrnel. 

The reader will also observe that Vy{w^ 0)/8in vir is a positive decreasing function of w 
when is positive. 


16*69. Asymptotic expansions of LommeVs functions of two variables. 

From Gilbert's integrals it is easy to deduce asymptotic expansions of 
0) and Uy(w,0) for large values of |«;|; thus, from §16-5(8), we 

have 

(-r 


V,{w, 0)= \ 


, + (-)p7„+!p(w, 0), 


io r (1 - K - 2m) . 

where p is any positive integer. We choose p to be so large that R{p-\- 2p) > 0 
and then, by § 16*58 (4), we have 

/ x«Tr / sinvTT 

TT Jo 


-{/: 


0 

CO expm 




when I w \ is large and, as in the similar analysis of § 7*2, | arg w | < tt. 

Hence 

oo / \in 

^ ^ ^ tjl-v - 2m)7( J «;)■'+”» 

for the values of w under consideration. 

When P’\-2p and w are both positive, (— 0) has the same sign 
as, and is numerically less than 


sin PIT 


/' 


e-*'*” dll = 




f(l -p-2>).(lw)’'+*P’ 
so that the remainder after p terms in (1) has the same sign as, and is 
numerically less than the (jo -f l)th term. 

It may be proved in like manner from § 16-53 (11) that 


( 2 ) 


F,(w, ^)~ t 


m=0 


when I w I is large while p and z are fixed ; but it is not easy to obtain a simple 
expression which gives the magnitude and sign of the remainder. 

* M4m. couronnies de VAead. R. des Sci, de Bruxellegf xxxz. (1863), pp. 1 — 52. 

+ MUnchener Abh. xv. (1886), pp. 682 — 685. 
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It is evident from § 16‘5 (6) that the corresponding formulae for U,{w, z) 
are 

(3) VM 0)~ - W) + 

(4) !/,(«/, cos (Jw + Jii’/w — Jnr)+ 2 {~y^{zjwy^~’'*‘ (4 

maO 

These results were given by Lommel*, but he did not investigate them in 
any detail. 

The asymptotic expansion of V, (or, x), when v is 0 or 1 and c is fixed, while 
X is large and positive, has been investigated by Mayallf. 

The dominant term for general (real) values of v greater than is 
readily derived from § 16‘53 (12) which shews that 

K, (fix, a;) ~ cos (<rt + J vir - ^tt) sin { J c<c (1 - t*)l • 

Now,ifc>l,the functions ^ca:(l—<*)+(ar< + ^i>7r — iir) vary monotonically 
as t increases from 1 to oo , and hence it may be verified by partial integra- 
tions that 

/ 2 c*"” 

(5) F,(ca:,a:)~(^— j ^ _jC0s(«-t-inr-iir), 

the next term in the asymptotic expansion being 0 (x~*). 

If, however, c<l, then jcx(l—f‘)-i-(xt-hip'n- — }ir), qua function of t, 
has a maximum at 1/c; and hence, by the principle of stationary phase (§ 8'2), 
it follows that 

(6) F,(ca:,a:)<»/^co8 l^ar^c + ^j -t-ivTrj. 

Finally, when c=l, the maximum-point is at one end of the range of 
integration, and so the expression on the right in (6) must be halved. We 
consequently have 

(7) F„(a!, a!)<v^cos(a:-t- J itt). 

This equation, like (5) and (6), has been established on the hypothesis 
that v> — J; the three equations may now be proved for all real values of v 
by using the recurrence formula § 16'5 (8). 


* MUnehener Abh. xv. (1886), pp. 640, 572—678. 
t Proe. Camb. Phil. Soc. n. (1898), pp. 269—269. 



CHAPTER XVII 

KAPTEYN SERIES 


17*1. Definition of Kapteyn series. 

Any series of the type 

00 

n-0 

in which* v and the coefficients On are constants, is called a Kapteyn set'ies. 

Such series owe, their name to the fact that they were first systematically 
investigated, qua functions of the complex variable z, by Kapteyn f in an 
important memoir published in 1893. In this memoir Kapteyn examined the 
question of the possibility of expanding an arbitrary analytic function into 
such a series, and generally he endeavoured to put the theory of such series 
into a position similar to that which was then occupied by Neumann series. 

Although the properties of Kapteyn series are, in general, of a more 
recondite character than properties of Neumann series, yet Kapteyn series 
are of more practical importance; they first made their appearance in the 
solution of Keplers problem which was discovered by Lagrange | and redis- 
covered half a century later by Bessel §; and related series are of general 
occurrence in a class of problems concerning elliptic motion under the inverse 
square law, of which Kepler^s problem may be taken as typical. More recently, 
in the hands of Schott|| they have proved to be of frequent occurrence in the 
modern theoiy of Electromagnetic Radiation. 

The astronomical problems, in which all the variables concerned are real, 
are of a much more simple analytical character than the problems investigated 
by Kapteyn; and in order to develop the theory of Kapteyn series in a simple 
manner, it seems advisable to begin with a description of the series which 
occur in connexion with elliptic motion. 

17’2. Keplers problem and allied problems discussed by Bessel, 

The notation which will be used in this section in the discussion of the 
motion in an ellipse of a particle under the action of a centre of force at the 
fodus, attracting the psirticle according to the inverse square law, is as follows: 

The semi-major axis, semi-minor axis, and the eccentricity of the ellipse 
are denoted by a, 6, and e. The axes of the ellipse are taken as coordinate 

* It will, for the most part, be asBumed that ¥ is zero. 

t Ann, 8ci, de VEcole norm, iup. (3) z. (1893), pp. 91 — 120. 

J Hut, de I Acad, R, de$ Sci, de Berlin, xxv. (1769) [1770], pp. 204—238. [Oeuvre», iii. (1809). 
pp. 113—138.] 

§ Berliner Abh, 1816-7 [1819], pp. 49—66. 

li Electromagnetic Radiation (Cambridge, 1912). 
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axes, the direction of the axis of a: being from the centre of the ellipse to the 
centre of force. The centre of force is taken as origin of polar coordinates, 
the radius vector to the particle being r, and the true anomaly, namely the 
angle between the radius vector and the axis of a:, being w. The eccentric 
anomaly, namely the eccentric angle of the particle on the ellipse, is denoted 
by E. The time which has elapsed from an instant when the particle was at 
the positive end of the major axis is called t. 

The mean anomaly M is defined as the angle through which the radius 
vector would turn in time t if the radius vector rotated uniformly in such a 
way as to perform complete revolutions in the time it actually takes to perform 
complete revolutions. 

The geometrical properties of the ellipse supply the equations * 


( 1 ) 


r 


a (1 - e“) 
1+6 cos W 


= a (1 € cos E), 


from which the equations 


( 2 ) 


( 3 ) 




tan^E, 


sintt; 


\/(l —e’^.sin JF . „ ^(1 — €*) • sin w; 

~ n" ' , Sin Jif . 

1—6 COS h 1+6 COS W 


are deducible ; and an integrated form of the equations of motion (the ana- 
lytical expression of Kepler s Second Law) supplies the equation 

(4) M=^E—e^mE. 

Kepler 8 problem is that of expressing the various coordinates r, w, E, 
which determine the position of the particle *1*, in terms of the time t, that is, 
effectively, in terms of Af . It is of course supposed that the variables are real 
and, since the motion is elliptic (or parabolic, as a limiting case), 0 < 1. 

The solution of the problem which was effected by Lagrange was of an 
approximate character, because he calculated only the first few terms in the 
expansions of E and r. 

The more complete solution given by Bessel depends on the fact that (4) 
defines E as n continuous incretising function of M such that the effect of 
increasing M by 27r is to increase E by 27r. 

It follows that any function of E with limited total fluctuation is a function 
of M with limited total fluctuation, and so such functions of A’ are expansible 
in Fourier series, qua functions of M, 


* Tlie oonstruction of these equations will be found in any text-book on Astronomy or 
Dynamics of a Particle. See, e.g. Plummer, Dynamical Attnnwmy (Cambridge, 1918), Ch. iii. 
t Kepler himself was concerned with the expression of E in terms of Jlf. 
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In particular e sin E is an odd periodic function of M, and so, for all real 
values of E, it is expansible into the Fourier sine-series 


2 [’ . 
TT j 0 

_ 2€air 
2 f- 

= - COP 
niTJo 


€ sin E= S sin iiM, 

W = 1 

sin E sin nMdM 


sin E cos nM']^ 


H cos nM ' dM 

0 ilTT 1 0 dM 


, . dE - dM , . . 
cos nif — — dM 
dM 


2 I ^ 

= — I cos nM . dE 

n-TT 'ft 


^lJn(ne). 

n 


Hence it follows that 


00 2 

(5) E^M-\- ^ Jn(ne) sin nM, 

n=i n 

and this result gives the complete analytical solution of Kepler’s problem con- 
cerning the eccentric anomaly. The series on the right is aKapteyn series which 
converges rapidly when € < 1, and it is still convergent when e = 1 ; cf. §§ S 8*42. 
The radius vector is similarly expansible as a cosine series, thus 

- = Bft-h 1 Bn cos 7iM, 

a n=l 

1 / * 

where = - / (1 — € cos E)dM 

TT j 0 

= -- [’(] -e cos EydE 
= l + ie’, 

while, when n ^ 0, 


2 

as — ( ( 1 — e cos E) cos nM dM 

^ J Q 

= 1 + -2 r 

[ HTT Jo niTJo 

— _ _?i f sin E sin (nE — ne sin E) dE 

nTT Jo 


2 — Jn(ne) cos nM. 

a la-l » 
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The expansion of the true anomaly is derived from the consideration that 
w - Jlf is an odd periodic function of if, and so 

oc 

M ™ 2 Gn sin iiM, 

n*»l 

2 f"" 

where C^ — -\ (w — if ) sin wifdif 
■w j 0 

= r_ 2(«^)_C0^- ^ 2 l) dM 

L riTT Jo Ti'rrJo V“if / 

= — / cos nM . 3-7-, dE 
mrjQ dt 

^ 2 \/(l — €^) /■" cos {nE — ne sin E) 
nir Jo 1 — e cos E 

This expression is not such a simple transcendent as the coefficients An 
and Bn- The most effective method of evaluating it is due to Bessel*, who 
used the expansion 

=1+2/ cos E + 2/® cos 2 E + 2/® cos ^E 1- . . . , 

1 —ecoeE 


where 


/ = 


1 + V(l- 

On making the substitution, we find at once that 

~ ^ "I* /i-fm 

^ L »*=1 



17 ' 21 . Expansions associated with the Kepler-Bessel expansions, 

A large class of expressions associated with the radius vector, true anomaly 
and eccentric anomaly, are expansible in series of much the same type as those 
just discussed. Such series have been investigated in a systematic manner by 
Herzf, and we shall now state a few of the more important of them; they are 
all obtainable by Fourier’s rule, and it seems unnecessary to write out in 
detail the analysis, which the reader will easily construct for himself. 


First, we have 


r cos w^x — ae — 


a(l — e®) — r 


so that 

(1) 

and next 

(2) = ~sinJ& = — ^ 2 -Jn{n€)s\nnM, 


r cos w , V 2 

= — f 6 H- 2 - Jn (at) cos nM, 

a n 


* Berliner Abh. 1824 [1826], p. 42. 

+ Astr. Nach. cvii. (1884), col. 17 — 28. Varioas expansion r had also been given by Plana, Mem. 
della R. Accad. delle Sci. di Torino, (2) x. (1849), pp. 249 — 332. In connexion with their convergence, 
see Cauchy, Comptes Rendue, xviii. (1844), pp. 626^ — 643. [Oeuvres, (1) vin. (1893), pp. 168 — 188.] 
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while 

(3) ops 4 2 - Jb' ( ne) cos nAf. 

ae n-l W 

Next, if m is any positive integer*, 

* 1 

(^) ^ Z {•^n-w* (^^€)] COS nM, 

n = l ^ 

* 1 

(6) sin - «i 2 - [J^ (ne) 4 J„+« (n«)) sin nM. 

n*l « 

The expansion of a/r is particularly simple, namely, 

(6) -=142 2 J„(ne)co3nM. 

^ n=l 

The expansions of cos w and sin w are 

1 _ £* «> 

(7) coaw = — 2 2 J^(n€)cos wilf, 

^ n« 

(8) sin 2 /; = \/(l —€*) 2 2 /„'(n6) si n nif. 

The expansions of cos wjr*^ sin w/r* are of a simple form, namely 

Cb^ ^ 

(9) - cos % 2nJn ine) cos nM, 

^ n^l 

(10) ^sinw;--^^^ — ^ 2 2nJn(n€) Bin nM. 

^ ^ n=l 

[Note. It is pointed out by Plummer, Dynamical Aitronon^y (Cambridge, 1918), p. 39, 
that these are readily derived from the Cartesian equations of motion in the form 
<Dx , cos w ^ cPy , sin w ^ 

5^“*" 

combined with (1) and (2).] 


17*22. Sums of special Kapteyn series. 

The reader will observe that, in the case of the expansions of even functions 
of M. the results simplify when we take the particle to be at one of the ends 
of the major axis, because then the three anomalies are all equal to 0 or to tt, 
while the radius vector is equal to a(l — e) or to a(l H- e). From the results 
of the last section we thus obtain the following formulae, which were given by 
Herz in the paper already quoted: 


( 1 ) 

( 2 ) 

( 3 ) 


i + ie* 

iL . 

1-e 

_J_. 

(1 - «)* 


: 2 

71 = 1 






■■ 2 Jnine), 

n=l 

2 nJn(ne), 

UBtl 


i + e' 

i ' . 
(!+€)*■ 


S Jnine), 

n=l 

2 (-)"-* nJ,; (ns). 


* It is seen from (3) that, when m is equal to 1, the expansion (4) haB to be modified by the 
inaertion of a constant term. These two formulae were given by Jacobi, Aitr. Nach. rxviri. (1849), 
col. 69. [Gc«. Math. Werke, vix. (1891), p. 149.] 
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More generally we find by differentiating § 17'21 ( 6 ) that 
r 1 "I « 

2 \dM^ 1-£C08A’Jk=o “ 

/.yn-i r ^am 1 "I od 

(5) — — 1^^^ j-_ 7 — J ^ 

Since = ^ the expressions on the left in (4) and (5) can 

dM 1 -eiiosEdE ^ v / v / 

be calculated for any positive integral value of m, with sufficient labour. 

Again, if we regard f and M as the independent variables, it is easily 
seen that 


I L 

(sin E(l- 


_ COS E BE 

€ COS E)\ sin® (1 — 6 COB E) de 


so that, by § 17*21 ( 6 ) 


sin E (1 — € cos Ey 

€sin E 

(1 -eGOsEy 

J 

dM 1 — e cos E ' 


— COS A -f € sm A 

0 € 


~ -j '7— = 2 nJn(n€)sinnM, 

oe (sm A^(l-ecos J^)) „=i 

and therefore, if we integrate with e = 0 as the lower limit, 


(6) — rryT- — -cn” • = X naiDnM 

sm A (1 — 6 C 0 S A) sinif n=i 

If we differentiate with respect to M, we find that 

^ cosE cosM _€ 

sin* (i — € cos Ey sin* ilf ^ (1 — e cos Ey 


.[ Jn{nx)i 
Jo 


a» re 

= 2 2 u* COS nM . / Jn (nx) dx. 
n=l Jo 


The last two expansions do not appear to have been published previously. 


Expressions resembling those on the right of (6) and (7) have occurred in the researches 
of Schott, Electromagnetic Radiation (Cambridge, 1912) patsim. 

Thus, as cases of (4) and (5), Schott proved {ibid. p. 110) that 

The last of these may be obtained by taking M equal to 0 and ir in (7). 
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17* * * § 23. Meissel’s expansions of Kapteyn’s type. 
Two extremely interesting series, namely 

e*f* 


( 1 ) 


( 2 ) 


2 V "^»n(2'We) 






(P-l-f‘)(2*+f-‘)(3* + f») 

a V K2n ~ 1) e} __ t’f 

(2». - 1)» + p + r (1* + f'H3» + f«) 


M V "1" * * * » 


. + ... 


(P-f rO(3“-l-f)(5^-Hf-’)' 

have been stated by Meissel • who deduced various consequences from them ; 
it is to be supposed at present f that 0 < e $ 1, and f is real. 

The simplest method of procedure to adopt in establishing these ex- 
pansions is to take the Fourier seriesj 

* cos %iM _ V cosh (tt — IM ) f 1 
„“i «=-!- 2f sinh TTf ’ 

(which is valid when O^M^v), replace M hy E - e sin E, and integrate from 
0 to -IT. It is thus found that 


2 S «^jn(2n0_ 1 r ( I T cosh (tt — 2E -I- 2 ^ sin A’) f 1 
»=i ■Jrio 1 fsinhirf 

1 

Ir 


dE 


-r I 

_ 2 r*"’ (tt c« 

TrJo 1 


TT cosh (2^ + 2€ cos ^ [ do 


f sinh 7rf 


2 I* *"■ jTT cosh 2^0 . cosh (2ef cos 0) ^ 1 

f sinh 7rf 

Now the last expression is an even integral function of e, and hence it is 
expansible in the forni§ 

COS'*’” 0 cosh 2^6 

I. SHhif 


oc pm— 1 g2?n 


7n=l 


(:'/«)! 


= 1 


r(i+iS)r(i-i() 


n"ir(m+l+i()r(m+l-i()‘^ 
by a formula due to Cauchy ||; and the truth of Meissels first formula is now 
evident. 

The second formula follows in like manner from the Fourier series 
* cos (2?i — 1) Af _7r sinh (Jtt - M) ( 


Zx + 


cosh 


* Astr. Nach. cxxx. (1892), col. 363 — 368. 

t The extension to complex variables is made in § 17*31. 

J See Legendre, Exercices de Calc. Int. ii. (Paris, 1817), p. 166. 

§ It is easy to see that the term independent of c vanishes. 

II M4m. BUT Ub inUgraUi d€finieB (Paris. 1826), p. 40. Cf. Modern AnalyBis, p. 263. 
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Now, since the series obtained from (1) and (2) by differentiations with 
respect to are uniformly convergent throughout any bounded domain 
of real values of we may differentiate any number of times and then make 

We thtAS deduce that 

y ( 2n6) 5 {(2n — 1 ) c} 

,.=1 n*"* * nti (2n 

are polynomials* in e; the former is an even polynomial of degree 2m, and 
the latter is an odd polynomial of degree 2m — 1. 

The values of the former polynomial were given by Meissel in the cases mas 1, 2, 3, 4, 5; 
the values for 1, 2, 3 are 

€* €* €® 

2.’ 2 ”8 » 2 “32 “*“72* 

The values of the latter polynomial for 2, 3 are 

€ € 

2’ 2“i8* 2“?i“*’450‘ 

Meissel also gave the values of the latter polynomial for 771=4, 6. 

Conversely, it is evident that every even polynomial of degree 2m is 
expressible in the form 

S a„Jm(2ne), 

it-0 

and that every odd polynomial, of degree 2m— 1, is expressible in the form 

2 6n«An — 1 {(2n — 1) ej, 
n-l 

where Un and bn are even polynomials in 1/n and l/(2n— 1) respectively, of 
degree 2m. 

17*3. Simple Kapteyn series with complex variables. 

It was stated in § 17*1 that, in general, Kapteyn series arc of a more 
recondite character than Neumann series, and we shall now explain one of 
the characteristic differences between the two types of series. 

In the case of Neumann series it is, in general, possible to expand each of 
the Bessel functions in the form of a power series in the variable, and then to 
rearrange the resulting double series as a power series whose domain of con- 
vergence is that of the original Neumann series. 

* It is to be noted that the ooeffioients of and in the respective polynomials are not 
zero ; they are 

(-r ri ^ . 

2, (ml)’* 2.X».3»...(2m-l)« 
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The corresponding property of Kapteyn series is quite different ; for the 
Kapteyn series 

Sdiit/ [(l/ 4' Tl) 

is convergent and represents an analytic function (cf. § 8 7) throughout the 
domain in which 

^expV(l 1 ^ 

l + I r^Vanl’ 

while the double series obtained by expanding each Bessel function in powers 
of z is absolutely convergent only throughout the domain in which 


\z\exp^/(l-\z'n 


and the latter domain is smaller than the former ; thus, when the limit is 1, 
the first domain is the interior of the curve shewn in Fig. 24 of § 8*7, in 
which the longest diameter joins the points ± 1, while the shortest joins 
the points ±ix 0*6627434; while the second domain* is only the interior of 
the circle | ^ j = 0 G627434. 

Hence, when we are dealing with Kapteyn series, if we use the method of 
expansion into double series we succeed, at best, in proving theorems only for 
a portion of the domain of their validity ; and the proof for the remainder of 
the domain either has to take the form of an appeal to the theory of analytic 
continuation or else it has to be effected by a completely different method. 

As an example of the methods which have to be employed, we shall give 
Kapteyn’sf proof of the theorem that 

(1) ~ = l + 

n«l 

provided that z lies in the open domain in which 

z exp v/(l - 1 ^) 

This domain occurs so frequently in the following analysis that it is con- 
venient to describe it as the domain K; it is the interior of the cuiwe shewn 
in Fig. 24 of § 8*7. 

Formula (1) is, of course, suggested by formula (2) of § 17*22. 

To establish the truth of the expansion, we write 

1 - 1-2 2 Jn(nz) = S(z), 


and then it hfiis to be proved that S(z)=l/(1 - z). 

* For an inveBtigation of the magnitude of this domain, see Puiseux, Journal de Math, xiv, 
(1849), pp. 33—39, 242—246. 

t Nieuw Arcniefvoor Witkunde, xx. (1893), pp. 123—126; Ann. acU dz VKcoU norm. avp. (3) 
z. (1898), pp. 96 -102. 
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we see that, if we can find a circle F with centre at the origin of such a radius 
that on it the inequality 
( 2 ) I exp (jz (<-!/< )} ' 

is true, then 

{ 9 \ 1 + <~‘ exp (^z(t- 1 /01 dt 

^ ^ 27rt i(r+) 1 — exp — 1/i)} t 

To investigate (2), we recall the analysis of § 8*7. If ^ a* t = 
where p, m, a, 6 are all real (p and u being positive), then (2) is satisfied for 
all values of 6 if 

p V(8inh* u + sin* a) — m < 0 ; 

and when u is chosen so that the last expression on the left has its least 
value, this value is (§ 8*7) 

log 

® i+vii-z*) r 

which is negative when 2 lies in the domain K, Hence, when z lies in the 
domain K, we can find a positive value of u such that the inequality (2) is 
satisfied when [ < [ = e“. 

Again, if we write 1/t in place of t in (3) we find that 

S f l+<exp( -^z(t - l/«^ dt 
^ ^ ^ ^ 27ri j(Y+) 1 exp {- Jr (t- 1/0) t ' 

where y is the circle | ^ | = 

When we combine (3) and (4) we find that 

9 ^ = — - [ ^ ^ 

^ ' 27ni(r+,y-) «-explJr(f -l/0} t * 

and so 2S (z) is the sum of the residues of the integrand at its poles which lie 
inside the annulus hounded by F and 7. 

We next prove that therfi is only one pole inside the annulus*^ and, having 
proved this, we notice that this pole is obviously i = 1. 

For the number of poles is equal to 

1 r d log [1 - r‘ exp Ijz (t - 1/0|] 


'(r+,y-) 


= _L [ d log [1 - exp {t - 1/0 1] 
27 riJ(r+) dt 

+ . -K. f «iIog[l-<exp 1- ie (t 7 1/01] ^ 

27 ri J (r-f-) dt 

= ~ f ^ ~ ~ dt 

TTi J (r-|-) dt 

If d log [- 1 exp {- jz {t - l/Ol] J, 


* The corresponding part of Eapteyn’s investigation does not seem to be quite bo convincing 
as the investigation given in the text. 
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Now the first of these integrals vanishes ; for, if we write 
ezp — 1/e)} = u, 

then 1 17| < 1 on F, and so the expression under consideration may be written 
in the form 



and the integral of each term of the uniformly convergent series involved is 
zero. 

Hence the number of zeros of 1 — 1~^ exp [^z {t - I jt)] in the annulus is 
equal to 

It follows that 2S (z) is equal to the residue of 

t + exp {^ z (t - J./0J 
i — exp — 1/7)1 

at ^ = 1 ; and this residue is easily calculated to be 2/(1 — 

It has therefore been shown that S(z)iB equal to 1/(1 - z) throughout the 
domain K, i.e. throughout the whole of the open domain in which the series 
defining S (z) is convergent 

[Note. It is possible to prove that S {z) converges to the sum 1 /(I - s) on the boundary 
of A, except at -s= 1, but the proof requires an appeal to be made to theorems of an Abelian 
type; cf. § 17-8.] 


17*31. The extension of MeisseVs expansions to the case of complex mr tables. 
We shall now shew how to obtain the expansions 

» J^(2nz ) Z-- 

+ 


( 2 ) 


^ ■ ( 2 «. - 1 )» + “ p + f * ( P + ?>) + 0 

+ +.... 

^(p+H(3'^+r)('’5''+n 


which are valid when z lies in the domain K and f is a complex variable 
which is unrestricted apart from the obvious condition that must not be an 
integer in (1) nor an odd integer in (2). These results are the obvious 
extensions of Meissel's formulae of §17*23. 


[Note. The expansions when ^ is a pure imaginary have to Iw established by a limiting 
process by making ^ approach the imaginary axis ; since the functions involved in (1) and 
(2) are all even functions of no generality i.s lost by assuming that It {() is positive.] 
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In order to establish these formulae, it is first convenient to effect the 
generalisation to complex variables of the expansion of the reciprocal of the 
radius vector given by § 17*21 (6). That is to say, we take the expansion 

OD 

1 + 2 S Jn cos n<^, 

»=i 

which we denote by the symbol S (z, <f>\ and proceed to sum it by Kapteyn s 
method (explained in § 17*3), on the hypotheses that 0 is a real variable and 
that z lies in the domain K, We define a complex variable * 1 ^ by the equation 

0 = ^ sin l/r. 

The singularities f>f qua function of 0, are given by cos ylr= Ijz, that is 

<l> = arc sec z — — !)• 

None of these values of is real* if z lies in the domain K ; and, as 0 in- 
creases from 0 to 00 through real values, describes an undulating curve 
which can be reconciled with the real axis in the -^-plane without passing 
over any singular points. 

It follows that if, for brevity, we write 

U = exp [^z (t - 1/^)), 

then 

o. 1 f dt 

^ - 2^- j 1 _ 2Ucos <f> -h" T ’ 

with the notation of § 17‘3. By the methods of that section we have 

oer d.t 

■^^''*’'P^“27riJ(r+,y-)l-2f7'cos<#. + U’ t ’ 

and so 2S{z, <f)) is equal to the sum of the residues of the integrand at those of 
its poles which lie inside the annulus hounded hy F and y. 

We shall now shew that there are only two poles inside the annulus, and, 
having proved this, we then notice that these poles are obviously t — 

By Cauchy’s theorem, the number of poles is equal to 
1 r d log(l — 2Z7cos 0 -I- 
Stti (r+,y-) dt 

_ 1 r d log (1 — 2 O’ cos -h 0®) 

(r+) dt 

^ J_ r rflog[<»exp|-^(<-l/0}] ^ 

27riJ (r+) ' dt 

= --.f r 2 C/»cos(« + l)(#)]^dt + 2 

ir+) U-o J dt 

= 2 , 

* It iB easy to shew that suoh values of satisfy the equation 


80 that ! I < 1 . 
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the integral of each term of the uniformly convergent series vanishing, just 
as in § 17‘3. 


Now the residues of 


1-17* 


1 — 2£7cos^+ U*' t 

at t = are both equal to 1/(1 - z cos ■^); and therefore we have proved that 

1 


(3) 




in the circumstances postulated; and the series on the right is a periodic 
function of <f> which converges uniformly in the unbounded range of real 
values of <^. 

Hence, when R (f) > 0, we may multiply by and integrate thus : 

I -r 2 S Jn (m) ( cos nd>dd>^ 

Jo Jo Jo 1— ^cos-i/r ^ 

That is to say, 

(4) 


/, 


0 ^ ^ n^i n*+r 


where the path of integration is the undulatory curve in the ^-plane which 
corresponds to the real axis in the <j!)-plane ; and, by Cauchy’s theorem, this 
undulatory curve may be reconciled with the real axis. 

Now, when the path of integration is the real axis, t}ie integral on the left 
in (4) is an integral function of z ; and this function may be expanded in the 
form 


U rnl Jo 


sin’" ylrdy/r. 

By changing the sign of z throughout the work we infer the two formulae 

which are now established on the hypotheses that z lies in the domain if and 
thatiJ(|/)>0. 

By dividing the paths of integration into the intervals (0, tt ), ( it , 27r), . . . 
and writing iw + 0,^-/r + 0,... for in the respective intervals, we infer that 

I c“f*sin*“>t-di^ = r-T — z.i coah to. cos*” Odd 
Jo ^ ^ sinhiirfio 


'?{f + 2*}{r' + ^} — lf* + 4m»}’ 


36—2 



664 


THEORY OF BESSEL FUNCTIONS [CHAP. XVII 


and that 


J e sin®’'* ’ ^ r J cosh . cos®’”“^ 0d0 


?{r+i*}ir*+3®}...i?®+(2m-i)®r 

By substitution in (6) and (6) and writing 2f for f in (5) we at once infer the 
truth of (1) and (2) when R{^) > 0 ; and the mode of extending the results to 
all other values of f has already been explained. The required generalisations 
of Meissols expansions arc therefore completely established. 


17*32. The eoopansion of into a Kwpteyn series. 

With the aid ot Meissel’s generalised formula it is easy to obtain the 
expansion of any integral power of z in the form of a Kapte 3 m series. It is 
convenient to consider even powers and odd powers separately. 

In the case of an even power, z^, we take the equation given by § 17*31 (1) 
in the form 


( 1 ) 


1 f 2r(nH-l + i0r(n + l^Zg) - 


1 

27rt 



1 + Zf) r (n + I — if) 

r ( + 1 + if) fvn'^if j 


^2m »»— 1 




where the contour of integration is the circle | f | = J. Since both series 
converge uniformly on the circle, when z lies in the domain term-by-term 
integrations are permissible. 

Consider now the value of 


1 f (P-hf®)(2®+f®)...(n® + f®) 

27n*j,^,„n+i f^’^-Hm^+f®) " 

When m<n, there are no poles outside the contour, and so the contour may 
be deformed into an infinitely great circle, and the expression is seen to be 
equal to unity; but when m > w, the poles ± im are outside the circle and the 
expression is equal to unity minus the sum of the residues of the integrand 
at these two poles, i.e. to 

^ (m -f n) ! 

, (m — 71 — 1 ) ! ‘ 

The expression on the left of (1) is therefore equal to 


2 i J^(2rnz)-2 

m=l 


. (wi - n - 1) ! ' 


Next we evaluate 


1 f r (» -f 1 + 1 ^ ) r (m + 1 — if) df 

27riJ, f, .„+j r (m + 1 + iffrim + 1 - if) f»-i»*+i ' 
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When m ^ n, the origin is the only pole of the integrand, and, if we take the 
contour to be an infinitely great circle, the expression is seen to be equal to 1. 

But, when m >w, there are no poles inside the circle | f | = 71 + and the 
expression is zero. 

Hence we have 


If we replace n by n - 1 and subtract the result so obtained from (2), we 
find that 


and so 

(3) 


^ = 2 i <4. (2wir) I {m-\rn)\J^{2mz) 


»»“+*.(»»- n)! 

If w = 1, equation (3) is at once deducible from equation (2), without the 
intervening analysis. 

When we have to deal with an odd power, we take the equation 
given by § 17*31 (2) in the form 

2 . 1 P + r 1 {3** + ?*}••• 1(2 m - 1 y H- rt 

' yven-i 


Me 


...^i C“ + {2>n-i)“ 
= ~f {1» + n {3* + r»l ... {(2n - 1)» + r»} 

I ^l = 2n 

^2m-i 


X i 


n=i {H + r^} {3-^ + n • . . {(2m“- 1> + ri 

and we deduce in a similar manner that 




(3) 


2 ^ ./ tm—i {(27/i — 1) z] — 2 
m- 1 


? (”^ + ” ~ 1 ) ! Jyn-l ((2w - 1 ) 


Hence 

( 6 ) 


= « + ^ + ... f«”*- 


z”‘-' = 2(n-iy 2: 


' (rw + n- 2 )!y^, {( 2 m-l)*] 


(777 — ^)”* .(ill — n)\ 


The formulae (3) and (6) may be combined into the single formula 


(7) 


»_ » V (w + w - 1 ) ! Rw 4 - 2wt) z\ 


;?i=0 


(n + 2?w . m ! 


which is obviously valid throughout the domain K when n has any of the 
values 1, 2, 3, — 


This formula was discovered by Kapteyn*; the proof of it which has 
just been given, though somewhat artificial, seems rather less so than Kapteyn’s 
proof. 

* Ann. 8ci. de VEcole norm. «up. ( 3 ) x. ( 1893 ), p. 103 . 
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17*33. The investigation of the Kapteyn series for by the method of 
induction. 

We shall now give an alternative method* of investigating the expansion 
of z^ as 8L Kapteyn series, which has the advantage of using no result more 
abstruse than the equations 

(1) .-^ = 1 + 2 I ^ = 1 + 2 I 

which were proved for real variables in § 17*22 and for complex variables in 
§ 17*3 ; it is, of course, supposed that, if z is real, then — 1 < < 1, and, if z is 
complex, then z lies in the domain K. 

The induction which will be used depends on the fact that when the sum, 

oo 

f(z), of the Kapteyn series S is known, then the sum F(z) of the 

Wl=l 

series S *^tii (^ f) obtained by two quadratures, if the former series 


m=\ 


converges uniformly. To establish this result, observe that, by term-by-term 
differentiations, 

d'^.Fiz) . dF(z)^ 




az 


= (l-r*) 2 amJmirnz), 


SO that (z ^ F(z) = (1 - ^^)f(e ) ; 

it follows at once that F{z) can be determined in terms of f{z) by quadratures. 


Now, from (1), we have 


and so, if 
then 


2 = 

I — -3^ 


Therefore, in the domain K, 

where A and B are constants of integration. If we make z-*-0, we see that 

^=i? = 0. 

Consequently 


( 2 ) 


z^ = 2 2 


J^(2mz) 


m-l wi* 

• WatBon, Messenger f xlyi. (1917), pp. 160 — 167. 
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In like manner, we deduce from (1) that 

2 {(2m+ !)«} = -ii- , 

m«=0 1 — 


and hence that 


„ro (Im+I)* 


The expansions of when n is 1 or 2 are therefore constructed. 

Now assume that, for some particular value of n, r" is expansible in the 
form 

>11 -1 

and consider the function ^ (z) defined by the equation 

tf> (z) = (»t + 2)'> 2 bm.nJm {mz). 

By the process of differentiation already used, we have 

d^(£) ^ ^ = (n + 2)» (1 - ^2 ^ (m’ - n®) in,, „ (»w) 

= (n + 2)*^^n 

On integratioti we deduce that 

It is obvious that -4' = = 0 from a consideration of the behaviour of 0(z) 

near the origin. 

Hence the expansion of is 


where 


n-i-a — ir““ n* 


It follows at once by induction that 


That is to say 


_ 2*»- rgm + n) . 

Om,» - r(Jm - n + 1) 

j V 2®" r (w + n) Ja,. (2wtz) 

^ ” m=i (2n0”^' • !’(»»- n + 1 ) ■ 

r ( w-?i + 1 > 


and this is equation (3) of §17*32. The expansion of ^ is obtained in the 
same way from the expansion of z ; the analysis in this case is left to the 
reader. 
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We therefore obtain the expansion 


f4) 


(Jz)" = n- 2 

m~0 


r (n -f 7w) . Jn 4 .gtw \(n + 2m) z] 


which is the expansion obtained by other methods in §17*32; and the ex- 
pansion is valid throughout the domain K, 


Since the series 


« r(n + m) 


IS absolutely convergent (being comparable with Sl/m®), the expansion (4) 
converges uniformly throughout K and its boundary. The expansion is there- 
fore valid (from considerations of continuity) on the boundary of K, and in 
particular at the points z= ±1, as well as throughout the domain K. 


17*34. The expansion q/* 1 /(f — z) in a Kapteyn series. 

From the expansion of obtained in the two preceding sections, we can 
deduce, after Kapteyn *, the expansion of 1 /(t — z) when z lies in the domain 
K and / lies outside a certain domain whose extent will be defined later in 
this section. 


Assuming that 1 1 1 > | 2 : | , we have 

1 « 2V ® r {n 4 - 7n) [(^ + 2m) z] 


= 1+2 — = * + 2 2 
t-Z « ntl 


{n -h . m\ 


Now, if 


2^exp V(1 - z^) \ _Y 


the repeated series is expressible as aii absolutely convergent double series if 
the double series 

® * 2 ”yiU'(n - f 

nti (n -f 2m)”'^'.77t! 1"+' 

is convergent. But the terms in this series are less than the terms of the 
double series 

® « 2n7n+am ^ 2FexpF'» 

n-i w-o "" 1^1 - 2F)’ 

provided that \t\>2V, 

Hence, when 

I 2 ^ exp y/{l —z^) ! 

1 + ^(1-^^) 

rearrangement of the repeated series for 1 /(t — z) is permissible, and, when we 
arrange it as a Kapteyn series, we obtain the formula 

i- = ®„(i) + 2 2 (!B„{t)J„(nz), 

t — Z ,J_1 


l<l>2 


* Ann. lei. de VJ^eole norm. tup. (8) x. (1898), pp. 118 — 120. 


( 1 ) 
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®o(0 = l/<. 

dft /A-l (n-2m)‘.(M-TO-l)! 

— rrr/i— - * 


where * 

( 2 ) 

(3) 

From the last formula we may deduce a very remarkable theorem discovered 
by Kapteyn ; we have 

1 (n — m - 1 )! _ 1 2m)* . (n — 7a — 1)! 

and therefore, by § 9‘1 (2), 

= [\rttOn{nt% 

so that, by § 9*12(1), 

(4) ®n (0 = ^ (1 — t^) On (nt) + sin* J7i7r H - 1 cos* \nir 
when 71 = 1, 2, 3, .... 


Kapteyn s polynomial ®„ {t) is therefore expressible in terms of Neumanns 
polynomial Onint). 


It is now possible to extend the domain of validity of the expansion (1); 
for, by § 8*7 combined with § 9*17, it follows that the series on the right of 
(1) is a uniformly convergent series of analytic functions of z and t when z 
and t lie in domains such that 


(5) 

where 


n(z)<n(tx n(z)<n(n 

I z exp \/(l — I 


n(z)^ 


The expansion (1) is therefore valid throughout the domains in which both 
of the inequalities (5) are satisfied. 


[Note. This result gives a somewhat more extensive domain of values of g than was 
contemplated by Kapteyn ; he ignored the theorem proved in § 9*17, and observed that 
(since the coefficients in the series for are positive) when j ^ | ^ 1, 

(0l^<©«(Ul)^®n(l)=b 

by (4) ; so that Kapteyn proved that (1) is valid when 

n(«)<n(i), 


17*35. Aliertuxtive proofs of the expansion of \j{t — z) into a Kapteyn series. 

Now that explicit expressions have been obtained for the coefficients in the exjiansion 

t-Z n=l 

it is possible to verify this expansion in various ways. Thus, if (t) be defined as 
71 (1 - (74^) +sin* |n 7 r + 1 cos* Jnw, 

the reader will find it an interesting analysis to take the series 

7 + T^*+2(1-«*) 2 nO, («<)/.(«*>. 

t I ““2 71 — 1 

* Cf. Kapteyn, Nieuw Archief voor Wiskunde, xx. (1698), p. 12*2. 
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substitute suitable integrals for the Bessel coefficients and Neumann polynomials, and 
reduce the result to after the manner of §9*14. 

Or again, if i?ve differentiate the expansion twice with respect to z we find that 

{(<^ ( 7 ^“} -(1 (<) (» M ), 

and then, dividing by 1 —z\ and making use of § 17*3 (1), we find that 

<(«»+3) «*+6i* + l 

{fi-lf{t-zf 

Z « r / N I/ll* (f*+6<‘ + l)8in®i>nr 4<(<“+l)co8*J«ir 

= l^z^rflJ,(nz) 

whence the differential equation for (t) is easily constructed in the form 
= n* !©,(<)- 

and hence it follows that 

= 1^) On (nt) + sin^ cos* Jwtt + ^ ~ ‘ {/4„ ./« (»0 + (^)}» 

where An and are independent of t; but it does not seem easy to prove that — i5„=^0. 


)■ 


+ J<* + 1) sin* JwTT 4zt (^* + 1) cos^Jtut 


}• 


17*4. The eocpansion of an arbitrary analytic function into a Kapteyn 
series. 

We shall now prove the following expansion-theorem : 

Let f{z) be a function which is analytic throughout the region in which 
n (z) ^ a, where a ^ 1. 

Then, at all points z inside the region, 


ac 


(1) 

/(«) = ao+2 OnJnim), 

<M » 1 

where 

W * 1 

(2) 

2Tn / 


and the path of integration is the curve on which il (t) = a. 

This result is obvious when we substitute the uniformly convergent 
expansion 

®o(0 + 2 i ®n{t)Jn(nz) 


for l/(t — z) in the equation 


1 f/(0d<. 


since H (<) = on the contour, while both fl (-?) < 1 and ft (z:) < ft (t) when z 
is inside the contour. 


This theorem is due to Kapteyn, 
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17-4, 17-63 


It is easy to deduce that, if the Maclaurin series for/(r) is 


then 

( 3 ) 

(4) 


/(«)' 




a = 1 "v” (n -2m y . (^ -m-l)!a , 
” 4 wlo m! (In)"-*”*-*'* 


17‘6. Kapteytx series in which v is not zero. 
The theory of Kapteyn series of the type 


m=0 

in which v is not zero or an integer, can be made to depend on the ex* 
pansion of z^. The result of § 17*33 suggests that it may be possible to 
prove that 


(1) 


K- + 2».) .1, 


throughout the domain K. 


It is easy enough to establish this expansion* when I | < 0’6627434 ; but 
no direct proof of the validity of the expansion throughout the remainder of 
the domain K is known, and the expansion has to be inferred by the theory 
of analytic continuation. 


To obtain the expansion throughout the interior of the specified circle, 
expand the series on the right in powers of z. The coefficient of z*'^^ is 

V T'i v + m ) (i/ - h 2my'^^ 

?ii=o(i'+ . m ! ' 2*'"^ {r — m)\ r(i/ -h 1) 

_ r (v) ^ (— + 2m)®*'“‘ r(i/+ m) + 2?*-|- 1) 

2^^" r (v + 2r -{■ 1) m!(r — m)! r(i/) r(i/ + r -f + 1) * 

When r>l, the last series is a polynomial in v of degree 3r-l which is 
known to vanish identically whenever v is an integer. It therefore vanishes 
identically for all values of v. The expansion (1) is therefore establirshed 
(inside the circle) by a comparison of the coefficient of z*' on each side of the 
equation. 

From this result, we can prove that, under the conditions specified in § 1 7*4, 


( 2 ) 


2 64n,At)J.+»{{v + n)z\, 
t — z „^0 


( 3 ) 


(i/-hn—2myr(i/-hn--?n) 


* This was done when jr|<0*a‘>9 by Nielsen, Ann. set. de VAcole norm sup. (8) xviii. (1901), 
pp. 42—46. 
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It is not difficult* to express 6in,v{t) in terms of Gegenbauers polynomial 
^vt)i defined in §9*2. 

And the reader will easily prove that if f(z) satisfies the conditions specified 
in § 17-4, then 


(4) 

Z’/iz) = 2 <Xn,.J,+n K** + n) Z 

n=0 

where 


(5) 

®n, 1 / = 2^ t^n, r (0 


in which the contour of integration surrounds the origin ; and hence 
(a\ = - V* ^ r (y -i- n - m) ttn-am 

where aj, ... are the coefficitmts in the Maclaurin series for f{z)> 


[Note. Jacobi in one of his later papers, Astr. Nach. xxviii. (1849), col. 257 — 270[6^€jf. 
Math. Werke^ vii. (1891), pp. 176 — 188] has criticised Carlini for stating that certain 
cxi)ansion8 are valid only when j ^ | < 0 663 But Carlini had some excuse for his state- 

ment because the exjjansions are obtained by rearrangements of repeated series which are 
permissible only in this domain, although the expansions arc actually valid throughout the 
domain /f.] 


17'6. Kapteyn series of the second kind. 

Series of the type 

2 + ”) « I |( + n) I 

have been studied in some detail by Nielsen f. But the only series of this 
type which have, as yet, proved to be of practical importance];, arc some 
special series with /Lt = i/, and with simple coefficients. The results required in 
the applications just specified are obtainable by integrating Meissel’s expansion 
of § [7’31 (1) after replacing z by -ssin6^. It is thus found that, throughout 
the domain /iT, 


2 S 

n-l 

SO that 


Jn^(nz) _ * 

n? 4- - nti ( f *) . . . (n« + ^ ‘ 


2 fi" 

8in“’‘^d6^, 

IT Jo 


( 1 ) 


- J.Hnz) 1 . 11 ^ 

Zi 2 1- + 2.4 '.(P + f*) (2* + 


and hence we deduce that '^Jn‘(nz)lri^'’^ is a polynomial in z^ of degree 7a; 
while the sum of series of the type may be found in a similar 

manner from the corresponding expansion Sti*^** J 2 n 


* Cf. Nielsen, Ann, sci. de V Nicole norm, sup. (iJ) xviii. (1901), p. 60, 
t Ann. SCI. de VEcole norm, sup, (3) xvixi. (1901), pp. 39—75. 

J Cf. Schott, Electromagnetic Radiation (Cambridge, 1912), Chapter vni 
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Thus Schott* has shewn that 


( 2 ) 

(3) 


S J^^{nz) = 


n— I 


X n^J^^(nz) = 


1 

ie(l-i2)4‘ 


1 

2 ’ 


A general theoiy resembling that of §16-14 is deducible from the cx- 
pansion 


(4) 




2 i/{r(i;+l)|« 


r (2i/ 4- m) 


[{v-\-m)z\ 


r {2v -I- 1 ) ,„=o {v + 7aY ^'^^ . ! ' 

which is easily derived from § 17'5 (1) and is valid throughout AT; but it 
seems unnecessary to go into details which the reader should have no difficulty 
in constructing, in the unlikely event of his requiring them. 


17*7. Kapteyn series which converge ovtside the domain K. 

If lim |ya„| = l, 

n-^oo 

we have seen that the Kapteyn series XanJn(m) represents an analytic 
function throughout the domain K, But since, when x is real, L 

the series may converge along the whole of the real axis, although when \ z\>}, 
the series does not converge at points which are not on the real axis. 

The behaviour of such a Kapteyn series may be summed up*f by saying 
that it resembles a power-series throughout the domain K and that it re- 
sembles a Fourier series on the real axis outside K. 


As an example, let us consider the series 

^ ^ n (n,x^ 


It is evident that, if <f> = — a; sin yjr, then 

Trjo »=i 

since the Fourier series is uniformly convergent. 


Now, when x>l, (f) decreases as yfr increases from 0 to arccos(l/.r) and 
then increases to tt as ^/r increases from arc cos (l/a?) to tt. If ?u be the integer 
such that the minimum value of <f> lies between — 2m7r and — 2 (m + l)7r, let 
the values of y/r corresponding to the values 


0, - 27r, - 47r, ..., - 2w7r, - 2m7r, ..., - 27r, 0 

of <f> be 7 o, 7 i, ... 7mi ••• 

s-ii-i' +/'( j 

TT ( ^=0 J yr •' ym r-0 J ^r+i * *>-=1 ^ 


* Electromagnetic Radiation (Cambridge, 1912), p. 120. 
t The Buggeetion of these analogies was made by Professor Hardy. 
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Now when lies in the intervals (^r, 7r+i) and (S^. ^r+i) the sum of the 
series under the integral sign is 

J<^- — J7r<^ + Jtt* * * § + r(r + l)7r* + (r + l)7r</>, 

and, since 

/('A' — X sin :s + O! cos \fr, 

/(+ — X sin ■^)- + 2j7 (rjr cos yfr — sin yjr) + J d?* (>/r — sin >fr cos 

it may be shewn without much difficulty that 

m m 

^’=: + i +^(COS - C08 7r)} 4* 27r r(hr-yr)’ 

r-0 r-l 

The reader will see that a large class of Kapteyn series may be summed by 
this method*. 


17 ' 8 . The convergence of Kapteyn series on the boundary of the domain K. 

With the exception of the points ± 1, the boundary of K presents no 
features of special interest; because, by means of Debye's asymptotic expansion 
the consideration of the convergence of the Kapteyn series ^an Jy+n {(*' + 
is reducible to that of the power series 

V ^ f ^exp V(1 

’ 

and that of two similar series f with Vw* written for 0i. 

The points ± 1 present more interest, because the ordinary asymptotic 
expansions fail. But the lacuna thereby produced is filled, for real values of i/, 
by the following theorem of an Abelian type: 

The convergence of 

V ^ 

is sufficient to ensure both the convergence of'ZoinJw+niv + n) and the continuity 
of 2 OLnJvJfn K*' + n) x\ throughout the interval\ 0 ^ a; ^ 1. 

Since converges and [njiv 4- w)}^ is monotonic, with a limit as n X) , 

it follows§ that 2an/(i' 4- n)^ converges; and since, by § 8'54, {v 4- 4 - n) 

is monotonic, with a limit as , itibllows that XoLnJv+n{^ + ^0 converges. 

* In this connexion the researches hy Nielsen, Overtigt K. Danske Vtdenskabernes Selekaba, 
1901, pp. 127 — 146, should be consulted. 

t If aj^n does not tend to zero the series cannot converge; and if it does tend to zero 
is absolutely convergent, and so, if we replace each Bessel function by the first two terms 
of the asymptotic expansion with a remainder term, the series of remainder terms is absolutely 
convergent. 

Due allowance has to be made for the origin if I'c.O. 

§ Bromwich, Theory of Infinite Seriea, § 19. 
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Again, since 


Ju^n t(y 4-71)0 ?) 
Ju+n n) 


is a ’function of n which does not incredse as n increfises, for all values of a: 
in the interval 0 1, it follows from the test of Abel’s typo for uniformity 

of convergence* that 

l(*' + n)a7l 


is uniformly convergent (and therefore continuous) throughout the intorval 
and this proves the theorem. 

By reversing the reasoning, it may be shewn that if Sa„J„^.n(*' + w) con- 
verges, so does Son/w^, so that the convergence of is both necessary 

and sufficient for the theorem to be true; the theorem is therefore the best 
theorem of its kindf. 


* Bromwich, Theory of Infinite Series, § 44. 

t This was pointed out by Professor Hardy. Cf. Watson, Proc. London Math. Soc. (2) xvi. 
(1917), pp. 171-174. 



CHAPTER XVIII 

SERIES OF FOURIER-BESSEL AND DINI 


18‘1. Fourier 8 formal expansion of an arbitrary function. 

In hia reaearches on the Theory of Conduction of Heat, Fourier* was led 
to consider the expansion of an arbitrary function f{x) of a real variable of x 
in the form 

(1) /(«:)= S amJdjmir), 

m - 1 

where y,, y’g, y’a, ... denote the positive zeros of Jo{z) arranged in ascending 
order of magnitude. 

The necessity of expanding an arbitrary function in this manner arises 
also in Daniel Bernoulli’s problem of a chain oscillating under gravity and in 
Euler’s problem of the vibrations of a circular membrane with an initial arbi- 
trary symmetrical displacement (§§ 1*3, 1*5). 

In order to determine the coefficients in the expansion, Fourier multi- 
plied both sides of (l)by integrated between the limits 0 and 1. 

It follows from § 5*11 that 
1 

jm 0*n ^') “ 

0 

and hence Fourier inferred that 

(2) ~ jr“2 Q ^ ^/(O ^0 (jm^) 

If we now change the significance of the symbols so thatf y’l.ya.yg, ... 
denote the positive zeros of the function (^), arranged in ascending order 
of magnitude, then 

(3) y (ic) = S (y?/i^)» 

TO = 1 

where 

(‘i) = t2 / • \ I (0 d v{jm^) dt. 

V 1^+1 \Jm)Jo 

This more general result was stated by LomraelJ; but, of course, neither 
in the general case nor in the special- case = 0 does the procedure which has 
been indicated establish the validity of the expansion; it merely indicates how 
the coefficients are to be determined on the hypothesis that the expansion 
exists and is uniformly convergent. 

* La Ihiorie'Analytique de la Chaleur (Paris, 1822), §§316—319. 

t The omission of the suffix k, associated with ^ 1 ,^ 2 , js, ..., should cause no confusion, and it 
considerably improves the appearance of the formulae. 

t Studien fiber die BesteVechen Functionen (Leipzig, 1868), pp. 69 — 73. 


0 , 

m = n. 
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In fact the simplicity of the procedure is somewhat deceptive; for the 
reader might anticipate that, if the function /(«) is subjected to appropriate 
restrictions, the expansion would be valid for all values of v for which the 
integral 

f Jin0 Jif(jni) 

J 0 

is convergent, i.e. when i/ > — 1. 

Dini, however, remarked that he was unable to deal with the range 
— l<i^< — -J^jand limited himself to the range Several subsequent writers, 

while proving theorems for the latter range, asserted that the extension to the 
former range was merely a matter of detail ; but it was not until after 1922 that 
anyone took the trouble to supply the detail which is tedious and of no great 
interest. In the exposition given here, it will be supposed that 

The first attempt at a rigorous proof of the expansions (1) and (3) is 
contained in some notes compiled by Hankel* in J869 and published post- 
humously. A more complete investigation was given by Schlaflif a year 
after the publication of Hankel’s work; and an important paper by Harnack^,; 
contains an investigation of the expansion (3) by methods which differed 
appreciably from those of earlier writers. 

A few years after the appearance of the researches of Hankel and Schlafii. 
the more general expansion 

(5) /(^)= 2 

m=l 

where \i, Xa, Xg, ... denote the positive zeros (in ascending order of magnitude' ) 
of the function 

- 2 -*' {Z) UJ^ (^)), 

when 1 / ^ ^ and H is any given constant, was investigated by l)ini§. 

The coefficients in the expansion are given by the formula 

(6) - v^) (Kn) + M f tj {t) J. (X„. 0 dt 

J 0 

The mode of determination of the numbers subjects / {x) to what is 
known as a 'mixed boundary condition,’ namely that f {x) Hf (x) should 
formally vanish at a? = 1. 

The expansion (5) was examined by Fourier (when 0) in the problem 
of the propagation of heat in a circular cylinder when heat is radiated from 
the cylinder; in this problem the physical significance of H is the ratio of the 
external conductivity of the cylinder to the internal conductivity. 

* Math. Ann. viii. (1875), pp. 471-491. In the course of this paper, Hankel obtained the 
integral formula of § 14*4 aa a limiting case of (3). 

t Math. Ann. x. (1876), pp. 137 — 142. 

% Leipziger Berichte, xxxix. (1887), pp. 191 — 214; Math. Ann. xxxv. (1889), pp. 41—62. 

§ Serie di Fourier (Pisa, 1880), pp. 190 — 277. 


W. B. F. 


37 
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It was pointed out by Dini that the expansion (5) must be modified* * * § by 
the insertion of an initial term when H + v — 0\ and, although Dini s analysis 
contains a numerical error, this discovery seems to make it advisable to 
associate Dini’s name rather than Fourier’s with the expansion. 

The researches which have now been described depend ultimately on a set 
of lemmas which are proved by Cauchy’s theory of residues. The use of com- 
plex variables has, however, been abandoned, so far as possible, by Kneser f 
and Hobson J, who have constructed the expansion by using the theory of 
integral equations as a basis. 

On aesthetic grounds there is a great deal to be said for this procedure, 
because it seems somewhat unnatural to use complex variables in proving 
theorems which are essentially theorems concerning functions of real variables. 
On the other hand, researches based on the theory of integral equations are 
liable to give rise to uneasy feelings of suspicion in the mind of the ultra- 
orthodox mathematician. 

The theory has recently been made distinctly more complete by the 
important memoir of W. H. Young§, who has thrown new light on many 
parts of the subject by using modern knowledge of the theory of functions of 
real variables in conjunction with the calculus of residues. An earlier paper 
by Filon|| which makes some parts of the analysis appreciably less synthetic 
must also be mentioned here. 

The question of the permissibility of term-by-term differentiation of the 
expansion which represents a function as a series of Bessel functions hiis been 
discussed by Fordll, who has obtained important results with the help of 
quite simple analysis (cf. § 18*4). 

More recondite investigations are due to C. N. Moore**, who, after studying 
the summability of the expansion by Ceskro’s means, has investigated the 
uniformity of the convergence of the expansion in the neighbourhood of the 
origin, and also the uniformity of the summability of the expansion (when 
not necessarily convergent) in this neighbourhood. 

The reason why the uniformity of the convergence (or summability) of 
the expansion in the neighbourhood of the origin needs rather special con- 
sideration is that it is necessary to use asymptotic formulae for which 

are valid when is large; and, as x approaches zero, the smallest value of 
/w, for which the asymptotic formulae are significant, is continually increasing. 

* Details of neoeasary moditications when + v ^0 will be given in § 18'3. The modification 
was also noticed by Kirchbojf, Bcrlnier Sitzungsberichte^ 1883, pp. 510 — o24. 

t Archil) der Math. und Phys. (3)vii. (1903), pp. 123 — 133; Math. Ann. i.xui. (1907), pp.477 — 524- 

X Proc. London Math. Soc. (2) vn. (1909), pp. 369 — 388. 

§ Ibid. (2) XVIII. (1920), pp. 103—200. 

II Ibid. (2) IV. (1906), pp. 390— 430. Cf. §§ 19-21— 19 24. 

H Tram. Amencan Math. Soc. iv. (1903), pp. 178 — 184. 

** Ibid. X. (1909), pp. 391—435; xii. (1911), pp. 181—206; xxi. (1920), pp. 107—156. 
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In the exposition which will be given in this chapter, the methods of the 
calculus of residues will be used to a far greater extent than has been usual 
in recent researches; this is a reversion to the practice of Hankel and 
Schlafli and (in the special case of Fourier series) of Cauchy, The advantage 
of this procedure is that it results in a great simplification in the general 
appearance of the analysis throughout the whole theory. And, although it 
seems impracticable to prove certain theorems (notably those* relating to 
fractional orders of summability) with the help of complex variables, the gain 
in simplicity is so marked that it has been possible to include in this chapter 
very many more theorems than would have been possible if the methods 
of the theory of functions of real variables had been used more exclusively. 

As an example of the simplicity produced by using compkx variables, it 
may be mentioned that comparatively crude inequalities, such as 

I T ,c,exp|J(£r)| 

where Ci is a constant, independent of z, when v is given and exceeds — \ , are 
sufficient to prove all the requisite theorems concerning convergence at a point 
(or summability at a point) and they are also sufficient to prove theorems con- 
cerning uniformity of throughout an interval of which the origin 

may be an end point. Direct proofs of theorems concerning uniformity of 
convergence throughout such an interval require more elaborate inequalities, 
but in this work the use of such inequalities is evaded by deducing uniformity 
of convergence from uniformity of summability by an application of Hardy s 
convergence theorem f. 

It may be stated here that the theorems of this chapter correspond exactly 
to the theorems concerning Fourier series which are given in Modern Analy^s. 


In addition to the niciiioirs which have already been cited, the following may be men- 
tioned : Beltrami, R. Ist. Lombardo Rendiconti^ (2) Xlii. (1880), pp. 327- -337 ; Uegenbaucr, 
Wiener Sitzungsberichte, Lxxxviii. (2) (1884), pp. 975—1003; Alexander, Trana. Edinburgh 
Royal Eoc. xxxiii. (1888), pp. 313—320; Sheppard, (Quarterly Journal, xxiii. (1889), 
pp. 223—260; Voltorra, Ann. di Mat. (2) xxv. (1897), p. 145 ; Stephenson, Pkil. Mag. (6) 
XIV. (1907), pp. 547—549; Meaaenger, XXXIII. (1904), pp. 70—77, 178—182; Kutgers, 
Nieuw Archief, (2) vni. (1909), pp. 375—380; Orr, Proc. R. Irish Acad, xxvii. A, (1910), 
pp. 233—248; and Dinuik, Kief Polyt. Inat. {Engineering Section), 1911, no. 1, pp. 83 - 85. 
[Jahrhuch Uber die Fortachritte der Math. 1911, p. 492.] 

The investigations by Alexander are mainly based on operational methods, while Orr 
dealt with expansions in which functions of the stxjond kind are invoived. 


18*11. The varioiLs types of series. 

In the special case of series of circular functions, it is necessary, as the 
reader will remember, to make a distinctionj between ‘Any tiigonornetrical senes 

Ja„+ 5) {am coa ms + bm sin ma;), 
m^l 

* Such theorems have been investigated by Moore and Young, 
t Modem Analysis, § 8 5. t Cf* Analysis, § 9-1. 

37—2 
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and a Fourier series in which the coefficients are expressed as integrals, 

If' If' 

Om = — f{t) COS mtdt^ bin = - f{t) sin mtdt 

It is necessary to make a similar distinction* between the types of series 
which will be dealt with in this chapter; any series of the type 

00 

in which the coefficients merely form a given sequence of constants, will 
be called a series of Bessel functions. 

If, however, the coefficients in this series are expressible by the formulat 

YT'\ I 

the series will be called the Fourier-Bessel series associated with f(x). 

And if, further, the series converges to the sum f (a;) for any point a; of 
the interval (0, 1), the series will be described &b the Fourier-Bessel expansion 
of f{x). 

In like manner, the series 

X 6m V 

9»«1 

where Xj, Xg, Xa, ... are the positive zeros of 

zJJ {z)^HJ^ {z), 

will be called Dints series of Bessel functions. 

If the coefficients 6m are determined by the formula J 

+ X^V/*(X^)} 6m = 2Xm^ f tf{t) J.{\nt)dt. 

J 0 

the series will be called the Dini series associated with f (x). 

And if, further, the series converges to the sum f (x) for any point x of the 
interval (0, 1), the series will be described as the Dini expansion of f(x). 

Some writers have been inclined to regard Fourier-Bessel expansions as 
merely a special case of Dini expansions, obtainable by making H oo ; but 
there are certain distinctions between the two expansions which make this 
view somewhat misleading (cf. §§ 18*26, 18*34, 18*35). 

18 * 12 . Special cases of Fourier-Bessel and Dini expansions. 

There are very few expansions of simple functions in which the coefficients 
assume a simple form. 

One function whose expansion has simple coefficients has already been 

* The greater part of the terminology is due to Young, Proc. London, Math, Soc. (2) xviii. 
(1920), pp. 167—168. 

t It is supposed that the integral is convergent for all positive integral values of nu 
^ It is supposed that the series is modified, as in § 18*34, when 
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investigated in § 15-42. Another is which gives rise to the formal expansions 


( 1 ) 


«= 


2 ^ * ijm^) 
(jm) * 


( 2 ) 


of 



2X^<7 r y-H 


It will be seeD subsequently that (1) is valid when 0 ^ j? < 1, and (2) when 
ifiy + i/>0. Cf. §§ 18-22. 18\S5, 


The reduction formula 

is easily established, so that the Dini expansion of may be determined when v is any 

positive integer. The Dini expansion of ;p»'+ 2 n*n similarly be determined; in this 

case the general coefficient is expressible in terms of known functions and 

In order to calculate this when v is an integer, McMahon* has proposed to tabulate the 
function 

- Jq (<) dt^Ji (iar)+s/ft (.r) + 

which is a special form of one of LommePs functions of two variables (§§ 16*5. 16‘56). 


18*2, The methods of Hankel and Schldfti 

The earlier investigations which were described in § 181 are based on the 
analysis used by Diricbletf in his researches on trigonometrical series of 
Fourier s type; this method of proceeding is obviously suggested by the 
fact that the trigonometrical series are special cases of the Fourier-Bessel 
expansion, obtained by giving v the values ± 

In the case of Fourier’s theorem, to prove that 

00 

f(x) = iOo + 2 (a,n cos mx + sin mx), 

m=l 

where am = - r /(O con mtdt, ^ f /(<) «« 

it is sufficient to prove that 


/(«)= lira - r (i + co8(a!-<) + cos2(a:-0 + -- 

n-^OD ^ — IT 

1 /■’' sin (n + J) (a: - 0 j, 
i.e. that / (<r) = lim f.; /<<> 


* Proc. American Aaoe, 1900, pp. 42—43. The tabulation ia moat simply effected by using 
% 10*74(3) in oonjunoti^ with Table I. (pp. 666 — 697) ; sec Table VIII. 
t Journal f Ur Math, iv. (1829). pp. 137 — 169. 
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In the case of the general Fourier-Bessel expansion, the corresponding 
limit to be evaluated is 


lira 2 

)!-► 00 TO=1 P+1 \Jm) J 0 


i(i 

and so it is necessary to investigate the behaviour of the sum 


= 1 ‘^*^p+i (jwi) 

when 11 is large; and it is in this investigation that the use of the calculus of 
residues is more than desirable. 


In the case of Dini’s expansion, the corresponding sum which needs 
examination is 

y 2Xyn^«7 1> (XyitJ?) J y 

An application of the calculus of residues which will be described in §§ 18 3 — 
18-33 shews that the difference of the two sums is readily amenable to dis- 
cussion, and so we are spared the necessity of repeating the whole of the 
analysis of the Fourier-Bessel expansion with the modifications appropriate 
to the more general case of the Dini expansion. 


18*21. The Ilankel-Schldfli contour integral. 

We shall now begin the attack on the problem of Fourier-Bessel expansions 
by discussing properties of the function (ty a?), defined by the equation 

(1) Tn (ty JJ- , 

m=l ^ p+i \Jfn/ 

where 0<a?<l, and the order v is real and is subject to the condition 

v + i^O. 

The method which will be used is due to Hankel* and Schlaflif, though 
many of the details of the analysis are suggested by Young's J recent memoir. 

The function Tn (<, x) is obviously tis fundamental in the theory of Fourier- 
Bessel expansions as is the function 

sin (n + ^) (a? ~ t) 
sin ^ (x'-t) ' 

in the special theory of Fourier series: 

In order to obtain the formulae connected with Tn(t, x) which are sub- 
sequently required it is necessary to express the mth term of the sum for 
Tn {ty x) as the residue at of a function, of the complex variable Wy 
which has poles at j,, ja, ja, ... When this has been done, we express 

* Math. Ann. viii. (1876), pp. 471—494. 
t Ibid. (1876), pp. 137—142. 

t Proc. London Math. Soc. (2) xvin. (1920), pp. 168—200. 
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Tn {ty x) as the integral of this function round a rectangle of which one of the 
sides lies along the imaginary axis while the opposite side passes between 
jn and jn+i* The sides parallel to the real axis are then moved otf to infinity 
in opposite directions, so that, in order to secure the convergence of the integral, 
it is necessary to prescribe the behaviour of the integrand as [ I (w) [ -► oo . 
There are three integrands which we shall study, namely 

(2) 2 [tJy, {XW) (tw) - xjy, (tw) [XW)} / J (w)}, 

(3) WW {Jyy (w) Yy (XW) - (XW) Yyy (w)} Jy (tW) / J y, {w)y 

(4) irw [Jy, {w) Yy, {tw) - Jy, {tw) Y y, (w)} Jy {xtv)IJy (w). 

The first of these was the integrand studied by Schlafli; the other two are 
suggested by the work of Kneser and Carslaw which was described in § 15*42. 

A study of the asymptotic values of these integrands indicates that (2) is 
suitable for discussions in which x^t and 0 < x + t < 2; (3) when* 0 ^i<ar<l ; 
and (4) when t < 1. 

We proceed to verify that the integrands all have the same residue, namely 

V ^ ( J»»)» 

at w the case of (2), we define the functionf g (w) by the formula 

and then, if w =?,« + 0, where d is small, we have 

J, (w)^6J: ( >) + J (im) + 

so that 

wJy^ (w) = (jm) + (jm){jmJ ¥ {jm) + *^¥ ( jm)} + • • - . 

It is easy to verify, by using Bessel’s differential equation, that the coeffi- 
cient of ^ on the right vanishes; and hence the residue of g (w)j{wJrHw)] 

and this is easily reduced to 

2 {jm^)^¥ {jmi)IJ\¥i Urn) 


by using recurrence formulae. 

In the case of (3), the residue aty„, is 

wj™ {4 ijm) Y,{j^x) - J,KjmX) 7Jj„)}JAjmt)IJr’ (>) 

= — r.(jim)/4 (jm) 

= 2t7, (jmX) J r (jm^WAijm), 

by §3-63, and this is the expression required; the integrand (4) is dealt with 
in the same way. ' 


• This is most easily seen by writing the integrand in the form 

t The resolts obtainable by using the integrand (2) are “ 

Gubler, EinUitung in die Theoric der Bu.eV.chen Eunkm i. (Bern, 1898), pp. 
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We next take the contour of integration to be a rectangle with vertices 
at ± Biy An ± Biy where B will be made to tend to ao , and An is chosen so 
that jn < An<jn-^\- When it is desired to assign a definite value to An, we 
shall take it to be equal to (n + J) w, which lies between jn and jn+i when 
n is sufficiently large (§ 15*63). 

Now it is easy to verify that the three integrands are odd functions of w, 
and so the three integrals along the left sides of the rectangles vanish*. 

Again, if to == u + tv, it may be verified that when v is large, and either 
positive or negative, while m > 0, then the three integrands are respectively 

and so, for any assigned value of An, the integrals along the upper and lower 
sides of the rectangle tend to zero as x> when a? and t have the relative 
values which have already been specified. 

We thus obtain the three formulae 


(6) TnityX): 


(w) dw 


1 rAn+<*^i 

X rAn+^i 1*1 
2 *^^ An-'*>i 0 




1 rAn+^i ^ 

(8) r„ ( t, a.) = I w [J. (w) Y, (tw) - Jy {tw) Yy (w)] 


2 6wJ„ (x dw) Jy,(t 6w) dS dw 

(0 < a? + f < 2 ; x^t) 

(7) TV (t, m) = 2 ^. w\J. (w) (aw) - J . (xw) Yy (w)) . 

(0< t<x< 1) 

^ J y, {am) dw 
Jp (to) 
(0<a7< 1) 

From equation (6) it is easy to obtain an upper bound for | Tn {ty x) | ; for 
it is evident from the asymptotic expansion of § 7*21 that, when j/ -h ^ is posi- 
tive (or zero) and bounded, there exist positive constants Cj and such that 

when w is on the line joining An — oc t to An + oo i and t>0, provided that n 
exceeds a value which depends on i/. Hence 


\(t^^a^)Tn{tyX)\^ 


2c, » , r 

TTCa* y/ixt) J - 


exp{ — (2 — a?— <)( v|}c?f, 
4ci» 


so that 

(10) I T„ {t, w) i < I I (2 a; - <) V(a:0 ’ 

This inequality gives the upper bound in question. 


* It is Deoessary to make an indentation at the origin, but the integral round the indentation 
tends to zero with the radius of the indentation. 
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Ifc is also easy to see that 

r («,«)(<*- a?) 

Jo 


and hence 


^i»+l rAn+eoi 


dtc; 


wJ^-(w)* 


(U) l/V. 5 


[Note. Theorems obtained by a consideration of integrals involving Bessel functions 
of the first kind only can usually be made to cover the origin, in view of the fact that the 
constant Ci in equation (9) is independent of t in the interval 0 ^ 1. Thus (11) may be 
written 


I ("-‘I * I « ^3 -V- 0 ■ 


valid when This extension is not so easily effected when integrals 

involving functions of the second kind have been used because the simplest inequality 
corresponding to (9) is 


I {|«2i>|-*'log|<K7| + |^ir|-*}exp{| 7(«w)|}, 

and it is a somewhat tedious matter to obtain a simple upper bound to the integrand in 
(8) from this inequality.] 


Kquation (G) was used by Schlafli to prove that, when n is large, then 

T (f ^ r sin An (t - x) sin a;) "| 

^ 2 Jtt (i — a?) sin J tt ( i + a?) J ' 

but, since the order of magnitude of the error in this approximation is not 
evident, we shall next evaluate some integrals involving Tn (t, x) by means of 
Avhich difficulties caused by the unknown error may be evaded. 


18*22. Integrals involving Tn (t, x). 

The two fundamental formulae which we shall now obtain are as follows : 


(1> 

lim f V'^^Tn{tyX)dt^x*y 
tl^QO J 0 

(0 < a: < 1 ) 

(2) 

lim f T„ (t, x) dt = Ja:*', 

(0<x< 1> 

n-^eo J 0 


From these it 

is obvious that 


(3) 

lim {\-'+' Tn (t. x) dt = iaf. 

n-*>ac J X 

(0<a;< 1) 


In the course of proving (1) it will be apparent that 

Tn {ty x) dt, 

Jo 

unifo 7 'mly as 7 i ao when x lies in the interval 

0 ^ a? ^ 1 — A, 

where A is any positive number. 
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We shall also investigate the boundedness of 
. ' ■ f V’+'Tn{t,x)dt 

JO 

in theinterval in which 0 < ^ ^ 1. 

Of these results, (1) was given by Young, Proc. Lovdon Math, Soc. (2) xviii. (1920), 
pp. 173 — 174, and the proof of it, which will now be given, is hia. Formula (2) seems to be 
new, though it is contained implicitly in Hobson’s memoir. 


It is evident that 


/. 


0 m = v+i \ 3 m) 


When we transform the sum on the right into a contour integral after the 
manner of § 18‘21, we find that it is equal to 

1 /*“* 2Jy(ayu))dw^ 1 dw 

27rij_aot wJ/{w) wJ^{w)~ 

In the former of these two integrals, the origin has to be avoided by an 
indentation on the right of the imaginary axis. 

Since the integrand is an odd function of w, the value of the first integral 
reduces to iri times the residue of the integrand at the origin, so that 


Now 


(acw) dw 


wJ^ (w) 


2c, 


c^A 


n •- - « 

4Ci 


(w) 

exp {— (1 — a?) I V |} dv 


(0^x< 1) 


^ 2 - 4 ^ (1 fsjx 

and, from this result, (1) is evident; it is also evident that 

Jo 

tends uniformly to zero as n oo so long as — A. 

It will be observed that the important expansion 

(4 i 

ni=l Jmd v-^i \j7n) 

whieh was formally obtained in § 1812, is an immediate consequence of (1). 

Formula (2) can be proved in a somewhat similar manner (though the 
details of the proof are rather more elaborate) by using an integrand involving 
functions of the second kind It is easy to see that 

fV+>r„ (<,*)(£<= 2 

J 0 »»=1 Jmd p-Hi (jm) 

= lim { J. (w) F. ianv) - (xw) F. («;)] ■ 
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Now take 0 < a? ^ 1 in the last integral and substitute for the Bessel functions 
the dominant terms of their respective asymptotic expansions, valid when | w ; 
is large (§7*21). The error produced thereby in the integrand is, at most, 
0 (1/w®) when 0 < a? ^ 1 ; and, as n oo , we have 




Now the result of substituting these dominant terms is 
rAn + Bi jjijj (1 — /p) sin (xw — ^I/TT — Jtt) 

An- Bi 'fB COS (^4; - i l/TT - i Tt) 

j,v rAn+Bi I 


- lim r* 
B J An 


= lim s— . 

B-»a> 2m 


rAn+Bi 

J An- Bi 


cos (to — i i/TT — Jtt) — COS (2xw — w — ^pir - J tt) 


dw 


W COS (W — ^ l/TT — i Tt) 

= J*'- lim 

^ B-^^JAn-Bi WCOS(w-ir7r-i7r) 

We shall have to discuss, almost immediately, several integrals of this general 
type; so it is convenient at this stage to prove a lemma concerning their 
boundedness as w oo . 


Lemma. The integral 


fJn+Bi cou (Xi£; — 4vir -iir) , 
lim I \ \~Ar dw 

U-^oo J An- BiW cos {w-^vir- in) 


is 0 (1/w), as a),^/-l<X<l; and tfie integral is hounded i/ 0 ^ X < 1. 

If we put w^An±iv^ where ^4*, as usual, stands for (w + A»/+i) »r, the expression under 
consideration inaj be written in the form 

r r* coshXv.c/v ... ... r ^HinhXf>.t^v ~| 

When — 1 < X < 1, the modulus of this does not exceed 


/; 


’ cosh Xv . dv 


^ f 

2n’‘ Jo 


" V I si nh \v I dv 
cosh V ’ 


cosh V A„ 
and the first part of the Lemma is obvious. 

Again, if 0 ^X < 1 and v (1 — X) we have* 

0 < V (1 -X) sinh Xv«f sinh ^ cosh v, 

so the integral to be considered does not exceed (in absolute value) 

dv 


and the second part of the Lemma is proved. 




= 2 ir. 


It follows immediately from the Lemma that 

%'+> T„ (t , «) dt = ial<’+0 (l/«). 


/: 


when 0 < « < 1 ; and this is equivalent to (2). 

* The function f.inh(v-f) hae one maximum, at «„ and iU value there is e,ual to 
Binha (v - fo) /cosh (t; - fo) which is lesB than Binh (v - fo). 
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Moreover, if we close the range of values of x on the right so that 0 < a? ^ 1, 
we infer from the Lemma that the integrals 


rt^+^ Tn («, «) dt, r Tn (t, x) dt 
Jo Jo 


are bounded as n ^ oo when 0 < ^ 1. 


Lastly we shall consider 


\\-^^Tn{t,x)dt, 

Jo 


and we shall prove that, when 0 < ^ ^ 1 and 0 < a? $ 1, this integral is a hounded 
function of n, x and t, as n co . 

It is easy to shew by the methods which have just been used that, when 
1 — a: + ^ ^ 1, i.o. when t^x, then 


x) dt 
Jo 


( jmO 

»i = l jnid^v+i ijm) 


= lim f " \J,{w)Yy{imv)-J^(xw)Y,(w)]^^^^Y^^^w 

B-^ao J An- Bi 


j™. 


_ ^ / 1 \ r^n-f Bf ti; (1 -» a) . sin (tvj ~ i 1 ^ 

” \^n/ /#^ao •rrix^ J '^0 cos (w - i l/TT - ^ Tt) 

\aJ B^^ao 27rixU An-Bt w; cos {70 — fuTT — ^tt) ^ 

rAn+Bt QQQ / 14; -f. _ xw — i I/TT — 4 Tt) , 

+ Imi j — ^ - , ^ - dw. 

B^<k> Imx^ J An- Bi W cos (w — * l/TT — Jtt) 

These integrals are of the type examined in the Lemma given earlier in this 
section ; and so the original integral is bounded when — l<a; + ^— 1^1 
and — 1<1+^ — a7i$l, i.e. when 0 < ^ ^ a ^ 1. 

To prove that the integral is bounded when we first shew that 

j V'^^TnityX) dt 

= lim ^ I " [Jy (w) Y,+, (tvi) - J,+i (tw) Y, (w)} , 

and then apply the arguments just used in order to approximate to the 
integral on the right ; the details of the analysis are left to the reader. 

It has therefore been ^proved thaty if ^ be an arbitrary positive number , then 


Jyy {XW) dw 


1 [ Tn (ty x) dt < Uy 

J 0 


where U is independent of Uy x and t when 
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These results constitute the necessary preliminary theorems concerning 
Tn (^. ^)f ^ position to discuss integrals, involving {ty x), 

which occur in the investigation of the Fourier-Bessel expansion associated 
with an arbitrary function / (a?). 

18*23. The analogue of the Riemann-Lebesgue Lerrima*. 

We shall now prove that, if (a, b) is any part of the closed interval (0, 1), 
such that X is not an internal point or an end point of (a, 6), then the existence 
and the absolute convergence of 

f t^f{t)dt 

J a 

are sufficient to ensure that, o« n -► oo , 

l‘’tf{t)T„{t,x)dt = o(l). 

J a 

where\ 0 < 1 . 

The reader will observe that this theorem asserts that the only part of the 
path of integration in 

f\f(t)Tn{ty x) dt 
Ji^ * 

which is of any significance, as n ao , is the part in the immediate vicinity of 
the point X. 

It is convenient to prove the theorem in three stages. It is first supposed 
that t^fif) is bounded and that the origin is not an end point of (a, ^>). In 
the secohd stage we remove the restriction of boundedness, and in the third 
stage we remove the restriction concerning the origin. 

(I) Let t-*f{t) = F (0 ( 

and let the upper bound of i.F(0| in (a, b) be K. Divide (u, h) into p erpuil 
parts by the points t„U,... tp-i , (k = a, = 6) ; and, after choosing an arbitrary 
positive number e, take p to be so large that 

2 {Um Lm) (tm ~~ ^m-i) < 
m~l 

where Um and are the upper and lower bounds oiF(t) in {t,„^u tm)- 
Let F(t) = F (t,a-l) + o>.n (0. 

so that I tain {t)\^Um^ Lm in (tm-i> Un)' 

It is then evident that 

{\f(f)T„(t,x)dtr. f*'T„(t,.T)(P-s^)dt 

Jn J tm-l f 

+ i t''*'r„(t,x)(t^-x‘)u>„(t)dt, 

m=\ J lm-\ 

* Cf. Modern Analyeu, §9-41. 
t If 1 = 1, it is, of course, supposed that hc\. 
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and hence, by the inequalities (10) and (11) of § 18-21, 

I j'tfit) (t, a^)dtl 

1 J a 


that is to say 


•TTC^An (2 — a? — 6) Va? 

Jjf (0 7’„ (t, a:) d< I ^,(2-x-b)^ [if *] ' 


Now the choice of e fixes p ; when e (and therefore p) has been chosen, we 
are at liberty to choose An so large that An> 2Kpl€, That is to say, by a 
suitable choice of An» we may make the integral on the left less than 


8ci®e 

TTCa® (2 — a: ~ 6) ’ 

which is arbitrarily small. Consequently the integral is o(l) as An -*-<», and 
this is the theorem to be proved. 

(II) When F(t) is not bounded throughout (a, 6), let it be possible to 
choose r intervals p, such that F{t) is bounded outside these intervals and 
such that 

2 { ; F{t)\dt<€. 
t*. J H- 

When t lies in one of the intervals p we use the inequality 


4r ^ 

I <►+> («» - a?) Tn (t, x) I ^ ^2 -x-b)Wx ' 

and hence, if K is the upper bound of |.F(^)| in the parts of (a, 6) outside the 
intervals /i, by applying (I) to each of these parts, we have 


f tf (t) T„ (t, x) dt 

J a 


8c,» 


■0 


r + 1 ) Kp 


-]■ 


irc^ (2 — ar — 6) •Jx \ 

If we take e sufficiently small (thus fixing K) and then take An to be 
sufficiently large, we can make the expression on the right (and therefore also 
the expression on the left) arbitrarily small, and this is the result which had 
to be proved. 

rb 

(III) If I f{t)dt exists and is jibsolutcly convergent, we can choose r) 
J 0 


so small that 


/, 


tV(A 


and then, since we have 

j ( if (i) Tn (f) ^') dt 
J 0 


dt < e, 

4ci« 


TTCa* (2 — a; — 6) V' 


X J I — ic® 


dt. 
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it follows from (II) that 

I \\f{t)T^(t,x)dl 
I •'0 
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\Jo I - X - b) I A„ ^ J ’ 

where K is the upper bound of \F(t)] in (,,, 6) when the intervals are 
omitted. 

Hence it follows that the expression on the left can be made arbitririlv 
small by taking n sufficiently large, and so the analogue of the Riemann- 
Lebesgue Lemma is completely proved. 

18 ‘24. The Fourier- Bessel expansion. 

We shall now prove the following theorem*, by means of which the sum 
of the Fourier-Bessel expansion associated with a given function is determined : 

Let f(t) be a function defined arbitrarily in the interval (0, 1); and let 

<»/(«) dt exist and (if it is an improper integral) let it be absolutely convergent. 

Ji 7J~\ f If (1) La jmt) dt, 

•'+1 KJfn) V 0 

where j/ -f J ^ 0. 

Let X he any internal point of an interval (a, b) such that 0 < a < 6 < 1 and 
such that f (t) has limited total fluctuation in (a, b). 

ao 

Then the series 2 amJ^ijm^) 

m = l 

is convergent and its sum is ^ \f(x + 0) 4 -/(a 7 — 0)). 

We first observe that, by §§ 18-21, 18*22, 

2 a^, f/g, {jm x) = f tf if) Tfi (tf a?) dty 
m- 1 J 0 

i {/(* - 0) +/(« + 0)} = lim x-''f(x -0)f t'+i T„ (t, x) dt 

n-»oo J 0 

+ lim ay-''f(x + 0) f f*‘ T„ (t, x) dt. 

Hence, if 

Sn(x)= tr''/(t)-a;-'/(a;-0)) T^{tyX)dt 

Jo ^ 

+ f It-^fit) - x-^f{x -f 0)} z, (t, x) dt, 

J X 

it is sufficient to prove that (^) -► 0 as n-B^cc in order to establish the 
convergence of 

'CO ^ , 

2 V (.jm 

m = l 

to the sum J {/(x 4- 0) -f /(a: — 0)}. 

* Hobson, Proc. London Math. Soc. (2) vii. (1909). pp. 387 — 388. 
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We now discuss 

(r-/(0 - ar»/(a; + 0)1 T^(t,x)dt 

J X 

in detail, and the reader can then investigate the other integral involved in 
Sn (x) in precisely the same manner. 

The function t~*f (t) — 0) has limited total fluctuation in («?, 6), 

and so we may write* 

<"■'/ (0 - + 0) H (0 - (0. 

where Xi (0 and Xi (0 are bounded positive increasing functions of t in (x, b), 
such that 

Xi (a; + 0) = ^2 (a; + 0) = 0. 

Hence, when an arbitrary positive number e is chosen, there exists a 
positive number S not exceeding 6 — a;, such that 

whenever x ^x B. 

We then have 

[ + 0)} Tn (t, x) dt 

J X 

= r (r- / (t) - ar'/(x + 0)1 T„ (t, x) dt 

Jx-fS 

rx+S 

+ I Xi (0 (f* x)dt — j ^2 (t) T n (t, X) dt. 

J z J X 

We now obtain inequalities satisfied by the three integrals on the right. 

It follows from the analogue of the Riemann-Lebesgue lemma that the 
mod ulus of the first cjin be made less than € by taking n sufficiently large. 

Next, from the second mean-value theorem it follows that there is a number 
f between 0 and B such that 

I (0 (^1 x) dt = (x + S) I Tn {ti dtf 

and, by § 18 22, the modulus of this does not exceed 2Ue\ and similarly the 
modulus of the third integral does not exceed 2 C/e. By treating the integral 
between the limits 0 and ./• in a similar manner, we deduce that, by taking n 
sufficiently large, we can make the difference between 

2^ and i\f{X'{‘0)-\-f(x-0)} 

w = l 

numerically less than (HU 4-2) e; and this is arbitrarily small. 

Hence, by the definition of an infinite series, we have proved that, in the 

oc 

circumstances postulated, 2 is convergent and its sum is 

i{/(* + 0)+/(*-0)l; 

and this is the theorem to be proved. 

* Cf. Modem AnalysUy § 3*64. 
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18 * 26 . The uniformity of the convergence of the Fourier- Bessel expansion. 
Let/(0 satisfy the conditions enunciated in §18-24, and also let f {t) be 
continuovis {in addition to having limited total fluctuation) in the interval (a, h). 

Then the Fourier •Bessel expansion associated withf{t) converges uniformly if* 
the svmf(x) throughout the interval (a + A, 6 — A) where A is any positive number. 
This theorem is analogous to the usual theorem concerning uniformity of 
convergence of Fourier series *; the discussion of the uniformity of the con- 
vergence of the Fourier-Bessel expansion near x = I and near a; = 0 requires 
rather more careful consideration, in the first place because formula § 18-22 (1 ) is 
untrue when x = I, and in the second place because it is not practicable 
to examine the bounds of 

f t*^' Tn {t^^) dt, 

Jo 

when X and t are small, without using approximations for Bessel functions of 
the second kind. 

The difficulties in the case of the neighbourhood of a: = 1 are easy to over- 
come (cf. § 18-26); but the difficulties in the case of the neighbourhood of 
the origin are of a graver character ; and the discussion of them is deferred 
to § 18-55. 

We shall prove the theorem concerning uniformity of convergence through- 
out (a-H A, 6— A) by a recapitulation of the arguments of the preceding section. 

In the first place, since continuity involves uniformity of continuityf, the 
choice of 6 which was made in § 18*24 is independent of x when x lies in 
(a -f A, 6 A). 

Next we discuss such an integral as 

r t-^^[t-'^f{t)--x-^f{x)]Tr,{t,x)cU. 

J x-i-6 

Since 8 is independent of x, it follows from the proof of the Riemann- 
Lebesgue lemma (§ 18-23) that this integral tends to zero uniformly as w oc , 
provided that 

r t^^^[t-^f{t)-x-^f{x)}dt 
j *+« 

is a bounded function of x. 

Now 

I J' {*-' /(<) - a:-'/(^)l dt I « ti/(t) I (ft + I i t'*^ dt, 

and this is bounded in (a 4- A, 6 — A) since /’(a?) is continuous and therefore 

bounded in this interval. ' 

* Cf. Modern AnalysiB. § 9-44. . . • iv i. • *.- 

+ Cf. Modem Analysis, § 3 61. It ia now convenient to place an additional (trivial) restriction 

on 3, namely that it should be lese than A , in order that the interval {x - d, x + S) may le insi © 
the interval (a, b). 


W. B. F. 


38 
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Similarly the other integrals introduced in § 18*24 tend to zero uniformly, 
and so 

m=:l 

tends to zero uniformly as w -► oo , and this proves the theorem stated. 

18*26. The uniformity of the convergence of the Fourier-Bessel expansion 
near a? = 1. 

It is evident that all the terms of the Fourier-Bessel expansion vanish at 
the point a? = 1, so that, at that point, the sum of the terms of the expansion 
is zero. 

Since uniformity of convergence of a series of continuous functions involves 
the continuity of the sum, it is evident that the condition 

/(l-O)-O 

is necessary in order that the convergence of the Fourier- Bessel expansion 
associated withy‘(<) may be uniform near a?= 1. 

We shall now prove that the conditions that f(x) is to be continuous in 
(a, 1) and that /(I) is zero, combined with the conditions stated* in § 18*24, 
are sufficient for the convergence to be uniform throughout (a-h A, 1). 

The analysis is almost identical with that of the preceding section ; we take 

f <*'+1 

J 0 

just as before, and we then divide the interval (0, 1) either into three parte 
(0, X — S), (x — S,x-h S), (^ + S, 1), if a? ^ 1 — S, or into two parts (0, x — S), 
(x — 8, 1),. if a; ^ 1 -- S. And we then prove that the three integrals (or the two 
integrals, as the case may be) tend uniformly to zero. 

Again, when /(1) = 0, we can choose Sj so that 

I *■'/(*)!<«. i/(®)l<« 

when 1 — Si ^ a? ^ 1. 

Then the expression 

/(«) - /(*) «•’+> Tn (t, x) dt 

tends uniformly to zerof as when x lies in (a -I- A, 1— Si), and the 

expression does not exceed (17-1- 1)€ for any value of n when x lies in 

(i-s„i). 


* The interval (a, h) is, of course, to be replaced bj the interval (a, 1). 
t Because the integral involved tends to uniformly throughout (A, 1 - ^i), by § 18*21. 
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Hence we can make 

I / («) - ar- / (<r) «'+* r„ (t, a:) dt | 

arbitrarily small for all values of x in (a+ A, 1) by a choice of n which is 
independent of w, and this establishes the uniformity of the convergence of 

f\/it)T„(t,x)dt 

J 0 

to the sum in (a + A, 1) in the postulated circumstances. 


18*27. The order of magnitude of the terms in the Fourier -Bessel series. 

It is easy to prove that, if t^f{t) ha^ limited total fluctuation in (a, b), 
where (a, 6) is any part {or the whole) of the internal (0, 1), t/ien 

as X'**oo . 

From this theorem we at once obtain Sheppard’s result* that 

when 0<a;^l; this equation, of course, has a well-known parallel in the 
theory of Fourier series. 

We first observe that, as a consequence of the asymptotic expansion of § 7*21 , 


f\ij^(t)dt 

Jo 


< C, 


where c is a constant, independent of t when t lies in the interval (0, oo ). 

Now write t^ f(t) = ^|rJ(t) -- y/r^(t), where and -^2(0 inonotonic 

in (a, 6); and then a number f exists such that 

<2cll^,(a)l + lir,(b)l}\-> 

= 0(X-«). 

A similar result holds for ‘^ 2(^)1 hence the theorem stated is evident. 
If it is known merely that 


f t^f{t)dt 

J a 


exists and is absolutely convergent, then^ all that can be proved is the 
theorem that 


/■ 


t/(t)J.(Xt)dt = oill-^\). 

!■ 

Quarterly Journal^ xxixi. (1889), p. 247. 


38—2 
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This theorem is due to W. H. Young*, and it may be proved in precisely 
the same manner as the theorem of § 18*23. We shall write out the proof 
when \ t^f{t) is bounded, with upper bound K, and leave the reader to con- 
struct the proof, when the function is unbounded, on the lines of§ 18*23. 

Divide (a, 6) into p equal parts by the points , ^ 2 * • • • » ^ 
and let the parts be so numerous that 

^ ipm i) ( -^m) ^ 

m<=l 

where Vm and L„ are the upper and lower bounds of f{t) in (tm-n <m)- 

Next let <*/(0 s f{t), F{t) = f (tm-l) + (0. 

and then 


[’'t/{t)J,(Xt)dt <Z I I r*" ^ r* 

Ja I »i=l ^ ^m-i 

^ 2Kcp + C'€\~^ 

where c' is the upper bound of \ in the interval (0, x ). Hence, by 

reasoning resembling that used in § 18*23, the integral on the left is o (X""*), 
and this is the theorem to be proved. 

The theorems of this section can be made to cover the closed interval 
^ 1) in the forms 

This is evident when it is remembered that 


Hence the general term in the Fourier-Bessel series aesociated with f {x) 
tends to zero {after multiplication hy ^x) throughout the interval (0 ^ a? ^ 1) 
if f{x) has an integral which is absolutely convergent; awd, if this function 
has limited total fluctuation, the general term tends to zero as rapidly as lljm- 


18*3. The application of the HankeUSchldfli methods to Dims expansion. 

We shall now consider a class of contour integrals by means of which we 
can obtain theorems concerning Dini's expansion, analogous to those which 
have been proved for Fourier-Bessel expansions, either in a direct manner or 
by means of the corresponding theorems for Fourier-Bessel expansions. 

The Dini expansion associated with f{x) is 

oo 

^ bfn^vO^X^ 

m-l 

where X,,X 2 , Xs, ...are the positive zeros (arranged in ascending order of 
magnitude) of the function 

zJJ{z)^HMz), 

* Proc. London Math. Soe, (2) ztiii. (1920), pp. 169 — 171. 
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where If and v are real constants, and 


v + iXK 

The coefficients bm are to be determined by the formula 
l>m[ (X^t) dt = J, (X,„0 dt 

JO i 0 

so that 

2K.’J\/(t)J,(\„t)dt 

(X™* - ^>) • 

Before proceeding further, we shall explain a phenomenon, peculiar to certain 
Uini expansions, which has no analogue in the theory of Foiirier-Bessel 
expansions. 

The investigation of Dini expansions is based on properties of a function 
which has poles at the zeros of 

-3 [zJ^ (z) 4- ffJ (^)} ; 

and, when H + v^0, this last function has a zero at the origin. 

Further, if if + v is negative, the function has two purely imaginary zeros. 

It is only to be expected that these zeros should contribute to the terms 
of the series, and such a contribution in fact is made. 

If £f+i/ = 0, an initial term 

(1) 2(p + l)x'’ f\-+>/(t)dt 


has to be inserted on account of the zero at the origin. 

If if -f is negative and the purely imaginary zeros are ± i\o . then an 
initial term 


( 2 ) 


2\o“I^(\of} 

(V T~?) f/(\j - V/; w 


l\f{t)h{\f)dt 

Jo 


must be inserted on account of the zeros + iX©. 

These initial terms in the respective cases will be denoted by the common 
symbol so that the series which will actually be considered is 

OD 

w-1 

where c^o(^) zero when if 4- is positive and is defined as the expression 
(1) or (2) in the respective ca.ses if4-i/==0, if4-i'<0. 

[Note. The fact that an initial term must be inserted whcm //+v— 0 was hoti(t*d l»} 
Dini, Serte di Fourier (Pisa, 1880), p. 268, but 1/ini gave its value incorrectly, the factor 
.I*' being omitted. Dini’s formula was misquoted by Nielsen, Handbuch der Theorie der 
GylinderfunkHonen (Leipzig, 1904), p. 354. For corrections of thf^se errors, see Bridgeman, 
Phil. Mag. (6) xvi. (1908), pp. 947—948; Chree, Phil. xvii. (1909), pp. 329 - 331 ; 

and C. N. Moore, Trans. Amerkan Math. Soc. x. (1909), pp. 419—420.] 
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We now consider the function 

{xwi) {tw) 

(w) [wJJ (w) + HJ^ (ti;)} ' 

This function has poles at ja, •••. Xg, Xa, (0 or ± tX®). 
The residue of the function at is 

(jm {jm 0 

■ 

The residue at is 

2Xy ^ «/y ^ (Xynf) 

^ V (Xto) I^/I^ (X7ro) + *// (x^) + HJt! (Xm)} 

^ 2Xn,^ 4(Xn,^)./>(X^^) 

( X„»^ - 1.“) (X^) + x,«^ (X^) * 

The residue at the origin when H ~\-v = 0 is 

— 4 (i/ + 


The residues at ± iXq when if + 1 / is negative are both equal to 


2X^h(Xox)I,(Xot) 

(X? +>) //(Xo) - Xo“ /;» (Xo) • 


Now let Dn be a number, which lies between Xn and X^+i, so chosen that 
it is not equal to any of the numbers ; and let jy be the greatest of the 
numbers which does not exceed Dn. 


Let Sn(t, x \ H) = 


m-1 ^ y+i\Jm) 

y 2Xyn^ J y (Xfn^) J y (X^t t ') ^ 

lX^^-V^)Jy^{?^) + X^^JJ^JX^nY 


where 64o{x, t) is defined to be 0, 2 \)x^V' or 

2 Wl,{\, x)I, (XoO 

(Xo*^ + v^) (X,) - V '4'* ^Xo) ’ 

according as if -j- v is positive, zero or negative. 

Then, evidently, 

S Ct?n.4(^m^) — «^o (^’) — ^ ^m*^y(XTn^)—f tf {fy ^n{pi ^ \ 

m-1 m=l JQ 


We shall now prove a number of theorems leading up to the result that, when 
0 < j:< 1, the existence and absolute convergence of 

J Q 

are sufficient to ensure that, as n oo , 

[ tfify Sn (t, x; H)dt=^o(l). 

J 0 



DINI SERIES 


599 


18r31, 18-32] 

This equation enables us to deduce the properties of Dini’s series in respect 
of convergence* from the corresponding properties of the Fourier- Bessel 
series. 


18*31. The contour integral for 8^ (t, x ; H), 

It is evident from Cauchy’s theory of residues that 
Q (f i/\_ ^ rOn+^t Jy(xw)Jy{tw)dw 

p f** Jy {xw) «/y dw 

2in J (lu) [w JJ {w) + HJ^)\ ’ 

where the symbol P denotes Cauchy’s ‘ principal value.’ The integrand being 
an odd function of w, the second integral vanishes, and so we have 
/ 1 ^ e 1 2wJ^{xw)J^{tw)dw 

An immediate consequence of this formula (cf. § 18-21) is that 
where Cj is independent of m, x and t. 


Also 


and hence 


Jo ' ' 2m} D^.^iJ,(w){wJ, (w)-\-HJ,{w)\ 


I/' 




(2 - J? — ^) i>n ' 


where C4 is independent of n, x and t. 


18*32. The analogue for 8^ {t, x\H) of the Riemann-Lehesgm lemma. 

We shall now prove the theorem that, if (a, h) is any part (or the whole) 
of the interval (0, 1), then the existence and absolute convergence of 

\\^f(t)dt 

J a 

are sufficient to ensure that, as 00 , 

f tf(t)8„(t,x;II)dt = o(l), 

J a 

provided that 0<x< 1. And, if b<\, the theorem is valid when 0 < a; ^ J . 

The proof has to be divided into three stages just as in the corresponding 
theorem (§ 18-23) for Tn(tj x). We shall now give the proof of the first stage, 
when it is supposed that t^ f(t) is bounded and a >0. The proofs of the re- 
maining stages should be constructed by the reader without difficulty. 

* Except at the point x—l. 
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Let t--f(t) = F(t\ 

and let the upper bound of | F(t) ] in (a, b) be K. 

Divide (a, b) into p equal parts by the points (^ = a, tp = b), 

and, after choosing an arbitrary positive number €, take p to be so large that 

^ “■ i^m — i) < 

m=l 

where Um and are the upper and lower bounds of F(t) in <»). 

Let F(t) = F(t,^,) + io„,(t). 

so that I o>,„ (t) Um-Lmin (««_,. <m). 

Then 

f t/(t) S„ (t,x;H) dt 

J a 


= i F(t.^,) f” t'*'Sn(t,a;;H)dt+ I T** a>^(t) 8„(t. x; H)dt. 

™=1 J tm -, »»=1 

Hence, by § 18-31, 

and if we now take n so large that Dn€C^> 2Kpc^, we have 

and the expression on the right is arbitrarily small. Hence the integral on 
the left tends to zero as w qo . 


When the reader has removed the restrictions concerning boundedness 
and the magnitude of a by the method of § 18’23, the theorem is completely 
proved. 

As a corollary, it should be observed that 

f {tf X \ H) dt 

J a 

tends uniformly to zero as n oo when 0^a?‘^lif6<l, and when 0 < a? ^ 1 — A 
if 6 ^ 1, whore A is an arbitrary positive number. 


18'33. Dims eoopansion of an arbitrary function. 

An immediate consequence of the result of the preceding section is that 
the existence and absolute convergence of the integral 

f t^f{t)dt 
J 0 

are sufficient to ensure that the Dini expansion associated with /(a?) behaves 
in the same manner, as regards convergence (or summability), as the Fourier- 
Bessel expansion throughout the interval (0<x<l). 
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For it is evident that 

w-1 m-1 

tends to zero as n x when 0 < a; < 1 ; and this sum (multiplied by y/x) tends 
uniformly to zero when 0 < a; ^ 1 — A. 

Now, since the numbers and which exceed | v | are interlaced 
(§ 15’23), it follows that Dn may be chosen so that 7i — N has the same value 
for all values of n after a certain stage. 

Therefore, since 

n 

^ 2 film (jm^) “*“0, 

m=JV+I 

uniformly throughout (0, 1), we have proved that 

n 

X t^o (a?) + 2 a?^ r (^*TO®)] 

tends to zero, as n-*-x , uniformly throughout (0, 1 — A). 

That is to say, the series 

m=l 

is uniformly convergent throughout (0, 1 — A) and its sum is zero. 

It follows from the ‘consistency theorems’ concerning convergent series* 
that, when the series is ‘summed’ by Cesiro’s means, or any similar method, it 
is (uniformly) summable and its ‘ sum ’ is zero. 

Hence, if for any particular value of x in the interval (0, 1 — A), the series 

70 

2 X^amJ V ( 

I 

associated vnth /(x), is convergent (or is summable by some jnsthod), then the 
semes 

00 

X^ (a?) + 2 X^ bm Jw (^m^) 

m=l 

is convergent (or is summable by the same method) and the two series have the 
same ‘ sum* 

And if further, the Fourier- Bessel series (multiplied by ^/x) is uniformly 
convergent (or uniformly summable) throughout an interval (a, 6), where 

0^a< 6< 1, 

then also the Dini sei'ies (multiplied by sjx) is uniformly convergent (or uni- 
formly summable) throughout (a, b). 

In particular, ify(a;) has limited total fluctuation in (a, b) where 

O^a <6< 1, 

* Cf. Bromwich, Theory of Infinite Seriee, § 100. 
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then the aeries 


converges to the sum 


00 




i{/(® + 0)+/(*-0)) 


at all points x such that a + — A, where A is arbitrarily small ; and 

the convergence is uniform if f(x) is continuous in (a, h). 


18*34. The value of Dini's series at x = \. 

We shall now complete the investigation of the value of the sum of Dini’s 
series by considering the point a; = 1 ; and we shall prove the theorem, due to 
Hobson that, if f (aj) has limited total fluctuation in the interval (a, 1), the sum 
of the Dini expansion at a; = 1 is /(I — 0). 

We first write 


Tn (^1 ^ j = Tn (ti x) — Sf^ (ty X 5 H) 


^S4,{Xyt)+ 2 


(A.,,, a?) J y (hjfi t) 


and then we have 

T^(tyx;H)^ 

where 


- v^) (^) + ( x ^) ^ 

I)n+® ? x) Jy (tw) dw 


27ri J D«-oo» w jy {w) ^HJy (w) ' 
j 1 r^*'^^* w<f>(Wy t)Jy(xw ) dw 
[ 2Tri J w Jy {w) -f Ujy (w) ' 


<f> (W, x)= TT [{wJ/ (w) + IlJy (w)l Yy {xw) - [w YJ {w) ^ UYy {w)\ Jy (xw)]. 

The former representation of 2\(t,x; H) is valid when 0< f 1, the 
latter when 0 < a? < ^ ^ 1. 


[Note. Theno representatioiiH of Tuity x; H) are strictly analogous to the repreaentii- 
tions of (ty x) given by g 18-21 (7) and § 18’21 (8) ; the fact that there is no formula for 
T,^ (ty X ; H) analogous to § 18-21 (fi) is the reason why Dini scries were discusised in § 18-33 
with the help of the theory of Fourier-liessel series.] 

Now consider the value of 


f\^^^rn(tyl;H)dt 

Jo 


whenO<t<l. We have 


rf /i'+i ri>n+Bt 

r+^Tn(t,l;B)dt:= lim 
Jo B-»oo ^TTlJVn-Bi 


t'''^^ <l>{Wyl)Jy^i(tw)dw 


Wjy {w) HJ y {w) 

fv-^\ fDn+Bt (tw ) dw 

(w) + HJy (yj) 

\wJy+^ (W) 


j?^co rr% wJy 0 


lim — r I 
_^ce TTi J 


°Q1 


dw. 


Proc. London Math. Soc, (2) vii. (1909), p. 388. 
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For any given positive value of S, it follows from § 18-21 that this is a 
bounded function of t in the interval (8, 1 ). When 8 « t « 1 - 8, it is 0 ( 1/ D„). 
And when f = 1, it has the limit 1 when n^oo . 

It follows that 

,'^.(1)+ i 6m7,(X.,„)-/(l -0)= [V+'f<--/(0-/(l -0)) T^{t,l,H)dt. 

m = l J 0 

Since —/(I — 0) has limited total fluctuation in (a, 1) we may 

write it in the form Xi(0”‘Xa(0» where Xi(0 Xa(0 bounded positive 
decreasing functions of t such that 

xi(i-o)=x.a-o)=o. 

Hence, given an arbitrary positive number e, we can choose a positive 
number 8, not exceeding 1 — a, such that 

0^X‘S)<€ 

whenevtir 1 - 8 ^ ^ 1 . 

We then have 

f {r-'/(/)-/a - 0 )} Tnit, 1 ; H)dt 

Ji) 

= {rV(0-/(l - 0)j Tn(t^; H)dt 

Jo 

+ r t'^^^xAt)Tn{t.l;H)dt-^r r^^x^(0Tn(t^;H)dt 

Jl-s 

By arguments similar to those used in § 18’24, the first integral on the 
right is o(l) as w-*.oo ; and neither the second nor the third exceeds 

2elim j i\-^^Tn{Ul\H)dt 
I ^0 

in absolute value (cf. § 18*24), and this expression is arbitrarily small. 

It follows that 

lim f {t-^ /(0-/(l - 0)] Tn {U l \H)dt^ 0, 

n-^aoJ 0 

and so we have proved that*, in the circumstances postulated at the beginning 
of this section, 

^o(l)+ S br^J.iXnd 
*»=1 

converges to the sum /*(1 —0). 

This discrepancy between the behaviours of Dini series and of Fourier- 
Bessel series (§ 18*26) is somewhat remarkable. 
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18'36. The uniformity of the convergence of Diina expansion in an interval 
extending to x^l. 

Because Dini series do not vanish identically at a; ~ 1, it seems not unlikely 
that/the condition that f(x) is continuous* in (a, 1), combined with the 
existence and absolute convergence of 

\\^f{t)dU 

and the condition that f{x) has limited total fluctuation in (a, 1), may be 
sufficient to ensure the uniformity of the convergence of the Dini expansion 
in (a + A, 1). 

We shall prove that this is, in fact, the case. 

The reason for the failure in the uniformity of the convergence of the 
Fourier- Bessel expansion (§ 18*26) near a? * 1 was the fact that 

\\-^^T^(t,x)dt 

.'0 

does not converge uniformly to a?*' in (A, 1), as was seen in § 18*22. We shall 
prove that, on the contrary, 

f\^+^Tn(t,x; H) dt 

Jo 

does converge uniformly to x^ in (A, 1), and the cause of the failure is 
removed. 

A consideration of § 18*26 should then enable the reader to see without 
difficulty that the Dini expansion converges uniformly in (a -h A, 1). 

It is easy to see, from § 18*34, that 

f\^^T^(t,x; H)dt 
Jo 

is the sum of the residues of 

TTt^-^ ^ [[wJJ (w) + HJy («;)) (tw) — [w YJ {w) -f HY^ (w)] {tw)] 

X Jy {xw)l[wJy' {w) -f HJy (w)}, 

at Xi, Xa, ..., X„, plus half the residues at 0 or ± tX, if J? -h 0. 

Hence [ 2n {U x; H) dt 

.'o 

is the sum of the residues of 


— {2lw) (H 4* v) Jv {xiv)l[iuJJ (w) + HJy (?^)}, 
and hence, when 0 < a* ^ 1, 


f t^‘^^Tn(tyX; H)dt — x^ 
J 0 


H ■¥ V (anv) dw 

Tri w {wJJ (w) + Hjy{w)]' 


Without restriotioQ on the value of/ (1-0). 
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and the integrand on the right* is of the order of magnitude of 

exp(-(l-a;)|J(w) |l 
ly* ijx * 

and so the integral on the right converges uniformly to zero like 1/(J[)„V«) 
when A $ a; < 1. That is to say " 

converges uniformly to x* in (A, 1); and we have just seen that this is a suf- 
ficient condition for the uniformity of the convergence of the Dini series 
associated with/(<) to the sum/(^) in (a + A, 1) under the conditions postu- 
lated concerning /(t). 

18 ’ 4 . The differentiability of Fourier-Bessel expansioris. 

In the earlier part of this chapter we obtained an expansion which, when 
written in full, assumes the form 

w = l 

We shall now study the circumstances in which, given this expansion, it 
is permissible to deduce that 

(2) f S (jrn,y^y 

This problem was examined by Fordf, and his investigation is analogous 
to Stokes’ researches on the differentiability of Fourier series 

Ford also investigated the differentiability of Dini’s expansion when //= - 1 /, but bin 
method ^s not applicable to other values of H. 

It is evident that we can prove the truth of (2) if w(‘ can succeed in 
proving that 

(^) f (^) ~y(^) = y Jy i-i {jm,y^)j 

® m-l 

and the numbers are the positive zeros of 

(^) + + 1 ) (^)}- 

Now we know thQ.tf'{x)-~(v/x)/{x) admits of the Dini expansion 

00 

inside any interval in which the function hits limited fluctuation, provided that 
exists and is absolutely convergent. 

• The term io vJv(w) is more important than the term in ,h{w) except in Ou limit when II 
t> ir^finite; this shews clearly the reason for the difference in the behaviour of the Dini expansion 
from that of the Fourier-Bessel expansion (cf. § 18’26). 
t Trane. American Math. Soc. iv. (1908), pp. 178 — 184. 


t Cf. Modem Analysie^ § 9‘31. 



606 


THEORY OF BESSEL FTTHCTIONS 


[oHAF. xvra 


The coefficients are given by the formula 

¥ f (0 ~ vy (0) I'+i ( 

h ss ^ ^ 

^ 1 j’m.r - (p + Um,¥) +> ( j«.») 

" J\Jun,,¥)io 


“ ““ ^Wl, F ®Wl 1 

provided that / (0 /„+i {jm, v oj = ^• 

Sufficient conditions that this may be the case are 

(i) r+‘y(0-*0 as 

(ii) /{l-0) = 0, 

(iii) f{t) is continuous in the open interval in which 0< 1. 

These conditions combined with the existence and absolute convergence of 

are sufficient to ensure the truth of (2) in any interval in which 
has limited total fluctuation. 


18 '6. The summability of Fourier-Bessel series. 

A consideration of the values of the coefficients in the Fourier-Bessel 
series associated with f(ic)j combined with the expression of a?) as a contour 

integral, suggests that it is no easy matter to discuss by direct methods the 
question of the summability, by Ceskro’s means, of the Fourier-Bessel expansion. 

It is, however, very easy to investigate the summability when the method 
of Riesz* is used to ‘sum’ the series, and then the summability {Cl) can be 
inferred with the help of quite elementary analysis. 

The expression which will be taken as the ‘sum’ of the series by the 
method of Kiesz is 

lira S (l -J^)a„J,{j,nx); 

n-^aa m-1 \ "n' 

and when this limit exists, the Fourier-Bessel series will be said to be sum- 
Triable {R). 

It is evident that 

1 (^ “ ^ “/o ® I 

* Cf. Hardy, Proc. London Math, Soc. (2) viii. (1910), p. 809. 


( 1 ) 
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(2) T„(t,x\E)^ i 

m-l \ AJ 

and 80 it will be convenient to discuss the properties of T^{t,x\ R) after the 
manner of § 18-22 before we make further progress with the main problem. 


18 ' 61 . Theorems concerning T„ (t, x \Ry 

When Tn(t, x\R) is defined by equation (2) of § 18-5, it is a symmetric 
function of t and x, and so we shall proceed to establish the properties of the 
fiinction on the hypothesis that and we can then write down the 

corresponding properties when by interchanging t and x in the 

results already obtained. 

We first observe that Tn(ty ic | ii) is the sum of the residues of 
(l - 2") Y,(xw)~J,(xw) y.(w)} 

For brevity we write 

w [J^ (w) (xw) - (xw) = O (w, x), 

and then it is obvious that, when* t<x, 




(tw) dw 


Jy{w) 


J^{w) 

since ^{w,x) J^{ty})IJ^{w) is an odd function of w. 
We shall now obtain some upper bounds for 


1 <t> (w, x) {tw)IJy {w) I 

both when w is on the line joining An^ oo i to An + oo i, and when w is on the 
imaginary axis ; the formulae which will be discussed are valid when 0 ^ ^ 1 

and 0 $ ^ ^ 1, the sign of a; — < being immaterial. 

To obtain these inequalities, we shall use series of ascending powers of w 
when \ w\ is not large, and inequalities derived from the formulae of Chapter vii 
when I w; I is not small. 


* When t .t, the integrals taken along the lines joining iB to ^ iU do not tend to zero 
B-^<x> . There is no need to make an indentation at the origin, beoause <t> (w, x) is analytic at 
the origin. 
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We first deal with the factor J,{tV})IJ,{vi). We observe that* 


( 1 ) 


J,(tw) 

7,(w) 




when w is on either contour; this follows from inequalities of the type 
§ 18’21 (9) when [ m;| is not small, and from the ascending series when |w|’is 
not large (i.e. less than j^)- 

We next consider (w, x), which is equal to 


\iw (w) {xw) — (xw) (w)} ; 

it is convenient to make two investigations concerning this function, the 
former being valid when — J ^ ^ J, the second when v'^\. 

(I) The first investigation is quite simple. It follows from §3*6 and 
§ 7 33 that 

( 2 ) 

for all the values of w and x under consideration when — J ^ ^ . Hence 

(3) 14>(a;,a;)|<^^expj(l-a;)l/(w)|]. 

(II) When and | tu | is not large, it is easy to deduce from the 
ascending series for J^{w), Y^(w\ J^(xw) and Yy{xw) that 

(4) \^(Wyx)\<ki\w\ it?”’*'. 

If I I is not small, we use the inequalities (deduced from § 7*33) 

together with the inequalities 

(1 {xw) \<k^{\xw\-^’¥\xw I-*-] \e^\, 

^ ^ \\H,y^^^(xw)\<k4{\xw\~^+\xw\~'']\e~^‘^^\. 

It follows from §3*6 and §7‘33 that the inequalities (6) are true whether 
\xw\ is large or not. Hence, 


(7) 1 4> (w, ip) I < k^k^ (a;"* -\-ar^\w I*-"} exp {(1 ~^x)\I(w )\ ), 

when and | w | is large, whatever be the magnitude! of \xw\. 

If we now combine the results contained in formulae (3), (4) and (7) we 
deduce that, whether — 

(8) 1 4> ( w, a?) I < h (ic"* + exp {( 1 - a?) | / (w) j ) , 


* It is supposed that the numbers /C], A; 2 , ... are positive and independent of Wy x and t\ 

their values may, however, depend on the value of f. 
t Provided of course that 0 ^ 1, 
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when w is any point of either contour and 0 < a: $ 1, Hence, by (1), it follows 
that 


( 9 ) 


4> {w, X) 


J, (tw) 
J.{w) 


< k, tri (jri + ar-) exp }_ (a: - <) | / (w) | ) , 


when 0 ^ a? ^ 1 and 0 < ^ ^ 1. 


We now return to the integral formula for T„ (t, x | B). If we replace w by 
A„ ± iv and ± iv in the first and second contour integrals respectively, we 
deduce that, when 0 ^ < a? ^ 1, 


r* 

I Tn {t,iJo\R)\< j ‘oe'- « dv = 

We have consequently proved the two inequalities 

(10) 

, 4- 


\ T (i n» \ I (aj 1 -4- tti *') 


( 11 ) 


|2’„(«,a:|iJ)l< 


(x — 


(a;-* + .r”*') 




(0$.r< t^l). 


It is to be remembered that A',, is independent of x and t, so that wt* may 
make 1 ^ | tend to zero, if we desire to do so. 

One other pair of inequalities is required in order to discuss the behavioui* 
of Tn(t, a? I R) when x and t are nearly equal. To obtain them, we write 




^ Jy{tw) dw 
J,{W) ‘ 


when 0 ^ ^ ^ a* ^ 1 ; in this integral the contour is taken to be a rectangle wiiii 
vertices ±iAy^, An ±i An- 

It is easy to see that (9) is satisfied whether w be on the horizontal sides 
or on the vertical sides of this rectangle ; and the fiictor 1 - {wjAn) does not 
exceed V2 in absolute value at any point of the contour. 

Consequently the modulus of the integrand does not exceed 


k^^ (a?-* 4- a?"**') V2 ; 


and since the length of the contour is 6An, we infer that, when 1, 

3^n^«(I 4-0)4-*') 


(12) \Tn(t,x\R)\< 
and similarly, when 0 ^ a; ^ ^ ^ 1, 

(13) \Tn(t.x\R)\< 


V(4^) 

v(ito) • 


The last four inequalities are sufiScient to enable us to discuss ariequately 
the summability (R) of Fourier- Bessel series. The reader will observe that 
the consideration of small values of x has increased the length of the analysis 
to an appreciable but not to an undue extent. 


w. B. K. 


39 
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18*62. The analogue of Fejer*8 theorem. 

We can now prove that the existence and the absolute convergence of 

[^t^f(t)dt 

Jo 

are sufficient to ensure that the Fourier-Bessel series associated with f{t) is 
summable (R) at all points x of the open interval (0, 1) at which the two limits 
f{x±0) exist. And the sum (R) of the series is 

i{/(x + 0)+/(x-0)}. 

This theorem is obviously the analogue of Fej6r's theorem* concerning Fourier 
series. 

Since t a series which is convergent is summable {R\ it follows from § 18*35 
that, when 0 < a* < 1 , 

lim rv^-^^Tr,(t,x\R)dt= lim V Tn{t,x\R)dt 
n-^ao J 0 j X 

Hence it follows that, when the limits f{x + 0) exist, then 

lim f Tn I — 0) + lim f Tn(t,xl R)x~‘''f(x + 0)dt 

J 0 J sc 

= M/(«'+o)+/(®-0)!. 

We are now in a position to consider the sum 5n(^l R), defined as 

2 fl - > ) J. - [*<■'+> 1\ (t. x \ R) x-f{,x - 0) dt 

msl \ -An/ J 0 

— f Tn {t, X I R) x-*f(x H- 0) dt, 

J X 

and we shall prove that it can be made arbitrarily small by taking n sufficiently 
large. 

The sum Sn (r | R) is equal to 

( {t-^f{t) - x-^f(x - 0)} Tn (t, X I R) dt 

Jo 

+ J {«-*'/ (0 - x-^f (x -h 0)} Tn (t, X I R) dt. 

Now, on the hypothesis that the limits f(x ± 0) exist, if we choose an arbitrary 
positive number e, there exists a positive numberj S such that 

fl + 0) I < e, (a; ^ a; 4- 3), 

tl I < (x'^t^x- B). 

We now choose a positive function of n, say a ( 71 ), which is less than S for 
sufficiently large values of n, and divide the interval (0, 1 ) into six parts by 
the points a? ± 8 , a: i <7 ( 71 ), x. 

* Cf. Modem AnalyaU, § 9*4. f Cf. Modem Analysis^ § 8*43. 

X It is convenient to take 3 less than j: and 1 -x. 
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“<1 *1» i» fc interval. 
iw+a (n), * + S). (x + S, 1) we use inequalities of the form given in S 18-51 (10) 
and (11) : and in the intervals (* („), ,), •„ 

of the form given in § 18-51 (12) and (13). * 

It is thus found that | Sn (a? 1 22) I does not exceed 
2A:« ((P“* + r®”* , 

37S5 j, 1 3r<-f{x - 0)) I dt 

, 2fc.e(a;-*4-a! ->) r /•«->(■»> y^idt 3.4 » f* T 

“'L^-S 72 

r*+« 


7 in) 


+ % r 2^- r ' '■>* + _*_] 

An<dxl^2 (a;-t)“J 

2k 

+ k„8V^ <*'"* + ') I (*■'/('> - *-'/(- + 0)1 1 dt. 

For any given value of e (and therefore of 8), the first and last terms in this 
expression can be made arbitrarily small by taking n sufficiently large, on 
account of the convergence of 


f \t^f(t)\dt. 

J <» 


The remaining terms do not exceed 

2ke€(Sx-‘^ + a!-*') ( 1 SAr^n)) 

An (<r(/i)'*’ V2 J’ 

and, if we take o-(??) = 1/An» this is independent of n, and it can be mtide as 
small as w^e please by taking € sufficiently small initially. 

We can therefore make the intermediate terras in the expression for 
j Sn (a; I 22) I as small as we please by taking e sufficiently small, and wIuhi this 
has been done, the first and last terms can be made as small as we please by 
taking n sufficiently large. 

That is to say, |^„(£p| 22)| can be made arbitrarily small by taking n 
sufficiently large, so that 

liin Sn (j? I 22) = 0. 

n -»■ 00 

Hence 

lim S ( 1 (yOT®) = a;~’’/(a; - 0) lim f t’’*'Tn(t,x \ R)dt 
n-»<3c m=l \ ^n/ J 0 

+ x~*f{x -H 0) lira [ Tn (2, x | 22) dt, 

n ao J X 

since the limits on the right exist. 

:JJ> -2 
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Since each of the limits on the light is equal to it has now been 
proved that 


2 y 

m = l 


is surnmable (E) with sum i 1 /(^p + 0) +/(a: - 0)} provided that the limits 
/(a? ± 0) exist ; and this is the theorem to be established. 


As a corollary, the reader should be able to prove without difficulty that, if f(t) is 
continuous in (a, 6), the summability (R) is uniform throughout the interval in which 
where A is auy positive number. Cf. § 18*26. 


18*53. Uniformity of summability of the Fourier- Bessel series near the 
origim 

We shall now examine the uniformity of the summability {E) of the 
Fourier- Bessel expansion throughout an interval of which the origin is an 
end-point. It will be supposed that the expansion is modified by being mul- 
tiplied throughout by »JXy and it will then be proved that, if ir^f (t) is con- 
tinuous in the interval (0, 6), then the modified expansion is uniformly surnmable 
throughout (0, 6 - A), where A is auy positive number. 

Given €, we can now choose 8 (less than A) so that 

whenever and f ^ 0, provided that x lies in (0, b — A). 

Since continuity involves uniformity of continuity, this choice of 6 may be 
taken to be independent of x. 

We now write 

Sn {x I R) = [ \i~*f{t) - xr^f{x)] Tn {t, x\E)dt 

J 0 

and then examine | x^Sn(a: \ E) | after the manner of § 18*52. 

We express x^Sn(^\E) as the sum of six integrals (some of which are to 
be omitted when x < 8), and we see that | x^Sn(^ | E) | does not exceed 

I 

2k,€(af^* + a;) [ /•*-'<») dt , 3i1„> ] 

A„ • (t-ecY V2 J 

An I *i/2 J X ]*+»(«) — 

+ J r'AO - W} 1 

In this formula any of the limits of integration which are negative are supposed 
to be replaced by zero. 
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18*68, 18*54] 


Now this upper bound for |a;*5„(«|ii)| does not exceed 




8Ar,i 

An 


,<r (n) V2 - I ’ 


and, since x •fix) is bounded (because it is continuous), this can bt> made 
arbitrarily small by a choice of n which is independent of x. 

Consequently R) tends to zero uniformly as oc. 

Now it has already been shewn (§ 18'22) that 


rt’^'Tn(t.x)dt 

J 0 

is uniformly convergent in (0, 1 — A), and so, since uniformity of convergence 
involves uniformity of suramability, 

xi~'>f(x)jy+'Tn(i.xlR)dt 

tends uniformly to a;* / (a;) in (0, b — A). 

Hence, since aj*iSi„(a;| iJ) tends to zero uniformly, 

a;* [ t/(t)Tn(t,a;lE)clt 
Jo 

tends uniformly to a;^^f(a:)j x | R)dt, i.e. to x^f{x) in (0, h - A). 

It has therefore been proved that 


X jm 

tns*l 

is uniformly suminable (Jt) in (0, 6 — A) with sum a;*/(.r), provided that 

Jo 

exists and is absolutely convergent, and that is continuous in (0,6). 


18'54. Methods of * summing ' Fourier- Bessel series. 

We shall now investigate various methods of summing the Fourier- Fiesse I 
series* 

oo 

m-0 

on the hypotheses (i) that the limits f(x ± 0) exist, (ii) that 

l\^f{t)dt 

Jo 

exists and is absolutely convergent, and (iii) that the series is suminable {li). 

It conduces to brevity to write in place o \ that /;,, ) 

tends uniformly to zero (§ 18*27) as when x lies in (0, 1). 

* The factor ie inserted merely in order that the discussion may cover the investigation of 
uniformity of summability near the origin. 
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Consider first the limit 


lim 2 )/„(*) 

n-*- oo m-1 \ Jn/ 


which gives the most natural metho<l (of Riesz* type) for summing the series. 
Since it is evident that 

V f 


exists and is equal to 


lim i 

M-».aD m-1 \ jn / 


lim 2 

Again, since/„(a:) = o(l), it is easy to sec that 

2 fm(^) = o(n), 

»I = I 

lit.. 2 A(:r) = 0, 

u-»at> \ Jn J m=l 
lim 2 (l -kA/„(x)= lim 2 (l 

n^oo m-l\ Jn/ w-^oo m=\ \ -^nf 

the limit on the right exists in consequence of the hypotheses made at the 
beginning of the section. 

Again, since 

Jn n \n/ 

whether m be o(n) or 0(n), it follows that 


so that 

and therefore 


and 


CO w - 1 \Jn ' 


lim 2 lim 2 

n-^QD m — 1 \ ” / n-»>co m = l \ /n/ 

Conse(|uently the hypotheses that the limits f{x + 0) exist (0 < < 1 ) and 

thfit the integral 

J 0 

exists and is absolutely convergent are sufficient to ensure that 


X a^ 

W=1 

is summahle (G 1) with sum {y^(^p + 0)+ /(^ — O)]. 

By the same reasoning, if f(x) is continuous in (a, 6), the summability {C 1 ) 
is uniform in (a -f- A, 6 — A) ; and, if a = 0 and has a limit as « 0, the 

summability (Cl) is uniform in (0 , h — A). 
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18 - 55 . Uniformity of convergence of the Fourier. Bessel expa^mon near tfie 
ongtn. 

We can now prove, by using Hardy’s convergence theorem*, that, iffi /(<) 
has limited total fluctuation in (0, i), while /(t) is also subject to the conditions 
of §18-63, then 

00 

»»=l 

is uniformly convergent in (0, 6 - A) with sum x^f{x). 

Let be an auxiliary function defined to be equal to f{t) in (0, 6) and 
equal to zero in (6, 1); and let the Fourier-Bessel series associated with h (t) be 

oo 

s OmJ.UmX). 

m=l 

(X) 

Then, by § 18*54, 2 Jte(jm^)^^uniforrrdy su7nmable{C 1) throughout 

trial 

(0,6- A) with sum xif(x). and. by Sheppard’s theorem (§18-27), is 

while {jm^f is a bounded function of x and m. Hence, by 

Hardy’s convergence theorem, 

m-1 

is uniformly convergent throughout (0, h - A), with sum f{x). 

Again 

- = tf{t)Tnit,x)dt, 

»»=1 J b 

and this tends uniformly to zero in (0, 6 — A) as n-»-oo by an analogue of the 
Riemann-Lebesgue lemma (§ 18*23). 

H 

Hence 2 tends uniformly to the sum si^f{x) in (0, 6 — A) us 

»«— 1 

\ and this is the theorem to be established. 

18 56. Summability of Dini series. 

Except when a? = 1, the summability (0 1) of the Dini series associated with 
f(t) may be inferred by combining the results of § 18*33 and §§ 18*51 — 18*53. 

The summability (01) may, however, be established independently *f for 
all points x such that 0 < 1 by replacing An and the functions (w) and 

Vy(w), which occur in § 18*5, by Dn and the functions wJ,^ (w) + HJ^ (vr) and 
wY^' (w) + HY^ (w) respectively; the details of the analysis may be left to the 
reader, and he will find that when a? =» 1 the expression \ [f{x + 0) +/(^ - 0>! 
must be replaced by /(I — 0). 

* Cf. Modern AnalyeUt i 8'5. 

+ Ot course on the hypotheses concerning /(t) which were assumed in § 18-58. 
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The uniformity of the summability in the interval (a + A, 1) when f{x) 
is continuous in (a, 1) may be dealt with in the same way as the uniformity 
of convergence was dealt with in §§ 18*33, 18*35. 

The summability of Dini series (and of Fourier- Bessel series) by a modifi- 
cation of Abels method is of some physical importance. Thus, in Fourier’s* 
problem of the Conduction of Heat in an infinite solid cylinder of radius unity, 
the temperature v at distance r from the axis satisfies the equation 

4. ^ 

dt “ dr^ r dr) ’ 

with the boundary condition 



if the initial distribution of heat is symmetrical. 

Normal solutions of the differential equation satisfying the boundary 
condition are 

Jo (Kir) exp (- 

and so the temperature v is given by the series f 
S bjnJo (Kr) exp (- 

m = l 

where the coefficients are to be determined from the consideration that 

QCi 

X bffi J ) (X^i v) 

is the Dini series associated with the initial temperature /(r). It is evident 
that the initial temperature is expressible as 

00 

lim 1 

m-1 

and this limit exists when the Dini series is summable (R). 

18*6. The uniqueness of Fourier- Bessel series and Dini series. 

It has been shewn by YoungJ that the existence and the absolute con- 
vergence of 

[\*f(t)dt 
J 0 

are sufficient to ensure that if all the coejfflcients Um of the Dini series (or the 
Fourier- Bessel series) associated with f{t) are zeroy then the function f (t) must 
he a nullfunction. 

^ La Thvorie Analytique de la Chaleur (Paris, 1822), §§ 306 — 320. Of. Kayloigh, Phil. Hag. {6) 
XII. (1006), pp. 106—107 [Scientijic Papers, v. (1912), pp. 338—339]; and KircbhofF, iUrliner 
SitzungsbericlitCy 1883, pp. 519 — 524. 

+ In this physical problem, if > 0, and so there is no initial term to be inserted. 

"X Proc. London Math. Soc. (2) xvm. (1920), pp. 174 — 176. 
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To prove this theorem we observe that, when p = 0, 1, 2, .... we may write 

fli-0 

where the coefficients a™ are determined by the formula 

«». = 7r4 r\ f * (jm <) 

and the series on the right converges uniformly in (0, 1 - A) and oscillates 
boundedly in (1 — A, 1). It is therefore permissible to multiply the expansion 
by f(t) and integrate term-by-term. 

It follows that 

J 0 m=0 J 0 

= 0. 

Since all the integrals 

Pt^*-^^f(t)dt (p = l,2,3,...) 

Jo 

are zero, it follows that is a null-function, by Lf^rch’s theorem*, and 

the theorem stated is proved for Fmirier- Bessel series. The theorem for Dini 
series can be proved in precisely the same way, and it is theon^ically simpler 
because the Dini series associated with does not foil to converge uni- 
formly in (1 - A, 1). 

It is possible to construct a theory of series of Bessel functions of the types 

or * 

m-l m-=\ 

(where the coefficients and bm are any constants) which resembles Riemann s 
theory of trigonometrical seriesf. 

Such a theory is, however, more directly associated with Schldmilchs 
series of Bessel functions, which will be discussed in Chapter xix ; and it 
seems convenient to defer the examination of the series 
* * 

m-l w-1 

by Riemann’s methods to § 19-7, when the discussion of the series forms a simple- 
corollary to the discussion of Schlomilch series, 

‘Lerch, Acta Mathematica, xxvii. (1903), pp. 846-847; Young, Meumger, xi,. (1910). 

pp. 37—43. Cf. § 12-22. 

t Cf. Modem Amlysis, §§ — 9‘f>32. 
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19*1. Schlomilch! s expansion of a function of a real variable* 

In Chapter xviii wc dealt with the expansion of a function f{x) of the 
real variable x in the form 

00 

f{x) = £ a^ J ^ 

m-l 

where is the mth positive zero of so that, for large values of m, 
im = (wi + ii'-i)'7r4- 0(l/m). 

That is to say, the argument of the Bessel function in a term of high rank in 
the series is approximately proportional to the rank of the term. 

Ill this chapter we shall discuss the series in which the argument of the 
Bessel function in each term is exactly proportional to the rank of the term. 
By choosing a suitable variable, such a series may be taken to be 

W = 1 

It will appear subsequently that it is convenient to add an initial term 
(§1911; cf. §18*33); and the analysis is simplified by making a slight modi- 
fication in the form of the coefficients in the series (§19*2). 

Series of this type were first investigated by Schlomilch*. They are not 
of such great importance to the Physicist as Fourier-Bessel series, though 
Rayleigh*!* has pointed out that (when v = Q) they present themselves 
naturally in the investigation of a periodic transverse vibration of a two- 
dimensional membrane, if the vibration is composed of an unlimited number 
of equal one-dimensional transverse vibrations uniformly distributed in direction 
through the two dimensions of the membrane. 

Apart from applications the series present various features of purely 
mathematical interest; and, in particular, it is remarkable that a null-function 
can be represented by such a series in which the coefficients are not all zero 
(§19*41). 

In some respects the series are more amenable to analysis than Fourier- 
Bessel series, but the two types of series have many properties in common; 
and the reader will be right when he infers from a comparison of the 
arguments j^x and nix that the relevant range of values of x is (0, tt) for 
Schlomilch series, corresponding to the range (0, 1) for Fourier-Bessel series. 

* Zeitschrift fUr Math, und Phys. ii. (1857), pp. 155—158; Schlomilch considered only the 
special cases ■>=0 and r:=l. 

t Phil. Mag. (6) xxi. (1911), pp. 567-571 [Scientijie Papen, vi. (1920), pp. 22—26]. 
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19*11. SchlGmilch 8 expa/nsifyn in a seizes of Hessel functions of ovdsv 
zero. 

We now state and prove the expansion theorem discovered by Schloinilch. 
The theorem is concerned with the expansion of an arbitrary function f (j?) 
of the real variable x, and, with modern terminology, it is to the following 
effect : 

Let fipc) he an arbitrary function, with a derivate f'ix) which is coutiituous 
in the closed interval (0, tt) and which has limited total fluctuation in this 
interval. 

Then f{x) admits of the expansion 


( 1 ) 

where 

( 2 ) 


f{x) = ^ao + ^ a„, (mx) 


in= 1 


2 /*» 

ao = 2y*(0)H — / / uf' (uB\n(l>)d<f>du, 

'xj 0 Jo 

a^ — — I I uf (u sin cos mu d(f>du ; (m > 0) 

x J 0 Jo 


and this expansion is valid, and the series is convergent, throughout the closed 
interval (0, tt). 

Schldmilch’s investigation is based on a discussion of the integral equation 

(3) f{x) =- f* ff{a; sin 0) d0, 

x J 0 

of which he proved that a continuous solution is 

(4) g{a;)=/(0) + x Pf {xsinit>)d<f>. 

J 0 

We proceed to verify that the function g{x) defined by (4) actually is a 
solution of (3); we substitute the value given by (4) in the expression on the 
right of (3), and then we see that 


2 
TT^O 


g (xam^)dd = ^ / (0) + x sin ^ f' (x sin ^ sin <f)) j dd 

« f(0) + f (x sin 6 sin <f>) sin 6 d<l>d6. 

Now replace 0 by a new variable ^ defined by the equ/».tion 

sin X ~ ^ ^ 



620 


THEORY OF BESSEL FUNCTIONS 


[chap. XIX 


and change the order of the integrations. We deduce that 

- g {x sin 6) d6 — f (0) = — / / f' (x sin 0 sin 6) sin 0 dd>d6 

TT 0 ‘ TT Vo ^0 

= 2x f 4* /■♦ sin cos X dx.«W 

TT j,i io'^ ^ ^ \/(sin*d-8in*x) 

f‘V /»; sin vi sing c os xdOdy 

IT Jo ^■^V(w>S®X“CO®*g) 

• xF • /coagNll" J 
= — / f (a; sin y) - arc sin ( I cos ydy 

TT Jo • ^ L \C08X/ Jx ^ ^ 

r4» 

= a: /(a:sinx)cosxdx 
y 0 


= /(^)-/(0), 

and so, when g(x) is defined by (4), g(x) is a solution of (3). 

Now it is easy to verify from (4) that, when /'(a?) is a continuous function 
with limited total fluctuation in the interval (0, tt), so also is g(x); and 
therefore, by Fourier’s theorem, g(x) is expansible in the form 


QD 

^(a:) = ^ao+ S amCosmx, 

TR-l 

where 

2 /*"’ 

a,w = - I g (u) cos mudu 
J {} 

u sin <f>) d(f^ cos mudu, 

and this series for g (x) converges uniformly throughout the interval (0, tt). 
Hence tenn-by-term integrations are permissible, and so we have 
2 


2 r»"’ 

/ (a;) = - / g{x sin 0) d0 
'fJ' J n 

= —[ jj a„ 4- 2 cos (mx sin ^)l 

TTJO ( i»=l ) 


d0 


m=l 

and this is the expansion to be established. It is easy to verify that the 
values obtained for the coefficients are the same as those given by 
equation (2). 

When the restriction concerning the limited total fluctuation of f (a;) 
is removed, the Fourier series associated with g{x) is no longer necessarily 
convergent, though the continuity of f{x) ensures that the Fourier series 
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is unifomly summable (Cl) throughout (0, *-); and hence, by term-by-term 
integration, the series 

00 

ioo-h 2 amJ„{nuc) 

m = l 

is uniformly summable (C 1) throughout (0, nr), with sum f{x); an application 
of Hardy s convergence theorem* then shews that the additional condition 

= 0(1/Vrn) 

is sufficient to ensure the convergence of the Schlomilch series to the sum 
f (x) when x lies in the half-open interval in which 0 < j; ^ tt. 

For further theorems concerning the summability of Schlomilch series, 
the reader should consult a memoir by Chapman f. 


[Note. The integral equation connecting f{x) and g {x) is one which was solved in 1823 
by Abel, Journal fur Math. i. (1826), p. 153. It has subsequently been investigated! by 
Beltrami, IbI. Lombardo Rendicontiy (2) XTii. (1880), pp. 327, 402 ; Volterra, Ann. di Mat. 
(2) XXV. (1897), p. 104 ; C. E. Smith, Trans. American Math. Soc. viii. (1907), pp. 92 — 106. 


The equation 


ir J 0 ; ‘ 


is most simply established by the method of changing axes of ^lolar coordinates, explained 
in §3*33 ; this method was used by Gwyther, Messenger^ xxxiii. (1904), \>p. 97 — 107, but 
in view of the arljitrary character of f{x) the analytical proof given in the text seems f)re‘ 
ferable. In connexion with the changes in the order of the integrations, cf. Modern Analg.v8y 
§4*51. 


19’2. Tfie definition of Schlomilch series. 

We have now investigated Schlottiilch’s problem of expanding an arbitrary 
function into a series of Bessel functions ol order zero, the argument of thi* 
function in the (in -I- l)th term being proportional to m\ and the expansion is 
valid for the range of values (0, it) of the variable. 

Such series may be generalised by replacing the functions of order zero by 
functions of arbitrary order v\ and a further generalisation may be effected by 
taking the general term to contoin not only the function J,{visc) but also a 
function which bears to the Bessel function the same kind of relation as the 
sine does to the cosine. The latter generalisation is, of coiirsf , suggested by 
the theory of Fourier series, and we are thus led to expect the existence of 
expansions valid for the range of values (— ir, it) of the variable. 

The functions which naturally come under consideration for in.sertion are 


• Cf. Modem Analytte, §8-5. 
t Quarterly Journal^ xliii. (1911), p. 34. 

X Some iuteresting applieatioDB of Fourier’s integral theorem 
been made by Steam, Quarterly Journal^ xvii. (1880), pp. 90 104. 


to the integral equation haM 
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Bessel functions of the second kind and Struve s functions; and the types of 
series to be considered may be written in the forms*: 

i am (moo) 4- bm (mx) 

r(v^l)\Zi (imxy 

jap y (mx) + bm (mx) 
r(i/-fl) m=i (\mxy 

Series of the former type (with v=0) have been considered by Coatesf ; 
but his proof of the possibility of expanding an arbitrary function f(x) into 
such a series seems to be invalid except in the trivial case in which f(x) is 
defined to be periodic (with period 27r) and to tend to zero as oo . 

Series of the latter type are of much greater interest, and they form a 
direct generalisation of trigonometrical series. They will be called generalised 
Schlomilch series. 

Two types of investigation suggest themselves in connexion with general- 
ised Schlomilch scries. The first is the problem of expanding an arbitrary 
function into such a series; and the second is the problem of determining the 
properties of such a series with given coefficients and, in particular, the 
construction of analysis (resembling Riemaiin*s analysis of trigonometrical 
series) with the object of determining whether a generalised Schlomilch 
series, in which the coefficients are not all zero, can represent a null-function. 

Generalised Schldmilch series have heen discussed in a series of memoirs by Nielson, 
Alath. Ann. Lii. (1899), pp. 582 — 587 ; Nyt Tidsskrift^ x. B (1899), X)p. 73 — 81 ; Oversigt 
K. Damke Videmkahernes SeUkahs, 1899, pp. 661 — 665 i 1900, pp. 55 — 60; 1901, pp. 
127— '146 ; Ann. di Mai. (3) vi. (1901), pp. 301 — 329. 

Nielsen J has given the forms for the coefficients in the generalised 
Schlomilch expansion of an arbitrary function and he has investigated with 
great detail the actual construction of Schlomilch series which represent 
null-functions, but his researches are of a distinctly different character from 
those which will be given in this chapter. 

The investigation which we shall now give of the possibility of expanding 
an arbitrary function into a generalised Schlomilch series is based on the 
investigation given by Filoii§ for the case r/ = 0 in his memoir on applications 
of the calculus of residues to the expansions of arbitrary functions in series of 
functions of given form. It seems to be of some importance to give such an 
investigation II because there is no obvious method of modifying the set of 

* The reason for inserting the factor x'' in the denominators is to make the terms of the second 
series one-valued (cf. § 19 21). 

t Quarterly Journal, xxi. (1880), pp. 189 — 190. 

X See e.g. his Handbuch der Theorie der Cylinderfunktionen (Leipzig, 1904), p. 348. 

§ Proc. London Math. Soc. (2) iv. (1900), pp. 396 — 430. 

Il It has to be assumed that - ^ < i' < ^ . The results which will be proved in §§ 19‘41 — 19*62 
suggest that it is only to be expected that difficulties should arise for other values of r. 
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functions */„ (ma:), (ma?) so as to obtain a set which is a normal orthogonal 

set for the interval (- -tt, tt); and consequently there is no method of obtaining 
the coeflBcients in a Schldmilch expansion in so simple a manner as that in which 
the coefficients in a Fourier-Bessel expansion are obtained (§ IvS l), 

The investigation, which forms the latter part of the chapter, concerning 
the representation of null-functions by generalised Schliimilch series, is of 
exactly the same character as the exposition of Rieinanns researches on 
trigonometrical series given in Modern Analysis, §§ 9*6 — 9-632. 

19*21. The application of the calculus of residues to the generalised 
Schl&milch expansion. 

We shall now explain the method* by which it is possible to discover the 
values of the coefficients in the generalised Schlomilch expansion which 
represents an arbitrary function f{x), when the order v of the Bessel functions 
lies between - J and When this has been done, we shall not consider the 
validity of the processes by which the discovery has been made, but we shall 
prove directly that the Schlomilch series in which the coefficients have the 
specified values actually does converge to the snxn f(x). 

This 18 analogous to the procedure which is adopted in Dirichlet’s proof of P'ourior’s 
theorem : in the expansion 

/(r) — ^00+ 2 (a,„co8m:r+3,rtBinTwx*) 

the values of the coefficients are discovered by multiplying the expansion by cos nur and hy 
sin Tiur, and integrating, so that the values of Om and are taken to be given by the 
equations 

f{t)cotimtcU, f’' /(t)BmmCdt. 

’’■y-ir "-y-Tr 

We then take the series in which the coefficients have these values, namely 

P /(t)dt+- i f’" /(()coHm(x^<)di, 

^ TT m=l J -tr 

and prove that it actually converges to the sum /(a-). 

It conduces to brevity to deal with the pair of functions 

Jy (mx) ± i Hy (nix) 

(i nixy 

instead of with the pair of functions 

We shall write 

( 1 ) 

* Apart from details of notation, the following analysis is due to Filon, it was given by him, 
in the memoir just cited, for the special case r=0, but the extension to values of v between 
presents no difficulty. 
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so that* is analytic and uniform for all finite values of the complex 

variable z; and evidently 

(\mwy -1>A±rnx). 

We now observe that (— )”* is the residue at 2 ^ = m of the function 

{xz) 

mi'rrz 


where rn = 0, ± 1, ± 2, 


and so we shall consider the integral 


27ri 



sin TTZ * 


in which the contour C is a circle, of radius Jlf 4-^, with its centre at the 
origin, and M is an integer which will be made to tend to infinity. 

The function F{z) is assumed to be one-valued throughout the r-plane, 
and to be analytic at infinity (cf §19*24); its only singularity in the finite 
part of the plane is an essential singularity at the origin. 

By Jordans lemma, the integral tends to zero as M tends to infinity, 
provided that v > — i. 

It is evident, by calculating residues, that 

2(— [F(m) <f)^(rnx)-\- F{—m) mx)\ 

m- \ 


is equal to the residue at the origin of 


^ ' sin TTZ 


that is to say 


( 2 ) 


00 


2 (F (7a) (mx) -\-F{— m) 0,, (- mx)} 

tu~\ 


_L 

27ri 


1 r(o+) 

hi 


ZhMdz. 

sin TTZ 


The problem of expanding an arbitrary function f{x) into a generalised 
Schlomilch series is consequently reduced to the determination of the form of 
F{z) in such a way as to make 


27ri 




Sin irz 


(Iz 


differ by a constant from f(x). 


* The insertion of the factor {^zY in the denominator makes (2) amenable to Cauchy's 
theorem when the contour of integration completely surrounds the origin. 
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10*22. The construction of the function F{z\ 
We now take the contour integral 


1 

2m 



v<l>^(x z) 

sinTTZ 


dz. 


and, in order to calculate it in a simple manner, we shall suppose that F(z) is 
expansible in a series of Filon’s type* 


( 1 ) 


F(zy^ i: 

n^l 


^n+i » 


where ^lrn(s) denotes the sum of those terras in the expansion of tt”* sin-ir^ 
whose degree does not exceed w, and the coefficients pn will be defined later. 

The reader will observe that 


With this definition of F(z), it is evident that, for small values of |^|, 

Sin «=i [2^^* sm -ir^:) 

* ( 1 Tr"+' cos i «7r + 0(^)1 

-.1’’- {«- — 5r+ f)T ™ <“>■ 

It follows immediately that 

(2) - / F {z) -T- ' dz 

' ' 27rt J ^ ' BUiTTZ 

^ /n\ ? Pn cos i nw S _ _ p„ (i w)" 

= 1), “ - f (i « + 1) r (i « + - + 1 ) ■ 

and consequently we proceed to identify 


- S 




»=ir(in+i)r(i» + i' + i) 
with /(*)— /(O)* S’®*" purpose we have to assume temporarily that_/(a') 
has differential coefficients of all orders at the origin, and then we define the 
coefficients pn by the equation 

p»aoi 


( 8 ) 


/‘”’( 0 ) 

w!‘ ~ r(i»+ + 


(n=l,2, 3,...)- 


We next transform this equation defining p» m such a way that the sum 
of the series, by which F(,z) is defined, is expressible in a compact symbolic 
form ; the transformation of the series for ^ (z) can be effected by expressing 

• This type of series is fundamental in FUon’s theoiy. and is not peonhar to Sohittiniloh 
expansions :^US. in his work on Foorier-Bessel series, sin « is teplared by r ^ 

d^s the sum of the terms whose degree does not exceed n in the expansion of that function. 


w. a p. 
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the coefficients pn in a form which involves n only as an exponent. For this 
purpose we make use of Eulerian integrals of the first kind, and, in order 
that they may be convergent, we shall find that it is necessary to suppose that 
— J < 1 / < We then have 

i^^rnn + i) ^ 


dt 


r(i) 




— p). 

and so we obtain the symbolic formula 

where D stands for d/dti. 

Now, if we arrange the series 

I irn(^)D^ 

in descending powers of z, it is easy to verify that 

^ (z) D”' ^ sinh irD 

n.l Jj”**** ’’ TT (w — D) * 

and therefore 

Again, a consideration of (2) shews that we need to sum the series 

® Pn w” cos i nir 

and we are able to effect our purpose by making use of formula (4), whence 
we find that 

® .l.’^Tlvrr 

— ■‘■'■‘’a ['■ 

We have now obtained symbolic expressions for all the coefficients in the 
generalised Schlbmilch expansion of /(a?), but it is necessary to transform 
these expressions into more useful forms, by finding the significance to be 

attached to the symbolic operator > both for general values of z and 

for the value zero of z. 
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19*23. The transformaHon of the symbolic operators in the generalised 
Schlomilch escpanaion. 

We proceed to obtain an interpretation* of the symbolic expression 

[ sinh-Tri) .. .1 

The usual interpretation “ 

where a is a constant of integration ; and therefore 


sinh irD - . sinh irD f 

\/0“) = — ; 


TT (/) — izY 


= €' 


. sinh TT (D + iz) 


Now, by the symbolic form of Taylor’s theorem, we have 

where ^ (u) is an arbitrary function of u ; and hence it follows that 
f sinh irZ) -...,'1 Tsinh w(Z) + w) f* ^ j 1 

1 r /■»»+» 

- r ^e'^”f(tv) dv\ . 
y« Jn-O 

that is to sayf 

-‘ 4 : 7 /: 7.1 

The second term on the right has simple zeros at all the points at which 

= 0 , ± 1 , ± 2 , .... 

Therefore, so far as the calculation of residues of 

Tt^^xz) 


F{z) 


sm irz 


* The interpretations of numerous expressions involving symbolic operators of the types under 
consideration have been discussed by Gregory p Cambridge Math. Journal, i. (1839), pp. 22 — 32 and 
by Boole, Differential Equatione (London, 1872), obap^ers xvi and xvii. 

+ The expression for E {z) which is derived from this formula does not appear to have a 
singularity at the origin unless a is infinite or is a function of i ; but it seems unreasonable to be 
perturbed by this when we consider the nature of some of the analysis which has already been 
used in the course of this investigation. 


40—2 
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a< 0, ± 1, ± 2, ... is concerned, we may omit the second term on the right in (1), 
and calculate the residues of 

sin *irz * 



where F (z) is defined by the formula 

(2) F {z) = 2r(J_v)r(i) /« dt 

Again, from § 19*22 (6) and equation (1) of this section we have 

- iTTFiJr®/.' /:/«*] * 

The first term on the right in (8) is equal to F (v + l)/(0), except when* 
i/ = 0; when v = Q, the value of the term in question is zero. 

We thus obtain the expansion 

(4) f{x) = (0) ^ (0) 4 i (-)“ [F (w) ivur) 4 (- m) mx)\ 

Wl=>rl 

In the special case in which i/ = 0, the modified form of (3) shews that an 
additional term /(O) must be inserted on the right in (4). 

When we change the notation to the notation normally used for Bessel 
functions and Struve’s functions, the expansion becomes 


/R\ i ^ a^nJv h'tnJiLy (mx) 

(5) / ’ 

where f 

dt, 
dt 

This is the generalised form of Schlomilch’s expansion. 


( 6 ) 


r (i~^)T (T) /, dt 


hfn 


t^* J f (tv) cos mvdv 
t^ J f (tv) sin mv dv 


19 * 24 . The houTidedness of F{z), as I « | oo . 

We shall now prove that, when the function f(x) is restricted in a suitable manner, 
the function F{z) is bounded when whatever be the value of arg 2 . The reader 

will remember that the assumption that F(z) is bounded was made in § 19*21 to secure 
the convergence of the contour integral. 

We take the series of § 19*22 (1), by which F(z) was originally defined, namely 

; Pn^n (g) 


* When V is negative it ie necessary to use a modified expression for the integrals ; cf. § 19*3. 
t When p = 0, the expression for uq has to be modified by the insertion of the term 2/(0), in 
consequence of the discontinuity in value of the expression on the right of (8). 
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19 - 24 , 19 - 3 ] 

and divide it into two parts, namely the firat Pterins and the remainder of the teims, 
where N is the integer such that 

l^i < jV’+l. 

When the terms of (2) do not exceed «•**- 1 1 z |»/n !, and therefore, whim a ^ .V, 

I W I ^ I z [»/(yt !) ,r«-* 

I «"■*■* I “|«l.(n-l)!‘ 

When w > 3 ^, wo have I (2) | < »r “ ‘ sinh *r | z |, and therefore 

' |rr ' 

sinh «r 1^1 

S“«e -|115^ 

tends to zero as | * | -► oo , it is evident that a sufficient condition for F{z) to be bounded 
as ( -s I 00 is that the series 

ce 

S l/»»l 

n— I 

aliould be convergent ; and this is the case i{/{x) is such' that 

2 »•' ♦*!/<»> ( 0)1 
4 = 1 

is convei^gent. 


19*3. The expansion of an arbitrary function into a generalised Schlomilch 
series, 

Now that the forms of the coefficients in the generalised Schlbmilch 
expansion have been ascertained by Filon’s method, it is an easy matter to 
specify sufficient conditions for the validity of the expansion and then to 
establish it. 

The theorem which we shall prove* is iis follows: 

Let V he a number such that — i < i' < i; <in.d let f(x) be defined arbitrarily 
in the interval (— tt, tt), subject^ to the following conditions: 

(I) The function h(x), defined by the equation 

h (a?) = 2p fix) H- xf' (x), 

exists and is continuous in the closed interval (— tt, tt). 

(II) The function hix) has limited total fluctuation in the intei'val (— tt, tt). 

(III) Ifv is negative X the integral 

is absolutely convergent when A is a {small) number either positive or negative. 

* The expansion is stated by Nielsen, Haiidbuch der 2'keorie tier CylinderfnnkUonen (Leipzig, 
1904), p. 348; but the formulae which he gives for coefficients in the expansion seem to be 
quite inconsistent with those given by equation (2). 

t The effect of conditions (I) and (II) is merely to ensure the uniformity of the convergence 
of a certain Fourier series connected with h{x). 

^ If V is positive, this Lipscbitz condition is satisfied by reason of (II). 
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Then f(x) admits of the expansion 
(1) f{x) - , 


where 


(c 


( 2 ) \ 


r 90C*F-fl ^ ^ 

!«.»=( I r (^) (/(uBin^)-./(0)}]co8mttd<^d«, 

“ i-, i« T^'- i;)r(i)5^ ^ A«8in<^)-/(0)1] sin mud^du, 

when m>0; the value of a^ is obtained by inserting an additional term 

2r(v+i)/(0) 

on the right in the first equation of the system (2). 

We shall base the investigation on a discussion of the integral equation 

2 


( 3 ) 


fix)> 


I cos"’ dg (x sin d)d0‘, 
► Jo 


r(,. + i)r(i). 

it will be proved that a continuous solution is given by the formula 

(4) . 9 (x)-r(i; + l)/(0) 

r fi’ d 

j« ^ d4> -/(O)}] 


[Note. The (absolute) convergence of the integral contained in this formula is secured 
by condition (III). It should be observed that the aggregate of terms containing /(O) in 
equation (4) may be omitted when v is positive in view of the formula 

Jo ^ d<ii r(4) 

which is valid only when v is positive.] 

We proceed to verify that the function g (jv) defined by (4) actually is a 
solution of (3), by taking g (oc) to be defined by (4), substituting in the expres- 
sion on the right of (3), and reducing the result to / (a?). 

The result of substitution is 
2 cos v*ir (L 

— — J j cos*" 0 sec**"^* <f> [sin**' {f{x sin 0 sin (0)]] d(f>d0 

+/( 0 ). 

Hence we have to prove that 

^ j j cos**' 0 sec**'"^' (f> ~ [sin**' (f> [f{x sin 0 sin </>) — /(O)}] d<f>d0 

' • -/(^)-/(0). 

Replace if> on the left by a new variable x defined by the equation 

sin ;^ = sin 0 sin 

change the order of the integrations in the resulting absolutely convergent 
integral, and then replace ^ by a new variable defined by the equation 

cos 0 =5 cos X sin 
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We thus deduce that 


/o /o” ^ ^ ^ [sin*' {/ (« sin 6 sin - / (0))] 

fl' /■• sin ^ cos" ^ dr- i ■ 

= j« j, ^ X l/<* X) ~/(0)l] dxde 

ri’ fi” sindcos**'^ dr - . , ,/ - , . 

=jo J, (To^'F--^* dr * dx ^ X) -/(0)1 J dffdx 

^ I! /o ^ -/(o)n ‘^x 

= ir(r + i)r(J-,.){/(a;)-/(0)l. 

and hence the formula to be established is evident; and so, when <j{x) is 
defined by (4), then equation (3) is satisfied. 

Now, by Fourier’s theorem, 

00 

g{x)=^\aQ^- 2 (a^cosrywc + ft^sinma;), 

w-l 

where 

' 1 

ttm = ~ 9 rauduy 

(®) 1 If’” 

b^ = -l g {u) sin mudu; 

and it is easy to verify that when f(x) is a continuous function with limit(*(l 
total fluctuation in the interval (— tt, tt) so also is g (a;), and therefore the 
expansion for g (x) is uniformly convergent when + — S, when* 8 

is an arbitrarily small positive number. 

Replace x hy x sin 0 in the expansion of g (a?), multiply by cos-**' 0, which 
has an absolutely convergent integral, and integrate term-by-tenn ; we deduce 
at once that 

(mx) + (mx ) . 

/ (*) = r(;;Tr) J. 

and this expansion converges uniformly when — 7r-fS$a:$'w — 8- 

The values of and given by formula (5) are etvsily reconciled with 
those given by formula (2). 

It should be noticed that, by the Riemann-Lcbesgue lemma, ((„, and />,„ 
are both 0(1 /to) when m is large. This seems to be connected with the fact 
that when we come to deal with ant/ Schlomilch series (§ 19-62) we are 
unable to make any progress without assuming that Ibrnlm is convergent (or 
some equivalent hypothesis); this assumption will appear in §19-62 to be 
necessary because the differential equation which Struve’s function satisfies 
is not homogeneous, so that Stnive’s function is not of a type which occui-s in 
solutions of Laplace’s equation or the wave equation ; there would conse- 
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quently seem to be reasons of a physical character for the limitations which 
have been placed on f{x) in order to ensure the existence of the Schlomilch 
expansion. 

[Note. Just.as in § 19*11, if condition (II) concerning the limited total fluctuation of 
ivf{x)+xf*{x) is not satisfied, then all statements made in this section up to this point 
alx>ut convergence of series have to be raplaced by statements about summability (Cl).] 

There is one important consequence which follows from the fact that a„, 
and are both 0(l/m)when 2vf (x) •¥ xf (x) has limited total fluctuation 
in (— TT, tt), namely, that in the neighbourhoods of — tt and tt, the general 
term of the Schlomilch expansion is and so the expansion repre- 

sents a continuous function ; hence the expansion converges (uniformly) to 
the sum f {x) throughout the interval (— tt, tt). 


19*4. Special functions represented by Schldmilch seines. 

There are a few problems of Mathematical Physics (other than the problem 
mentioned in § 19*1) in which Schlomilch series occur in a natural manner, 
and we shall now give an account of various researches in which Schldmilch 
s(*ries are to be found. 


A very simple series is 

1 + !£ Jo (mp) ; 

this series is convergent when p and z are positive, and, if p and z denote 
cylindrical -polar coordinates, it is a solution of Ij^xplace’s equation at all points 
of space above the plane ^ = 0. 

Various transformations of the series have been given by Whittaker*; 
thus, by changing to Cartesian coordinates {x, y, z) and using § 2*21, we have 
00 1 {ill 

27r 1 — exp [— (^ -h cos wH- iy sin t4)} ‘ 

When x^ z'^ < 1, the integrand may be expanded in ascending powers 

of ^ + ix cos u -h iy sin ii. 


If this is done, we getf 

(2) 1 H- S e~~'^^Ju{nip) = ^ f — — i ^ ^ g. 

^ 2TrJ^„Z’tixcosu-hiysinu 2 


du 


2 -—775 — rr^ I (z + ix cos u -f iy sin tx)**"”* du 
27r„,., {2ni)\ J 


11? 


= b 4“ S 

^ 2 m = \ 


( 2 m)! 


(cos e\ 


where (r, 6) are the polar coordinates corresponding to the cylindrical-polar 
coordinates (p, z\ and //j, ... are Bernoulli’s numbers. 


Math. Ann. iiVir. (1903), pp. 341 — 342. 

I Cf. § 4-8 and Modern Analysis, §§ 7*2, 18*31. 
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Another transformation of the series, also given by Whittaker, is obtained 
from the expansion for 1/(1 — in partial fractions; this expansion is 


_i i+l+i f _L_+__L 

1 - e"* i 2 mrxi - 2viin t + 2?? 


whence we deduce that 


(3) 1 + S (mp) = ^ + I 

m*l ' ““ 


1 L 1. 

1 Lv{(2m7ri + «)* + je* + y’} V l(2wwn - ^)* + iE» + y’} J 

It follows that the series represents the electrostatic potential due to a 
set of unit charges (some positive and some negative) at the origin and at a 
set of imaginary points. 

The reader may find it interesting to discuss the Lipschitz-Hankel integral 
of § 13-2 as a limiting form of a series of Whittaker’s type. 

Some other series have been examined by Nagaoka* in connexion with a 
problem of Diffraction. One such series is derived from the Fourier series for 
the function which is equal to 1/V(1 ~ the interval (— 1, 1). 

The Fourier series in question is 

(4,) __l_ = ^,r + 7r 2^ J„(r»ir)cos«mK, 

and it converges uniformly throughout the interval (— 1 + A, 1 A), where A 

is any positive number. 

Multiply by e®*' and integrate, and we then obtain the formula (also due 
to Nagaoka) 

1 . -i?: Ti + 2 1 A (»-) . 

^ ■jrj 2 [a a m IT j 

The series on the right in (.=>) converges uniformly throughout the interval 
(- 1, 1) and so we may take - 1 and 1 as limits of integration. 

Hence, for all values (real and complex) of a, 

sin tt r, , 2 a> 2 . 

(6) J 

A more general result, valid when R (v + 5)>0,is 

, ,,, sin«r (i«)- I 

(7 ) J, (a) — [roTM) W j «=1 m” (a^ - 

* .ou,-,.: ./ C 0 «. 0 / ..«••, ofJa^n, 1.(1891). pp. 30, -823. Some of Nagao.a. 

formulae are quoted by CiuclU, Suovo Cmento, (4) i. (1896). p. lo- 


tv*** ri 

[a 


+ 2 2 J„ (tnir) 

m- 1 


a cos irtTTX — miri sin inirar\ 


— m®7r“ 
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This expansion is also obtainable by expressing ® partial 

fractions*. 

Various representations of the integral on the left of (6) were obtained by Nagaoka ; 
the formula quoted seems to be the most interesting of them. 


Finally we shall give the formulaf 

( 8 ) 

This is deducible from the Fourier series 


® Jo {(2m -1)^} _ TT* \x\ 
,=i (2m- 1)* 8 2 


® cos(2m-l)j? TT, 


(- TT < a? < tt) 


(— TT < if < Tt) 


by replacing xhy x sin 0 and integrating with respect to 0 from 0 to ^tt. 

As an example of the calculation of the sum of a Schlomilch series when 
the variable lies outside the interval (— ir, tt), we shall take tt < a? < 27r, and 
then, if f (x) denotes the sum of the Fourier series, we see that 


® Jo (2m -Da; ^ 

^ “45 =“ f(xsm0)d0 

m-i (2m -ly TT./o 


-If 


arc sin (fr/x) 


[** l/Crsin^) 

J arcsin (*r/a')) 


de 


TTJ 0 

arc Bill (ir/x) 

SO that, when ir < x < 27r, we have 


9 /•aro8m(W*) ^ 

^ (tt — 2^7 sin 0) d0 
o 


“ (2if sin 0 — Stt) d0y 

o 


/Q\ 5 >^0 ((2m- 1)®] .. \ 


TT arc cos 


© 


8 ■ 


19*41. Null- functions expressed as Schlomilch series. 

We shall now prove the remarkable theorem that 

( 1 ) I (-r 

provided that 0 < a? < tt ; the series oscillates when x = Q and diverges to 
-I- 00 when x=Tr. 

This theorem has no analogue in the theory of Fourier series, and, in fact, 
it is definitely known J that a Fourier cosine-series cannot represent a null- 
function throughout the interval (0, tt). 

* Cf. Modern Analysis^ § 7*4. 

t This was set as a problem in the Mathematical Tripos, 1895. 

X Cf, Modem Analysis, §§ 9*6 — 9*632. 
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It is easy to prove (1) by using Parsevals integral; when M is a large 
integer, we have 

1 if 2 ri" (1 ^ ^ 

2 + (“)”* ^ » (wa?) ~ j 2 ^ (—y" cos {via: sin i)| dt 


_ ("“)^ cos [(71/ 4- i) X sin t] 


7 

T 


dt 


cos (^.x- sin t) 

(-)if I** cos ( Af + J) (/w 

cos Jw ■ 

= 0 ( 1 ), 

as JIf 00 , by the Riemann-Lebesgue lemma*, which is applicable because 
the integral 

/■* du 

J 0 cos \u . - w“) 

exists and is absolutely convergent when 0 < a; < tt. 

Hence we have proved that 

lim ri+ 2 (-)“ J„ (wia;)l = 0 

M-^co [_^ »»— 1 J 

when 0 < a; < TT ; and this is the theorem stated. 

It is easy to prove in a similar manner that 

i 


( 2 ) 


I (-)^J,(nu:) 

r(,; + i)'^„r, ilmsy - ’ 


(i) when — i < ^ i and 0 <x<ir, (ii) when v> ^ and 0 <x^ir. 

By using Poisson's integral we have (since v > — ^) 


. *ir ri M 

7 


cos {inx sin t) 


-TKv + \)T{\) 

(-)^ 

r(>' + i)r(i)a^“';« c^siu ^ ' 


cos-*' tdt 


= 0 ( 1 ), 

as ilf -► 30 , provided that the integral 

1 0 cos fu 

exists and is absolutely convergent; and this is the case when x and v .satisfy 
the conditions stated. 

The truth of (2) is now evident. 

If 71 is a positive integer, and if v is so l^-rge that i/ — 2w > — J, the operator 

d 

xdx 

* Cf. Modem AnalyeUt § 9*41. 
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may be applied n times to equation (2). The effect of applying the operator 
once to the function is to multiply the function by — m*; atid 

therefore, when 0 < ir < tt, 


that is to say, 

( 3 ) 

provided that either 


{\mxy 

* {-)”^J^(mx) 

nZx 


(i) — J < 1 / — 2n ^ J and 0 ^ a* < tt, or (ii) v-2n>\ and O^x^w. 

The formulae given in this section are due to Nielsen*, Math. Ann. lii. (1899), 
pp. 582 — 587; two other papers by Nielsen on this subject were published at about the 
same time, JVyt Tidsakrift, x. B (1899), pp. 73 — 81 ; Ooersigt K. Damke Videmkaheme% 
SeUkahs., 1899, pp. 661 — 665. In the first two of these three papers integral values of v 
only were considered, the extension to general values of v being made in the third papei*. 

Shortly afterwards t Nielsen gave a formula for the sum of the series in (2) when x>n \ 
this formula is easily obtained from the integral of Dirichlet’s type 

^ Jo cos^u 

by considering the behaviour of the integrand at m^tt, Stt, fitr, .... 

It is thus found that, when x is positive and q is the integer such that 
( 25 ^- 1 ) IT <^<(2^ + 1) tr, 

then 

. I 2r(i) « f (2n-l)2 7ry i 

rCi' + i) m=i (inixy a7r(v-i-i)n=i I ^ J 

The importance of Nielsen’s formulae lies in the fact that they make it 
evident that, when a function f{x) is defined for the interval (— tt, tt), if the 
function can be represented by a Schlomilch series throughout the interval 
(except possibly at a finite number of points) the representation is not unique 
and there are an unlimited number of Schlomilch series which are equal to 
the function / (x) throughout the interval, except at a finite number of points, 
namely the points already specified together with the origin and (when 

— i < J' ^ J) the end-points ± tt. 

The converse theorem, that the only Schlomilch series with non-vanishing 
coefficients which represent null- functions at all points of the interval 

— 7r<a?<7r, (wAen J — ^ < i' ^ i) except the origin are constant multiples of 

. V 

r(i'4-l) OT~i (iww:)' 


* Formula (1) was rediscovered by Gwyther, Megaenger, xxxiii. (1904), p. 101. 
i Overaigt K. Danake Videnakabemea Selakaba, 1900, pp. 55 — 60; see also a later paper by 
Nielsen, Ann. di Mat. (3) vi. (1901), pp. 301— B29 for more complicated results. Of. § 19*4(9). 

X The theorem is untrue when v > | ; cf. formula (3). It would be interesting to know whether 
any Sohlomiloh series other than the one given can represent a null-function when 
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is, of course, of a much deeper character, and it seems that no proof of it has 
yet been published. We shall now discuss a series of propositions which lead 
up to this theorem ; the analysis which will be used resembles, in its main 
features, the analysis*, due to Riemann, which is applicable to trigonometrical 
series. 

19 * 6 . Theorems concerning the convergence of Schlomilch series. 

We shall now discuss the special type of Schlomilch series in which i/ = 0, 
and in which Struve's functions do not appear; the object of taking this jmr- 
ticular case is to avoid the loss of clearness due to the greater complication 
in the appearance of the formulae in the more general case. With a few 
exceptions, the complications in the general case are complications in detail 
only; those which are not matters- of detail will be dealt with fully in 
§§ 19-6— 19-62. 

The series now to be considered is 

00 

(1) ia„+ 2 

in which the coefficients are arbitrarily given functions of m. 

We shall first prove the analogue of Cantor’s leinmaf, namely that the 
condition that Jq (mx) 0 as m oo ^ at all paints of any interval of values 
of m, is sufficient to ensure that 

am = o{^m). 

[Note. If the origin is a point of the interval in question, then the theorem that 

am = o(l) 

is obviously true.] 

Take any portion J of the interval which does not contain the origin, and 
let this portion be called Let the length of Ij be Lj. 

Throughout we have (cf. § 7*3) 

a„ J. {true) = (»»*. 0) cos {mx - itr)-Q{mx, 0) sin {tax - \tr )] ; 

'V \mirxj 

and, as m 00 , 

P{mx,0)-^\, Q{mx,0)-^0. 

Hence, for all sufficiently large values of m, (say all values exceeding m^) 
P (mx, 0) ^ i, IQ (mx, 0) 1 ^ i 

at all points of 

Now suppose that a^n, is not o (>s/m}\ we have to shew that this hypothesis 
leads to a contradiction. 

♦ Cf. Modem AnalymU, §§ 9*6 — 9*632. t Ibid. § 9*61. 

X Sinee Jq {mx) is an even function of x, the portion may be supposed to be on the right of 
the origin without loss of generality. 
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If ant is not o (V^)> ^ positive number e must exist such that 

I I > e Vwi 

whenever m is given any value belonging to a certain unending sequence* 
mi, m 2 , Let the smallest member of this sequence which exceeds both 
m© and ^irfLi be called 

Then cos(m/ \ir) goes through all its phases in /i, and so there must 
be a portion f of say /g, such that 

I cos {mi X - \ir) | ^ \ | sin {m^x - Jtt) | < J 

at all points of /g. If Xg is the length of 1^, then Zg = h^rrlmi. 

Next let the smallest member of the sequence which exceeds both m/ 
and 27r/Z8 be called mg'. 

Then cos (mg'ic — Jtt) goes through all its phases in /g, and so there must 
be a portion of /a, say such that 

I cos {ynix — \tr) | ^ ^ I {m^ x — ^tt) | ^ J 


at all points of If Z 3 is the length of J,, then Z* = jTr/mg'. 

By continuing this process, we obtain a sequence of intervals 
such that each is contained in its predecessor ; there is therefore a point X 
which lies inside all these intervals, and at this point we have 

I cos {mX — I sin {mX — ^tt) | ^ 

when m has any of the values nvi, «ig', m/, — 

For such values of m we consequently have 




X [P {mX, 0) . I cos (tiiX — Jtt) | — | Q {mX, 0) | ; sin (mX — \ir) | ] 
V 3-1 // ^ 

■4 vU-ar. 


> e 


). 


and this is inconsistent with the hypothesis that Jq (mx) tends to zero at 
all points of 

The contradiction which has now boen obtained shews that must be 
0 (\/m). 

The next theorem which we shall prove is that, if the Schlomilch series 
converges throughout any interval, then ths necessary and sufficient condition 


* It is Bupposed that mi ^ nig < m 3 < . . . . 

t There are, in fact, at least two such portions of JTi ; in order that 1 % may be uniquely deter- 
mined, we take /g to be that portion which lies on the left of the others. 
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that the series should converge for any positive value of x (whether a jmnt of 
the interval or not) is that the series 


2 a„ 

m-1 



COS {mx - Jtt) 4- 


— — 8in(7w;j; 
Hmx ^ 



should he convergent for thdt value of x. 


This theorem is evident from the fact that the general term of the 
trigonometrical series differs from a^f,J^(mx) by a function of m which is 
= and is a convergent series. 


19*61. The associated function. 

Let the sum of the series 

CD 

Jo,+ 2 a^Jt(mx), 

m-1 

at any point at which the series is convergent, be called fix). 

Let 

(1) T(x) = ia,x‘- i 

Then P (a?) will be called the function associated with the Schlomilch 
series whose sum is fix). 

It is easy to see that, if the series defining fix) converges at all points 
of any interval, then the series defining T ix) converges for all real values 
of X. 

For as m-^oo at all points of the interval, and therefore 

(§19*5) 

Again, by § 2*5 (6), for all real values of x 
and consequently 

a^ J^jinx ) _^( l\ 
m* \wiV 

Since 



is convergent, it is obvious that the series on the right in (1) must be 
convergent. 

It is evident, moreover, not only that the convergence is absolute, but also 
that it is uniform throughout any domain of values of the real variable x. 
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19*62. Lemma 1. 

We shall now prove that, if T{x) is the function associated with the 
Schldmilch series whose sum is f(x\ and if 

(1) O (a; a) = ^ + (a? - g) F (a? — 2g) — F (ic) 

4a* 

then 

(2) lim O (x, a) = xf(x) 

a~»K) 

at any point x at which the series defining f{x) is convergent, provided that* 

It is easy to deduce from (1) that 
O(a;,0) = K^- 

X [(a? + a) Jo + 2ma) + (;r — a) Jq {mx — 2ma) — 2a? Jq (nix)] ; 

and, from rHospital’s theorem, it follows that 

lim [(^ + a) Jo (wia? + 2wa) + (a? — a) Jo (mx - 2ma) — 2a? Jo(?na?)] 

= lim 3 "^ [Jo (mx + 2ma) — Jo (rnx — 2ma) 
ow*a 

+ 2m (a: + a) (mx 4- 2t?ia) — 2m (x — a) J©' (ma? — 2ma)] 

= a? Jo" (mx) + Jo' (mx)lm 
= — .r Jo (mx). 

Consequently the limits of the individual terms of the series defining G(a;,a^ 
are the individual terms of the series defining xf(x). 


It is therefore sufficient to prove that the series for Q(a?, a) converges 
uniformly with respect to a in an interval including the point o = 0 when a? 
has any value such that the series for f (x) is convergent. 

It may be assumed, without loss of generality, that a? is positive f, and we 
shall then take | a | so small that it does not exceed Ja? ; we shall now prove 
that the series for Q- (a?, a) converges uniformly when — Ja? ^ o $ Ja?. 


By observing that 

a? ± a — t^[x (x + 2a)} = 


a* 

X ±a-\- \/[x(x ± 2a)} 


and that the series 


:< ia^jx, 


2 

-1 


Urn Jo (wwT ± 2ma) 

7a* [a? ± a + \J\x (x + 2a)J] 


* Since we are not aBsuming more than the oonvergeDce of / (a?) at a single point, it is not 
permissible to infer from § 19*5 that must be o (^m). 

t The functions under consideration are even functions of x\ and since 0(0, a)=0, the special 
case in which j?= 0 needs no further consideration. 
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is uniformly convergent (upper or lower signs throughout beinff takenl we 
8eethata(^,«)dififerefrom * ' 


^OtO!- 2 
«l— 1 


4m*o* 


[V(^ + 2a) . Jo + 2wa) 4- — 2a) . Jo (mx — 2ma) - 2 . J,, 

by the sum of two series, each of which is uniformly convergent. 

It is therefore sufficient to establish the uniformity of the convergence of 
the last series which has been written down. 


Now take the general term of this series, namely 

- [ V(® + 2o) . J, (m® + 2ma) + >J{x - 2o) 2mo) -2^x.J,( )hx)] , 

and write it in the form 




A 


2a; \ “ 
mir) _ 


cos (wa? — Jtt) 4* 


s in (mx — ^ tt) 
%mx 



+ O-TO 

“t* ttjre 


y( 

v/( 

v/(: 


2a; \ cos (riyr. — Jtt) sin 27na 
.mTT/ ' 8m {x^ — 4a“) ‘ 7/t®a 

2a; \ sin (mx — \ir) cos 2ma 
m-TT/ ' 8ma; (a^ — 4a'‘‘) * 

' 2x\ r 2<^ (mx) — ^ (mx + 2ma) — 4> (mx — 2ma) 
,mir) * [ 


4?M*a* 


where <I> (y) is defined by the formula 

‘I’ (y) = {-P (y. 0) - 1 1 cos (y - i’r) - C ^y- ®)| (y - 

The general term is thus expressed as the sum of four terms, and we 
proceed to prove that each of the four series, of which these terms are the 
general terms, is uniformly convergent. 

The first two series are proved to be uniformly convergent, in connexion 
with the theory of trigonometrical series*; and the third is obviously 
uniformly convergent from the test of Weierstrass. 

To deal with the fourth series, we observe that, by the first rnean-valuc' 
theorem, numbers f 6 and 0i exist such that 


* Cf. Modern Analysis, §§9-62, 9*621. It has been/ the general (but not invariable) custom to 
obtain varioua properties of the series without establishing the uniformity of their convergence. 
The convergence of the series for f{x) is required to deal with the first serits; the second scries 
can be dealt with in consequence of the less stringent hypothesis that — 

+ The number ^ is a function of a variable t which will be introduced immediately. 


w. B. F. 


41 
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for which 

2<I> {rnx) ~ <I> {mx + 2ma) — <t> {mx — 2wia) 

= 2moL f (4>' (mx — 2mat) — <t>'(mx + 2mat)] dt 
Jo 

== — 2ma f 47nat (mx — 2ma6t) dt 
Jo 

= — (mx — 2maffi). 

Since <l>"(y)ss 0(1//) when y is large, it is evident that 

S <1>" (7iiix — 2mad^ ) 

is uniformly convergent with respect to a. 

Hence O (x, a) is expressed as the sum of six series each of which converges 
uniformly with respect to a when — a < lx; and therefore 

lim O (Xy a) 

is equal to the sum of the limits of the terms of the series for 0(a?, a), i.e. it 
is equal to x/ (x), provided that the series for / (x) is convergent ; and this is 
the lemma to be proved. 


19'53. Lemma II, 


We shall next prove that, with the notation o/§§ 19*51, 19*52, the condition 
that = 0 (•Jni) is sufficient to ensure that 

lim F (^ + 2a) ’^(x — a)T(x- 2a ) — 2a?F (x) _ ^ 

a-^O ^ 

for all values of x. 

As in § 19*52, we need consider positive values of x only ; and we express 
the series for a O (Xy a) as t.he sum of six series each of which is easily seen to 
be uniformly convergent when —lx< a< lx, by applying the theorems con- 
cerning trigonometrical series which were used in § 19*52. 

Hence 


Iim [a G (x, a)] 

u 

“ a 

= lim ( ^ "1" ®) 27aa) 

‘i^(x — a)Jo(mx- 2?na) - 2.rJo (mx)] 

= 0, 


and this is the lemma to be proved. 


19' 54. I'/ie analogue of Riemanns theorem'^ on trigonovietrical series. 

We can now prove that, if two Schlomilch series of the type now under 
consideration (i.e. with i/ = 0, and with Struve’s function absent) converge 

** Cf. Modrrji AniilysiSy §U’63. 
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and have the same sum-function throughout the interval (0, tt), then corre- 
sponding coefficients in the two series are equal. The formal statement of 
the theorem is as follows : 

Two Schlomilch series, of the special type, which converge and are equal at 
all points of the closed internal (0, with the possible exception of a Jinite 
number of points, must have corresponding coej^ients equal, unless the end- 
points 0 and TT are both exceptional points. 

If these points are exceptional points, the two series may differ by a constant 
multiple of the series 

Let the difference of the two series be 


Jao-I- 2 a^Joinix), 


and let the sum of this series be f(x), so that f (a?) converges to zero for all 
values of x between 0 and tt, except the exceptional values. 

Let fi, fj be any points (except the origin) of the interval (0, tt), such 
that there are no exceptional points inside* the interval (f,, f^)* 

We proceed to prove that, if is the function associated with the 

Schlomilch series for fix), then F {x) is a linear function of log x in the 
interval (f,, fa)* 1'his is the analogue of Schwarz’ leminaf. 

If ^ == 1, or if ^ - 1, and if 

[f (*) - F (fo - {*• (f.) - m ] 






then <f>{x) is continuous when and 

If the first term of <f)(x) is not zeroj throughout the interval (fj, fa), then* 
will be some point c at which it is not zero. Choose the sign of B so that the 
first term of <f} (c) is positive at c, and then choose h so small that (f> (c) is 
still positive. 

Since </>(x) is continuous in (fi,f*), it attains its upper bound which is 
positive since <h(c) is positive. Let it attain its upper bound at c,, so that 
fi < Cl < f,. 

Now by Lemma I (§ 19-52) 

(c, H-a) </> (c, + 2a) -f ((a — a) 0 ( c< — 2 g) — 2c i<f> (0i) _ 


♦ The points themselves may be exceptional points, 

t Cf. A/odfm AnalyiiB, § 

* If it U zero throughout . fj), then F (jr) U obviously a linear function of log r. 

41 -2 
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But <f> (c, + 2a) ^ (ci), <l> (Cj — 2a) ^ (Ci), so the limit on the left must be 

negative or zero. This contradiction shews that the first term of ^ (a?) must 
be zero throughout (fi, fg)* l^hat is to say that T{x) must be a linear 
function of log x ; and this is the theorem to be proved. 


Hence the curve whose equation is y = P {x) consists of a set of segments 
<if logarithmic curves with equations of the type 

y A \ogx + B» 

Now, by § 19’51, P (x) is continuous in (0, tt), and so these logarithmic curves 
are connected at the exceptional points; and the curve y = P(a?) caimot have 
an abrupt change of direction at an exceptional point, because, by Lemma II, 


even when f is an exceptional point; that is to say 

fr(l+o)=fP'(f-o). 


Hence the constants A and B cannot be discontinuous at the exceptional 
points, and so they have the same values for all values of x in the 
interval (0, tt). 

Consequently, when 0 < x<7r, 

Make it 0 ; the series on the left has a limit, namely 


_ I 

m=l w®’ 

because it is uniformly convergent. Therefore A \ogX’\-B has a limit when 
a? 0, and so A is zero. 


Consequently, when O^x^tt, 

5 


and the series on the left converges uniformly throughout (0, tt), so integrations 
term-by-term are permissible. 

Keplace x by a: sin 6, multiply by sin 0y and integrate from 0 to Jtt. Then, 
by§1211, 

— 5= 2 Jo(mxsin 0)Bin0d0 

7n=l J 0 

__ V 

*,=1 


2 = 


m-1 


TtV 


Hence, when 0 ^ a? ^ tt, 
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Multiply by sin wwp and integrate from 0 to tt ; it is then evident that 

2m* ’ L2»«' m. J' 

Since Om ia given to be o(^/m), this equation shews that 
5 = ^ir*a„, Om-(-)"*a,. 

Hence we must have 


/(fl!) = ao i (-)*»/, (»aa;) . 

L 


From the results contained in § 19*41 concerning the behaviour of the 
series on the right at a? = 0 and at it is evident that f{x) cannot be a 

convergent Schldmilch series at either point unless is zero; and this proves 
the theorem stated at the beginning of this section. 

19 * 6 . Theorems concerning the convergence of generalised Schlimilch series. 
We shall now study briefly the series 

iOo V 4- (mx) 

We shall first prove that, when < J, the condition that the (m -f 1 )th term of 
the series tends to zero as at all points of any interval of values of x 

is sufficient to ensure that 

[Notk. If the origin is a point of the interval in question, then the thooroin that 
is obviously true.] 

Since the series under consideration is unaffected by a change in the sign 
of X if the signs of all the coefficients are also changed, no generality is 
lost by considering an interval on the right of the origin. 

We call this interval /, ; and, at all points of /,, we have, by § 10*41 (4), 

a m*Jv {mx) H- few Hr (vix) ^ Cot rp (///,/• p) cos {mx — \vTr — Jtt — yyn) 

{\mxy {\mxy^^^/l^^ 

— Q {mx, 1 /) sin {mx - Ji^tt — ^tt - 1;,,*)] + b , n . 0 {m '), 

where == Crn cos rjjn , bm = Cot si^ Vin • 

We now suppose that and are not both o(m-+J); we have <.> shew 

that this hypothesis leads to a contradiction. 

If a„ and b,„ are not both o(m''+*), a positive number e must exist such 

that 

whenever m is given any value belonging to a certain unending sequence 

mi , , . . . . 
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We now prove, exactly as in § 19*5, that, at some point X of /i, the 
inequalities 

I cos (7nX - \vTr - Jw - 17 ^) | i | sin {mX - ^vtt - iw - 1 ^ ^ 

are satisfied whenever m has any value belonging to a sequence (m/) which 
is a sub-sequence of the sequence (mr). 

For values of m which belong to this sub-sequence we have 
a,nJ^(7nX)-^bm'BL^(mX) 

— Tj=r? 

and, since 1 / - ^ is negative, the expression on the right cannot be arbitrarily 
small. This is the contradiction which is sufficient to prove that and bm 
must both be if the (m-f l)th term of the Schlomilch series tends to 

zero at all points of /j. 

Th (3 reader may now prove (as in § 19*5) that, when v<\,if the generalised 
Schlomilch series converges throughout any interval^ the necessary and sufficient 
condition that it may converge for any positive value of x {whether a point of 
the interval or not) is that the series 

j , [5 y - o 

4i /*— 1 . . . , >} bm 1 

- -SiS- M + m- • rfrTiJTTpJ 

should be convergent for that value of x. 


19' 61. I'he associated function. 

Let us take - ^ < i' < i , and let the sum of the series 

_J Oo V (mx) + bm (mx) 

r(i/+l) T«ti (^nixY 

at any point at which the series is convergent be called (a;). 


Let 

(1) 


p / X ^0^ V (imJy(rnx)’hbm^y{nix) 

8r(.;+2) m>.{i 7 nxy 


Then P„(a?) will be called the function associated with the Schlomilch series 
whose sum is f{x). 


It is easy to prove that, if the series defining fp{x) converges at all points 
of any interval^ then the series defining P„ (a?) converges for all real values of x. 


The only respect in which the proof differs from the analysis used in 
§ 19*51 is that the additional theorem that H.^(x)/x^ is a bounded function of 
the real variable x haa to be used. 
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Again, let 

(2) CI,(a!,«) = l[(®+2i;a + a)F,(a; + 2a) 

, +(*-2w«-«)F,(a;-2a)-2a'r,(ir)l/a». 

Then, just as in § 19-52, we may prove that* 


lim O, {x, a) = xf, (x) - ^ | 

•■*■« * (*’ + 5)1 m 

at ant/ point x at which the series defining f,(x) is convergent, provided that 
Om and hfn are both o and that the series S bm/m is convergent. 

Further we may prove that 


lim [a Or^ (a?, a)] » 0, 

a -»0 


provided only that a^ and b„ are both o (m-+i), whether the series i b,„!in is 
convergent or not. ^ 


19'62. The analogue of Riemanns theorem. 

We can now prove that, if two generalised SchlOmilch series of the same 
order v {where - i < i>< i) converge and have the same sum function at all 
points of the closed interval (— tt, tt) with the possible exception of a finite 
number of points {it is supposed that the origin and the points ± tt are not all 
exceptional points), and if the coefficients of the terms containing Struve's func- 
tions in the two series are sufficiently nearly equal\ each to each, then all 
corresponding coefficients in the two series are equal. 

Let the difference of the two series be 

j ^ bjfi, {mx) 

r(*^4-i) {\inxy 

and let the sum of this series be fv{r^, so that the scries for /„(a?) converges 
to zero at all points of the interval (~ tt, tt) with a finite number of exceptions. 

The convergence of the series for/„(a?) nearly everywhere in the interval 
(— TT, tt) necessitates the equations 

a,,, = 0 = 

The statement that the coefficients of the terms containing Struve s func- 
tions in the two series are to be sufficiently nearly equal is to be interpreted to 

00 ^ 

mean that -► 0 as m -► oo in such a way that 1 ~ is convergent. 

jii=i 'rn- 

We now discuss the function T^{x) associated with the Schlomilch series 
for It can be proved J that if the interval (f,, fa) is such that the origin 

* The presence of the series on the right is due to the lack of homogeneity in tlie differentia) 
equation satisfied by Struve’s function. 

f This statement will be made definite immediately. 

X It seems unnecessary to repeat the arguments already used in § 19*54. 
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and the exceptional points (if any) are not internal points of the intenral, then 
T,(x) is a linear function* of in the interval. It may then be shewn 
that the exceptional points do not cause any discontinuity in the form of F, (x), 
and hence we deduce that 

J P„ (x) = + 2?, (0 < a? ^ tt) 

^A*\x 1“**' 4* iJ', (0 > a? ^ — tt) 

where A, By A\ B' are constants. 

Now take the equation 

. . _ £F'o 5?* ^ dm (WM?) 4 hm (tWA*) 

mK(^mxy 

replace x hy x sin 0y multiply by sin**^+* dfcos^^ 6, (which has an absolutely 
convergent integral) and integrate from 0 to Jtt. The series for Fr(rrsin ^) 
converges uniformly in this interval of values of 0y so term-by-term integra- 
tions are permissible. 

It is thus found that 

sin**'+^ 0j^ cio^ f*' sin’**'^’*^ 

' ^ ~ sr (i/ + 2) Jo cos*- e 

^ dm Jy {mx sin 0) 4 {mx sin 0 ) sin*^^^^ 
m^,(^mxy * 008^’' 0 

^a,a-ra-v) r(J-i.) ^ dm sin mx + (1 — cos mx ) 

~ 12r(i) " r(^) „Zi rn^sp 

When we substitute for F„ (x sin 0) we deduce that 

V a«i sin mA 4 6^ (1 - cos ma?) _ ttoA-'* Ax^-^^ V (^) , ,, 

^=1 (*' + !)> 

when 0 ^ A ^ TT ; and a similar equation may be obtained when 0 > a ^ — tt. 

Since and b„ are both o (m‘'+i), it is permissible to differentiate (1) twice 
term-by-term when 0 > i/ > - J ; but it may only be differentiated once if 

If we differentiate, twice or once as the case may be, the resulting series 
on the left tends to a limit as a 0, but the resulting expression on the right 
fails to do so unless A is zero. 



We infer that A = 0, and in like manner A' must be zero ; the continuity 
of F^ (x) at the origin then shews that B and S' must be equal. 

It now follows from (1) that 


( 2 ) 


^ dm sin mx 4 (1 — cos mx) 

m-I 


when — TT ^ A ^ tt. 




When v is zero has to be replaced by log x. 
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Multiply (2) by cosmr and integrate from -tt to tt; and then 

( 3 ) 6 m = 0 . 

Again, multiply by sin mx and integrate ; and then 

a« = a, + m* {2fir (v + 1) - 

This equation is inconsistent with the fact that a„ is o(m-'+») unless 

22Jr (w + 1) = 

and then a„ = ( - )“Oo. 

Hence the series for f, (x) must reduce to 


CLq 




m-1 J 


Now at least one of the points 0, tt, — tt is not an exceptional point ; and 
the series for/,,(jj) cannot converge at that point unless is zero, so that a,„ 
is also zero. 


We have therefore proved that, if the series Xb,Jm is convergent all the 
coefficients a^n. and mvst vanish ; that is to say, the two Schlttmilch series 
with which we started must have corresponding coefficients equal. And this 
is the theorem to be proved. 

We have therefore established for Schlomilch series in which — J < v < J 
theorems analogous to the usual theorems concerning the representation of 
null-functions by trigonometrical series. 


19’7. Theorems of Riemanns type concerning series of Bessel fimctions and 
Dints series of Bessel functions. 

We shall now give a very brief sketch of the method by which the senes 
discussed in Chapter xviii, namely 

00 UD 

m—l m-l 

(in which v> — i) may be investigated after the manner of Riemann’s investi- 
gation of trigonometrical series. 

The method is identical with the method of investigation of Schlomilch 
series just given in §§ 19 6 — 19*62, though there are various points of detail*, 
which do not arise in the case of Schlomilch series, due to the fact that 
and are not linear functions of m. 

* These points of detail are very numerous and there is no special diMoulty in discussing any 
of them ; but it is a tedious and lengthy process to set them out in full, and they do not seem to 
be of sufficient importance to justify the use of the space which they would require. The reader 
who desires to appreciate the details necessary in such investigations may consult the papers by 
C. N. Moore, Trana. American Math. Soe, x. (1909), pp. 391 — 485; xii. (1911), pp. ISl 206; 
XXI. (1920), pp. 107—156. 
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In the first place, it is easy to prove by the method used in § 19'5 that 
if the series 

00 00 

weal m=\ 

converge throughout any interval of values of a?, then 

dm = 0 (\/m), = 0 (Vr/t)- 

Next we consider the associated function ; we write 


y(j*) — ^ 

w=l 

and then the function associated with / {x) is defined by the equation 

F(x)== i 

w — 1 Jm 

It may be proved that, when x has any positive value for which the series 
defining f {x) is convergent, and if the expression 

~ [(.T 4- 2pa + a) F(x -f 2a) — 2a: F(x) -f (x - 2/>o — a) F{:c — 2a)] 

is arranged as a series in which the mth term has for a factor, then the 
latter series is uniformly convergent with respect to o in an interval containing 
the point a = 0, and that its limit when a~^0 is ■~x^~'^f{x). 

It may also be proved that, whether the series for f(x) converges or not, 
the condition that = o {\/ni) is sufficient to ensure that 

[(^ + 4- o) F(x 4- 2a) — 2a- F{x) 4- (a; - 2va — o) F{x - 2a)] 

tends to zero with a. 


The proofs of these theorems depend on a number of lemmas such as the lemma* that 

'«i = l I + j^tn^ I 

is a bounded function of a ; proofs of the lemmas can be constructed on the lines of the 
profifs in the special (trigonometrical) case in which v = 


It now follows in the usual manner (cf. § 19’54) that, when f{x) is a null- 
function throughout the interval (0, 1), then F {x) satisfies the differential 
equation 




and sof F{x) = A + Bar^", 

where A and B are constants. This equation is valid when 0 < it' $ 1. 


* Cf. Modern Analysis, §9'62. 

|- When F=:0, F{x)=^A+B' logj*. 
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Now since is bounded when 0 

be the value of m ; and so, when* * * § v < the series 


^ a; ^ 1 whatever 


2 0 ”*^^ 

converges uniformly when 0 1, by the test of Weierstrass. 

Hence F(x) is a continuous function of x in the closed interval and so H 
IS zero when v is positive ; and B' is zero in the case v = 0. 

For any assigned value of n multiplying the series for f\.T) by 
does not destroy the uniformity of its convergence; and, when we integral 
we find that 

an . ^ {jn) = jV (-4^*' + Bx^^) X J,, ijn^) dx 

Now, when n is large, 

and 80 the formula just obtained for a„ is inconsistent with the equation 
an = o(Vw) when v > — ^ unless both -A + and B are zerof; and then is 
zero. 


Hence a series of Bessel functions (in which v> — \) cannot converge to 
the sum zero at all points of the interval (0, 1), with the possible exception of 
a finite number of points (the origin not being an exceptional point J when 
V > i), unless all the coefficients in the series are zero. 


We infer that two series of Bessel functions, in which v>-\, cannot 
converge and be equal at all points of the interval (0, 1), with the possible 
exception of a finite number of points, unless corresponding coefficients in the 
two series are equal. 

Dini's series § 

/(«)= i hn.J^iXnX) 

TO = 1 


may be dealt with in the same manner. The associated function is defined 
by the equation 


X) 


F{x) = 'L 

m-\ 




* When v ^ the convergence of the eeriee \or J {x){x^ at.r=0 is sufficient to ensure the 
uniformity of the convergence. 

t An exception might occur when - 1 = - ^ ; but this is the trigonometrical case. 

X The series divided by x*' then has to converge at the origin. 

§ It is supposed for the present that i7+v>0, so that no initial term is inserted. 
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and it is inferred that when /(«) is a null-function throughout (0, 1), then 
constants A and B exist such that 

F(s) = A + Bar*^, 

bn [(l - /r* (X„) + J:* (X«)] = (Ax^ + Bar*) xJ, {\nx) dx 

- X„ [a (\„) -H B (X„)|] ; 

and B = 0 when v^O. 

Now, when n is large 

“ £■) ~ ’ 

J (^n) *“ 0 (Xn *), J ¥—1 (Xn) = 0 (Xn ^), 

SO that, if 0, 

2 ^r(p) * 

and this is inconsistent with the equation 

bn = 0 (Vw). 

since i/ > — 

Hence B is zero, and therefore 

Xii®) ^ * (Xn)^ =® A\nJ k+i (Xn). 

This equation is inconsistent with the equation 

bn-o (s/n) 

unless A is zero, since (Xn) is not zero ; and then bn is zero. 

We next consider what happens when + 1/ is zero or negative ; in these 
cases Dini’s series assume the forms 

60a;*' 4 - i b„,J^{\^x\ 

m=l 

QO 

bi^Iy (Xoa?) + 2 bjfiJ^ (Xnia/), 

m=l 

respectively. 

In the second of the two cases the previous arguments are unaffected by 
the insertion of an initial term ; the ftrst of the two cases needs more careful 
consideration because the initial term to be inserted in the associated 
function is 

b,x^ 

4(i.+ l)* 

and hence, when n ^ 1, 

bnJ» (x») = j ^ + 4^(r+ T ) ^ 




btJ t (X«) 
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Since = o ( V^) we infer first that 5 = 0, by considering the term in 
(4X«y» \ and so 6n = 0 for all values of n. 

We infer also that, as in the limitiiig case of series of Bessel functions, 
Dini's series of Bessel functions cannot represent a null-function throughout 
the interval (0, 1), and that if two of Dini's series (with the same v and H) 
converge and are equal at all points of the interval (0, 1), with the exception 
of a finite number of points, then corresponding coefficients in the two series 
are equal. 



CHAPTER XX 


THE TABULATION OF BESSEL FUNCTIONS 

20 * 1 . Tables of Bessel Functions and associated functions. 

It is evident from a consideration of the analysis contained in Chapters vii, 
VIII and XV that a large part of the theory of Bessel Functions has been con- 
structed expressly for the purpose of facilitating numerical computations 
connected with the functions. To the Mathematician such computations are 
of less interest and importance* than the construction of the theories which 
make them possible; but to the Physicist numerical results have a significance f 
which formulae may fail to convey. 

As an application of various portions of the Theory of Bessel Functions, 
it has been considered desirable to insert this Chapter, which contains an 
historical account of Tables of Bessel Functions which have been previously 
published, together with a collection of those tables which seem to be of the 
greatest value for the present requirements of the Physicist. 

The reader will not be concerneid with the monotony and technical irrele- 
vance of this Chapter when he realises that it can be read without the efforts 
required to master the previous chapters and to amplify arguments so ruth- 
lessly condensed. 

The first Tables of J^(x) and Ji{x) were published by Bessel himself in 
his memoir on Planetary Perturbations, Abhandluvyen, 1824 [1826], 

pp. 46 — 52. These tables give the values oi J(t{x) and Jiix) to ten places of 
decimals for a range of values of x from a; = 0 to a? = 8'20 with interval 0*01. 

A short Table of J„(a;) and J^(x) to four places of d(*cimals was constructed 
by Airy, Phil. Mag. (3) xviii. (1841), p. 7; its range is from = 0 to x^ 10 0 
with interval 0*2. AiryJ had previously constructed a Table of 2Ji(x)lx, of 
the same scope. 

The function Ji was subsequently tabulated to six places of decimals by Lommel, 
ZeiUchHft fur Math, und Phys. xv. (1870), pp. 164 — 1G7, with a range from t(> .i;*:20'0 

with interval 0*1 ; this Table, with a Table of was republished by Lommel, 

Miinchmer Ahhandlungen, xv. (1886), pp. 312 — 315. 

* Cf. Love, Proc. London Math. Soc. (2) xiv. (1915), p. 184. 

t Cf. Lord Kelvin’s statement ^‘l have no satisfaction in formulas unless I feel their arithmetical 
magnitude — at all events when formulas are intended for definite dynamical or physical problems.” 
Baltimore Lectures (Cambridge, 1904), p. 76. 

X Tram. Camb. Phil. Soc. v. (1836), p 291. A Table of 2Ji {x)lx and its square, to four or five 
places of decimals, in which the range is from 0 to the circular measure of 1125® (with interval 15®) 
was given by Schwerd, Die Beugungserscheimingen (Mannheim, 1835), p. 146. 
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In consequence of the need of Tables of Jn{x) with fairly large values of 
n and w for Astronomical purposes. Hansen constructed a Table Jq{x) and 
Ji(x) to six places of decimals with a range from ^ to .r = 10‘0 with 
interval 0*1; this was published in his Ermittelung der absoluten Stth'ttugen 
in Ellipsm von beliebiger Excentricitdt and Ntigang (Gotha, 1843). Hansen’s 
Table was reprinted by Schlomilch* and also by Lommelt who extended it 
to a: = 20. 

These tables, however, are superseded by Meissel’s great Tabh* of 
ande/i(A) to twelve places of decimals j, published in the UevUnei' Abhiind- 
lungen, 1888; its range is from J!? = 0 to a; = 15*50 with interval 0*01. 

Meissers Table was reprinted in full by Gray and Mathews, A Treatise 
on Bessel Functions (London, 1895), pp. 247—266, and an abridgement of it 
is given in Table I infra^ pp. 666 — 697. 

A Table of J^{x) and (^0 to twenty-one places of decimals, from .r = () 
to ic = 6*0 with interval 0*1, has been constructed by Aldis, Froc. liogal Sue. 
LX VI. (1900), p. 40. 

A Table of JJj(w 7 r) to six places of decimals for n= 1, 2, 3, ..., 50 has been computed by 
Nagaoka, Journal of the Coll, of ScL Imp. (Jniv. Japan^ iv. (1891), p. 31.1. 

The value of ./(,(40) was computed by W. R. Hamilton from the ascending senes, /Vo/. 

(4) XIV. (18.57), p. 375. 

A Table of Ji{x) to six places of decimals from jr=201 to x-A\ with interval 0*1 or 
0*2 has been published by Steiner, Math, und Natvrwlss. Berkhte am Ungarn, xi. (1894), 
pp. 372—373. 

The earliest table of functions of the second kind was constructed by 
B. A. Smith, Jl/men^er, xxvi. (1890). pp. 98—101; this is a Tabic to four 
places of decimals of Neumann’s functions F*"’ {x) and F*''(x). Its range is 
from a: = 0 to a. = l‘00 with interval 001 and from a7= 10 to x= 10-2 with 


interval 01. 

A more extensive table of these functions is given in the A.w..- 

datim Report, 1914, pp. 70—82; this is a Table to six places of decimals 
whose, range is from .r = 0 to 15-50 with interval 0 02; a year later a Ubl.- 
was published, ibid. 1915, p. 33, in which the values of V (x) and 1 " (x) 
were given to ten places of decimals for a range from ,x =0 to x-irO with 
interval 0'2 and from x - 0 0 to x = 1 6 0 with interval 0 5. 

Shortly after the appearance' of Smith’s Table, an elaborate table wiw < ou- 
structed by Aldis, Proc. Royal Hoc. LXVI. (1900). p. 41. of Heines <>>^nct>ons^ 
0„{x) and G^{x) to twenty-one places of decimals; the icadei s on < u. 


• /MUchrift JUr SMh. und Phijs. u. (1867), pp. I W -1«'*- 
t Stud.en itber die IJe.eel'.chen Fanctionen (Loipiog^ 1B6S). PP' ^ 

MeisBcl’s Table contains a misprint, the correct value of ■ «(B > ) t 
+ 0*miS . ’ An additional misprint was made in ttie reprint of t lie fa > c u J' ' ‘ _ 

S Tbese functions were also tabulated by B. A. Sin.tli, ' ''f- oi ,'7 ’’ 

m ; the scope of tliia table is the same as that of his Table ot V.". (.) and 1 (U ( i ). 
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reminded that these functions are equal to — i7rFo(®) and (a?) re- 

spectively. The range of Aldis* Table is from a; = 0 to a: = 6*0 with interval 0*1. 

Another table of these functions with a smaller interval was published in 
the British Association Report, 1913, pp. 116 — 130; this table gives the 
functions to seven places of decimals for a range from a; = 0 to a? = 16*00 with 
interval 0*01. The Report for 1915, p. 33, contains a table to ten places of 
decimals from a;= 6‘6 to a?= 15*5 with interval 0*5. 

The fimctions Fo (a?) and Fi {x) are tabulated to seven places of decimals 
in Table I infra ; this table has an appreciable advantage over the British 
Association Tables*, in that the auxiliary tables make interpolation a trivial 
matter; in the British Association Tables interpolation is impracticable. 

By means of the recurrence formulae combined with the use of the tables 
which have now been described, it is an easy matter to construct tables of 
functions whose order is any integer. Such tables of Jn(^) were constructed 
by Hansen and reprinted by Schlomilch and Lommel after their Tables of 
t/o {x) and t/, (a). Subsequently Lommel, Milnchener Abhandlungen, xv. (1886), 
pp. 315 — 316, published a Table of Jn(^) to six places of decimals, in which 
n 0, 1, 2, 20, and a; = 0, 1, 2,..., 12; this Table is reprinted in Table IV 
infra, pp, 730 — 731. A Table of Jnipc) of practically the same scope was also 
published by Meissel, Astr, NacK cxxviii. (1891), col. 154 — 155. 

A much more extensive Table of Jni^^) was computed by Meissel, but it 
seems that he never published it. He communicated it to Gray and Mathews 
for publication in their Treatise, pp. 267 — 279. This table gives to 

eighteen places of decimals when w = 0, 1, 2, ... , 60, and x=0, 1, 2, .... 24. 

Some graphs of Jn(x) were constructed, with the help of the last-mentioned 
table, by Hague, Proc, Phys. Soc. XXIX, (1917), pp. 211 — 214. 

The corresponding Tables of functions of the second kind are not so ex- 
tensive. 

The British Association Report, 1914, pp. 83 — 86 contains Tables of On (^) 

to five places of decimals forf n = 0, 1, 2 13 for the range a? = 0 to 6*0 

with interval 0*1 and x = 6*0 to 16*0 with interval 0*5. 

Similar Tablesf of F‘”> (a?) to six places of decimal- ^with the intervals 
in the earlier part equal to 0*2) appeared in the Report for 1914, pp. 34 — 36. 

Some values of Hankels function Yn(ar) had been given previously by 
Nicholson, Proc. London Math, Soc. (2) XI. (1913), pp. 113 — 114. 

A Table of Fn (x) to seven (or more) significant figures is contained in 
Table IV in/ra. This has been computed from Aldis* Table of Go (x) and Gj (x). 

* In the coarse of computing Table I, a small part of the British Association Table of 
and Gj (x) was checked, and the last digits in it were found to be unreliable in about H °/o the 
entrieb checked. 

t For the larger values of n the functions are not tabulated for small values of x. 
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Tables of log,* [V(iTra:).i if, “*(«)[] to eight significant figures are given 
in the British Association Report, 1907, pp. 94 — 97. The values ussig^ned 

to p are 0, 1, 1 J 6J, and the range of values of x is from * = 10 to 100 

(interval 10) and 100 to 1000 (interval 100). For this range of values of x, 
the asymptotic expansion (§ 7'51) gives so rapid an approximation that the 
Table is of leas value than a table in which the values of x and the intervals 
are considerably smaller. 


Functions of the first kind with imaginary argument have been tabulated 
in the British Association Reports. The Report for 1896, pp. 99 — 149, con- 
tained a Table of /»(*) to nine places of decimals, its range being from .(• = 0 
to a; = 5T00 with interval 0 001. A Table of /, (.r) of the same scope had been 
published previously in the Report for 1893, pp. 229 — 279; an abridgement 
of this (with intei-val 0 01) was given by Gray and Mathews in their Treatise, 
pp. 282 — 284. 

Tables of /o(ir) and /,(«) to twenty-one places of decimals have been con- 
structed by Aldis, Proc. Royal Soc. LXiv. (1899), p. 218. The range of these 
Tables is a; = 0 to a; = 6 0 with interval 01 ; Aldis also gave (ilnd. p. 221 ) t he 
values of Ic{x) and I\(x) for x — 1, 8, 9, 10, 11. 

Extensive tables connected with /o(®) and Z, (a:) have been published bj 
knAmg,8echssteUige Tafelv der Bessel' schen Funktiorieii imaywdreti Ary aments 
(Leipzig, 1911). These tables give log,* /. (a;) and log,» | /. (*)/;»i from a-=0 
to a;= lO'OO with interval 0 01. They also give the values of the functions 

^/(2wx).e-^L(x), ^/{2rrx).e~^I,(x), log,* •y^'' - Zo(a.)J and log,„ A (•'It 

for values of a; from a: =100 to a: = 500 (interval ()T),a; = 50 to a' =201) 
(interval 1 ), a; = 200 to *• = 1 00(l (interval 1 0), and for various larger val lies of x. 

Table 11 infra, pp. 698—713, gives the values of «-*/„(.») and e */,(a); 
these have been computed, for the most {lart, by interpolation in Aldis’ 'I’able. 

The earliest tables of functions of the type K„ (a) were const ructed by 
Aldis, Proc. Royal Soc. LXiv. (1899), pp. 219-221. These give A„(a) and 
A, (a:) to twenty-one places of decimals for values of a; from a; = 0 to .r-()0 
with interval OT, and also to between seven and thirteen significant figiii-es 


from a- = 5 0 to a; = 12-0 with interval OT. 

The values of e^AAfa-) and e*A,(a;) in Table II infra were computed with 
the help of Aldis’ Table, like the values of e'*/o(*) and « 

By means of recurrence formulae, I„(x) has been tabulated to twelve signi- 
ficant figures forn = 0. 1, 2 11 over the range of values ® 

to a;=60 with interval 02. These Tables of I„{x) were published in the 
British Association Report, 1889. pp. 29-32 and repr nted by Gmy and 
Mathews in their Treatise, pp. 285-288. An abridgement (to 
figures) of these Tables has been given by Isherwood, who added to them 


w. B. r. 
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Tables of Kn(^) to five significant figures for n = 0, 1, 2, . . . , 10 over the range 
of values of a: from ic = 0 to a? = 6’0 with interval 0'2. Isherwood’s Tables were 
published in the Mem. and Proc., Manchester Lit. and Phil. Soc.y 1903 — 1904, 
no. 19. 

Tables of and Kn(s:) to seven places of decimals are given in 

Table IV infra, pp. 736—739. 

The earliest Tables of Bessel functions of large order were constructed by 
Meissel, who has calculated to twelve significant figures for n = 10, 

11, ...,21, Asir. -Vac/j. cxxix. (1892),col. 284; Meissel also calculated J„(1000) 
to seven significant figures for w = 1000, 999, ..., 981, ibid, cxxviii. (1891), 
col. 154 — 155. The values of Jn(n\ Jn^An), Gn(n)y Gn-i(n) 

to six places of decimals for values of ?i from n=l to n = 50 (interval 1), 
n = 50 to w=100 (interval 5), n = 100 to ??- = 200 (interval 10), w = 200 to 
n * 400 (interval 20). n = 400 to n = 1000 (interval 50), n = 1000 to n = 2000 
(interval 100) and for various larger values of w, are given in the British 
Association Report, 1916, pp. 93 — 96. 

Tables of l^n(w), F„'(n) to seven places of decimals are given 

in Table VI infra, pp. 746 — 747. 

The functions ber {x), bei {x), ker {x) and kei {x) have been extensively 
tabulated on account of their importance in the theory of alternating currents. 

A brief Table of ber(d7) and bei (a:), computed by Maclean, was published 
by Kelvin, Math, and Phys. Papers, ill. (1890), p. 493. Tables of 
and .J^(x fsji) to twenty-one places of decimals have been constructed 
by Aldis, Proc. Royal Soc. lxvi. (1900), pp. 42 — 43; their range is from 
x^O to ic = 6*0 with interval O’l. These are extensions of the Table of 
Jo(s;^/i) to nine places of decimals for the range from a7 = 0 to a: = 6 0 with 
interval 0‘2 published in the British Association Report, 1893, p. 228, and 
reprinted by Gray and Mathews in their Treatise, p. 281. 

Tables of ber (a;), bei (a;), ker (a;) and kei (a;) to four significant figures for 
x=\,2, 3, ... , 30, have been published by Savidge, Phil. Mag. (6) xix. (1910), 
p. 53. 

The functions ber {x), bei (a;), ber' (a?) and bei' (a?) are tabulated to nine 
places of decimals, from a; = 0 to 07=10*0 with interval 01 in the British 
Association Report, 1912, pp. 57 — 68; and a Table of ker (a;), kei (a;), kcr (a?) 
and kei' (a?) of the same scope (except that only six or seven significant figures 
were given) appeared in the Report for 1915, pp. 36 — 38. Tables of squares 
and products of the functions to six significant figures from a7 = 0 to x~ 10*0 
with interval 0 2 were given in the Report for 1916, pp. 118 — 121. 

The functions Ji(„+j)(a7) have been tabulated to six places of decimals by 
Lommel, Miinchener Abh. xv. (1886), pp. 644 — 647, for n = 0, 1, 2, ...,6 with 
.r = 1, 2, . . . , 50, and (in the case of functions of positive order) w = 7, 8, ... , 14 
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with a? = 1, 2, . . . , 20, and n = 15, .... 34 with smaller ranges of values of x ; see 
Table V infra, pp. 740 — 743. A Table of the same functions to four places of 
decimals with rz =0, 1, 2 and from a:=r0 to a? = 8 0 with interval 0 2 is given 
by Dinnik, Archiv der Math, und Phys. (3) xx, (1913), pp. 238—240. 

Functions related to ^)(x) have recently been tabulated in the BHtish 
Association Reports, The notation used is 

. Jn+j {x) = 8n (a?). (- V(i7r.7;) . J. j (.r) = C „ (x), 

En (x) =^\Gnix) + i S,, (j;) I, 

and the functions tabulated are Sn(x), Cn{x\ Sn{x), Cn{x), 

and their logarithms. In the Report for 1914, pp. 88 — 102, the functions are 

tabulated to seven significant figures for w = 0, 1 , 2, . . . , 1 7 and ar = 1 , 2, 3 10, 

and in the Report for 1916, pp. 97 — 107, for ?? = 0, 1, 2, ..., 10 and .t«: 11, 
1-2,..., 1-9. 

Functions of ord'-,r + J, ± §, have been tabulated by Dinnik, Archiv der 
Math, und Phys. (3) xviii. (1911), pp. 337 — 338, to four places of decimals; 
the functions tabulated are r(l ± j) (a*), r(l ± Ij) (.r) from ^* = 0 to 
ip = 8-0 with interval 0*2; and Dinnik has also tabulated I±if{x\ l±i(x\ ibid. 
(3) XXII. (1914), pp. 226 — 227 and J±\(x), J±^(x\ ibid. (3) XXT. (1913), 
pp. 324 — 326. All these tables have the range ir = 0 to a: = 80 with interval 
0*2. The Tables of r(] + i)J±^{x) are leB.s extensive than Table III infra, 
pp. 714 — 729; but, with the exception of Dinnik s tables, there exist no 
tables of functions of orders §, J and f . 

In connexion with functions of order ± J , Airy’s Table of his integral 

I co8^7r(v/^-'mw)dw 

Jo 

must be mentioned ; Airy calculated by quadratures and by ascending series 
the values of this integral for values of m from — 5*6 to -i- 5 6 with interval 
0*2 ; a seven-figure Table from m = - 4 to 7/i = 4 is given in the Trans. Camb. 
Phil. Sac. VI. (1838), p. 402, and a five-figure Table from tn = - 5*6 to m = 5 (), 
ibid. VIII. (1849), p. 599. 

Apart from the work of Euler described in § 15*5 the earliest computation 
of the zeros of Jo(x) and J,(a;) is due to Stokes, Trans. Camb. Phil. Soc. ix. 
(1856), p. 186 [Math, and Phys. Papers, II. (1883), p. 355]. Stokes gave the 
values of the first twelve zeros (divided by tt) of Jq {x) and (x) to four places 
of decimals. In the same memoir he gave the first fifty zeros of Airy’s int(>gral, 
and the first ten stationary points of this integral. 

The first nine zeros of J,{x), ,..,J,{x) were computed by Bourget, 

Ann. sci. de rjScole norm. sup. ni. (1866), pp. 82—87. Bourget s results are 
given to three places of decimals ; some corrections in his Tables have recently 
been made by Airey*. 


♦ Phil. Mug. I6) xxui. (1916), pp. 7—14. 


42 2 
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Bourget’s Tables have been reprinted so frequently that their authorship has been 
overlooked by the writers of the articles on Bassel Functions in the Encyclopddie der 
Math, Wu8. and the Enaydop^ie dm Sci. Math, 

The first five zeros of (a:) and J 2 {os) were given to six places of decimals 
by Lommel, Zeitschrift fur Math, und, Phys, xv. (1870), p. 167 and Munchenei' 
AbhandlungeUy xv. (1886), p. 315. 

The first ten zeros of {x) were computed to ten places of decimals by 
Meissel, Berliner Ahhandlungen, 1888. 

The first fifty zeros (and their logarithms) of Jq{x) were given to ten places 
of decimals by Willson and Peirce, Bulletin American Math. Soc, ill. (1897), 
pp. 153 — 155; they also gave the values of Ji{x) and log |/i(.^)| at these 
zeros to eight and seven places of decimals respectively. 

The first fifty zeros of {x) and the corresponding values of {x) were 
computed to sixteen places of decimals by Meissel*, Kiel Programm, 1890; 
this Table is reprinted by Gray and Mathews in their TreatisCy p. 280. 

Tables of roots of the equation 

Jn (^0 Yn (kx) - (kx) Yn (x) = 0 

have been constructed by Kalahne, Zeitschrift filr Math, und Phys. Liv. (1907), 
pp. 55 — 86 ; the values taken for k are 1*2, 1*5 and 2 0, while n is given the 
values 0, i, 1, f, 2, f 

Dinnik in his Tables of functions of fractional order mentions the values 
of a few of the zeros of each function, while Airey, Phil. Mag. (6) XLi. (1921), 
pp. 200 — 205, has computed the value of the smallest zero of J'„(a;)Tor small 
fractional values of v by Euler's method. 

Rayleigh, Proc, London Math. Soc, x. (1878), pp. 6 — 7 [Scientific Papers, 
1. (1899), pp. 363 — 364], has calculated that 

(l-a^)xI^{x)IIo(x) 
has a maximum when = 0*4858. 

Airey, Archiv der Math, und Phys. (3) xx. (1913), p. 291, has computed 
the fii-st ten zeros of SxJo{x) — 2J, (a;) and of 2xJo(x) — (a;) to lour places 

of decimals. 

In his memoirs on Diffraction, Miinchener Ahhandlungen, xv. (1886), 
Lommel has published tables connected with his functions of two variables, 
but these tables are so numerous that a detailed account of them will not be 
given here. His Table of Fresnel's integrals (p. 648) to six places of decimals 
from x = 0 to a; =50*0 with interval 0*5 (with auxiliary tables for purposes 
of interpolation) must, however, be mentioned, and with it his Table of the 
first sixteen maxima and minima of these integrals. 

* Jahrbuch Uber die Fortsehritte der Math. 1890, p. 521. In oonsequenoe of the inaocessibility 
of Meissers table, the zeros of Ji (x) were recomputed (to ten places of decimals) for insertion in 
Table VII, p. 748. 
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Lommers form for Fresnel’s integrals was 

ij (0 dt ; 

a diflferent form was tabulated earlier by Lindstodt, Ajrn. dei' Phj/sik uiid 
Chemte, (3) xvii. (1882), p. 725. 

Defining the functions M (x) and N (x) by the equations 

I cos t^dt = M (x) cos — N {x) sin x\ 

J X 

I sin t^dt = M (x) sin N {x) cos x\ 

J X 

and writing :6-= |(y + J) 7 r}^, Lindstedt tabulated M (x) and N (x) to six places 
of decimals from y = 0 to y = 9*0 with interval 01. 

The function I (x) defined as 

has been tabulated to four places of decimals by Struve, Ann, der Phjfsik inul 
Ghemie, (3) X vii. (1882), pp. 1008—1016, from a- = 0 to 4 0 (interval 01 ), from 
X == 4 0 to 7*0 (interval 0*2) and from x = 7*0 to 11*0 (interval 0*4). 

A tabh‘ of values of the integral 

dw, 

J a? 

in which the limits are ct)n8ecutivo zeros (up to the forty-ninth) of (x), has 
been published by Steiner, Math, vnd Naturwiss. Berichte aus Uiiffarti XI. 
(1894), pp. 3()6 — 367 ; this integral occurs in the problem of Diffraction by 
a Circular Aperture. 

No Tables of Struve’s functions- seem to have been constructed before the 
Table of H„ («) and H, (a:) which is given on pp. 666—697. 


20*2. Desa-iption uf the Tables contained in this book. 

Preliminary considerations on the magnitude and character of the tables 
to be included in this book led to the following decisions : 


(I) That spac<-. did not usually admit of the inclusion of more than seven 
places of decimals in the tables. 

(ID That the tables should be so constructed as to minimise the difficulty 
of making interpolations. In particular, it was decided that 
moderately large interval (such lu. 0-02). together with an auxiliary tabU to 
facilitate Lerpolation, would be more useful than a tab^ with a smalle, 
interval (such as 0*01), occupying the same space as he farst table and 
auxiliary, in which interpolation was impracticable. 
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(III) That in computing tables, calculations should be carried to ten 
places of decimals in order to ensure that the number of cases of inaccuracy 
in the last figure of the published results should be trivial*. This does not 
apply to the auxiliary tables of angles which are entered in Tables 1 and 111. 

In order to obtain seven-figure accuracy, it is not suflScient to tabulate to 
tenths of a second of arc, because the differences per minute of arc in a seven - 
figure table of natural sines may be as large as 0*0002909; on the other hand, 
an error of a hundredth of a second does not affect the value of the sine by 
more than 0*00000005. Hence, for seven-figure accuracy, it was considered 
adequate to compute to nine places of decimals the sines (or cosines) of the 
angles tabulated and then to compute the angles from Gifford s Natural Sines 
(Manchester, 1914); these are eight-figure tables with an intervalf of 1"'. 

The angles tabulated may consequently frequently be in error as to the 
last digit, but, in all probability, the error never exceeds a unit (i.e. a 
hundredth of a second of arc). 

We now proceed to describe the tables in detail. 

Table I consists primarily of Tables of (x), (.^), Ji (x) and {x) from 

x — Q to 1600 with interval of 0*02. The values of Jq{x) and Ji{x) up to 
15*50 are taken from Meissels Table J, while the values of Fo(a?) and Yi{x) 
were computed partly by interpolation in Aldis’ Table of Go {x) and 0i (x) and 
partly from the asymptotic expansions of t/o*(^)+ Y^{x) and Y^{x) 

given in § 7*51. 

The auxiliary tables § give the values of arg (a;) for 

ri = 0 and n= 1. In these tables the first differences are sufficiently steady 
(except for quite small values of x) to enable interpolations to be effected 
with but little trouble on the part of the reader; thus, when x is about 10 
the second differences of | (x) | do not exceed 0*0000009. 

The values || of | (x) | and arg (x) can consequently be computed 

by the reader for any value of x less than 16, with the exception of quite 
small values. The corresponding values of Jn{^) ^^^^d Yn{x) can then be 
calculated immediately by the use of seven-figure logarithm tables. 

* The tables were dii^erenced before removiDg the last three figures, and it was found that the 
ten-figure results were rarely in error by more than a unit in the tenth place ; so it is hoped that the 
number of errors in the last figure retained does not exceed about one in every thousand entries. 

tNo tables with a smaller interval have been published; the use of any tables with a larger 
interval and a greater number of decimal places would have very greatly increased the labour of 
constructing the auxiliary tables of angles, and the increased accuracy so obtained would be of no 
advantage to anyone using the auxiliary tables for purposes of interpolation. 

X 1 must here express my cordial thanks to the Prenssische Akademie der Wissenschaften zu 
Berlin for permitting me to make use of this Table. 

g The idea of constructing the auxiliary tables grew out of a conversation with Professor Love, 
in the course of which he remarked that it was frequently not realised how closely Bessel functions 
of any given order resemble circular functions multiplied by a damping factor in which the rate 
of decay is slow. 

I| The remarks immediately following of course presuppose that n is 0 or 1. 
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The relation between the various functions tabulated may be expressid 
most briefly by regarding j (x) \ and arg (*) as the polar coonlinates 
of a point in a plane ; then the Cartesian coordinates of this point are J„ (x) 
and Yn (a?). Thus, from the entry for x = 8 00, 

+ 01716508 = 0-2818259 cos 412° 28' 40"‘60, 

+ 0*2235215 = 0*2818259 sin 412° 28' 40"-60. 

Table I also contains the values of Struve's functions Ho (a;) and 
These functions are included in Table I, instead of being contained in a 
separate Table, to facilitate interpolation; by §10*41(4), the difference 
Hn (a?) - Tn (.t) is a positive monotonic function, and it varies sufficiently 
steadily for intei-polation to be easy when x is not small. 

The Tables of Struve’s functions were computed by calculating the values of Ho(j?) 
and Ho'(«) directly from the ascending series when j: = 1, 2, 3,..., and then calculating 
Ho" (a?), Ho'" (■*),... for these values of x from the differential equation 10-4(10) and the 
equations obtained by differentiating it. 

A few differential coefficients are adequate to calculate Ho {x) and Ho' (.r) by Taylor's 
theorem for the values 0'5, 0*6, 0-7, ... of .r. Interpolation to fiftieths of the unit is then 
effected by using Taylor’s theorem in the same manner. This process, though it seems at fii’st 
sight to be complicated and lengthy, i.s, in nwility, an extremely rapid one wheii a machine* 
is used. It is very much more effective than the use of asymptotic expansions or tlu^ 
process suggested in the British Association Report^ 1913, p. 116. As an example of the 
rapidity of the process, it may be stated that the values of and (a*) in Table II 

took less than a fortnight to compute ; of course the time taken over this tabulation was 
appreciably shortened by the use of Aldis’ Table as a framework for interpolation. 

Table II consists of Tables of ^ Kq{x), and e-'7i »(./ ), 

and a Table of e® is inserted, in case the reader should require the values of 
the functionsf and K^{x)\ the functions are tabulated 

from 0 to 16 00 with interval 0*02. 

Interpolation by differencing is easy in the case of the first lour funcl.ions 
throughout the greater part of the range. 

The Table of e® was constructed with the help of Newmans Table ol 
Trans. Camh. Phil. Soc. Xlll. (1883), pp. 145 — 241. Unlike the other Tables 
in this book, the Table of is given to eight significant figures J, and care 
has been taken that the last digit given is accurate in every entry. Interpo- 
lation in this Table is, of course, effected by multiplying or dividing entries 
by exponentials of numbers not exceeding 0*01 ; such exponentials can b(‘ 
calculated without difficulty. 

/ 

* The machine on which the calculations were carried out is a Marchant Calculating Machine, 
10 X 9 recording to 18 figures. 

t These functions were not tabulated because tables of them are misuited for interpolation. 

J Nine figures are given in parts of the Table to avoid spoiling its appeal ancc. 
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Newman’o Table gives to a large number of places of decimals, but the actual 
number of significant figures in the latter part of the Table is small ; and less than half of 
the Table of c* was constructed by the process of calculating reciprocals ; the rest was con- 
structed from Newman’s Table by using the values of and e'® given by Glaisher* and 
the value of ® given by Newman in a short table of e”* with interval 0*1. These ex- 
lK)nontials were employed because the tenth significant figures in all three and the eleventh 
significant figures in the first and third are zero. 

Table III consists of Tables of Ji{x), Fj (^), | (a?) | and |argirj‘*>(a;)| 
of the same scope as Table I, and interpolations are effected in the manner 
already explained. A Table of c* {x) is also included. These Tables are 
of importance in dealing with approximations to Bessel functions of large 
order (§ 8*43), and also in the theory of Airy’s integral. 

The reader can easily compute values of {x) from this table by means 
of the formula 

{x) = I (x) I cos {60° + arg (^r)}. 

Table IV gives the values of Jn(^\ e~^I^^{x) and Kn(x) for various 

values of x and ?i. The values of {x) are taken from Lommel’s Table f, with 
some corrections, but the remainder of Table IV, with the exception of some 
values of A\(x) taken from Isherwood’s Tablef, is new; they have been con- 
structed in part by means of Aldis’ Tables of functions of orders zero and unity. 

Table V is Loinmels Tablef of J±(n-i-i)(x') and Fresnel’s integrals with 
some modifications and corrections. 

Table VI gives the values of Jn(n), Vn 00 '^^JnOO* 

ivYtt 0^)f Fn (^) for = Ii 2, 3, ... 50. Interpolation in the tables 

of the last four of the eight functions is easy. 

Tabl(* VII gives the first forty zeros of JnOO and Fn(.r) for various values 
of n\ part of this Table is taken from the Tables of Willson and Peirce f. 
Forty zeros of various cylinder functions of order one-third are also given. 

Table VIII gives the values of 

iTjoiodt, iTvoiodt. 

0 J « 

from = 0 to 50 with interval 1, together with the first sixteen maxima and 
minima of the integrals. The former table of maxima and minima c.an be 
used to compute the coefficients (cf. § 181 2) in certain Fourier-Bes.sel series 
for which i/ = 0. 

* Trans. Camh. Phil. Soc. xiii. (1883), p. 245. 

1 1 muBt here czpresH my cordial thankB to the Bayorisohe Akodemic der WiBseriBchaften zu 
Munchcn, to the Mancbefiter Literary and Philoaopbioal Society, and to the American Mathe- 
matical Society for permitting me to make use of thene Tables. The non-existenoe of adequate 
trigonometrical tablee of angles in radian measure has made it impracticable to check the last 
digits in the entries in the greater part of Table V. 
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Table 1. Functions of order zero 


y.W IH'oWI arg H,W 


+ i-ooooooo 

+ 0*9999000 
+ 0*9996000 
+ 0*9991002 
+ 0*9984006 
+ 0*9975016 

+ 0*9964032 
f 0*9951000 
+ 0*9936102 
+ 0*9919164 
+ 0*9900250 

+ 0*9879366 
+ 0*9856518 
+ o- 983 i‘ 7I3 
+ 0*9804958 
+ 0*9776262 

+ o* 9745(>34 
+ 0*9713081 
+ 0*9678615 
+ 0*9642245 
+ 0*9603982 

+ 0*9563838 
+ 0*9521825 
+ 0*9477955 
+ 0*9432242 
+ 0*9384698 

+ 0*9335339 
+ 0*9284179 
+ 0*9231233 
+ 0*9176518 
+ 0*9120049 

+ 0*9061843 
+ 0*9001918 
+ 0*8940292 
+ 0*8876982 
+ 0*8812009 

+ 0*8745391 
+ 0*8677147 
+ 0*8607300 
+ 0*8535868 
+ 0*8462874 

4 0*8388338 
+ 0*8312284 

+ 0-8234734 

-I- 0*8155711 
+ 0*8075238 

+ 0*7993339 

4- 0*7910039 
+ 0*7825361 

+ 0*7739332 

4- 0*7651977 


- 2*5639554 

- 2*1219006 

- 1*8626264 

- 1*6780254 

- 1*5342387 

- 1*4161969 

- 1*3138701 

- 1*2284710 

- 1*1509166 

- 1*0811053 

- 1*0175412 

- 0*959*1221 

- 0*9050133 

- 0*8545676 

- 0*8072736 

- 0*7627204 

- 0*7205732 

- 0*6805558 

- 0*6424376 

- 0*6060246 

- 0*5711520 

- 0-5376789 

- 0-5054836 

- 0-4744608 ' 

- 0-4445187 

- 0-4155768 

- 0-3875642 

- 0*3604182 

“ 0*3340833 

- 0*3085099 

- 0*2836537 

- 0*2594751 

- 0*2359383 

- 0*2130113 

- 0*1906649 

- 0*1688729 

- 0*1476114 

- 0*1268587 

- 0*1065950 

- 0*0868023 

- 0*0674640 

- 0*0485651 

- 0*0300917 

- 0*0120311 
+ 0*0056283 

+ 0*0228974 
+ 0*0397800 
+ 0*0563032 
+ 0*0724576 
+ 0*0882570 


2*7520297 

2-3455622 

2-1136647 

1-9525811 

1-8299993 

1-7315984 


I *5800007 

1*5193772 

1*4659257 

1*4182414 

1.3752907 

1*3362914 

1-3006375 

1*2678500 

1*2375444 

I *2094070 
1*18^1788 
1*1586436 
1*1356190 

1*1139500 

1*0935036 

1*0741648 

1*0558337 

1*0384231 

1*0218560 

1*0060645 

0*9909884 

0-9765738 

0*9627727 

0-9495417 

0*9368418 

0-9246378 

0-9128976 

0*9015920 

0*8906945 

0*8801807 

0*8700283 

0*8602168 

0*8507273 

0*841.5424 

0-8326455 

0*8240231 

0*8156598 

0-8075434 

0*7996618 

0*7920038 

0*7845590 

0*7773177 

0*7702706 


68° 

41 

42*16 

K 

46 

3J-73 

61° 

47 

28-29 

59° 


52-70 

56° 

5S' 

10^79 

5+0 

52; 




7^85 


+ 0*0127318 
+ 0*0254603 
+ 0*0381819 
+ 0*0508934 I o*o8 
+ 0*0635913 0*10 


4- 0*0762722 
+ 0*0889328 
+ 0*1015697 
+ 0*1141790 
+ 0-1207590 

+ o- 1 393046 
+ 0*1518131 
+ 0*16^2813 
-1- 0*1707056 
+ 0*1 890829 


49 14 37*05 

47*^ 31' 4*89 


42" 37 , 46-91 
41“ 4 27^57 
39 ° 32 53-32 

38° 2' 51^54 
36° 34 12^2 
35 ° 6 47?25 
33° 40 28^14 

32° 15' 8^97 

30° 50; 44*27 
29® 27' 9^25 
28® 4' 19^71 
26® 42' 11^96 
25° 20' 42*72 

23° 59' 49-07 
22° 39' 28*42 
21® 19' 38-41 
20® o' i6*94 
18® 41' 22*10 

17° 22' 52^16 

< 45-55 
14® 47 0^82 

10° 55; 45-35 
9® 39' 16^05 
8® 23' 3^05 
7 “ 7' 5-48 
5® 51' 22'^5I 

4° 35' 53-41 

3® 20 37^48 
2 5 34^06 

o® 50' 42^55 
o® 23' 57^61 

I® 38' 26^96 
2° 52' 45-99 
4® 6' 55^16 
5® 20' 54^92 
6° 34 ' 45-67 


+ 0*2014099 
+ 0*2130834 
+ 0-2258999 
+ 0*2380565 
+ 0*2501497 

+ 0*2621765 
+ 0*2741336 
+ 0*2860180 
+ 0*2978265 
+ 0-3095559 

+ 0-3212033 
+ 0-3327655 
+ 0*3442396 
+ 0*3556220 
+ 0*3669114 


+ 0-3781032 
+ 0*3891950 
+ 0*4001841 
+ 0-4110675 
+ 0-4218424 

+ 0-4325061 
+ 0-4430558 
+ 0-4534888 
+ 0-4638026 

+ 0*4739944 

+ 0*4840616 
+ 0*4940018 
+ 0*5038124 
+ 0*5134909 
+ 0*5230350 

+ 0*5324422 
+ o*54ipo3 
+ 0*5508368 

+ 0*5598197 

+ 0*5686566 
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X 


I'.w 

ih'I’wi 

arg 

H,W 

X 

o 

0-0000000 

- 00 

00 

- 90° 

0-0000000 

0 

0*02 

0*04 

o-ob 

o*o8 

o-io 

+ 0'0099995 

+ 0*0199960 
+ 0*0299865 
+ 0*0399680 

+ 00499375 

“ 31*8598128 

- 15*9643089 
“ 10*6757892 

- 8*0376696 
' 6*4589511 

31*8598144 

15*9643214 

10*6758314 

8*0377690 

6*4591441 

- 89° 58' 55-26 

■ IK 55; 41 *64 

- 89 50 20*64 

- 89 33 25I29 

+ 0*0000849 
+ 0*0003395 
+ 0*0007638 

+ 0-0013575 
+ 0-002 1 i07 

0*02 

0*04 

0*06 

o*o8 

0*10 

0*12 

0*14 

O'lb 

o*i8 

0*20 

+ 0*0598921 
+ 0 0698286 

+ 0*0797443 

+ 0*0896360 
+ 0*0995008 

- 5-4094402 

- 4-6619853 

- 4-1030547 

- 3-6696037 

- 3-3238250 

5-4097717 

4-6025082 

4-1038295 

3-6706983 

3-3253140 

- 89® 21' 56^38 
-89" 8 ^ 30*73 

53 'ii -68 

- 88^^ 36' 2^65 
-88° 17' 7:17 

+ 0*0030528 
+ 0*0041539 
4 0*0054232 
+ 0*0068607 
+ 0*0084657 

0*12 

0*14 

o*i(> 

0*i8 

0*20 

0*22 

024 

0*20 

0-28 

030 

+ 0*1093358 
+ 0*1191381 
+ 0*1289046 
+ 0*1386325 
+ 0*1483188 

- 3-0416730 

- 2*8071277 
“ 2*6091059 

- 2-4396971 

- 2*2931051 

3-0436375 

2*8096547 

2*6122883 

2*4436328 

2*2978968 

- 87“ 56' 28«8i 

- 87° 34' urn 

- 87° 10' 17*63 

-86° 44' 51 -87 
-86° 17-57:28 

+ 0*0102377 

+ 0*0121762 

+ 0*0142806 
+ 00165502 
+ 0*0189843 

0*22 

0*24 

0*26 

0*28 

0*30 

032 

0-34 

036 

0*38 

040 

+ 0*1579607 
+ 0-1675553 
+ 0*1770997 
+ 0*1865911 
+ 0*1960266 

- 2*1649866 

- 2 0520233 

- 1-9516372 

- 1*8617949 

- 1*7808720 

2*1707415 

2*0588527 

1*9596561 

1*8711218 

1*7916282 

- 85° 49' 37-22 

- 85“ 19' 55^00 
“ 84° 48' 53'8o 

- 84° ?6' 36:72 

-83^3' 6:78 

+ 0*0215820 
+ 0*0243427 
+ 0*0272652 
-f* 0 0303489 
+ 0033 5925 

032 

0*54 

0-36 

0*38 

0*40 

042 

0-44 

0*46 

0*46 

0-50 

+ 0*2054034 
+ 0*21471^^ 
+ 0*2239699 
+ 0*2331540 
+ 0*2422685 

“ 1*7075549 

- 1*6407704 

- 1*5796331 

- 1*5234063 

- 1*4714724 

1-7198647 

1-6547603 

1-5954320 

1-5411449 

1-4912830 

- 83° 8' 26:86 

- 82° 32' 39^76 

- 81° 55' 48:18 
-Si° 17; 54:69 

- 80° 39' 1:79 

+ 0 036995 2 

+ 0*0405559 

+ 0*0442733 
-f 0*0481463 
+ 0*0521737 

0*42 

0*44 

0*46 

0*48 

0*50 

OS2 

0-54 

0-56 

0-58 

o*6o 

+ 0*2513105 
-f 0*2602774 
+ 0*2691665 
+ 0*2779752 
+ 0*2867010 

- 1*4233094 

- 1*3784737 
“ 1*3365858 

- 1*2973191 

- 1*2603913 

1-4453258 

1*4028308 

1-3634193 

1-3267657 

1*2925880 

- 79 '’ 59 ' 11:85 

- 79° 18' 27:16 

- 78° 36' 49:90 

- 77“ 54' 22:18 

- 77° 11' 5:99 

4 0*0563542 
+ o*o6o6865 
+ 0 06 5 I 69 I 

4 0*0698006 
♦- 0*0745797 

0-52 

0*54 

0*56 

O’ 58 
o*6o 

0*62 

0-64 

0-66 

0-68 

070 

+ 0-2953412 
+ 0*3038932 
+ 0*3123547 
+ 0*3207230 
f 0*3289957 

- 1*2255572 

- 1*1926026 

- 1*1613400 

- 1*1316043 

- 1*1032499 

1*2606415 

1*2307120 

1*2026122 

1*1761767 

1*1512595 

- 27' 3:26 
■ 75 ° 42' i 5 -«i 

- 74 ° 56 45 *41 

- 74 ° 10, 33*73 

- 73 23' 42:38 

f 0*0795046 
‘ 0*0845739 

4 o-o8978(>o 
4 - 0*0951392 

4 - 0*1006317 

0*62 

064 

0*66 

0*68 

0*70 

072 

074 

076 

078 

0-00 

+ 0*3371705 
-f 0*3452448 
+ 0-3532164 
+ 0*3610829 
+ 0*3688420 

“ 1*0761476 

- 1*0501828 

- 1*0252532 

- 1*0012677 

- 0*9781442 

11277312 

I 1054763 

I *0843920 
1*0643861 
1-0453758 

- 72° 36' 12:87 

- 71° 48' 6:68 

- 70° 59' 25:22 

- 70° 10' q:8o 

- 69° 20' 21:73 

4 0*1062619 

+ 0*1120279 
+ 0*1179279 
+ 0*1239601 
+ 0*1301225 

0*72 

0*74 

o* 7 () 

0*78 

o*8o 

0-82 

084 

0-86 

0-88 

0-90 

+ 0*3764916 
+ 0*3840292 
+ 0*3914529 
+ 0*3987603 
+ 0*4059495 

- 0*9558093 

- 0*9341970 

- 0*9132475 

- 0*8929069 

- 0*8731266 

1*0272864 

1*0100507 

0*9936077 

0*9779022 

0*9628837 

- 68° 30' 2:20 

- 67° 39' 12:39 

“ 47; 53*42 

- 65° 56 6:35 

-65° 3' 52-21 

4 - 0*1364131 

+ 0*1428299 
-f 0*1493710 

4 - 01560343 

4 0*1628175 

0*82 

084 

0*86 

0*88 

0*90 

0*92 

0-94 

0-96 

0*98 

1*00 

•f 0*4130184 
+ 0*4199649 
+ 0*4267871 

+ “••4334829 

+ 0*4400506 

- 08538622 

- 0-8350735 
“ 0*8167241 

- 0*7987806 

- 0*7812128 

0*9485066 

0-9347290 

0*9215126 

0*9088223 

0*8966259 

- 64° li' II -97 

- 63° 18' 6^57 

- 62° 24' 36:89 

- 61° 30 ' 43 *79 

- 60° 36' 28:10 

+ 0*1697186 

+ 0*1911070 

4 - 0*1984573 

0-92 

0*94 

096 

098 

I 00 
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Table I. Functions of order zero 


D 

/.w 

y.(*) 

l<WI 

arg M 

H.W 

B 

1*02 

+ 07563321 

+ 0-1037085 
+ 0*1188188 

0*7634092 

7 ° 

48' 27^80 


m 

T-OA 

1*00 

+ 07473390 
+ 07382212 

0-7567255 

9 ° 

2' 1^68 


0-1335943 

0*7502120 

10® 

15' 27-64 

+ 0*5942706 

i-o8 

+ 07289813 

+ 0*1480406 
+ 0-1621032 

0*7438614 

11® 

28' 46*01 

+ 0*6025028 

I *08 

I-IO 

+ 07196220 

0*7376671 

12® 

41' 57*10 

+ 0*6105787 

1*10 

112 

+ 07101461 

+ 0*1759670 
+ 0*1894567 
+ 0*2026367 

0*7316228 

13® 

55 ! 1-20 

+ 0*6184965 

1 a 


+ 07003564 

+ 0-6908557 

0*7257225 


1 , 58;58 

+ 0*6262544 

1 a 

0*7199606 

•16° 

20' 49-49 

+ 0-633850^ 

+ 0*6412828 
+ 0*6485500 

K El 

i*i8 

1-20 

+ 0*6810469 
+ 0*6711327 

+ 0*2155111 
+ 0*2280835 

07143317 

0*7088309 


33 34-20 
46 12*92 

i-i8 

1*20 

1*22 

+ 0*66^1163 

+ 0*2403577 

0-7034533 


58' 45^88 

+ 0*6556502 
+ 0*6625819 

1*22 

I- 2 A 

1-26 

+ 0*6510004 

+ 0*2523369 

0*6981944 

21® 

II' 13-30 

l‘ 2 A 

+ 0*6407880 

+ 0*2640243 

0-6930499 

0*6880157 

0*6830879 

22® 

23; 35-37 

+ 0*6693434 

1*20 

1-28 

130 

+ 0*6304822 
+ 0*6200860 

+ 0*2754228 
+ 0*2865354 

23O 

24° 

35 52*28 
48 4*22 

+ 0*6759334 

+ 0*6823503 

1*28 

1*30 

132 

+ 0*6096023 

+ 0*2973645 

0*6782630 

26® 

0' 11^36 

+ 0*6885928 

1-32 

\:it 

138 

+ 0*5990343 

+ 0*5883830 
+ 0*5776570 

+ 0*3079127 
+ 0*3181824 
+ 0*3281758 

0-6735372 

0*6689073 

0*6643701 


12' 13*86 
24' 11*88 
30; 5*57 
47 55 -oS 

+ 0*6946595 

+ 0*7005492 
+ 0*7062006 

\'lt 

1-38 

1-40 

+ 0*5668551 

+ 0-3378951 

0*6599226 

30“ 

+ 0*7117925 

1*40 

142 

+ 0*5559807 

+ 0*3473424 

0-6555618 

31° 

59' 40*54 

+ 0*7171439 

1*42 

1-44 

+ 0-5450376 
+ 0*5340289 

+ 0*3565105 

0*6512850 

33 ° 

11 ' 22'ioi 

+ 0*7223136 

1*44 

I *46 

+ 0*3654285 

0*6470895 


22' 59*82 

+ 0*7273008 

1*46 

1-48 

+ 0*5229379 

+ 0*3740710 
+ 0*3824489 

0*6429728 


34! 33-90 

-1- 0*7321043 

1*48 

150 

+ 0*5118277 

0*6389325 

36® 

46 4'-43 

+ 0*7367235 

1*50 

1*52 

+ 0*5006415 

+ 0*3905639 

0*6349662 

37 ° 

57 ' 31 -50 

+ 0*7411573 

1*52 


+ 0*4804026 

+ 0*3984176 

0-6310717 

39 ^ 

8' 55-24 

+ 0*7454051 


1-56 

-1- 0*4781143 

+ 0*4060116 

0*6272469 

0*6234898 

40° 

20' 15^74 

+ o*74()4662 

1-38 

+ 0*4667797 

+ 0-4133476 


31' 33-10 

+ o- 753339 » 

1*58 

I -60 

+ 0*4554022 

4 0*4204269 

1 0*6197983 

42° 

42 47^2 

+ o- 757“-‘55 

I -Go 

1*62 

+ 0*4439850 

+ 0*4272512 

0*6161706 

43 ° 

53; 58*77 

+ 0*7605226 

1*62 

1*64 

+ 0*4325313 
+ 0*4210446 
+ 0*4095280 

+ 0*4338219 

0*6126049 

45 ° 

5 7^26 

+ 0*7638306 

1-64 

1-66 

+ 0*4401404 

0*6090994 

0*6056526 


16' 12*95 

+ 0*7669493 

1*66 

1-68 

+ 0*4462083 

47 ° 

^ 5-94 

+ 0*7698781 

1*68 

170 

+ 0*3979849 

+ 0*4520270 

0*6022627 

46® 

38' 16^30 

+ 0*7726168 

1*70 

172 

+ 0*3864185 
+ 0*3748321 

+ 0-4575979 

0*5989282 

4^0 

49' 14*10 

+ 0*7751652 

1*72 

174 

+ 0*4629223 

0-5956477 

0*5924198 


0' 9^41 

+ 0*7775230 


17b 

+ 0*3632292 

+ 0*4680019 

52° 

11' 2731 

+ o-77qbQ02 
+ 0*7816666 

178 

+ 0*3516128 

+ 0*4728378 

0*5892429 

53 ! 

21' 52*85 

1-78 

I -So 

+ 0*3399864 

+ 0*4774317 

0*5861159 

54 ° 

32' 41^11 

+ 0-7834523 

I *80 

1*82 

0*3283532 

-f 0*4817849 
+ 0*4858989 

0-583037-4 

55: 

43' 27^14 

+ 0-7850474 

1*82 

1*84 

+ 0*3167166 

0*5800061 

56° 

54 ii-oo 

+ 0-7804518 

1*84 

I *86 

i-8b 

+ 0*3050797 

+ 0*4897751 

o*'57702io 

5^0 

a' 52-75 

+ 0*7876658 
+ 0*7886897 
+ 0*7895236 

1-88 

1-90 

+ 0*2934460 
+ 0*2818186 

+ 0*4934149 
+ 0*4968200 

0*5740809 

0*5711845 

59 ° 

60® 

15 32-45 
26 10*14 

1*88 

1*90 

1*92 

+ 0*2702008 

+ 0*4999917 

0-5683310 

61® 

36' 45-88 

+ 0*7901680 

1 *92 

1-94 

1-96 

+ 0-2585959 

- 1 - 0*5029315 

0*5655192 

62° 

47; 19-73 

-h 0*7906233 
+ 0*7908898 

1-94 

+ 0*2470071 

+ o* 505 () 4 ii 

0*5627481 

^ 3 ! 

57 51:21 

1*96 

1*98 

+ 0*2354376 
+ 0*2238908 

+ 0*5081220 

0*5600168 

^ 5 ! 

8' 21?89 

+ 0*7909681 

1*98 

2*00 

+ 0-5103757 

05573243 

66® 

18' 50^32 

+ 0*7908588 

2*00 
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l<’wi 


+ 0*4464882 
+ 0*4527939 
+ 0*4589660 
+ 0*4650027 
+ 0*4709024 

+ 0*4766634 
+ 0*4822840 
+ 0*4877629 
+ 0*4930984 
+ 0*4982891 

+ 0'5033336 

+ 0*5082305 
+ 0*5129786 
+ 0*5175766 
+ 0*5220232 

+ 0*5263174 
+ 0*5304580 

+ 0*53^4439 

+ 0*5382741 

+ 0*5419477 

+ 0*5454638 
+ 0*5488215 
+ 0*5520200 
+ 0*5550586 

+ 0*5579365 

+ 0*5606532 
+ 0*5632079 
+ 0*5656003 
+ 0*5678298 
+ 0*^^98959 j 

+ 0*5717984 I 
+ 0*5735368 
+ 0*5751108 
+ 0*5765204 

+ 0*5777652 

+ 0*5788453 

+ o*5797t)04 

-f- 0*5805107 
+ 0*5810962 
H 0*5815170 

4- 0*5817731 
+ 0*5818649 
+ 0*5817926 
+ 0*5815566 
+ 0*5811571 

+ 0*5805946 

+ 0*5798695 
+ 0*5789825 

+ o*‘577934i 

+ 0-5767248 


0*7639930 

0-7470959 

0*7304984 

0*7141794 

0*6981196 

0*6823011 

0*6667078 

0*6513248 

0*6361385 

0*6211364 

0*6063070 

0*5916398 

0-5771253 

0-5627546 

0-5485197 

0-5344I33 

05204287 

0-5065597 

0*4928008 

0*4791470 

0-4655936 

0*4521367 

0-4387723 


0*4123086 

0*3992036 

0*3861800 

o-373235f' 

0*3603688 

0-3475780 

0-3348619 


0*3096490 

0*2971522 

0*2847262 

0*2723716 

0*2600081 

0-2478757 

0-2357345 

0*2236649 

0*2116671 

0*1997416 

0*1878891 

0*1761102 

0*1644058 

0*1527766 

0*1412236 

0*1297478 

0*1183504 

0*1070324 


0*8627154 

0*8522205 

0*8420926 

0*8323117 
0*8228591 
0*8137178 
0*804871 5 
0*7963055 

0*7880056 

0-7799509 

07721533 

o- 7<>45772 

0*7572200 

0*7500717 

0*7431229 


0-7233873 

0*7171528 

0*7110785 

0-7051576 

0-6993040 

0-6937518 

0*6882554 

0*6828096 

0*6776493 

0*6725298 

0-6675267 

0*6626355 

0*6578524 


0*648594 

0*6441131 

0*6397250 

0-6354274 

0*6312171 

0*6270914 

0*6230473 

0*6190823 

0*6151939 

0*6113796 

0*6076371 

0*6039642 

0*6003588 

0*5968189 


- 59° 41' 501^60 

- 58° 4f>' 52 'o 3 

- 57“ 51 33-12 
~ 56 55^ 51-55 

- 55 59' 59-99 

-551 3' 41 -07 

- 54^ 7; 7-40 
' 53“ 10 16^56 

- 52 13 9-10 

“ 51° 15' 45-57 

- 50° 18' 6*48 

- ‘49“ 20' 12*33 

- 48° 22' 3^58 

- 47" 23; 40^70 

- 46^^ 25' 4^12 

- 4 5° 26' 14*26 
' 44° 27; 11-54 
“ 43° 27 56^34 

- 42° 28' 29*03 

- ^1° 28' 49^90 

~ 40° 28' 59'^54 

- 39'' 28' 58^03 

- 38° 28' 45^78 

- 37° 28' 23^11 

- 39'' 27' 50^30 

- 35° 27' 7-95 

- 34° 20 15U4 

- 33° 25 13-03 

” 32° 24 3*39 

- 31° 22' 44*05 

- 30° 21' 16*17 

- 29° 19' 39^97 

- 28° 17' 55^68 

- 27° iL' 3-52 

- 26° 14' 3*70 

- 25° II' 56^41 
-24° 9; 41 -85 

- 23 7 20-21 

-22° 4' 51 -98 

- 21° 2' 16*43 

- 19° 59' 34*93 

- 18° 56' 4f>45 

- 17° 53' 52*04 

- 16° 50' 51 *57 

- 15° 47 45*18 

- 14° 44' 33*01 
13° 41 15*22 

- 12° 37 51*93 

- 34 23^27 

- 10° 30' 49-38 


+ 0*2059142 I 02 
+ 0*21347^3 1*04 

+ 0-2211382 i*o(> 

+ 0*2289605 I -08 
+ o-23()7597 I 10 

+ 0*24471 ^3 I *12 

+ 0*2527589 1*14 

+ 0-2608939 1*16 
+ 0-2091157 1-18 

4 0-2774218 1-20 

+ 0-2858095 1-22 

+ O-29427OI 1*24 

+ 0-3028191 1-20 

+ 0*3114357 1-28 

+ 0-3201231 1-30 

4 0-3288788 1-^2 

+ o-337(>9<)9 1-34 

+ 0-3465837 1-30 

o- 3555'273 1*38 

+ o-3645'28o 1*40 

+ 0-3735830 1-42 

+ 0-38 20894 1-44 

4 0-391^443 1-46 

+ 0-4010456 1*48 

+ 0-4102H85 1-50 

+ 0-4195719 1*52 

+ 0-4288924 1-54 

+ 0-4382471 1-56 

4 o-447(>330 1-58 

4 0-4570472 1-60 

+ O-4OO48O9 1-62 

f 0-4759490 1-64 

+ 0-485430O 1*66 

+ 0*4949288 1-08 

+ 0*5044407 1-70 

+ 0-5139633 1-72 

+ 0-5234937 1-74 

+ 0-5330289 1*76 

+ 0-5425661 1-78 

+ 0*5521021 1-80 

+ 0-5016342 1-82 

+ 0-5711504 1-84 

+ 0-5806748 I *86 
+ 0-5901775 1*88 

+ 0-5996645 1-90 

+ 0-6091329 1*92 

+ 0-6185800 1*94 

+ o-628f)027 1*90 

+ 0*6373982 1*98 

+ 0*6467637 2*00 
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Y,{*) 


arg H'i’w 



+ 0-2123697 
+ 0-2008776 
+ 0-1894177 
+ 0-1779931 
+ 0-1666070 

+ 0-1552625 
+ 0-1439626 
+ 0-1327106 
+ 0-1215095 
+ 0-1103623 

+ 0-0992720 
+ 0-0882416 
+ 00772742 
+ 0-0663726 
+ 00555398 

+ 0-0447786 
+ 0-0340921 
+ 0-0234828 
+ 0-01 29538 
+ 00025077 

- 0-0078527 

- 0-0181247 

- 0-0283057 

- 0-0383029 

- 0-0483838 

- 0-0582758 

- 0-0680664 

- 0 ‘ 077753 i 
“ 0 ' 0«73334 

- 0-0968050 

- 0-1061654 

- 0-1154123 

- 0-1245434 

- o i 3355<^5 

- 0-1424494 

- 0-1512198 

- 0-1598658 

- 0-1683852 

- 0-1767759 

- 0-1850360 

- 01931636 

- 0-2011568 

- 0*2090137 

- 0-2167325 

- 0-2243115 

- 0-2317491 

■ 0-2390434 

- 0-2461931 
0-2531964 

■ 0-2600520 


+ 0-5124038 0-5546698 

+ 0-5142080 0-5520523 

+ 0-5157900 0*5494710 

-f 0-5171513 0-5469250 

+ 0*5182937 0-5444137 

+ 0-5192190 0-5419362 

+ 0-5199289 0-5394917 

+ 0-5204252 0-5370796 

+ 0-5207097 0-5346991 

+ 0-5207843 0*5323496 


+ 0-5206508 
+ 0-5203112 
+ 0-5197675 
+ 0-5190215 
+ 0-5180754 

+ 0-5169311 
+ 0-5155908 
+ 0-5140565 

+ 0-5123304 

•f 0-5104147 I 


0*530030^ 

0-5277408 

0-5254803 

0-5232482 

0-5210439 

0-5188670 

0-5167167 

0*5145926 

0-5124942 

0-5104209 


4 - 0*5083116 0-5083723 

4 - 0-5060233 0*5063478 

0-5035522 0*5043471 

4 - 0-5009004 0-5023696 

4 - 0-4980704 0*5004149 

+ 0-4950645 0-4984826 

+ 0-4918851 0-4965722 

+ 0-4885347 0-4946834 

4 - 0-4850157 0*4928157 

4 - 0-4813306 0-4909688 

4 - 0-4774820 0-4891422 

+ 0-4734724 0-4873357 
+ 0 4693043 0-4855488 

4 - 0-4649805 0-4837812 

+ 04605035 0-4820325 

4- 0-4558761 0-4803025 

+ 0-4511009 0-4785907 

4 * 0-4461806 0*4768970 

4-0-4411181 0-4752209 

+ 0'4359i^>o 0-4735621 

+ 0-4305772 0-4719204 

4- 0-4251045 0-4702955 

4- 0-4195008 0-4686871 

4- 0-4137689 0-4670950 

4-0-4079118 0-4655187 

4- 0-4019323 0-4639582 

+ 0-3958334 0-4624131 

4- 0-3896181 0-4608831 

4- 0-3832893 0-4593681 

+ 0-3768500 0-4578678 


67° 29' 17-02 
68® 39' 42^05 
69^50; 5*44 
71® o' 27^23 
72® 10' 47^47 

73® 21' 6^i8 
74° 31' 23^41 
75 ° 41 39-19 
7 ^° 51 53-55 
78“ 2' 6^53 

79® 12' 18*15 
80® 22' 28^45 
81° 32' 37^46 
82® 42' 45^20 
83® 52' 51^71 

85° 2' 57^01 
86® 13' 1*12 
87® 23' 4^08 
88 ® 33' 5-90 
89® 43' 6*62 

90° 53' 6-25 

92® 3; 4-83 

94® 22' 58*88 

95° 32' 54-40 

96® 42' 48*94 

97° 52; 42-52 
99° 2 35^17 

lOO® 12 26*90 
101° 22' 17*74 

102° 32' 7*69 
103° 41' 56^77 
104® 51 45-01 
106 1 32*41 

107° 11' 19*00 

108° 21' 4^79 
109° 30' 49*80 
110® 40' 34*04 
111® 50' 171^53 
113® o' 0*27 

114° 9' 42*29 
115° 19' 23^59 

II6® 29' 4*20 
117 ® 38' 44^^12 

118® 58' 23^36 

1 19® 58' 1^94 
121® 7' 39*86 
122® 17' 17^15 
123° 26' 53^82 
124° 36' 29^87 


+ 0-7905626 
+ 0-7900800 
+ 0-7804119 
+ 0*7885590 
+ 0*7875222 

•f 0-7863025 
+ 0-7849006 
+ 07833178 
+ 07815550 

+ 07796135 


+ 07774943 

+ 0-7751986 
+ 0-7727279 
+ 0-7700834 
+ 0-7672665 

+ 0-7642787 
+ 0-7611214 
+ 0*7577962 
+ 0-7543047 
+ 0-7506485 

+ 0*7468293 
+ 0-7428488 
+ 0-7^87088 
+ 0-73441 12 
+ 0-7299577 

+ 0-7253504 
+ 0-7205912 
+ 0-7156821 
+ 0-7106251 
+ 0-7054223 


+ 0-7000759 
+ 0-6945880 
+ 0-6889609 
+ 0-6831967 
+ 0-6772977 


+ 0-6712664 
+ 0-6651050 
+ 0-6588160 
+ 0-6524017 
+ 0-6458646 

+ 0*6392073 
+ 0-6324323 
+ 0-6255420 
+ 0-6185392 
+ 0-6114264 

+ 0-6042062 
+ 0-5968814 
+ 0-5894546 
+ 0-5819286 
+ 0-5743061 
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B 

7 iW 

v.W 


arg h '\\ x ) 


X 

2*02 

2*04 

2*00 

2 *08 
2-10 

+ 0-5753554 
+ 0-5738267 
+ 0-5721393 
+ 0*5702942 
+ 0*5682921 

“ 0*0957951 
“ 0*0846398 

- 0*0735677 

- 0*0625801 

- 0*0516786 

0-5832757 

0-5800353 

0-5768497 

0-5737174 

0-5706370 

- 5 II 45*59 

+ 0*6 5(^0964 

+ 0*6653933 

+ 0*6930418 

2*02 

2 04 

2 06 
2-08 
2-10 

2*12 

214 

2 *i 6 

2 *i 8 

2*20 

+ 0*5661342 
+ 0*5638212 
+ 0 - 56 I 3543 

+ 0-5587345 
+ 0-5559630 

- 0*0408645 

- 0*0301393 

- 0*0195045 

- 0-0089616 
+ 00014878 

0*5676071 

0*5646262 

0*5616930 

0*5588064 

0-5559650 

- 4 ° 7' 42-7^^ 

“ 3 ° 3 35*49 

- I 59 - 53-88 
“ 0 \ 55 ; 8-03 

0® 9' 11-98 

-f 0*7021680 
+ o* 7 ii 24 ds 
+ 0*7202688 
+ 07292381 
+ 0*7381496 

212 

2 -Id 

2-16 

2-18 

2-20 

2*22 

2*24 

2*20 

2*28 

230 

+ 0-5530410 
+ 0*5499696 
+ 0*5467502 

+ 0-5433841 

+ 0*5398725 

+ 0*0118422 
+ 0*0220999 
+ 0*0322594 
+ 0*0423191 
+ 0*0522773 

0*5531678 

0*5504135 

0*5477011 

0*5450295 

0*5423977 

1° 13; 36-04 
2® 18' 4'io7 
3° 22; 35^97 
4® 77' 11-68 
5® 31' 51^10 

+ 0*7470008 
+ 0-7557890 
+ 0-7045117 

4 0*7731661 
+ 0-781 7498 

2*22 

224 

2-2() 

2-28 

2-30 

2.32 

238 

2*40 

+ 0*5362170 
+ 0*5324190 
+ 0-5284801 
+ 0-5244016 
+ 0*5201853 

+ 0-0621324 
+ 0*0718828 
+ 0*0815267 
+ 0*0910627 
+ 0*1004889 

0-5398047 

0-5372496 

0-5347315 

0-5322494 

0*5298025 

6° 36; 34 *i^> 
7 ° 41 20^77 
8® 46' 10^86 

9 ° 51' 4*37 
10® 56 I '^21 

+ 0-7902603 
+ 0-7986950 
+ 0*8070514 
+ 0-8153272 
+ 0*8235198 

2 - 3 ^ 

2-34 

2-36 

2.38 

2*40 

2*42 

2*44 

2*46 

2*48 

2*50 

+ 0-5158327 
+ 0-5113456 
+ 0*5067256 
+ 0-5019745 
+ 0*4970941 

+ 0*1098039 
+ 0*1190059 
+ 0*1280934 
+ 0*1370647 
+ 0*1459181 

0*5273901 

0*5250111 

0*5226650 

0*5203509 

0*5180682 

12® i' 1^31 
13® 6' 4-62 
14® ii' 1 1 "06 
15® 16' 20^57 
16® 21' 33'-io 

+ 0*8316270 
0*8396463 
+ 0-8475755 
+ 0*8554122 
+ 0*8631542 

2*42 

2-44 

2*46 

2*48 

2-50 

2*52 

+ 0*4920863 
+ 0*4869528 
+ 0*4816957 
+ 0*4763168 
+ 0-4708183 

+ 0*1546522 
+ 0*1632654 
+ 0*1717560 
+ 0*1801226 
+ 0-1883635 

0*5158160 

0-5135938 

0*5114009 

0*5092366 

0*5071003 

17° ^0' 48^57 

18° 32 6-93 

19® 37' 28 '*I 2 
20® 42' 52^08 
21® 48' 18^76 

+ 0-8707993 
+ 0-8783453 
+ 0-8857900 

+ 0*8931314 

+ 0*9003674 

2-52 

2 - 5 ^^ 

2*56 

2-58 

2-60 

2*62 

2*64 

2*60 

2*68 

2*70 

■f 0-4652020 
+ 0*4594700 
+ 0*4536245 
+ 0-4476676 
+ 0*4416014 

+ 0-1964774 
+ 0*2044627 
+ 0*2123179 
+ 0*2200416 
+ 0*2276324 

0*5049913 

0*5029092 

0*5008534 

0*4988232 

0*4968182 

22° 53' 48-11 
23° 59' 20^07 
25 ^' 4 ; 54 *^>o 
26° 10 31^65 
27® 16' ii"i6 

+ 0*9074958 
+ 0*9145148 
+ 0-9214224 
^ o-9282I()7 

+ 0-9348957 

2*62 

2*64 

2-66 

2-()8 

2-70 

2*72 

2-74 

2-76 

278 

2 * 8 o 

+ 0*4354281 
+ 0*4291500 
0*4227693 

4 - 0*4162882 
+ 0*4097092 

+ 0*2350890 
+ 0*2424099 
+ 0*2495937 
f 0*2566393 
+ 0-2635454 

0-4948378 

0*4928816 

0*4909490 

0-4890395 

0-4871528 

28® 21' 53-09 
29° 27' 37-39 

1 30'* 33' 24 'io 3 
31® 39' 12^95 
32® 45' 4^11 

+ 0*9414577 

+ 0*9479008 
+ 0*9542233 
+ 0-9604235 

+ 0-9664998 

2-72 

2-74 

2 - 7 () 

ill 

2*82 

2*84 

2*80 

2*88 

2*90 

■f 0*4030346 
+ 0*3962667 
+ 0*3894079 
+ 0*3824607 
+ 0 - 3754^75 

+ 0*2703106 
+ 0*2769339 
+ 0*2834140 
+ 0*2897497 
+ 0*2959401 

0*4852883 

0*4834456 

0-4816243 

0*4798240 

0-4780443 

33 '" 50' 57*48 
34 ° 53*01 

30° 2 50-06 
37- 8' 50^30 

38“ 14' 52^17 

+ 0*97-24504 
+ 0*97827.^9 
+ 0*9839687 

+ 0*9895333 

+ o* 99496(>3 

2-82 

2-84 

2-86 

2-88 

2-90 

2*92 

2*94 

2*96 

2*98 

3.00 

+ 0*3683108 
+ 0*3611130 
+ 0*3538368 
+ 0-3464846 
+ 0*3390590 

+ 0*3010839 
+ 0*3078802 
■f 0.3136281 
+ 0*3192264 
+ 0*3246744 

0*4762847 

0*4745449 

0*4728245 

0*4711232 

0*4694406 

39° 20' 55^96 
40® 27' 1-72 
' 41° 33' 9*42 
42® 39' 19-02 
43 ° 45' 30-50 

+ I * 0002 66 j 
+ 1*0054318 
+ 1-0104617 

+ 1*0153547 

+ 1*0201096 

2-92 

2-94 

2-96 

2-98 

300 
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TABLES OF BESSEL FUNCTIONS 


Table I. Functions of order zero 


l<WI 


arg 


0*2067583 

0*2733140 

0*2797178 

0*2859683 

0*2920643 

0*2980048 


0*3148811 

0*3201882 

0-3253345 

0-3303193 

0-3351410 

0*3398009 

0*3442963 

0*3486272 

03527931 

0-3507934 

o*3()06277 

0*3642956 

0*3677967 

0*3711306 

0*3742972 


0*3827914 

0-3852873 

0-3876155 

0*3897760 

0-3917690 

- 0-3935947 

- 0-3952533 
0-3967452 
0*3980707 
0-3992302 

0*4002242 

0-4010532 

0*4017178 

0*4022187 

0*4025564 

0*4027318 

0*4027456 

0*4025986 

0*4022918 

0*4018260 

0*401 202 j 
0*4004218 

0-3994854 

0*3983943 

0-3971498 


0*4563820 


125° 46' 5^31 
126° 55' 40-16 

42 


129-' 14 40*11 
130*^ 24' 21^23 

131° 33' 53'8 o 

132° 43 25^82 


0*4436239 136° II' 58-71 


+ 0*2768182 
+ 0*2690920 

+ 0*2613052 
+ 0*2534609 
+ 0*2455624 
+ 0*2376128 
-f 0*2296153 

+ 0*2215732 
+ 0*2134896 
+ 0*2053678 
+ 0*1972108 
+ 0*1890219 

+ 0*1808043 
^ 0*1725612 
+ 0*1642956 
+ 0*1560109 
4 0*1477100 

+ 0*1393962 
+ 0*1310727 
■f 0*1227424 
+ 0*1144086 
+ 0*1060743 

+ 0*0977426 
+ 0*0894167 
-f 0*0810994 
+ 0*0727939 
+ 0*0645032 

+ 00562303 
+ 0*0479782 
f 0*0397498 
+ 0*0315481 
+ 0*0233759 

+ 0*0152362 
+ 0*0071319 

- 0*0009343 

- 0*0089594 

- 0*0169407 


0*4422708 

0*4409300 

0*4396011 

0*4382841 

o-43^>9787 

0-4356849 

0*4344023 

0-4331310 

0*4318706 

0*4306210 

0*4293822 

0-4281539 

o*42693(>o 

0*4257283 

0*4245308 

0-4233432 

0*4221655 

0*4209974 

0*4198389 

0*4186898 

0*4175501 

0*4164195 

0*4152980 

0-4141855 

0-4130817 

0*4119867 

0*4109003 

0*4098223 

0*4087528 

0-4076915 

0-4066383 

0-4055933 

0*4045561 

0*4035269 

0*4025054 

0*4014915 

0*4004853 

0-3904865 

0-3984951 

o- 3975 »io 


137° 21' 28-65 
138° 30' 58?o8 
139® 40' 27*02 
140° 49' 55-47 
141 59 23"45 

143° S' 50-95 

144® 18 18^00 
145“ 27' 44^59 
146® 37 10^74 
147 4 ^> 3^>*44 

148*56' 1^71 
150® 5 26^56 
151® 14' 50^98 
152® 24' 15*00 
153'' 33 ' 3 «-f^i 

154*43' 1'82 

155° 52 24'<'3 

157° I 47-05 
158® II 9-10 
159® 20' 30^77 

1 60° 29' 52*06 
161® 39' 12*99 
162® 48' 33^56 

i^^3° 57' 53-78 
165° 7 ' 13-65 

166® 16' 33*17 
167° 25' 52*36 
168® 35' 11*21 
169® 44' 29774 
170° 53' 47-93 


81® 17' 17 
82® 26' 33 


+ 0*5665900 


+ 0*5508877 
+ 0*5429073 

+ 0-5348444 

+ 0*5267021 
+ 0*5184831 
+ 0*5101905 
+ 0*5018270 
+ 0*4933957 


+ 0*4703415 
+ 0*4677245 
+ 0*4590516 

+ 0-4503257 

+ 0*4415499 
+ 0*4327272 
+ 0*4238607 
+ 0*4149532 
+ 0*4060080 

+ 0*3970279 
+ 0*3880161 
+ 0-3789757 

+ 0-3609095 

+ 0*3608208 

+ 0-3517124 

+ 0*3425876 

+ 0*3334492 

+ 0*3243003 
+ 0*3151440 

+ 0*3059833 
+ 0*2968211 
+ 0*2876605 
+ 0*2765044 
+ 0*2693559 

+ 0*2602179 
+ 0*2510933 
+ 0*2419852 
+ 0*2328964 
+ 0*2238298 

+ 0*2147883 
+ 0*2057749 
+ 0*1967923 
■f 0*1876435 
4 01769312 

+ 0*1700582 
+ o*i6i2‘273 
0*1524412 
+ 0*1437027 
+ 0*1350146 
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B 

JiM 

II^H 


arg 

H.W 

X 

3-02 

304 

3 -Ob 

3.08 

310 

+ 0-3315626 

+ 0-3239979 

+ 0-3163677 
+ 0-3086746 
+ 0-3009211 

+ 0-3299712 
+ 0 - 335 I 158 

4 - 0-3401076 

4 - 0-3449457 

4 - 0-3496295 

0-4677763 

0-4661301 

0-4645016 

0-4628904 

0-4612963 

44 V 5 i; 43 * 8 i 
45“ 57 58-93 
^Zo 4 '5;82 
48 10 34*45 

49“ 16' 54^0 

+ 1 0247251 
+ 1-0292003 

+ 1*0335340 

f 1-0377252 
+ I -041 7730 

302 

304 

3 06 

3 08 

310 

312 

314 

3-i6 

3-i8 

320 

4- 0-2931 100 
+ 0-2852440 
+ 0-2773257 

+ 0-2693579 

+ 0-2613432 

+ 0*3541583 

+ 0-3565314 

4 - 0-3627483 

4- 0-3668084 

4 - 0-3707113 

0*4597190 

0-4581582 

0-4566135 

0-4550847 

o- 453571 <> 

50“ 23' 16^83 
51“ 29' 40^2 
52° 36' 5:84 

53“ 42 32-76 

54 49 1-25 

' i- 045 (> 7 f >5 

+ I 04<}4347 

•f 1 0530469 
+ 1-0565124 

H- 1-0598303 

312 

3*>4 

3-16 

3*18 

3-20 

3.22 

3-24 

3-20 

3-28 

3*30 

4. 0-2532845 

4 - 0-2451844 
+ 0-2370457 

4- 0-2288711 

4 - 0-2206635 

+ 0-3744565 

4 0-3780436 
+ 0-3814723 

4 - 0-3847421 

4 - 0-3878529 

0-4520738 

0-4505911 

0-4491233 

0-4476701 

0-4462312 

55 ® 55' 31-29 
57^^ 2' 2'-^86 
58“ 8' 35*^92 
59 ° 15' 10^5 
60° 21 46*43 

+ 1-0630001 
+ 1-0660211 
+ 1-0688928 
1-0716147 
+ 1-0741863 

3*^:4 

3-26 

3-28 

330 

332 

m 

3-38 

340 

4 - 0-2124255 

4 - 0-2041599 

4 - 0-1958696 
+ 0*1875574 

4 - 0-1792259 

4- 0-3908045 
+ 0-3935966 

4- 0-3962292 

4 - 0-3987021 

4 - 0-4010153 

0-4448064 

0-4433955 

0-4419983 

0-4406145 

0-4392439 

61° 28' 23^84 
62“ 35' 2-65 
t> 3 ° 4 1 ' 42-^5 
64 48 24*40 

(>5' 55' 7-28 

■f 1 0766072 
+ 1-0788770 
+ 1-0809955 
+ 1-0829624 
+ i -'3847774 

3 * 3-2 

3*34 

3 * 3 «> 

3-38 

3 * 4 t> 

3*42 

344 

3*45 

3-48 

3*50 

4- 0-1708779 

4 - 0-1625163 

4 - 0-1541439 
+ 0 -I 457634 

+ 0-1373775 

4 - 0-4031689 

4- 0-4051628 

1- 0-4069973 

4 - 0-4086724 

4- 0-4101884 

0-4378863 

0-4365415 

0-4352093 

0-4338895 

0-4325819 

67® l' 51*48 
68'=’ 8'36?98 
69® 15' 23-75 
70'=’ 22 11-77 
71® 29' 1-04 

+ 1-0864406 
+ i-o87«>5r6 
f 1 -08931 06 
+ 1-0905175 

4 1-0915723 

3 - 4-2 

3*44 

3 * 4 ‘> 

3 * 4 « 

3*50 

3-52 

3-54 

3 * 5 S 

358 

3 60 

+ 0-1289892 
+ 0-1206010 

4- 0-H22I«)9 

4- 0-1038365 

4- 0-0954655 

+ O-4II5455 

4 - 0-4127440 
+ 0-4137843 

4 - 0-4146667 
+ 0-4153918 

0-4312864 

0-4300026 

0-4287305 

0-4274699 

0-4262206 

72® 35; 51 -51 
73 4 ^ 43 -i 8 
74 ° 49 , 39-04 
75 ° 59, 30-05 
77 3 25-21 

+ 1-0924752 
+ 1-0932264 
•f 1-0938260 
+ 1-0942743 
+ 1 09.^5716 

3 - 5 ^ 

3*54 

3 * 5 ^> 

3 - 5 « 

3 'f )0 

362 

Petl 

3-68 

3-70 

4 - 0-0871059 

4- (^-0787602 

4- 0 07043 1 2 

4 - 0-0621215 
+ 0-0538340 

+ 0-4159599 

4 - 0-4163716 

4 - 0-4166275 

4- 0-4167282 

4 - 0-4166744 

0-4249824 

0-4237552 

0-4225387 

0-4213329 

0-4201376 

78“^ 10' 21*50 
79° 17' 1 8'% 
80° 24' 17*38 
81*^ 31' i 6'^94 

82^38' 17*57 

+ 1-0947183 
^ I -0947 1 47 
h 1-0945614 
-r I '0942589 
4 1-0938077 

3-62 

3-66 

3 'f )8 

3-70 

372 

3-74 

3 - 7 (' 

3-78 

3-80 

4 - 0-0455712 
+ 0-0373359 

4- 0-0291307 
-f 0-0209582 

4 - 0 0128210 

4- 0-4164668 

4- 0-4161062 

1 0-4155934 

4 - 0-4149293 

4 - O-414II47 

0-4189527 

0-4177779 

0-4166131 

0-4154582 

0-4143131 

83° 45; 19-23 

84*^ 52 21*94 

85® 59' 25^66 
87° 6' 30^37 
88° 13' 3^-07 

+ 1-0932084 

4 1-0924617 

4 - I 091 5683 
1-0905289 

4 - 1-0893444 

37-2 

371 

3 - 7 ^J 

ilo 

3-82 

la 

3-88 

3*90 

4- 0-0047218 

- 0-0033369 

- o-oi 13524 

- 0-0193223 

- 0-0272440 

4 - 0-4131506 

4- 0-4120381 

4 - 0-4107780 

+ 0-4093717 

-h 0-4078200 

0-4131776 

0-4120516 

0-4109349 

0-4098274 

0-4087290 

89° 20' 42'^75 
90° 27' 50^38 
91° 34' 58*96 
92° 42' 8'^i7 
93 ° 49' 18*89 

4 - 1-0880156 

4 1-0865432 

4- 1-0849288 

4 - 1-0831727 

4 - 1-08-12762 

3-82 

3-88 

3*90 

3-92 

3*94 

3 * 9 b 

3*98 

4 00 

- 0-0351 151 

- 0-0429330 

- 0-0506953 

- 0-0583995 

- 0-0660433 

4- 0-4061243 

4- 0-4042858 

4- 0-4023056 

4 - 0-4001851 

4- 0-3979257 

0-4076396 

0-4065590 

0-4054871 

0-4044238 

0-4033691 

94° 5^' 30*22 
96° 3' 42^4 
97 ® 10' 55-54 
98° 18' 9'^50 
99® 25' 24^73 

4 - 1-0792403 

4 - 1-0770662 

+ 1*0747551 

4 - 1-0723082 

4 - 1-0697267 

3-92 

3*94 

3 * 

3 98 

4 00 


W. B. F. 
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TABLES OP BESSEL PTJNCTIONS 


Table I. Functions of order zero 




arg H 0 (x) 


- 0-3957530 

- 0-3942053 

- 0-3925079 

- 0-3906O22 

- 0-3886697 

- 0-3865318 

- 0-3842500 

- 0-3818259 

- 0-3792610 

- o- 37(>557I 

0-3737157 

- 0-3707386 

- 0-3676276 

- 0-3643845 

• 0-36101 I I 

- 0*3575093 

- 0-3538810 

- 0-3501281 
‘ 0-3462527 

■ 0-3422568 

- 0-3381424 

- 0-3339116 

- 0-3295666 

- 0-3251095 

- 0-3205425 

- 0-3158678 

• 0-3110877 

- 0-3062045 

- 0-3012204 

- 0-2961378 

- 0-2909591 

■ 0-2856866 
0-2803228 

■ 0-2748700 
0-2693308 

0-2637070 

0-2580029 

0-2522193 

0-2463592 

■ 0-2404253 

0-2344201 

0-2283462 

0-2222062 

0-2160027 

0-2097383 

0-2034158 

0-1970377 

0-1906067 

0-1841255 

0-1775968 


- 0-0248755 

- 0-0327610 

- 0-0405944 
0-0483732 

- 0-0560946 

- 0-0637561 

■ °'®7I3550 

- 0-0788889 

- 0-0863551 
" 0-0937512 

- 0-1010748 

- 0-1083234 

- 0-1154947 

- 0-1225863 

- 0-1295959 

- 0-1365213 

- 0-1433602 

- 0-1501104 

- o- 1 567699 

- 0-1633365 

- 0-1698081 

- 0-1761827 

- 0-1824583 

- 0-1886330 

- o- 1947050 

- 0-2006723 
“ 0-2065332 

- 0-2122859 

- 0-2179287 

- 0-22^600 

■ 0-2288780 

- 0-2341813 

- 0-2393683 

- 0-2444376 

- 0-2493876 

■ 0-2542172 
0-2589248 

- 0-2635093 

- O-2679O93 

■ 0-2723038 

■ 0-2765116 
0-2805915 

: I'llm 

0-2920546 

0-2956136 

0-2990401 

0-3023335 

0-3054928 

0-3085176 


03965340 

0-3955643 

0-394601 5 

0*3936457 

0*3926967 

0*3917546 

0-3908191 

0-3898903 

0-3889680 

0-3880522 

0-3871428 

0-3862397 

o- 385342« 

0-3844522 

03835676 

0-3826891 

0-3818166 

0-3809499 

0-3800891 

0-3792341 

0-3783848 

0-3775411 

0-3767030 

0-3750705 

0*3750434 

0-3742217 

0*3734053 

0*3725943 

0*3717885 

0-3709878 

0-370192^ 

0-3694018 

0-3686164 

0*3678359 

0-3670603 

0-3662896 

0*3655237 

0-3647625 

0-3640061 

0-3032543 

0-3625071 
o-y>i 7645 
0-3610265 
0-3602929 

0*3595637 

0-3588389 
0-3581185 
0-3574023 
0*3566904 
0*3559828 I 


183“ 35; 47-96 

184° 45' 2-62 
185“ 54; 16*99 
187*’ 3 3i*ii 

188° 12' 44^96 

189° 21' 58^54 
190° 31' 11^87 
191'' 40' 24^95 
192° 49' 37*78 
193 58 50^36 

195° 8' 2^71 

196° 17' 14^81 
197° 26' 26'?67 

igkl 35; 38^31 

199 44 49*7^ 

200“ 54' 0-88 
202° 3' 11-83 
203° 12' 22-56 
204" 21' 33-08 
205*^ 30' 43*37 

206^ 39' 53 *45 
207^49 3*33 

208° 58 12-99 
210° ‘ 7' 22-45 
211° lO' 31-70 

2T2° 25' 40-76 
213° 34' 49^62 

2x4'" 43' 58*28 
215° 53' 6^75 I 
217° 2' 15^03 

218° 11' 23^12 
219° 20' 31^03 
220° 29' 38*75 
221° 38' 46^29 
222° 47' 53^65 

223° 57' 0^83 
225° (/ 7^84 
226° 15' 14^68 
227° 24' 21^34 
228° 33' 27:84 

229° 42' 34:17 
230° 5^' 40*33 
232- O 46^33 
233 9 521^17 

234° 18' 57-85 

235° 28' 3-37 
236-37; 8^74 
46 I3;95 
238 '55 19-01 
240° 4' 23*93 


+ 0-1263794 
+ 0-1177998 
+ 0-1092784 
+ 0-1008179 
+ 0-0924208 

+ 0-0840896 
+ 0-0758269 
■f 0-0676351 
+ 0-0595166 
+ 005 14740 

+ 0-0435095 
-f 0-0356255 
4 0-0278243 
4 0-0201081 
4 0-0124793 

4 0-0049399 

- 0-0025077 

- 0-0098616 

- 0-0171197 
“ 0-0242798 

- 0-0313400 

- 0-0582984 

- 0-0451530 

- 0-0519019 

- 0-0585433 

- o-ot>50755 

- 0-0714966 

- 0-0778050 

- 0-0839990 

- 0-0900771 

- 0-0960376 

- 0-1018790 

- 0-1075998 

- 0-1131987 

- 0-TI86742 

- 01240251 
~ 0-1292500 

- 0*1343477 

- 01393170 

- 0 - 144 J 567 

~ 0-1488659 

- 0*1534435 

- 0-1578884 

- 0-1621997 

- 0-1663766 

- 0-1704182 

- 0-1743238 

- 0-1780925 

- 0-1817237 

- 0-1852168 
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■ 

/iW 

V.W 


arg 

H.W 

m 

4'02 

4-04 

4‘o6 

4*o8 

4*10 

- 0-0736243 

- 0 0811401 

- 0-0885884 

- 0-0959669 

- 0-1032733 

+ 0-3955287 
+ 0-3929956 
+ 0-3903277 
+ 0-3875267 
+ 0-3845940 

0-4023226 

0-4012845 

0-4002545 

0-3992325 

0-3982185 

100 ° 32' 40-00 

101“ 39; 5t^-49 

102° 47' I 3"8i 

103° 54' 31-94 

105° 1 ' 50'-87 

+ 1 •0(3701 19 
+ 1 •0(341653 
+ 1 061 1 881 

4 - 1-0580818 

+ 1-0548479 

4-02 

4-04 

4 -o() 

4 -08 
410 

4-12 

4*14 

4-i6 

4-i8 

4-20 

- 0- 1 105054 

- 0-1176609 

- 01247378 

- 0 'i 3 i 7339 

- 0-1386469 

+ 0-3815313 
+ 0-3783401 
+ 0-3750222 
+ 0-3715792 
-1- 0-3680128 

0-397212J 

0-3962138 

0-3952229 

0-3942396 

0-3932638 

106° 9' 10^59 
107 ° 16' 41-08 
108° 23; 52^34 
109° 31' 14 -36 
110° 38' 37?i2 

+ 1-0514880 
+ 1-0480034 

+ 1-0443959 

+ i-0406()7I 

4- I -03(181 8() 

412 

4 *M 

4 -i() 

418 

4-20 

4’22 

4‘24 

4*26 

4-28 

430 

- 01454750 

- 0-1522160 

- 0-1588679 

- 0-165^287 

- 0-1718966 

+ 0-3643248 
+ 0-3605171 
+ 0-3565914 

+ 0-3525497 
+ 0-3483938 

0-3922953 

0-3913340 

0-3903799 

0-3894328 

0-3884928 

111° 46' 0-62 
112° 53; 24:85 
114"’ 0 49:79 
115° 8' 15:45 
116 ' 15' 41:80 

4- 1-0328522 

4 I -028 7695 
+ 1-0245724 

4 - I- 0202()27 

4 - 1-0158422 

4-22 

4-24 

4*26 

4-28 

4-30 

432 

4-34 

4 •38 
4-40 

- 0-1782695 
' 0-1845457 

- 0-1907233 

- 0-1968005 

- 0-2027755 

+ 0-3441256 

+ 0-3397472 

+ 0-3352606 
+ 0-3306677 
+ 0-3259707 

0-3875596 

03866333 

0-3857136 

0-3848007 

0-3838942 

117° 23' 8:84 
Ii8° 30' 36:5() 
119° 38' 4V> 
120° 45' 34:02 
121 ° 5 ^ 3*74 

4 - 1-0113128 

4 - I OO(i 67()4 

4 - 1-0019350 

4 - o- 99709 b() 

+ 0-9921451 

4 ' 3 i 

4-34 

4-36 

4 - 3 « 

4-40 

4-42 

4*44 

4-42 

4-48 

4*50 

- 0-2086467 

- O-2I44I25 

- 0-2200710 

- 0-2256209 

- 0-2310604 

+ 0-3211716 
+ 0-3162725 
+ 0-3112757 

+ 0-30()l832 

+ 0-3009973 

0-3829943 

0-3821008 

0-3812136 

0-3803327 

0-3794579 

123° 0' 34^10 
124° 8' 5-10 
125° 15' 39 -73 
126 23 8^7 

127° 30' 41-86 

4- 0-9871006 

4 - 0-9819591 

4 - 0-9767220 

0-9713939 

4 ' 0-9659744 

4-42 

4'44 

4-46 

4.48 

4-50 

452 

4-54 

4 - 5 ^ 

4-58 

4-0o 

- 0-2363882 

- 0-2416027 

- 0-2467026 

- 0-2510864 

- 0-2565528 

+ 0-2957202 
■f 0-2903542 
+ 0-2849015 
+ 0-2793644 
+ 0-2737452 

0-3785893 

0 - 3777^^7 

0-3768700 

0-3760193 

0-3751744 

128° 38' 15-34 
129 45' 49 - 4 -* 
130° 53' ■ 24-09 
132° 0' 59-35 
133" 8 ' 35 -i 8 

4- 0-960^664 
+ 095487 24 

4 0 - 91919*14 
+ 0-9434347 

+ 0-9375956 

452 

4-54 

456 

4-58 

4-()0 

4-62 

ra 

4-68 

470 

- 0-2613006 

- 0-2659284 

- 0-2704352 

- 0-2748196 

- 0-2790807 

+ 0-2680464 
+ 0-2622702 

+ 0 - 2 564 I QO 

+ 0-2504952 
+ 0-2445013 

0-3743352 

0-3735018 

0-4726740 

0-3718517 

o- 37>°350 

134° >'>' II -59 
135° 23 48-56 
146° 31 26 -09 
137" 39' 4-17 
138° 46' 42:80 

+ o- 93 i 67 c >3 

4- 0-9 2 56883 

4 0-9196249 
4 0-9134914 

+ 0-9072901 

4-62 

4 '<M 

J-OO 

4-68 

4-70 

472 

474 

47b 

478 

4*8o 

- 0-2832174 

- 0-2872286 

- 0-2911133 

- 0-2948707 

- 0-2984999 

+ 0-2384397 
+ 0-2323128 

4- 0-2261230 

4 - 0-2198730 

4- 0-2135652 

0-3702237 

0-3694177 

0-3686171 

0-3678218 

0-3670317 

139° 54' 21:96 
141° 2' 1:65 
142° 9' 41 -87 
144° 17' 22:60 
144 '' 25 ' 3-85 

+ o-9oro23() 

4 0-8946941 

4- 0-8883042 
+ 0-8818563 
+ 0-8753518 

4-72 

474 

4-76 

4-78 

4-80 

4-82 

4-84 

4-86 

4-88 

4-90 

- 0-3019999 

- 0-3053702 

- 0-3086098 

- 0-3117182 

- 0-3146947 

I- O-207202U 

4 0-2007860 
4 - 0-1943198 
4- 0-1878058 
4- 0-1812467 

0-3662467 

0-3654660 

0-3646919 

0-3639221 

0-3631571 

145“ 32; 45 ;[;i 

146° 40 27:87 
147° 48' io:()2 

148° 55' 53-86 
150° 3' 37-59 

4- o-86879()3 
4 - 0-8021891 

0-855533** 

+ 0-8488330 
4- 0-8420890 

4-82 

4-88 

4*90 

4*92 

4*94 

4-96 

4- 98 

5- 00 

0-3175386 

- 0-3202495 

- 0-3228269 

- 0-3252702 

- 0-3275791 

+ 0-1746449 
+ 0-1680031 
4- 0-1613238 
4 - 0-1546097 
4- 0-1478631 

0-3623971 

0-361641^ 

0-3608913 

0-3601456 

0-3594045 

151° ii' 21:79 
152° 19' 6:^7 
153° 26' 51:61 

154" 34 , 37:‘22 
155° 42' 23-28 

+ 0-8353045 
4 0-8284820 
4- 0-8216241 
+ 0-8147332 
4* 0-80781 19 

4-92 

4-94 

4-96 

4*98 

5*00 


43-2 
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Table I. Functions of order zero 


X 

JoM 

y.W 

i^’wi 

argH„W 

H,W 

X 

5-02 

504 

S-oo 

508 

510 

- 0'I7I0232 

- 0 -I 644075 

“ 0-1577524 

- 0-1510606 

- 0-1443347 

- 0-3114072 

- 0-3141609 

- 0-3167784 

- 0-3192590 

- 0-3216024 

0-3552793 

0-3545799 

0-3538847 

0*3531934 

0-3525062 

241° 13' 28^68 
242° 22' 33-30 

243° 31' 37-76 

244° 40' 42^09 
245° 49' 46^28 

- 0-1885712 

- 0-1917864 

- 0-1948618 

- 0-1977971 

- 0-2005919 

5-02 

5*04 

5‘o6 

5-08 

5-10 

512 

516 

518 

5-20 

- 0-1375776 

- 0-1307919 

- 0-1239803 

- 0-1171456 

- 0-1102904 

- 0-3238083 

- 0-3258764 

- 0-3278063 

- 0-3295978 

- 0-3312509 

0-3518230 

0-3511437 

0-3504684 

0-3497968 

0-3491291 

246° 38' 50^32 
*48: 7 ; 54;22 
249 16' 57^98 
250° 26' 1^61 

251^35' 5 -II 

- 0-2032458 

- 0-2057586 

- 0*2081301 

- 0-2103600 

- 0-2124483 

5-12 

5-iS 

5 -i 8 

5-20 

5-22 

5‘^4 

5-26 

5.28 

5 30 

- 0-1034176 

- 0-0965297 

- 0-0896295 

- 0-0827198 

- 0-0758031 

- o- 3327£>54 

- 0 - 334 I 4 J 3 

- 0-3353785 

- 0-3364772 

- 0-3374373 

0-3484652 

0-3478051 

0-3471487 

0-3464959 

0-3458469 

252° 44' 8^47 

253° 53 11-70 

255° 2' 14-80 
256° II' 17^76 
257° 20' 20^60 

- 0-2143949 

- 0-2161998 

- 0-2178630 

- 0-2193846 

- 0-2207647 

5-22 

5*24 

5-26 

5*28 

5-30 

5*32 

5-34 

5 - 3 ^ 

5-38 

540 

- 0-0688822 

- 0-0619598 

- 0-0550386 

- 0-0481211 

- 0-0412101 

- 0-3382591 

- 0-3389428 

- o- 3394 o 86 

- o- 33989 f«> 

- 0-3401679 

0-3452014 

0-3445595 

0-3439212 

03432863 

0-3426550 

238° 29' 23^32 
259° 38' 25-91 
260° 47' 28^37 
261” 56' 30^72 

263® ‘ 5' 32"95 

- 0-2220035 

- 0-2231013 

- 0-2240583 

- 0-2248748 

- 0-2255513 

5-32 

5-34 

5 * 3 ^ 

5-38 

5*40 

5-42 

5-44 

5 * 41 ’ 
5-48 
5*50 

- 0-0343082 

- 0-0274180 

- 0-0205422 

- 0-0136833 

- 0-0068439 

- 0-3403021 

- 0-3402999 

- 0-3401619 

- 0-3398886 

- 0-3394806 

0-3420271 

0-3414027 

0-3407816 

0-3401639 

0-3395496 

264° 14' 35-05 
205“ 23 37^04 
266° 32 38-91 
267° 41' 40 -Of) 
268° 50' 42*30 

- 0-2260882 
~ 0-2264860 

- 0-2267451 

- 0*2268662 
” 0-2268499 

5*42 

5*44 

5-46 

5-48 

5-50 

5-52 

5 -.54 
5 ' 5 <^ 
5-.58 

5 00 

- 0-0000266 
+ 0-0067661 

+ 0-0135315 

+ 0-0202673 
+ 0-0269709 

- 0-3389385 

- 0-3382631 
“ 0-3374550 

- o- 33 ^\ 5 I 5 I 
" 0-3354442 

0 3389385 
0-3383307 

03377262 

0-3371249 

0-3365267 

269° 59' 43'83 
271° 8; 45-24 
272° 17 46-54 

273° 26 47-73 
274 35 48-81 

- 0-2266969 

- 0-2264079 
“ 0-2259836 

- 0-2254249 

- 0-2247327 

5-52 

5-54 

5*56 

5*58 

5-60 

5-62 

5 -t >4 

5 -OS 
570 

+ 0-0336398 
+ 0-0402716 
+ 0-0468638 
+ 0-0534141 

4 0-0599200 

- 0-3342432 

- 0-3329130 

- 0-3314545 

- 0-3298689 

- 0-3281571 

0-3359317 

0*3353399 

0-3347511 

0-3341655 

0-3335828 

275° 44' 49-79 
276° 53 50'63 
278° 2' 51^41 
279“ li' 32*07 
280° 20' 52*62 

- 0-2239078 

- 0-2229512 

- 0-2218639 

- 0-2206469 

- 0-2193014 

5-62 

5 M 

5*66 

5-68 

570 

3 72 
574 
57 (; 

Uo 

+ 0-0663792 
-f 0-0727894 
+ 0-0791482 
+ 0-0854533 
+ 0-0917026 

- 0-3263203 

- 0-3243597 

- 0-3222763 

- 0-3200715 

- 0-3177464 

0-3330033 

0-3324267 

0-3318530 

0-3312824 

0-3307146 

281° 29' 53^07 
282° 38' 33*42 

283° 47' 53-67 

284° 56' 33^82 
286° 5-53^87 

- 0-2178284 

- 0-2162291 

- 0-2145048 

- 0-2126507 

- 0-2106861 

572 

'4 

Uo 

5.82 

584 

y 8 (^ 

V88 

.V90 

+ 0-0978937 
+ 0-1040245 
+ 0-1100928 
+ 0-1160964 
+ 0-1220334 

- 0-3153025 

- 0-3127411 

- 0-3100636 

- 0-3072714 

- 0 3043659 

0-3301498 

0-3295878 

0-3290286 

0-3284723 

0-3279188 

287° 14' 53-83 

288° 23' 53I68 

289° 32' 53I44 

2Q0° 41' 53I1I 

291° 50' 52 168 

- 0-2085942 

- 0-2063827 

- 0-2040527 

- 0-2016058 

- 0-1990435 

5-82 

sa 

5*88 

5-90 

5-92 

5 ’94 
5 ‘ 9 (^ 
5-98 

6 '00 

+ 0-1279015 
+ 0-1336987 
+ 0-1394230 
+ 0-1450725 
+ 0-1506453 

- 0-3013488 

- 0-2982215 

- 0-2949856 

- 0-2916428 

- 0-2881947 

0-3273681 

0-3268201 

0-3262749 

0-3257324 

0-3251925 

292° 59' 52116 
294° 8 ' 5 iT 54 
295° 17 50184 

296 26 50I05 

297° 35' 49I16 

“ 0-1963672 

- O-I9357S7 

- 0-1906794 

- 0-1876711 

- 0 -I 845553 

5’92 

5*94 

5 ’90 

5- 98 

6- 00 
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X 

AW 

i'.w 

IW'I’WI 

arg 


X 

S’02 

5-04 

5-06 

5-08 

5-10 

- 0-3297533 

- 0-3317925 
“ 0-3336963 

- 0-3354646 

- 0-3370972 

+ 0-1410869 
+ 0-1342835 
+ 0-1 274556 
+ 0*1206057 
+ 0-1137364 

0-3586680 

o- 35793?2 

0-3572088 

0-3564859 

0-3557^75 

156'’ 50' 9 *80 
157° 57; 56*75 
159^ 5 44*15 
160 ° 13 31*99 
161° 21' 20*26 

+ 0*8008629 
+ 0*7938880 
+ 0*7868916 
+ 0 - 77 <> 87 t 5 
+ 0*7728398 

5*02 

V04 

5 *o() 

5*08 

5*10 

512 

yi 6 

5-i8 

5-20 

- 0-3385940 

- 0-3399550 

“ 0*3411802 

- 0*3422695 

- 0*3432230 

+ 0-1068504 
+ 0*0999502 
+ 0*0930384 
+ 0*0861176 
+ 0*0791903 

03550534 

0*3543437 

0*353^383 

0*3529371 

0*3522402 

162° 2Q' 8 k )6 
163° 36' 58*08 
164° 4^" 47*61 

165° 5 -»' 37-56 
167 0' 27-(>2 

+ 0 * 7()57902 

■+ 0*7587281 
+ o*7si6502 

4 0*7445770 
0*7374930 

5 - 1-1 

5 -M 

5* 10 
5-18 
5*20 

5*22 

5*24 

5*20 

5-28 

530 

- 0-3440409 

- 0-3447234 

- 0*3452707 

- 0*3456831 

- 0*3459608 

+ 0*0722592 
+ 0-0633269 
+ 0*0583958 
+ 0*0514685 
+ 0*0445476 

0*3515474 

0*3508587 

0*3501742 

0*3494936 

0-3488171 

168° 8' 18*68 
169'' 16' 9*84 
170° 24' 1*40 
171® 31' 53*34 
172’ 39 45*68 

4* 0*7304068 

4 - o* 7 ‘ 2332 ii 

4- 0*7162382 

4 ~ 0*7091007 

4 - 0*7020912 

5 * 2 ^ 

5-24 

5*26 

5*28 

5-30 

532 

5*34 

5 * 3 ^ 

5-38 

540 

- 0*3461043 

- 0*3461140 

- 0*3459903 

- 0*3457337 

- 0*3453448 

+ 0*0376356 
■+ 0 - 030735 I 
+ 0*0238485 
+ 0*0169784 
+ 0*0101273 

0-3481446 

0-3474759 

0*3468112 

0-3461503 

0-3454933 

173° 47' 38\39 
174" 55' 31*49 
170° 3 24 *(>6 
177° 11' i8*8o 
178° 19' 13*00 

+ 0*(>950321 

4 “ 0*6879801 

1- o-() 8 o 9535 
f 0-0739428 

4- 0*6609506 

5-32 

5 - 3-1 

5-36 

5-38 

540 

5-42 

5-44 

5 - 4 ^ 

5-48 

5*50 

- 0*3448242 

- 0*3441725 

- 0 - 343390 S 

- 0*3424788 

- 0-3414382 

+ 0*0032975 

- 0 0035083 

- 0*0102879 

- 0-0170386 

- 0*0237582 

0*3448400 

0*3441904 

0*3435445 

0-3429024 

0-3422638 

179° 27' 7*56 
180° 35' 2^49 
i8i° 42 57 : 7 « 
182° so 5S*4i 
183° 58' 49*39 

4 - 0*6599812 
+ 0 *f )530372 

4 0 *() 46 I 209 

4 0-6392347 
4* 0*6323810 

5-42 

5-44 

5-46 

5-48 

5-50 

5*52 

- 0*3402696 

- 0-338973? 

- 0 - 33755*8 

- 0-3360043 

- 0-3343328 

- 0-0304443 

- 0*0370944 

- 0*0437062 

- 0*0502774 

- 0*0568056 

0-3416288 

0*3409975 

o* 3403<>96 

0 * 339745 ^ 

0*3391243 

iHS*" 6' 45*72 
186° 14' 42I38 
187° 22' 39*38 
188° 30' 36^72 
189'’ 38' 34*39 

+ 0*6255623 
4- 0*6187809 
+ 0*61203(10 

4 - 0*6053391 

4- 0*5986835 

5-52 

5-54 

5-56 

5-58 

5-60 

«)*62 

5<?4 

5 -e>o 

5-68 

570 

- 0-332537? 

- 0*3306208 

- 0*3285826 

- 0*3264245 

- 0*3241477 

- 0*0632886 

- 0*0697241 

- 0*0761099 

- 0*0824437 

- 0*0887233 

0*3385069 

0*3378928 

0-3372821 

0*3366748 

0*3360708 

190° 46' 32*3() 
191° 54' 30^^71 

193° 2' 29*35 

194 ° 10' -28*30 

195° 18' 27*57 

4 0*5920745 
+ 0*5855138 
f o*s 790044 

4 o*'s 72548 i 

4 o* 5 () 6 i 472 

5*62 

5-(-4 

3 -w> 

5*68 

570 

572 

Ul 

- 0*3217534 

- 0*3192429 

- 0*3106176 

- 0-3138787 

- 0*3110277 

- 0*0949466 

- 0*1611115 

- 0*10721 57 

- o*ii 325’73 

- 0*1192341 

0*3354700 

0*3348725 

0*3342782 

0*3336871 

0*3330991 

196° 26' 27*15 
iqf 34' 27*04 
198° 42' 27*23 
199° so' 27*72 
200° 58' 28*52 

4 0 *S 598038 

^ 0*5535201 

1 0*5472981 

4 0*5411399 

4 0*5350476 

5-72 

5-74 

57 '* 

578 

5-80 

3-82 

ru 

5*88 

5*90 

- 0*3080661 

- 0*3049952 

- 0*3018166 

- 0-2985318 

- 0-2951424 

~ 0*1251442 

- 0*1309855 

- 0*1367560 

- 0*1424539 

- 0*1480772 

0*3325143 

0*3319326 

0*3313540 

0*3307784 

0*3302059 

202° 6' 29*60 
203° 14' 30*98 
204° 22' 32*65 
205° 30' 34*61 
206° 38' 36*85 

4 0*5290231 

4 0*5230685 

4 0*5171858 
4 0*5113768 
4 0*5056434 

5-82 

5-84 

5-80 

V88 

5 -'>o 

5 -92 
5*94 
5*96 
5-98 
6*00 

- 0*2916501 

- 0*2880563 

- 0-2843629 

- 0-2805715 

- 0*2766839 

- 0-1536240 

- 0*1590925 

- 0*1644809 

- 0*1697874 

- 0*1750103 

0*3296363 

0*3290(^7 

0 3285061 

0*3279453 

0*3273875 

207° 46' 39*37 
208° 54' 42*17 
210° 2' 45*25 
211° 10' 48*60 
212° 18' 52*23 

4 0*4999876 

4 0*49441 [I 

4 0*4889157 

4 0*4855031 

+ 0*4781753 

y <)2 

5 -<J 4 

5 - 9 '* 

3-98 

6*00 
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|H«WI 

arg 


+ 0-1561393 
0-1615527 
+ 0-16O8837 
+ 0-1721306 
+ 0-1772914 

+ 0-1823646 
+ 0-1873484 
4 0-1922411 
+ O-I97O4I3 
-f 0-2017472 

+ 0-2063574 
+ 0-2108705 
+ 0-2152848 
+ 0-2195991 
+ 0-2238120 

+ 0-2279222 
+ 0-2319283 
+ 02358292 
+ 02396237 
+ 0-2433106 

+ 0-2468888 

+ 0-2503573 

+ 0-2537151 
+ 0-2569612 
+ 0-2600946 

+ 0-2631145 
+ 0-2660201 
+ 0-2688106 
+ 0-2714853 
+ 0-2740434 

+ 0-2764843 
+ 0-2788074 
+ 0-2810122 
+ 0-2830981 
+ 0-2850647 

+ 0-2869117 
+ 0-2886385 
+ 0-2902449 
+ 0-2917307 
+ 0-2930956 

+ 0-2943394 

+ 0-2954620 
+ 0-2964633 
+ 0-2973434 
+ 0-2981020 

+ 0-2987395 

+ 0-2992557 
+ 0-2996510 
+ 0-2909254 

+ 0-3000793 


- 0-2846430 

- 0-2809893 

- 0-2772356 

- 0-2733835 

- 0-2694349 

- 0-2653917 

- 0-2612556 

- 0-2570287 

- 0-2527128 

- 0-2483100 

- 0-2438221 

- 0-2392513 

- 0-2345996 

- 0-2298691 

- 0-2250617 

- 0-2201798 

- 0-2152253 

- 0-2102005 

- 0-2051075 

- 0-1999486 

“ 0-T947259 

- 0-1894417 

- 0-1840982 

- 0-1786977 

- 0-1732424 

- 0-1677348 

- 0-1621770 

- 0*1565714 

- 0-1509204 

- 0-1452262 

- 0-1394913 

- 0-1337179 

- 0-1279085 
“ 0-1220655 
“ 0-1161911 

- 0-1102879 

- 0-1043582 

- 0-0984043 

- 0-0924287 

- 0-0864339 

- 0-0804221 

- 0-0743958 

- 0-0683573 

- 0-0623092 

- 0-0562537 

- 0-0501933 

- 0 0441303 

- 0-0380671 
“ 0-0320062 

- 0-0259497 


0-3246553 

0-3241208 

0*3235889 

03230596 

0-3225328 

0-3220087 

0-3214870 

0-3209679 

0-3204513 

0-3199371 

0*3194255 

0-3189162 

0-3184094 

0-3179050 

0-3174029 

0-3169032 

0-3164059 

0-3159109 

0-3154182 

0-3149278 

0*3144396 

0*3139537 

0*3134701 

0-3I29887 

0-3125094 

0-3120324 

0-3115575 

0-3110848 

0-3106143 

0-3101458 

0-3096795 

0-3092152 
o- 3 «>« 753 o 
O' 5082929 

0-3078348 

0-3073788 

0-3069248 

0-3064727 

0-3060227 

0*3055746 

0-3051285 

0-3046843 

0-3942421 

0-3038017 

o* 3033<'33 

0-3029268 

0-3024921 

0-3020593 

0-3016283 

0-3011992 


298° 44' 48-19 

299° 53' 47*13 

301° 2; 45^98 
302° II 44^74 
303® 20' 43^43 

304° 29' 42-03 
305° 38' 40^54 

306^ 47 38*97 

307° 56' 37*32 
309° 5 35*59 

310° 14' 33*77 
311° 23' 31-88 
‘312° 32' 29-90 
313° 41' 27^85 
314 50' 25^73 

315° 59' 23^52 

3170 8 '2I'?2^ 

318° 17' i8^8S 
319° 26' 16-44 
320° 35' 13^94 

321" 44' 11:36 

322^53 8-71 

324° 2' 5'^98 
325° ii' 3 '!^i8 
326® 20' 0^31 



28' 

37; 

57'38 

54-37 

329" 

46 

51-29 

330^ 

55 

48^^14 

332° 

4 

44-93 

333 ° 

13' 

41 •f '5 

334 ° 

22 

38-3° 

335 ° 


34*88 


40 


337 

49 

27^86 

338° 

58; 

24*25 

340° 

7 

20-58 

34^0 

16' 

16-84 

342° 

25' 

^3:04 

343 

34' 

9 -18 

344 ° 

43' 

5*26 

345 ° 

52 

1^27 

34 z: 

0' 

57*22 

348° 

9' 

53*12 

349° 

18' 

4«*95 

350° 


44*73 

35^0 

3^ 

40*45 

352° 

45 

36^10 

353° 

54 

31*70 

355 

3' 

27*25 


0*1813339 

0-1780085 
0-1745809 
710529 
01074264 

637033 
598854 
0*1559746 
0*1519730 

0-1478824 

0-1437050 

0-1394427 

0*1350977 

0-1306719 

0-1261676 

0-121^867 

0-1169316 

0-1122043 

0-1074071 

0-1025422 

0-0976117 

0-0926181 

0-0875634 

0-0824500 

0-0772802 

0-0720564 

0-0667807 

0-0614556 

0-0560834 

0-0506665 

0-0452073 

0-0397080 


+ 0-0517024 
+ 0*0575743 
+ 0-0633830 
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B 

7 iW 



arg h'JV) 

H.W 

6-02 

6-04 

6-o6 

6*o8 

6-10 

- 0-2727017 

- 0-2686269 

- 0-2644612 

- 0-2602066 

- 0-2558648 

- 0-1801479 

- 0-1851985 

- 0-1901605 

- 0-1950322 

- 0-1998122 

0*3268325 

0*3262804 

0*32573“ 

0*3251846 

0*3246409 

213° 26' 56'! 2 
214° 35' 0^27 
2 I 5%3 4-69 

216° 51' 9^37 

217 59' 14-31 

0-4729^37 

+ 0*4677800 
+ 0*4627160 
+ 0*4577431 
+ o*4528()2g 

6*12 
6-14 
6- If) 
6-i8 
6-20 

- “•■ 25 M 378 

- 0-2469275 

- 0-2423358 

- 0-2376649 

- O-2329T66 

- 0-2044989 

- 0-2090908 

- 0-2135865 

- 0-2179846 

- 0-2222836 

0*3240999 

0-3235616 

0-3230261 

0*3224932 

0*3219630 

219° 7' kjV 
220° 15' 24^94 
221° 2V 30*64 
222° 3V 36^59 
223° 39' 42-7« 

+ o* 448 o 7()9 
+ 0*44 uS()<» 

0*438791^ 

+ o *4342988 
-1- 0*4299040 

6-22 

6*24 

6*26 

6-28 

6-30 

- 0-2280030 

- 0-2231961 
0-2182281 

- O-2I3I9IO 

- 0-2080869 

- 0-2264824 

- 0-2305796 
” 0-2345740 

- 0*2384643 

- 0*2422495 

0-3214354 

0*3209104 

0*3203880 

0*3198682 

0-3193509 

224° 47' 49*21 

225'" 55' 55-89 

227° 4' 2*8i 
228° 12' 9-97 
229 ' 20' I7\55 

+ 0*4256104 
+ 0*4214192 
f 0*4173317 
+ 0*41 33.n)o 
+ 0*4094724 

6*32 

6-34 

6 - 3 ^) 

6-38 

6-40 

- 0-2029180 

- 0-1976865 
0-1923944 

- 0-1870440 

- 0-1816375 

- 0*24 5928^ 

- 0*2494998 

- 0 * 2529()29 

“ 0*2563166 

- 0*2595599 

0-3188362 

0-3183239 

0-3178142 

0-3173069 

0-3168020 

230° 28' 24*98 

231° 36' 32-83 

232° 44 40*91 
233° 52' 49*22 
235® 0' 57^75 

+ 0*4057028 
+ 0*4020415 
+ 0*3984894 
■f 0*3950474 

+ o*3i)i7i()0 

6- 42 

6 - 4 ^ 

0*40 

6*48 

6*50 

■ 0-1761771 

- o-17o()650 

- 0-1651035 

- 0-159494^) 

- 0-1538413 

- 0*2626920 

- 0*2657119 

- 0*2686190 

- 0*2714123 

- 0*2740913 

0-3162996 

0-3157996 

0-3155020 

0-3148067 

0-3143138 

236° 0' (>*51 
237° > 7 ' ' 5 ; 4 « 
238° 25' 24*68 
239° 33' 34 *09 
240° 41' 43-72 

+ o*3884()78 
+ 0-3853919 
+ 0-3823996 
+ 0*3795218 

0*3767591 

6*52 

^>•54 

6*56 

6-58 

()*bo 

- 0-14814^1 

- o-1424o8() 

- 0-1 h6()34I 

- 0-1308238 

- 0-1249802 

- 0*2766551 

- 0-2791032 

- 0-2814349 

- o- 283()498 
“ 0-2857473 

0*3138232 

0-3133350 

0*3128490 

0-3123653 

0*3118839 

241° 49' 55*56 
242^58' 3^61 
244° 6' 13*86 

245"; 14' 24*33 

246° 2 2 35*00 

+ 0*3741123 
+ 0-3715819 
+ 0-3691685 
+ 0-3668728 
+ 0-3646(^51 

6*62 

0*64 

6*66 

6*68 

6*70 

- 0-1191054 

- 01 132019 

- 0-1072720 

01013179 

- 0 0953421 

- 0-2877269 

- 0-2895883 

- 0-2913310 
~ 0-2929348 

- 0-2944593 

0-3114047 

0*3169277 

0-3104529 

0-3099804 

0-3095099 

247^' 30' 43'-88 
248^’ 38' 56*96 
249° 47' 8*24 
250 '’ 55 19-71 
252° 3 3 i\ 3 « 

+ 0-3()263()0 
•4 o- 36 o 6<»58 
!■ o- 358874 () 

+ 0-3571737 
0 - 355 . 59^3 

6*72 

6-74 

6 * 7 () 

6-78 

6-So 

- 0-0893469 

- 0-0833346 
0-0773076 

- 0-0712681 

- 0-0652187 

- 0-2958444 

- o-2971o<)8 

- 0-2982554 

- 0-2992811 

- 0*3001869 

0*3090417 

0-3085759 

0*3081 116 

0-3076497 

0-3071899 

254 19 55 - 3 » 
253” 28' 7*56 
256° 36' 20*01 

257'’ 44' 32-64 

+ 0*3541310 
-f 0-3527901 
+ 0 3515990 

+ 0-3504696 
+ o- 34(1490 1 

6*82 

6*84 

6*86 

6-88 

6*90 

- 0 0591615 

- 0-0530989 

- 0-0470332 

- 0-0409669 

- 0-0349021 

- 0*3009727 

- 0*3016385 
o*302iS46 

- 0*3026109 

- 0-3029176 

0-3067322 

0*3062765 

0*3058229 

0-3053713 

0-3049217 

258'’ 52' 4 . 5-45 
260° 0' 58'45 
261° 9' 11*64 
262° 17' 25-01 
263° 25' 38*56 

+ 0*3486313 
+ 0*3478930 
+ 0*3472751 
+ 0*3467775 
+ 0*3464001 

6-92 

6-94 

6-96 

6- 98 

7- 00 

- 0-0288412 

- 0 0227866 

- 0 0167404 

- 0-0107051 

- 0 0046828 

- 0-3031051 

- 0-3031734 

- 0*3031230 

- 0*3029541 

- 0*3026672 

0-3044741 

0*3040285 

03035849 

0-3031432 

0-3027035 

264° 33' 52-29 
265° 42' ()*I 9 
266° 50' 20*27 
267° 58' 34*53 
269° 6' 48*96 

4- 0*3461426 
-f 0*3460047 
+ 0*3459862 
+ 0*3460867 
+ o *'3463057 


()*02 

6 -o8 

()-IO 

(rl 2 

6 - 1*1 

O-U) 

()-i8 

6-20 

()*22 

6 * 2.4 

()* 2 (> 

(»*28 

6*30 

6-32 

()- 3 (> 

(>•38 

l)*.fO 

(>•42 

6*44 

6*4() 

6*48 

()*50 

6*52 

t >\54 

f)* 5 () 

h-58 

()-6o 

()'()2 

()*64 

(>*f)h 

6*68 

()*70 

O72 

6*74 

676 

6-78 

r>*8o 


()*82 

6*84 

fj* 8 () 

f )-88 

6 *go 

6* c >2 

6-04 

()-gO 

i>i)H 

7*00 
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+ 0-0013241 
+ 0-0073134 
+ 0-0132828 
+ 0-0192302 
+ 0*0251533 

+ 0-0310498 
+ O-O3O9I77 
+ 0-0427547 
+ 0048 5586 
+ 0-0543274 

+ 0-0000589 
-t 0-0657511 
+ 0-0714017 
+ 0-0770089 
+ 0-0825704 

+ 0-0880844 
+ 0-0935488 
+ 009896 1 7 
+ 0-1043211 
+ 0-1096251 

+ 0-1148718 
+ 0-1200595 
+ 0-1251857 
+ 0-1302494 

+ 01352484 

+ 01401811 
+ 0-1 450456 
+ 0-1498404 
^ o i 545 ^> 3 ^> 
+ 0-1592138 

+ 0-1637892 
+ 0-1082883 
+ 0-1727096 
+ 0-177051O 
+ 0-1813127 

+ 0-1854916 
+ 0-1895868 

+ 0-1935970 

+ 0-1975208 
+ 0-2013569 

\ 0-2051041 
+ 0-2087611 
+ 0-2123267 

+ 0-2157999 
+ 0-2191794 

+ 0-2224642 
+ 0-225O533 
+ 0-2287457 
+ 0-2317403 
+ 0-2346363 


0-3022627 

0-3017411 

0-3011029 

0-3003486 

0-2994789 

0-2984943 

0-2973957 

0-2961837 

0-2948590 

0-2934226 

0-2918752 
0-2902177 
0-288451 1 
0-2865763 
0-2845944 

0-2825063 

0*2803132 

0-2780161 

0-2756163 

0-2731149 

0*2705132 

o-2()78i24 

0-2650138 

0-2621187 

0-2591285 

0-2560446 

0-2528084 

0-2496015 

0-2462451 

0-2428010 


0-2392706 

o- 235<>555 

0-23I9574 

0-2281778 

0-2243185 

0-2203810 

O-2I63O72 

0-2122788 

0-2081175 

0-2038851 

0-1995834 

0-1952143 

0-1907797 

0*1862813 

0-1817211 


0-1771010 

0-1724229 

0-1670888 

0-1629007 

0*1580605 


0-3022656 

0-3018297 

0*3013957 

0*3009636 

0*3005333 

0-3001049 

0*2996784 

0-2992536 

0*2988307 

0-2984096 

0-2979903 

0*2975727 

0-2971569 

0-2967429 

0-2963300 

0*2959200 

0*2955112 

0-2951041 

0-2946906 

0-2942948 

0-2938927 

0*2934923 

0-2930935 

0*2926963 

0-2923007 

0-2919068 

O-29I5I45 

0-2911237 

0-2907345 

0-2903469 

0-2899609 

0-2895764 

0-2891935 

0-2888120 

0-2884321 

0-2880537 

0*2876768 

0-2873014 

0-2869274 

0-2865549 

0-2861839 

0-2858143 

0-2854462 

0-2850795 

0*2847142 

0-2836267X 

0*2832670 

0-2829087 


271“ 23 18^33 

272° 31 33-27 
'■‘731 39 48-37 
274-48' 3^(>5 

275° 5^' i9-o8 


12 50*45 


312” 

21 

52 


3^3: 

3®; 

1 2 

•85 

314 

3«' 

33 

•17 

3^-5o 

46' 

53 

762 

310® 

55, 

M 

720 


•f 0-3466420 
+ 03470978 
+ 0-3476699 
f 

+ 0-3491631 
4- 0-3500830 

+ 0-3511175 

+ 0-3522659 
•+ 0-3535275 
0-3549013 

0-3563867 
0-3579825 
+ 0-3596880 
+ 0-3615021 
+ 0-3634239 

+ 0-3654523 

■f O-369K244 
+ 0-3721659 
+ 0-3746094 

+ 0-3771537 

+ 0-3797976 
+ 0-3825396 


320® 20 16-66 


322" 36' 58'^90 
323° 45; 20^20 


+ 0-4264750 
+ o- 43O43'70 
+ 0-4344758 
+ 0-4385870 
•f 0-4427696 

+ 0-4470219 
+ 0-4513419 
+ 0-4557279 
4 0-4601780 
+ 0-4646902 

4 0-4692627 

+ 0-47^8934 

4- 0-4785806 
4 0-4833221 
4 0-4881160 
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TABLES OE BESSEL FUNCTIONS 


Table I. Functions of order zero 




8*02 +0-1669299 +0-2266339 0-2814756 413° 37' 33^75 +0-3049098 8-02 

8-04 + 0-1621542 + 0-2296480 0-2811266 414° 46' 26^87 + 0-3077342 8-04 

8-00 + 0-1573255 + 0-2325028 0-2807789 415° 55' 19^94 + 0-3104602 8-00 

8-08 + 0-1524459 + 0-2353776 0-2804324 417° 4' 12*98 + 0-3130870 8-08 

8-10 + 0-1475175 + 0-2380913 0-2800873 418*’ 13' 5^98 + 0-3156137 8-10 

8-12 + 01425423 + 0-2407033 0 2797434 419° 21' 58795 + 0-3180394 8-12 

8-14 + 01375223 + 0-2432126 0-2794007 420^" 30' 51787 + o-320363«5 8-14 

8-16 +0-1324598 40-2456187 0-2790594 421° 39' 44776 +0-3225852 8-10 

8-18 + 0-1273568 + 0-2479207 0^2787192 422° 48' 37762 + 0-3247036 8-18 

8-20 + 0-1222153 + 0-2501180 0-2783803 423^ 57' 30743 + 0-3267183 8*20 

8-22 + 0-1170375 + 0-2522101 0-2780427 425° 6' 23721 + 0-3286286 8-22 

8-24 +0-1118256 +0-2541963 0-2777062 426° 15' 15796 +0-3304339 8-24 

8-26 + 0-1065816 + 0-2500762 0-2773710 427'’ 24' 8767 + 0-3321337 8-26 

8-28 +0-1013077 +0-2578492 0-2770370 428° 33' 1735 +0-3337274 8-28 

8-30 +0 0960061 +-0-2595150 0-2767042 429° 41' 53799 +0-3352147 8-30 

8-32 + 0-0906789 + 0-2610730 0-2763725 430° 50' 46759 + 0-3365952 8-32 

8-34 + o-o8‘)3282 + 0-2625230 0-2760421 431" 59' 39716 + 0-3378684 8-34 

8-36 +0-0799563 +0-2638647 0-2757128 433° ‘8' 31770 +0-3390341 8-36 

8-38 +0 0745652 +0-2650977 0-2753847 434° 17' 24721 +0-3400920 8-38 

8-40 + 0-0691573 + 0-2662219 0-2750578 435° 26' 16768 + 0-3410418 8-40 

8-42 +0-0637345 +0-2672370 0-2747321 436° 35' +0-3418834 8-42 

8-44 i 0-0582992 + 0-2681430 0-2744075 437® 44' 1 7 c I 4- 0-3426166 8-44 

8-46 + 0-0528534 + 0-2689397 0-2740840 438'^ 52' 53788 + 0-3432414 8-40 

8-48 + 0 0473994 + 0-2696271 0-2737617 440° l' 46722 + 0-3437576 8-48 

8-50 + 0-0419393 + 0-2702051 0-2734405 441° 10' 38753 + 0-3441653 8-50 

8-52 \ 0-0364752 + 0-2706738 0-2731204 442° 19' 3o78o + 0-3444644 8-52 

8-54 I 0-0310094 + 0-2710333 0-2728015 443^^* 28' 23704 + 0-3446550 8-54 

8-56 + 0 0255A40 + 0-2712837 0-2724836 444^^ 37' 15725 + 0-3447373 8-56 

8-58 + 0-0200812 + 0-2714251 0-2721669 445° 46' 7743 -f 0-3447114 8-58 

8-6o + 0-0146230 + 0-2714577 0-2718513 446*^ 54' 59758 + 0-3445775 8-60 

8-62 1 0-0091717 + 0-2713818 0-2715368 448° 3' 51.769 + 0-3443357 8-62 

8-64 +0-0037293 +0-2711977 0-2712233 449” 12' 43777 +0-3439865 8-64 

8-66 - 0-0017019 + 0-2709056 0-2709109 450° 21' 35763 + 0-3435301 8-66 

8-68 - 0-0071200 + 0-2705060 0-2705996 451° 30' 27785 + 0-3429669 8-68 

8-70 - 0-0125227 + 0-2699992 0-270*2894 452° 39' 19784 + 0-3422972 8-70 

8-72 - 0-0179081 + 0-2693857 0-2699803 453° 48' ii 78 o + 0-3415216 8-72 

8-74 - 0-0232739 + 0-2686660 0-2696722 454^^ 57' 3773 + 0-3406404 8-74 

8-76 -0-0286182 + 0-2678405 0-2693651 456° 5' 55764 +0-3396543 8-76 

8-78 - 0-0339388 + 0-2669100 0-2690591 457° 14' 47*51 + 0-3385638 8-78 

8-8o - 0-0392338 + 0-2658749 0-2687541 4*58° 23' 39735 + 0-3373694 8-80 

8-82 - 0-044501 1 +0-2647360 0-2684502 459° 32' 31717 +0-3360719 8-82 

8-84 - 0-0497387 + 0-2634939 0-2681473 460° 41' 22795 + 0-3346718 8-84 

8-86 - 0-0549445 + 0-2621493 0-2678454 461° 50' 14771 + 0-3331700 8-86 

8-88 - 0-0601167 + 0-2607030 0-2675445 462° 59' 6744 + 0-3315672 8-88 

8-90 - 0-0652532 + 0-2591558 0-2672446 464° ' 7' 58714 + 0-3298642 8-90 

8-92 - 0-0703522 + 0-2575085 0-2669458 465° i6' 49781 + 0-3280617 8-92 

8-94 - 0-0754116 + 0-2557620 0-2666479 466° 25' 41745 + o-326iC)08 8-94 

8-96 - 0-0804295 + 0-2539172 0-2663510 467° 34' 33707 + 0-3241622 8-96 

8- 98 - 0-0854042 + 0-2519751 0-2660552 468° 43' 24766 + 0-3220669 8-98 

9- 00 - 0-0903336 + 0-2499367 0-2657603 469° 52' 16722 + 0-3198760 9-00 
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X 

y.w 

y.w 

i-w'l'wi 


H,W 

m 

8*02 

8*04 

8-o6 

8o8 

8-10 

+ 0-2374329 
+ 0-2401291 
+ 0-2427241 
+ 0-2452173 
+ 0-2476078 

- 0-1531702 

- 0-1482318 

- 0-1432475 

- 0-1382191 

- 0-1331488 

0-2825517 

0-2821961 

0-2818419 

0-2814889 

0-2811373 

327° 10' 24-81 
328" 18' 49^58 
329“ 27' 8:4() 
330^ 35' 3 o '-40 
331" 43 5^*57 

+ 0-4929604 
+ 0-4978531 
+ 0-5027922 
+ 0-5077756 
+ 0-5128012 

8-02 

8*04 

806 

8-o8 

8-10 

8-12 

8*14 

8i6 

8i8 

8-20 

+ 0-24989^0 
+ 0-2520782 
+ 0 -- 254 I 570 
+ 0-2561306 
+ 0-2579986 

- 0-1280386 

- 0-1228906 

- 0-1177069 

- 0-1124896 

- 0-1072407 

0-2807871 

0-2804381 

0*2800905 

0-2797441 

02793991 

332° 52' l4^7.) 

ml 

335 8 5 »" 5 '> 

330 17' 22:11 
337 ° 23 '-t 4-78 

■f 0-5178671 

+ 0-522()7Il 

+ 0-5281111 
0-5332850 
0-5384907 

8-12 

8-14 

8-iS 

8-i8 

8-20 

8-22 

8-24 

8-26 

8-28 

8*30 

+ 0-2597605 
+ 0-2614159 
+ 02629644 
f 0-2644050 
+ 0-2657393 

- 0-1019624 

- 0-0966569 
■- 0-0913261 

- 0-08597-23 

- 0-0805975 

0-2790553 

0-2787128 

0-2783716 

0-2780316 

0-2776929 

338° 34' 7135 

33 ‘i! 4 ^, 3 o' 4 -! 
340 5 “ 53^0 
341" 59' i(>:49 
343 '' 7 ' 39 -<>q 

I- 0-5437262 

+ 0-5489893 
■+* 0-5542779 
+ 0-5595898 
+ 0-5649229 

8-22 

8-24 

8-26 

8-28 

8-30 

8-32 

tit 

8-38 

8-40 

+ O-26O965I 
+ 0-2680829 
+ 0-2690924 
+ 0- 2099936 
+ O-27O78O3 

- 0-0752040 

- 0-0697937 

- 0-0643690 

- 0-0589319 

- 0*0534845 

0-2773554 

0-2770191 

0-2766841 

0-2763503 

0*2760177 

344“ 16' 2?99 
345 ° 2^ 26^39 
346° 32' 49 -QO 
347 ° 41; I 3 \ 5 I 
34 « 40' 37-22 

+ 0-5702752 
+ o- 575^>443 
+ 0-5810283 

4 0-580,1249 
+ 0-5918321 

8-32 

8-39 

8-38 

8-40 

8-42 

^‘44 

8-46 

8-48 

8-50 

-h 0-2714704 
■f 0-2720460 
+ 0-2725331 
+ 0-2728717 
+ 0-2731220 

- 0-0480290 

- 0-0425676 

- 0-0371023 

- 0-03163S3 

- 0-0261687 

0-2756864 

o- 27535 <^*’ 

0-2750272 

0-2746994 

0-2743728 

349° 58' 1-03 
351 <)' 24:94 

352° 14' 48:95 
353° 2?' r 3'05 
354 31 37 - 2 '> 

■f o- 5<)72476 
+ o-()02(>6()4 
+ 0-6080953 
+ 0-6135232 
+ 0-6189510 

8-42 

8-44 

8-46 

8-48 

8-50 

8-52 

8-54 

8-50 

8-58 

8 *60 

+ 0-2732640 
+ O-273298T 

4 - 0-2732244 
+ 0-2730432 
+ 0-2727548 

- 0-0207046 

- 0-0152452 

- 0-0097926 

- 0-004^^88 

4- 0-0010840 

0-2740473 

0-2737230 

0-2733998 

0-2730779 

0-2727570 

355 ° 40' 1 - 5 ^ 
350^ 48' 25'-97 

357 50' 30 •V> 
359^’ 5' [5*^06 

3(xy‘^ iY S 9-74 

4 o -()243764 

4 0-6297975 

4 0-6352120 

H o-()4b6i8o 
4 0-6460x32 

8-52 

8-54 

8 - 5 (> 

8-58 

8-90 

8-62 

8-64 

8-6?) 

8-68 

870 

+ 0-2723596 
+ 0-2718580 
+ 0-2712504 

4 - 0 2705372 
+ 0-2697190 

4- 0-0065038 
+ 0-0119084 

4- 0 0172958 

4- 0-0226640 
+ 0-0280110 

0-2724373 

0-2721187 

0-2718012 

0-2714849 

0-2711696 

361" 22' 4^5? 
3(»2'' 30' 29'^^9 
3 <> 3 ° 3 «' 54-35 
364° 47 19-41 

3 ^'> 5 ° 55' 41-57 

4 0-6513957 

+ o-() 5(>7633 

f 0-6621139 
^ 0-6674455 

I- 0-6727561 

8-62 

8' 94 
8-69 
8-()8 

8 70 

872 

lit 

878 

8-feo 

4 0-2687964 

4 0-2677699 
f 0-2666402 

4 - 0-2654070 

4- 0-2640737 

+ 00333346 

+ O-O380328 

+ 0-0439037 
+ 0-0491453 
+ 0-0543556 

0-2708555 

0-2705424 

0-2702305 

0-2699190 

0-2696098 

367° 4' 9-8i 
368° 12' 35-14 
369° 21' o'.'57 
370“ 29' 26-08 

371° 37' 5 J -08 

4 o-678o43(> 
4 0-6833060 
+ 0-6885413 

4 0-6937475 

0-6r)89226 

8-72 

8-74 

8-76 

8-78 

8-8() 

8-82 

884 

8-86 

8-88 

8-90 

4- 0-2626384 

4- 0-2611028 
+ 0-2594677 
+ 0-2577339 
+ 0-2559024 

4 - 0-0595326 

4- 0-0646744 

4- 0-0697790 

4 - 0-07.^8^47 

4 - 0-0798694 

0-2693011 

0-2689934 

0-2686868 

0-2683813 

0-2680768 

372° 46' 17-36 
373 ° 54 , 43-14 
375 3 O-oo 

376° 11' 34-95 
377^ 20' 0-98 

4 0-7040647 
4 0-7091718 
+ 0-7142420 
4 0-7192734 
+ 0-7242641 

8-82 

8-84 

8-89 

8-88 

8-90 

8-92 

8-94 

8-95 

8-98 

9*00 

+ 0-2539740 

4 - 0-2519497 

4 - 0-2498306 

4- 0-2476176 

4- 0-2453118 

+ 0-0848313 

4- 0-0897886 

4 - 0-0946795 

4 - 0-0995220 

4- 0-1043146 

0-2677733 

0-2674709 

o-267i69.< 

0-2668691 

0-2665697 

378^ 28' 27^10 

379° 3^J 53 -30 
380"' 45' I 9\59 
381° 53' 45-96 
383° 2 'l 2 '^ 4 lj 

4 0-7292122 

4 0-7341159 

4 0-7389734 

4 0-7437828 

4 07485424 

8-92 

8- 94 
8-(/) 

8 98 

9- 00 
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TABLES OF BESSEL FUNCTIONS 


Table I. Functions of order zero 


/oW arg<W HoW 


9*02 - 0-0952160 + 0-2478029 0-2654663 471° i' 7*75 + 0-3175904 9-02 

9-04 -0-1000496 +0-2455748 0-2651234 472° 9' 59-20 + 0-3152111 9-04 

9-06 -0-1048325 +0-2432536 0-2648814 473° 18' 50^73 +0-3127393 9-06 

9-08 -0-1095629 +0-2408402 0-2645904. 474°27'42-i8 +0-3101761 9-08 

9-10 -0-1142392 +0-2383360 0-2643003 475° 36' 33*60 +0-3075226 9*10 

9-12 -0-1188596 +0-2357420 0-2640112 476^45' 25*01 +0-3047800 9-12 

9-14 -0-1234224 +0-2330595 0-2637230 477°54'i6-39 +0-3019495 9-14 

9-16 - 0-1279258 + 0-2302898 0-2634358 479° 3' 7*73 + 0-2990324 9-16 

9-18 - 0-T323684 + o-2‘27434i 0-2631495 48 o®ii'59*05 +0-2960300 9-18 

9-20 -0-1367484 +0-2244937 0-2628041 481° 20' 50*35 +0-2929435 9-20 

9-22 -0-1410642 +0-2214700 0-2625796 482° 29' 41*62 +0-2897743 

9-24 -0-1453143 +0-2183644 0-2622961 483° 38' 32*86 +0-2865238 9-24 

9-26 -0-1494972 +0-2151782 0-2620135 484° 47' 24*08 +0-2831934 9-20 

9-28 - 0-153O113 +0-2119130 0-2617318 485° 56' 15*28 +0-2797845 9-28 

9-30 “ 0-1576552 +0-2085701 0-2614510 487° ‘5' 6^44 +0-2762985 9-30 

9-32 -0-1616274 +0-2051510 0-2611711 488°I3'57*59 +0-2727370 9-32 

y '34 “0-1655265 +0-2016573 0-2608921 489° 22' 48 -70 +0-2691014 9-34 

9-36 -0-1693511 +01980905 0-2606140 49o°3t'39-8o +0-2653933 9-30 

9-38 -0-1730999 +01944522 0-2603368 49i°40' 30*87 +0-2616143 9-38 

9-40 -0-1767716 +01907439 0-2600604 492°49'2I*92 +0-2577659 9-40 

9-42 - 0-1803O48 +0-1869673 0-2597850 493° 58' 12*95 +0-2538498 9-42 

9-44 - 0-1838783 + 0-1831240 0-2595104 495° 7' 3*94 + 0-2498675 9-44 

9-46 -0-1873109 +01792157 0-2592367 496°15'54*92 +0-2458208 9-46 

9-48 -0-1906615 +0-1752440 0-2589638 497°24'45*87 +0-2417112 9-48 

9-50 -0-1939287 +0-1712106 0-2586918 498°33'36*8o +0-2375406 9-50 

9-52 -0-1971117 +0*1671174 0-2584206 499°42'27^70 +0-2333107 9-52 

9-54 -02002092 +01629659 0-2581503 500°5i' 18*58 +0-2290231 9-54 

9-56 - 0-2032202 + 0-1587580 0-2578809 502® o' 9*44 + 0-2246796 9-56 

9-58 - 0-2061457 + 0-1544955 0-2576123 503° 9' 0*28 + 0-2202821 9-58 

9-60 -0-2089787 +0-1501801 0-2573445 504°i7'5i*o8 +0-2158322 9-00 

9-62 -0-2117244 +0-14*58157 0-2570775 505°26'4i*87 +0-2113519 9*62 

9-64 -0-2143797 +0-1413982 0-2568114 5o6°35'32*65 +0-2067829 9-64 

9-66 -0-2169439 +0-1369352 0-2565461 507° 4^23*40 +0-2021871 9-66 

9-68 -0-2194161 +01324268 0-2562816 508° 53' 14*12 +0-1975464 9-68 

9-70 - 0-2217955 + 0-1278748 0-2560180 510° 2' 4*82 + 0-1928625 9-70 

972 -0-2240814 +0-1252810 0-2557551 511° 10' 55^49 +0-1881375 9-72 

974 -0-2262730 +0-1186475 0-2554931 512° 19' 46^15 +0-1853732 9-74 

9-76 -0-2283698 +0-1139760 0-2552318 513° 28' 36*79 +0-1785715 9-76 

9-78 -0-2303710 +0-1092686 0-2549714 5I4°37'27^40 +0-1757344 9-78 

9-80 -0-2322760 +0-1045271 0-2547117 515° 46' 18*00 +0-1688637 9-80 

9-82 -0-2340844 +0 0997535 0-2544529 5U^°55' 8\57 +0-1639615 9-82 

9 84 -0-2357955 +0-0949498 0-2541948 518° 3' 59^12 +0-1590296 9-84 

9-86 -0-2374090 +0-0901178 0-2539575 5I9°I2'49*65 +0-1540700 9-86 

9-88 -0-2389243 +0-0852597 0-2536810 520°2i'40*i5 +0-1490847 9-88 

9-90 -0-2403411 +0-0803773 0-2534253 521° 30' 30^64 +0-1440757 9-90 

9-92 -0-2416590 +0-0754727 0-2531703 522° 39' 21*11 +0-1390449 9-92 

9-94 -0-2428777 +0-0705477 0-2529161 523° 48' 11^56 +0-1359943 9-94 

9-96 -0-2439968 +0-0656045 0-2526626 524° 57' 1*99 +0-1289259 9-96 

9-98 -0-2450165 +0-0606450 0-2524100 520° 5' 52*39 +0-1258417 9-98 

10-00 “ 0-2459358 +0-0556712 0-2521580 527° 14' 42*78 +0-1187437 10-00 
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B 


I'.w 

l<’wi 


H,(*) 

X 

9'02 
9-04 
9-00 
9 08 
9*10 

+ 0-2429143 
+ 0-2404263 
+ 0-2376489 
+ 0-2351833 
+ 0-2324307 

+ 0-1090553 
+ 0-1137425 
+ 0-1183744 
+ 0-1229495 
+ 0-1274659 

0-2662713 

0-2659740 

0-2656776 

0-2653823 

0-2650879 

3^4° 10' 38^94 
385° 19' 5^56 
386-^ 27' 3^26 
382:35; 59*04 
388 44 25-90 

+ 0-7532504 
+ O-757OO5X 

4 0-7625048 
+ 0-7670477 
+ 0-7715322 

9-02 

9*04 

9*06 

9-08 

9-10 

9*12 

9-14 

9-16 

9-18 

9*20 

+ 0-229592^ 
+ 0-2266698 
+ 0-2236640 
+ 0-2205765 
+ 0-2174087 

+ 0-13I922I 
+ 0-1363164 
+ 0-1406474 
+ 0-1449133 
+ 0-1491128 

0-2647945 

0-2645021 

0-2642107 

0-2639202 

0-2636307 

389° 32' 52^84 
391 i' lylsS 
302: 9; 40-95 
393 18-14^2 

394 °^ 0 ' 4 ii 37 

0-7759567 
+ 0-7803195 
+ 0-7846192 

4 0-7888540 
+ 0-7930226 

9*12 

9*14 

9-16 

9-18 

9*20 

9*22 

9-24 

9-26 

9-28 

9-30 

+ 0-2141618 
+ 0-2108375 
+ 0-2074370 
+ 0-2039620 
+ 0-2004139 

+ 0-1532443 
+ 0-1573063 
+ 0-1612974 
+ 0-1652162 
+ 0-1690613 

0-2633421 

0-2630545 

0-2627679 

0-2624822 

0-2621974 

395 ° 35' 8:70 
39O 43' 30-11 

307° 52' 3 l 59 
399 0' 3111 5 

400° 8' 38-78 

+ 0-7971234 
+ 0-8011549 
+ 0-8051x56 

4 0-8090043 
+ 0-8128195 

9-22 

924 

Q -26 

9-28 

9 J 0 

9-32 

9-34 

9-35 

9*38 

9-40 

+ 0-1967943 
-t- 0-1931047 
+ 0-1893468 
+ 0-1855221 
+ 0-1816322 

+ 0-1728314 
+ 0-I76525T 
+ 0-1801413 
+ 0:1836785 

+ o-i 87 I 35'7 

0-2619135 

0-2616306 

0-2613486 

0-2610675 

0-2607873 

40X® I 7 ' 2()-49 

402" 25; 54^27 
403° 34 22^13 
404 ‘ 42 5o-oC) 
405^^51 ' t8 -06 

+ 0-8 105598 

4 0-8202240 
+ 0-8238107 
+ 0-8273187 

+ o- 83074()9 

9*32 

9*34 

9*36 

9-38 

9-40 

9*42 

9*44 

9-46 

9*48 

9*50 

+ 0-1776789 
^ o*i 73 f>S 37 
+ 0- 1 695884 
+ 0-1654548 
+ 0-1612644 

+ 0-1905116 
+ 0-1938050 
-f 0-1970150 
+ 0-200X403 
+ 0-2031799 

0-2605080 

02602297 

0-2599522 

0*2596756 

0*2593999 

406” 59' 46^x4 
408® 8 'i 4"25 
409® 16' 42^50 
410® 2‘/ XO'-79 
4 ^^'’ 33 ' 39 *15 

+ o- 834093 () 

0'8373587 

4 o* 84 () 54 oi 
+ 0-8436371 
+ 0-8466485 

9*42 

9 * 4 ‘l 

9-46 

9 * 4 « 

9*50 

9-52 

9-54 

9*56 

9*58 

9'6o 

+ 0-1570192 
+ 0-1527208 
+ 0-1483711 
+ 0-1439718 
+ 0-1395248 

+ 0-2061329 
+ 0-2089982 
+ O-2II7749 
+ 0-2X44621 
+ 0-2170590 

0-2591250 

0-2588511 

0-2585780 

0-2583058 

0-2580344 

412® 42; 7'^58 
413 50 36*08 

416® 7 33*23 
417 16 ' 1-99 

-*• 9-8495735 

+ 0-8524x10 
4 0-8551601 

4 0-8578198 
4 0-8603894 

9*32 

9*54 

9*56 

9 * 3 « 

9-60 

9-62 

9-64 

9*66 

9-68 

970 

+ 0-1350319 
+ 01 304950 
+ 0-1259x59 
+ 0-1212965 
+ o- 1 1 66386 

+ 0-2195646 
+ 0-2219783 
+ 0-2242992 
+ 0-2265267 
+ O-2286OOO 

0*2577639 

0*2574943 

0*2572255 

0-2569576 

o- 2566 <P 4 

418® 24' 30^76 
419" 32'5g"6r 
420® 41 ' 28'-52 
421° 46' 57 *49 
422® 58 20^53 

4 o-8628()79 

4 0-8052546 

4 0-8675487 

4 0-8697495 
4 0-8718563 

9 -f >2 

9*64 

9-(>6 

9-68 

970 

972 

974 

976 

9-78 

9-80 

+ 0-III9443 
+ 0-1072154 
+ 0-1024537 
+ 0-0976613 
+ 0-0928401 

+ 0-2306986 
+ 0-2326417 
+ 0-2344889 
+ 0-2362395 
+ 0-2378932 

0-2564242 
0-2561587 
0-2558941 
o- -2550303 
0-2553073 

424“ 6; 55^64 
425 15 24-82 
426® 2^' 54 -06 
427® 3*2' 23 -36 
428® 40 52-73 

4 0-8738685 

+ 0 - 8737 H 35 

+ o-877(>o66 
+ 0-8793314 
+ 0-8809594 

9*72 

974 

9-76 

9-78 

9-80 

9-82 

9*84 

9-86 

9-88 

9-90 

+ 0-0879920 
+ 0-0831189 
+ 0-0782229 
+ 0-0733059 
+ 0-0683698 

+ 0-2304495 
+ 0-2409079 
+ 0-2422681 
+ 0-2435297 
+ 0-2446924 

0-2551052 

0-2548438 

0*2545833 

0*2543235 

0-2540646 

420® 46' 2 2 '-16 
430" 57' 52 *66 
432° 6'21-22 

4 b°H; 5 o *«4 
434® 23 20-52 

4 0-8824901 

4 0-8839230 
+ 0-8852579 
+ 0-8864944 

4 0-8876322 

9*82 

984 

9-86 

9-88 

9*90 

9*92 

9-94 

9-96 

9.98 

10-00 

+ 0-0634167 
+ 0-0584484 
+ 0-053^670 
+ 0-0484745 

+ 0-0434727 

+ 0-2457560 
+ 0-2467203 
+ 0-2475850 
+ 0-2483501 
+ 0-2490154 

0-2538064 

0*2535491 

0-2532925 

0-2530367 

0-2527816 

435 ° 31 '50 *27 
436° 40 20 -08 
437° 48' 49 -93 
438 57 19-88 
440° 5' 49 -8 

4 0-8886710 
+ 0-8896106 
+ 0-8904508 
+ 0-8911914 
+ 0-8918325 

9-92 

9*94 

9*96 

9-98 

10-00 



686 


TABLES OF BESSEL FFNCTIONS 



/oW 


i<'wi 

arg 


0-2467551 

o-24747-<3 

0*2480931 

0*2486116 

0*2490297 

0*2493474 

0*2495649 

0*2496822 

0*2496996 

0*2496171 

0*2494350 

0*2491336 

0*2487732 

0*2482942 

0*2477168 

0*2470416 

0*2462690 

0*2453994 

0*2444335 

0*2433718 

0*2422148 

0*2409633 

o* 239()I78 

0*2381792 

0*2366482 

0*2350255 

0*2333120 

0*2315085 

0*2296158 

0*2276350 

0*2255670 

0*2234127 

0*2211732 

0*2188495 

0*2164427 

0-2I39S39 

0*2113843 

0*2087349 

0*2060071 

0*2032020 

0*2003208 

0*1973650 

0*1943357 

0*1912343 

0*1880622 

0*1848208 

0*1815115 

0*1781356 

0*1746947 

0*1711903 


+ 0*0506850 
-H 0*0456886 
+ 0*0406838 
+ 0*0356728 
+ 0*0306574 

+ 0*0256397 
+ 00206216 
+ 0*0156052 
+ 0*0105924 
+ 0*0055852 

+ 0*0005856 

- 0*0044044 
~ 0*0093830 

- 0*0143481 

- 0*0192978 

- 0*0242303 

- 0*0291435 

- 0*0340355 

- 0 03890^5 

- 0*0437486 

- 0*0485659 
^ 0*0533546 

- 0*0581128 

- 0*0628386 

- 0*0675304 

- 0*0721862 

- 0*0768043 

- 0*0813830 

- 0*0859205 

- 0 0904152 

- 0*0948652 

- 0*099 2(>89 

- 0*1036247 

- 0*1079309 

- 0*1121859 

- OT 163881 

- 0*1205360 

- 0*1246281 

- 0*1286627 

- 0*1326384 

- o ^3<^5537 

- 0*1 404073 

- 0*1441977 

- 0*1479234 

- 01515832 

- 0*1551757 

- 0*1586996 

- 0*1621537 

- 0*1655367 

- 0*1688473 


0*2519069 

0*251656^ 

0*2514068 

0*2511578 

0*2509096 

0*2506622 

0*2504154 

0*2501694 

0*2499241 

0*2496795 

0-2494357 

0*2491925 

0*2489501 

0*2487084 

0*2484674 

0*2482270 

0*2479874 

0*2477484 

0-2475102 

0*2472726 

0-2470357 

0-2467995 

0*2465640 

0*2463291 

0*2460949 

0*2458614 

0*2456285 

0*2453963 

0*2451648 

0*2449339 

02447037 

0*2444741 

0-2442451 

0-2440168 

0-2437891 

0-2435021 

0-2433357 

0*2431099 

0*2428847 

0*2426602 

0-2424363 

0*2422130 

0-2419903 

0-2417683 

0*2415468 

0*2413260 

0*2411057 

0*2408861 

0*2406671 

0*2404406 


528° 23 33^15 
529° 32 23^49 
530°4I'i3«82 
531° 50' 4-13 
532° 58' 54^41 

534° f,44;68 

535° 16 34^93 

536° 25' 25^16 
537° 34' 15 -37 
538° 43 5-56 

539° 51' 55-73 
541° o' 45^88 
542° 9'36«02 
543 “i 8'26 'i 3 

544° 27' 16-23 

545° 36; 6^31 
546° 44 56^37 
547° 53 46-41 
549° 2 36^44 
550° I I' 26^44 

55I°2 o'i 6'43 

552° 29' 6?4I 
553°37'56'36 
554°46 4'> 30 
555 55 36-22 

557° 4' 26-12 
558° 13 16-00 
559° 22' 5*87 

560° 30 55-72 

561° 39 45-55 
562° 48' 35^37 

563° 57 25*17 

565° 6 'i4"95 
566° 15' 4^71 

567 23'54?46 

568“ ^2' 44^20 
569° 41' 33^91 
570° 50' 23*61 

571^ 59' 13 -30 

573 8' 2^97 

574° 16' 52^62 
575 25' 42^26 
576° 34' 31 -88 

577° 43 21^48 

578° 52' 11^07 

580° l' 0*64 
581° 9' 50 *20 

582° 18' 39^75 

583° 27' 29^28 
584° 36' 18^79 


+ 0-1136338 
+ 0*1085142 
+ 0*1033867 
+ 0*0982533 
+ 0*0931162 


-1- 0*0879771 
■f 0*0828382 
+ 0*0777014 
+ 0*0725687 
■f 0*0674420 


+ 0*0623234 
+ 0*0572148 
+ 0*0521181 
+ 0*0470353 
+ 0*0419684 

+ 0*0369192 
+ 0*0318896 
+ 0*0268817 
+ 0*0218972 
+ 0*0169381 

+ 0*0120062 
+ 0*0071034 
+ 0*0022315 

- 0*0026077 

- 0*0074123 

- 0*0121806 

- 00169108 

- 00216012 

- 0*0262499 

- 0*0308553 

- 0*0354157 

- 0*0399295 

- 0*0443948 

- 00488103 

- 0*0531741 

- 0*0574847 

- 0*0617406 

- 0*0659402 

- 0*0700821 

- 0*0741646 

■" 0 078 1 864 

- 0*0821461 

- 00860421 

- 0*0898731 

- 0*0936378 

- 00973349 

- 0*1009630 

- 0*1045209 

- 0*1080073 

- 0*1114210 
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Table I, Functions of order unity 


687 


X 

/iW 



arg h‘;’w 

H,W 

m 

10*02 

10*04 

10*00 

io*o8 

10*10 

+ 0*0384638 
+ 0*0334497 
+ 0*0284322 
+ 0*0254135 

+ 0*0183955 

+ 0*2495809 
+ 0*2500465 
+ 0*2504122 
+ 0*2506782 
+ 0*2508444 

0*2525274 

0*2522739 

0*2520212 

0-2517692 

0*2515180 

441° M' 19*93 

442 22' 50^04 
443 ° • 20*21 

444 ^ 39' 50 *44 

445 4 «' 20 -73 

+ 0*8921738 
0*8928155 

+ 0*8931574 

+ 0*893 399() 

+ 9’8935423 

10*02 

10*0.1 

lo-oO 

10 *08 

lO-IO 

10*12 
10*14 
10* 1 6 
io*i8 
10*20 

+ 0*0133801 

4 0*0083694 
+ 00033O52 

- 0*0016305 

- 0*0066157 

+ 0*2509111 
+ 0*2508783 
+ 0*2507464 

Xo-iiirsit 

0*2512676 
0*2510179 
o* 2507690 
0*2505208 
0*2502733 

44 ^° 5 ‘>; 5 I'o 8 
448° 5' 21^49 
44 '>°i 3 5 J -95 
450°22'22'48 
451° 30' 53 -o*’ 

0*8935856 
+ 0-8935295 

^ 0*8933744 

0-8931204 
*f 0-8927679 

1012 

1014 

10-16 

io-i8 

10-20 

10*22 

10*24 

10*20 

10*28 

10*30 

- 0*0115886 

- 0*01 6547 1 

- 0*0214895 

- 0*0264137 

- 0 0313178 

+ 0*2497578 
+ 0*2492319 
+ 0*2486082 
+ 0*2478874 
+ 0*2470699 

0*2500266 

0*2497806 

0*2495353 

0*2492907 

0-2490469 

452° 39' 23 "69 

453 ° 47' 54*39 
454 5(> 25-14 
456° 4' 55*94 
457 13 2(>'-8o 

+ 0-8923172 
-f 0-8917685 
-h 0-8911224 
+ 0-8903793 
+ 0-8895395 

10-22 

10-24 

10-26 

10-28 

10*30 

10*32 

10-34 

10*36 

10*38 

10*40 

- 0*0362001 
“ 0*0410586 

- 0*0458914 

- 0*0506967 

" 0-05547*^8 

+ 0*2461562 
+ 0*2451468 
+ 0*2440423 
+ 0*2428434 
+ 0*2415506 

0*2488038 

0*2485614 

0*2483197 

0*2480787 

o- 2 .t 78385 

458“ 21 '57^72 
459“ 30 28-(i 9 
4'jo° 38' 59-71 
491° 47 ' 30*79 
402° 50' i?93 

+ 0-8886036 
+ 0-8875722 
+ 0-8864459 
+ 0*8852252 

4 0*8839107 

10-32 

I 6 - 3 -I 

10-36 

10-38 

10-40 

10*42 

10*44 

10*46 

10*48 

10*50 

- 0*0602176 

- 0*0649296 

- 0*0696068 

: 

+ 0*2401646 
+ 0*2386862 
+ 0*2371162 
0-2354552 

+ 0*2337042 

0*2475989 

0*2473600 

0*2471218 

0*2468843 

0*2466475 

494° 4' 33*12 
495“ t 3 4*39 
460 ° 2 i' 35’:(>5 

4 - 0*8825033 
+ 0*8810035 
f 0*8794122 
+ 0*8777301 

4 0*8759580 

10-42 

10-44 

10-46 

10-48 

10-50 

10*52 

10*54 

10*50 

10*58 

lo-Oo 

- 0'o834125 

- 0 0879333 

- 0*0924107 

- 0*0968451 

- 0*1012287 

+ 0*2318640 
+ 0*2299355 

-1- 0*2279195 

+ 0*2258171 
+ 0*2236293 

0*2464114 

0*2461760 

0*2459412 

0*2457071 

0*2454730 

499“ 47' 9*85 

470° 55 4 J ;35 
472° 4 12:91 
473 ° I2'44j52 
474° 21 I6*l8 

4 - 0*8740969 
+ 0*8721475 

4 - 0*8701109 
4 - 0*8679879 

4 0*8657796 

10-52 

10-54 

10-56 

10-58 

10-60 

10*02 

10*64 

10*60 

10*08 

10*70 

- 0*1055659 

- 0*1098532 

- 0*1140889 

- 01182715 

- 0*1223994 

+ 0-2213570 
+ 0*2190013 
+ 0*2165633 
+ 0*2140441 
+ 0*2114448 

0*2452409 

0*2450088 

0*2447773 

0*2445465 

0*2443164 

475 ° 29' 47 *89 
476° 38' 19^65 

477 ° 4 ^' 5 i; 4 <^ 
478^55 23-32 
480° 3 55-23 

4 0-8634870 

4 o-86i II 10 
+ 0-8586529 
4 - 0*8561*136 
+ o* 8‘534944 

10-62 

io-()4 

10-66 

lo-(»8 

<0-70 

10*72 

10*74 

10*70 

10*78 

io*8o 

- 0*1264711 

- 0*1304852 

- OI3444OI 

- 0-1383343 

- 0*1421666 

+ 0*2087666 
+ 0*2060107 
+ 0 2031783 
+ 0'2002707 
+ 01972891 

0*2440869 

0*2438581 

0*2436299 

0*2434024 

0*2431755 

481° 12' 27 *19 
482° 20' 59*20 
483° 29' 31 -25 
484*38' 3:36 

485° 49 35*51 

4- 0*850796^ 
4- 0*8480208 
4- 0-8451689 
4- 0*8422418 
4- 0*8392408 

10-72 

10-74 

10 76 
10-78 
io-8o 

10*82 

10*84 

TO-8b 

10*88 

10*90 

- 01459354 

- 0*1496394 

- 0*1532774 

- 0*1568479 

- 0*1603497 

01942349 
+ 0191 1093 
+ 01879138 
+ 0*1846498 
+ 01813185 

0*2429492 

0*2427236 

0*2424986 

0*2422742 

0*2420505 

489*55', 7-71 
488* 3 39-99 

489" 12' 12 *26 
490° 20' 44 *61 
491° 29' 17*00 

4- 0-8361673 
4- 0-8330226 
4 0-8298080 
+ 0-8265250 

+ 0-82317^4 

10-82 

10-84 

10-86 

10-88 

10-90 

10*92 

10*94 

10*96 

10*98 

11*00 

- 0*1637815 

- 01671422 

- 0*1704305 

- 01736452 

- 0*1767853 

+ 0*1779215 

+ 0*1744602 
+ 0*1709362 
+ 0*1673507 
+ 0*1637055 

0*2418273 

0*2416048 

0*2413820 

0-2411616 

0*2409410 

492° 37' 49 *43 
^93” 46 21 -92 

494° 54' 54 '*45 
496° 3 27^03 
497° 11 59*65 

+ 0-8197592 

4 - 0-8162792 
4- 0-8127366 

4 - 0*8091327 

4” 0*8054691 

10-92 

10-94 

10-96 

10-98 

1 1 -oo 
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II'02 - 

1 1 04 - 



4 - o* 1450059 

0 - 0-14I0520 

18 - 0-1370458 

20 - 0-1329919 

22 - 0-1288922 

- 0-1247483 

- 0-1205018 

- O-II6334O 

- 0-1120685 

- 0-1077650 

- 0-1034261 

- 0-0990535 

- 0-0946491 

- 0 0902145 

- o-o§575i7 

- 0-0812623 

- 0-0767484 

- 0-0722117 

- 0-0676539 

- 0-0630771 

- 0-0584830 
~ 0-0538735 

- 0-0492505 

- 0-0446157 


- 0-0399711 

- 0-0353184 

- 0-0306597 

- 0-0259967 

- 0-0213313 

- 0-0166653 

- 0-0120006 

- 0-0073391 

- 0-0026825 
+ 0-0019672 

1-82 0-0066082 

1-84 + 0-0112388 

1-80 + 0-0158571 

11-88 + 0-0204612 

11-90 + 0-0250494 

11-92 +0-0296200 


11-92 
11-94 + 00341710 

11-96 + 0-0387007 

11- 98 + 0 0432074 ! 

12- 00 + 0-0476893 


iwTwi 


0-1720845 

0-1752470 

0-1783338 


arg 


585“ 45 8^29 

5|f° 53 57-77 
588° 2 47-23 
589“ 11' 36 '69 
590° 20' 26^13 

591°29 'i 5?55- 

592° 38' 4-96 
593° 4^>'54'35 


0-2213425 ‘0-2357882 
0-2227306 0-2355828 
0-2240273 0-2353779 
0-2252321 0-2351735 


0-2263449 

0-2273652 

0-2282930 

0-2291278 

0-2298697 

0-2305185 

0-2310740 

0*2315362 

0-2319050 

0*2321806 

0-2323629 

0-2324520 

0-2324481 

0-2323513 

0-2321618 

0-2318798 

0-2315056 

0-2310396 



0-2349696 

0-2347663 

0-2345635 

0-2343612 

0-2341595 

0-2339582 

0-2337575 

0-2335573 

0-233357^^ 

0-2331584 


0-2329598 I 625°53'5t"76 
0-2327616 ‘ ^ ° 
0-2325639 

0-2323668 629° 20' 18^73 

0-2321701 630° 29' 7'^70 

0-2319740 631° 37' 56^65 

0-2317783 632° 46' 45"59 

0-2315831 633° 55' 34^52 

(^35° 4' 23 -44 
636° 13 12-34 


637^22' 1^24 
638° 30' 50^1 2 
^>39° 39' 38"99 
640® 48' 27^84 
641° 57' 16^69 


- 0-1147 

- 0-1180257 

- 0-1212144 

- 0-1243200 

- 0-1273593 

- 0-1303133 

- 0-1331870 

■ "’^359795 

- 0-1386899 

■ 0-1413173 

■ 0-1438608 

- 0-1463196 

- 0-1486929 

■ 0-1509799 

- 0-1531S01 

- 0-1552926 

■ 0-1573169 

- 0-1592522 

■ 0-1610982 

■ 0*1628541 

■ 0-1645196 

- 0-1660942 

■ 0-1675773 

■ 0-1689687 

• 0-1702681 

0-1714749 

0*1725891 

• 0-1736103 
0-1745384 

01 75373 1 

0-1761144 

0-1767622 

0-1773163 

0-1777768 

0-1781436 

0-1784169 

0-1785968 

0-1786832 

0-1786765 

0-1785768 

0-1783843 

0-1780994 

0*1777222 

0*1772532 

0-1766928 

0-1760413 

0-1752992 

0*1744669 

0-1735451 

0-1725341 
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Table I. Functions of order unity 


a 

JiW 

y.w 



wm 

n 

11*02 

1 1 04 

1 1 *06 

1 1 *08 

IIIO 

- 0*1798496 

- 0*1828371 

- 0 *i 8 s 74^>7 

- 0*1885774 

- 0*1913283 

+ 0*1600021 
+ 0*1562419 
+ 0*1524266 
+ 0*1485578 

4 0*1446371 

0*2407209 

0*2405014 

0*2402826 

0*2400643 

0*2398466 

498° 20^52-32 

499"* 29' 5-03 

500° 37' 37 -79 
501” 4() 10*59 
502*^5*1' 43-44 

+ 0*8017474 

-+ o* 7979 (K)i 

+ O- 704 M 57 
+ 0*71)02489 
+ 0*7863103 

I 1*02 

II 04 

1 I ‘Oi) 

1 1 *08 
11*10 

11*12 

11*14 

11*16 

ii*i8 

11*20 

- 0*1939984 

- 0*1965868 

- 0*1990926 

- 0*2015150 
-- o*20385'31 

4 0*1406661 

4 0*1366465 
+ 0*1325799 
+ 0*1284681 

4 0*1243127 

0*2396296 

0*2394131 

0*2391972 

0*2389819 

0*2387671 

504° 3; 16*34 

503 IT 49-27 

50()^ 20' 22" 2^ 
507° 28' 35*28 
5 o 8 “ 37 ' 28?35 

4 0*7823215 
) 0*7782842 
+ 0*7742001 
f- 0*7700707 
+ 0*7638979 

11*12 

1 1*14 
11*16 
11*18 
11*20 

11*22 

11*24 

11*26 

11*28 

11*30 

- 0*2061063 

- 0*2082738 

- 0*2103540 

- 0*2123488 

- 0*2142550 

4 0*1201154 
+ 0*1158779 

4 0*1 I 16021 

4 0*1072896 

4 0*1029422 

0-2385530 

0-2383394 

0*2381264 

0*2379140 

0*2377021 

500“ 49' 1-^9 
5 I 0 “ 5 -|' 34 -i>i 
512° 3; 7 *81 

5 i 3 °ii' 4 i *05 

511° 20' K ^*33 

4 0*7(>16832 

) 0*7574280 
0*7531350 
+ o*7488o()0 

4 0*7444410 

1 1 *22 
11*24 
Il*2() 
11*28 

11-30 

11*^2 

11-34 

11-36 

11-38 

11-40 

- 0*2160729 

- 0*2178019 

- 0*2194415 

- 0*2209912 

- 0*2224506 

4 0 *o 985 ()I 7 

4 0*0941498 
+ 0*0897083 
+ 0*0852391 
+ 0*0807440 

0*2374909 

0*2372801 

0*2370700 

0*2368604 

0*2300513 

5'5° ^8' 47-95 
516® 37 21-01 
517® 45' 54 -42 
518" 54 27-87 
520^* 3 1*36 

4 0-7400442 

+ o* 735 (>i 55 

+ 0*7311573 

4 0*7206715 

4 0-7221598 

11*32 

ri-34 

1 1 * 3(> 
11*38 

1 1*40 

11*42 
11*44 
11*46 
11*48 
IT *50 

- 0*2238192 

- 0*2250966 

- 0*2262825 

- 0*2273766 

- 0*2283786 

4 0*0762247 

4 0*0716830 
4 o*o() 7 i 2 b 9 
4 0*0625402 

4 0*0579425 

0*2364428 

0*2362349 

0*2360275 

0*2358207 

0*2356144 

521° ii'34*89 
522° 20' 8*46 
5^8° 28' 42^07 
524“ 37 15-72 
525 45 49-41 

4 O-717O2JI 

4 0*7130001 

4 0*708^877 
4 0*7038907 
4 o* 69927()9 

1 1*42 

11*44 

11*46 

1 1*48 
11*50 

11*52 
IT *54 

11-56 

11*58 

11*60 

- 0*2292885 

- 0*2301055 

- 0*2308300 

- 0*2314617 

- 0*2320005 

4 0*05^3299 
-1- 0*0487042 
4 0*0440671 

4 0*0394206 

4 0*0347665 

0 - 235 W 

0*2349987 

0-234794^^ 

0*2345910 

529*54' 23-14 
528° 2 59'oi 

520° n' 30" 7 i 
530° 20' 4'^58 
531^^28' 38 *47 

4 o*(> 94 () 4 S 3 
4 0*690006(1 
+ 0*6853536 
4 o*68of)9i3 
4 0*6760215 

11*52 

11-54 

IT *56 

1 1*58 

IT *90 

11*62 

II04 

11*66 

11*68 

11*70 

- 0-2324463 

- 0*2327992 

- 0-2330591 

- 0*2332261 

- 0*2333002 

+ 0*0301065 
4 0*0254427 
+ 0*0207768 
4- o*oi0iio6 

4 - 0*0X14460 

0-2343879 

0*2341854 

0-2339833 

0*2337818 

0*2335809 

532^ 37; 1 2^39 
533^45 40;30 

534^54 20*37 

2 54:41 
537° 11' 28*49 

4 0*6713459 
4 o-6()()66()5 
4 0*6619851 
^ 0-6573035 
4 o*652()23() 

I 1 •()2 

I I •(>4 
ir()(> 
11*68 
11*70 

11*72 

11*74 

11*76 

11*78 

1 1 *80 

- 0*2332817 

- 0*2331707 

- 0*2329674 

- 0*2326720 

- 0*2322847 

4 - 0*0067849 
-t- 0*0021289 

- 0*0025199 

- 0*007159^ 

- 0*0117890 

0-2333804 

0*2331804 

0*2329810 

0*2327821 

0-2325837 

538^20' 2*61 
539° 28; 30^77 
540° 37 10*96 

54 i° 45 ' 4 ‘)-i 9 
542^54 i 9 - 4 t> 

4 0*6479472 

4 0*6432761 
4 0*6386122 

+ 0*6339572 

4 0 *{) 293 I 3 I 

1 1 *72 

11*74 

1 1*7() 
11*78 

1 1 *80 

11*82 

11*84 

11*86 

11*88 

11*90 

- 0*2318060 

- 0*2312361 

- 0*2305754 

- 0*2298243 

- 0*2289832 

- 0*0164057 

- 0 0210081 

- 0*0255944 

- 0*0301628 

- 0*0347115 

0*23238^8 

0*2321884 

0*2319915 

0*2317951 

0*2315993 

544" 2; 53 -77 

545- 11 28711 

546- 20' 2*49 
547° 28' 36*91 
548^ 37' 1 1 136 

4 0*6246815 
4 0*6200643 
4 0*6154633 
4 0*6108802 
4 0*6063169 

1 1 *82 
11*84 
11 86 
11*88 

1 1 *90 

11*92 

11*94 

11*96 

11*98 

12*00 

- 0*2280528 

- 0*2270334 

- 0*2259255 

- 0*2247299 

- 0*2234471 

- 0*0392388 

- 0*0437430 

- 0*0482223 

- 0*0526749 

- 0*0570992 

0*2314039 

0*2312090 

0*2310146 

0*2308207 

0*2306273 

549 ^" 45' 45;85 
550 ° 54 , 20;37 
552° 2 54;93 
553 ° IT 29-53 
554 20 4 *16 

f 0*6017751 

4 0*59725^5 

4 0*5927628 
4 0*5882959 

+ 0-5838573 

1 1 'C)2 
11-94 
Il* 9 ^> 

1 1 *98 
12*00 


W. B. F. 
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■ 

/iW 

m 

iw'i'wi 


H,W 

m 

12-02 

12*04 

12*00 

I2*o8 

12*10 

- 0*2220777 

- 0*2206225 
“ 0*2190821 

- 0*2174574 

- 0*2157490 

- 0*0614935 

- 0*0658561 

- 0*0701853 

- 0*0744794 

- 0*0787369 

0-2304343 

0*2302419 

0*2300499 

0*2298584 

0*2296674 

555° 28' 38^83 
550" 37 13-53 
557° -15 48-27 
55 **„ 54 ,-! 3;04 
560° 2' 57-84 

+ 0-5794489 
■* 0-57507^2 
+ 0-5707290 

+ 0 ' 5 (>C) 42 O 9 

+ 0*5621495 

12*02 

1 2 04 
12*0(> 
I2*oS 
1210 

12*12 

12*14 

12*10 

I 2 *i 8 

12*20 

- 0*2139578 

- 0*2120846 

- 0*2101305 

- 0*2080958 

- 0*2059820 

- 0*0829561 

- 0-0871355 

- 0-0912733 

- 0*0953682 

- 0*0994184 

0*2294769 

0*2292868 

0*2290973 

0*2289082 

0*2287195 

561° ll' 32^68 
562“ 20' 7\55 
563° 28' 42^46 
564 ° 37 ;i 7'40 
565 ° 45 52^38 

: 0-5579104 

+ o- 5537 -!,U 

o- 5 -) 957"8 
+ 0-5454054 
o- 54 i 39 <J 5 

12*12 

12*14 

12*1() 

12*j8 

12-20 

12*22 

12*24 

12*20 

12*28 

12*30 

- 0*2037900 

- 0*2015206 

- 0*1991749 

- 0*1967540 

- 0*1942588 

~ 0*1034226 

- 0*1073791 

- 0*1112866 

- 0*11^1455 

- 0*1189484 

0*2285313 

0*2283436 

0*2281564 

0*2279696 

0-2277833 

566° 54' 27^39 
508“ 3 zm 

569° 11' 37-50 

570° 20 12^61 
571° 28' 471:75 

-*• 0-5373819 

+ 0-5334 119 
+ 0*5294911 
+ o* 525()209 

■+ 0*5218027 

12 22 
1224 
12*26 
12*28 
12*30 

12*32 

12-34 

12*36 

12*38 

12*40 

~ 0*1916907 

- 0*1890506 

- 0-1863397 

- O' 1835591 

- 0*1807102 

- 0*1226999 

- 0*1263966 
*- 0*1300372 
*■ 0*1336202 

- 0-1371444 

0*2275974 

0*2274120 

0*2272270 

0*2270425 

0*2268585 

572^37:22^93 

573"45 5 «-i 3 
•^ 74 ° 54 , 33 -37 
576“ 3 8*64 

577 43-95 

+ 0*5180381 
-f 0*5143282 
-f 0*5106746 
■f 0*5070706 
+ 0*5035415 

12-32 

12-3() 

1 2 ‘38 
12*40 

12*42 

12*44 

12*46 

12*48 

12*50 

- 0*1777942 

- 0*1748122 

- 0*1717656 

- 0*1686557 

- 0*1654838 

- 0*1406084 

- 0*1440111 
“ 0*1473511 

- 0*1506272 

- 01^8383 

0*2266749 

0*2264917 

0*2263090 

0*2261267 

0*2259449 

578® 20' 19^28 
579° 28' 54^65 
500^37 30-os 
581° 4 ^> 5-48 

582® 54' 40^^94 

+ o*500o() 46 
■h 0*4966492 
+ 0*4932964 

+ 0 * 490007 () 

-1- 0*4867839 

12*42 

12*44 

12*46 

12*48 

12*50 

12*52 

12-54 

12*50 

12*58 

12*60 

“ 0*1622513 

- 0*1589594 

- 0*1556097 

- 0*1 522036 
~ 0-1487423 

- 0*1569831 

- 0*1600606 

- 0*1630696 

- 0*1660091 

- 0*1688779 

0*2257635 

0*2255826 

0*2254020 

0*2252220 

0*2250423 

3 ;i 6 j 43 
585° II' 51 1^95 
586" 20' 27^51 
587^29' 3^09 
588'^ 37 ' 38^71 

-f- o* 48362()5 
+ 0*4805365 
+ 0*477^151 
-h 0*4745632 
+ 0-4716820 

12-52 

1 - 2-54 

12-56 

I2*‘58 

12-60 

12*62 

12*64 

12*66 

12*68 

12*70 

- 0*1452276 

- 0*1 4 16606 

- 0*1380431 

- o-Jt 3437^>5 

- 0*1306622 

- 0*1716752 

- 01743998 

- 0*1770509 

- 0*1796274 

- 0*1821286 

0*2248631 1 

0*2246843 

0*2245059 

0*2243280 

0*2241505 

589" 40; 14-35 
590^54 50-03 
592° 3 25-74 
593 12 1*47 

594° 20' 37*24 

+ 0*4688725 
+ 0*4661356 

: 

-f 0*4583706 

12*62 

12-64 

12*66 

12*68 

12*70 

12*72 

12*74 

12*76 

12*78 

12*80 

- 0*1269019 

- 01230971 

- 01192494 

- 0*1153604 

- 0*1114316 

- 0*1845534 

- 0*1869012 
' 01891710 

- 0*1913621 

- 0*193473^ 

0-2239734 

0*2237967 

0*2236204 

0*2234446 

0*2232692 

599 “ 37 48-89 
597 ° 4 <\ 24-72 
'598 55 o* 9 o 
()oo° *3 '3^-51 

+ 0*4559337 

+ 0*4535740 
0*4512923 
+ 0*4490893 
-f 0*4469659 

12-72 

12-74 

12*76 

12-78 

12-80 

12*82 

12*84 

12*86 

12*88 

12*90 

- 0*1074646 

- 01034612 

- 0*0994229 

- 0*0953513 

- 0*0912483 

- 0*1955054 

- o* 1974561 

- 0*1993253 

- 0*201 1125 

- 0*2028170 

0*2230942 

0*2229196 

0*2227454 

0*2225716 

0*2223984 

9 oi° 12' 12-45 
602° 20' 48 -43 

603° 29' 24 *43 
604 38' 0*46 
605° 46' 36*5 1 

+ 0*4449226 
-t 0*4429602 
+ 0*4410794 
+ 0*4392807 
+ 0 * 4375^7 

12*82 

12-84 

12-86 

12-88 

12*90 

12*92 

12*94 

12*90 

12*98 

13*00 

- 0*0871153 

- 0*0829541 

- 0*0787663 

- 0*0745538 

- 0 0703181 

- 0*2044382 

- 0 2059758 

- 0*2074291 

- 0*2087978 

- 0*2100814 

0*2222253 
0*2220527^ 
0*2218805 
O' 22 1 7088 
0*2215374 

606° 55' tz'^Go 
608° 3' 48*71 
60Q® 12' 24*85 
610® 21' 1*02 
61 1® 29' 37 *22 

o* 435 q: 32 o 
+ 0*4343830 
4 0*4329183 
+ 0-4315383 
+ 0-4302435 

12*92 

12-94 

12-96 

12*98 

1 3 00 
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TABLES OF BESSEL FUNCTIONS 


Table I, Functions of order zero 


X 

JM 

nw 

l«oWI 

arg 

H.W 

X 

1302 

13*04 

13*06 

1 3 08 
i‘3-io 

+ 0*2082899 
+ 0*2095684 
+ 0*2107612 
+ 0*2118679 
+ 0*2128882 

- 0*0739941 

- 0*0697573 

- 0-0654990 

- 0 -o 6 I 22 II 

- 0*0569253 

0*2210426 

0*2208732 

0*2207043 

0*2205357 

0*2203676 

700° 26; 33^48 
70 i‘’ 35 ' 2 i ^79 
702° 44' 10 *08 
703° 52' 58 -37 
705° i'46?65 

- 0 0253735 
*- O O2I2IO4 

- 0*0170257 

- 0*0128211 

- 0*0085984 

13*02 

1304 

1 3 06 
13*08 
13-10 

1312 

13*14 

131O 

1318 

13*20 

+ 0*2138219 
+ 0*2146687 
+ 0*2154284 
+ 0*2161009 
+ 0*2166859 

- 0*0526132 

- 0*0482867 

- 0*0439475 

- 0*0395973 

- 0*0352379 

0*2201998 

0*2200324 

0*2198654 

0*2196987 

0*2195325 

706° 10' 34 *92 
707° 19' 23^18 
708° 28' 11^43 
709“ 36' 59^08 
7 Io° 45 ' 47 * 9 I 

- 0*0043592 

- 0*0001054 
+ 0*0041614 
+ 0*0084393 
+ 0*0127268 

13*12 

13 H 

13-16 

13*18 

13*20 

13*22 

13*24 

13*26 

13*28 

13*30 

+ 0*2171835 
+ 0*2175935 
+ 0*2179159 
+ 0*2181508 

4 0*2182981 

- 0*0308710 

- 0*0264983 

- 0*0221217 

- 0*0177428 

- 0*0133634 

0*2193666 

0*2192010 

0*2190359 

0*2188711 

0*2187067 

711° 54:36*14 

7^3 3 24^35 

714° 12 12^56 
715^ 21' 0^76 
716® 29' 48 *96 

+ 0*0170219 
f 0*0213229 
+ 0*0256282 
+ 0*0299359 

+ 00342443 

13-22 

13*24 

13*26 

15*28 

13-30 

13*32 

13*34 

13 * 3 ^^ 

13*38 

13*40 

+ 0*2183579 
+ 0*2183302 
+ 0*2182156 

4 0*2180138 

4- 0*2177252 

- 0*0089853 

- 0*0046101 

- 0*0002396 

4 - 0*0041244 

4* 0*0084802 

0*2185427 

0*2183790 

0*2182158 

0*2180528 

0*2178903 

717° 38' 37-14 
718 ° 47 25-31 
7iQ° 56 13U7 
721° 5' 1I63 

722 °l 3 ' 49 i 78 

+ 0*0385517 
+ 0*0428564 
+ 0*0471565 
+ 0*0514504 

+ 0-0557363 

13-32 

13*34 

13*30 

13-38 

13*40 

13*42 

13*44 

i 3 * 4 ^> 

13*48 

13*50 

+ 0*2173499 

4- 0*2168884 

4 0*2163409 

4- 0*2157076 
+ 0*2149892 

4- 0*0128262 
+ 0*0171605 

4 - 0*0214816 

4 0*0257876 

4 - 0*0300770 

0*2177281 

9*2175662 

0*2174047 

0*2172436 

0*2170829 

723® 22' 37 *92 
724® 31 ' 26'?05 
725® 40; 14^17 
726® 49 2 '29 

727 ^ 57 ' 5 o ^39 

■f 0*0600126 
f 0*0642775 
+ 0*0685292 
+ 0*0727662 
+ 0*0769866 

13*42 

13-44 

13*46 

13-48 

13*50 

13*52 

13*54 

T 3 * 5 ^> 

13*58 

13*60 

4 0*2141858 
+ 0*2132981 
+ 0*2123263 

4 0*2112712 

4 0*2101332 

4- 0*0343480 

4 0*0385990 

4 - 0*0428282 

4 0 047034 T 

4 ' 0*0512150 

0 2169225 
0*2167624 
0*2166027 
0*2164434 
0*2162844 

729® 6' 38^49 
730° i5'26'^58 
731® 24' 14^06 
732° 33 ,' 2^73 
733 4^ 50*80 

+ 0*0811889 
+ 0*0853714 
+ 00895324 
+ 0*0936702 
+ 0*0977832 

13*52 

13*54 

13*50 

13*58 

13*60 

1 3*62 

13*04 

13*66 

13*68 

13*70 

+ 0*2089128 

4- 0*2076107 

4- 0*206227() 

4 0*2047641 
+ 0*2032208 

+ 0 ’ 05 .‘) 3 t >93 

4 - 0*0594954 
+ 0*0635916 
-f- 0*0676565 
+ 0*0716883 

0*2161257 

0*2159674 

0*2158095 

0*2156519 

0*2154946 

734” 50' 38 *86 

735 ° 59 ' 20 *90 

737 ° «;M' 9 .^ 
738® 17' 2M 

739 ° 25' 51*00 

+ 0*1018698 
+ 0*1059283 
-f 0*1099573 
+ 0*1139550 
+ 0*1179199 

13*62 

i^M 

13*66 

13*08 

13*70 

13*72 

13*74 

13*76 

13*78 

13*80 

f 0*20X5986 

4 - 0*1998982 

4* 0*1981203 

4 - 0*1962659 

+ oi 94335 (> 

4 0*0756856 

4 - 0*0796469 

4 - 0*0835705 

4 - 0*0874551 

4 - 0*0912990 

0-2153377 

0*2151811 

0*2150249 

0*2148690 

0*2147134 

740° 34; 39 *02 

741° 43 27^03 
742® 52 15^03 
744 ° I 3*03 
745 9 51-01 

+ 0*1218505 
+ 0*1257452 
+ 0*1296025 
+ 0*1334209 
+ 01371989 

13*72 

13*74 

13*76 

13*78 

13*80 

13*82 

13*84 

13*86 

13*88 

13*90 

4 - 0 1923305 

4- 0*1902515 

4- 0*1880993 

4 - 0*1858751 

+ 01835799 

4 - 0*0951009 

4 - 0*0988593 

4 - 0*1025727 

4- 0*1062398 

4 - 0 *I 0<^8592 

0*2145582 
0*2144033 
0'2 142488 
0*2140945 
0*2139407 

746® i8' 38^99 
747° 27' 26'^96 
748° 36' 14^92 
749 ® 45' 2^87 
750° 53' 50^82 

+ 0*1409350 
+ 0*1446278 
+ 0*1482758 
4* 0*1518777 
+ 0*1554320 

13*82 

13*88 

13*90 

13-92 

13*94 

13*96 

13*98 

14*00 

4 - 0*1812145 

4 - 0 1787801 

4 - 0*1762777 

+ 0*1737085 
+ 0*1710735 

4 - 0*1134294 

4 - 0*1169492 

4 - 0*1204172 

4 - 0*1238321 

4- 0*1271926 

0*2137871 

0*2136339 

0*2134810 

0*2133284 

0*2131762 

752® 2' 38 *76 
753® 1 1' 26^70 
754° 20' 14^63 
755 ° 29, 2^54 
756 ° 37 50*45 

+ 0*1589374 

+ 0*1623925 
+ 0*1657960 
+ 0*1691466 
+ 0*1724429 

13*92 

13*94 

13*96 

13*98 

14*00 











TABLES OF BESSEL FUNCTIONS 
Table I. Functions of order unity 


693 


■ 

/iW 

i'lW 

iw'i’wi 

arg h"V) 

H.W 

m 

13*02 

1304 

1300 

13*08 

13*10 

- 0*0660609 

- 0*0617841 

- 0*0574892 

- 0*0531781 

- 0*0488525 

- 0*2112796 

- 0*2123920 

- 0*2134183 

- 0*2143582 
~ 0*2152115 

0*2213665 

0*2211959 

0*2210257 

0-2208559 

0*2206866 

612^ 38; 13^.15 

613" 46' 49*71 

61 6° 4' 2^30 

617'^ 12' 38^63 

+ 0*4290341 
+ o*427()ro() 

+ o* 42()8732 

4 0*425022.: 

+ 0*4250579 

15-02 

13 04 

1 5*06 

1 5*08 
1310 

13*12 

13*14 

13*16 

13*18 

13*20 

- 0*0445140 

- 0*0401645 

- 0*0358056 

- 0*0314391 

- 0*0270667 

- 0*2159780 

- 0*2166575 

- 0*2172499 

- 0*2177551 

- 0*2181729 

0*2205176 
0*2203490 
0*2201 807 
0*2200129 
0*2198455 

618° 21' 14*99 
619" 29' 51 ’38 
620° 38" 27*80 
621^ 47' 4'^24 
622'" 55' 40^71 

+ 0*4242805 
0*4235900 

4 0 * 42298(>8 

+ 0*4224709 
+ 0*4220422 

13*12 

i 3 -'*t 

15I6 

1^18 

13*20 

13*22 

13*24 

13*26 

13*28 

13-30 

- 0*0226902 

- 0*0183113 

- 0-0139317 

- 0*0095532 

- 0*0051775 

- 0*2185034 

- 0*2187466 

- 0*2189025 

- 0-2189712 

- 0*2189527 

0*2196784 

0*2195117 

0*2193454 

0*2191795 

0*2190139 

624° 4" 17-21 
625“ 12' 53^73 
62() 21 30*28 
627“ 30' 6:85 

(>28' 38' 43 -45 

-f 0*4217010 

4 0*4214-^2 
+ 0*4212807 

4 - 0*421 2014 
+ 0*4212094 

13*22 

13-24 

1 5*2() 
15*28 

1^30 

13-32 

13-34 

13-36 

13-38 

13-40 

- 0*0008063 
+ 0-0035587 
+ 0*0079157 
+ 0*0122630 
+ 0*0165990 

- 0*2188473 

- 0*2186550 

- 0*2183761 

- 0*2180108 

- 0*2175595 

0*2188487 

0*2186839 

0*2185195 

0-2183555 

0*2181918 

629'' 47' 20*08 
(>30^55' 56^73 
632" 4 33*41 
t> 33 ° 13 

634*^ 21 46-85 

+ 0*42130^4 

4 0 * 42140(>2 

4 0*4217547 
+ 0*422 109 () 
+ 0*4225507 

13-32 

13-34 

13-36 

i 3 - 3 « 

13*40 

13*42 

13-4^ 

13-46 

13-48 

13-50 

H* 0*0209219 
+ 0*0252301 
+ 0*0295218 

+ 0*0337954 

-h 0*0380493 

- 0*2170223 

- 0*2163997 

- 0*2156920 

- 0*2148996 

- 0*2140229 

0*2180285 

0*2178655 

0*2177029 

0*2175407 

0*2173788 

635° 30' 23*60 
636^39' 0*18 
^ 37 ^ 47; 37-19 
938 5f) 14*02 
640'’ 4' 50*87 

4 0*4230776 
4 0*4256001 
-4 o* 424387 f> 

4 0*425 1 ()<)9 

4 o*426c)3t)5 

13-42 

' 3-44 

' 3 - 4 *' 

l 3 - 4 « 

13 - 5 “ 

13-52 

13-54 

13-56 

13-58 

13*60 

+ 0*0422817 
+ 0*0464911 
+ 00506758 
+ 00548341 
f 0*0589646 

- 0*2130625 
~ 0*2120188 

- 0*2108924 

- 0*2096838 

- 0*2083936 

0*2172174 

0*2170562 

0*2168954 

0*2167350 

0*2165750 

641“ 13; 27^75 

(>42 22 4-66 

643° 30' 41 ^59 
644^39 18-54 
^> 45 ^ 7' 55 * 5 ^ 

4 0*426t)86(i 
-4 0*4280206 
4 0*4 2<) 1371 

4 0*4305358 
4 o*43i(>J()i 

13-52 

1354 

13*56 

i 3 * 5 B 

13-60 

13*62 

13-64 

13*66 

13*68 

13*70 

•t- 0 0640655 

4 0*0671353 
-i' 0*0711725 
+ 0*075175^ 

+ 0-0791428 

- 0*2070225 

- 0*2055711 

- o* 2040400 

- 0*2024302 

- 0*2007421 

0*2164153 
0*2 1 (>2559 

0*2160969 

0*2159382 

0*2157799 

59' 32 * 5 ^ 
648*^ 5' 9*55 
649° 13' 46*60 
650"* 22' 23*67 
651'’ 31' o'^77 

4 0*4329775 
4 0*4344191 
! 0*4559404 
■1 0*4375406 
■f 0*4392190 

I 5*62 

13-64 

I 5*6(> 

I ^68 
13*70 

13*72 

13-74 

13-70 

1378 

13-80 

+ 0*0830728 

4 0 0869640 

4 0*0908150 
+ 0*0946243 
+ 00983905 

- 0*19^^9768 

- 0*1971349 

- 01952173 

- 0*1932249 

- 0*1911585 

0*2156220 
0*2154644 
0*21 53071 
0*2151502 
0*2149936 

052° 39' 37 -^9 
653" 48' 13-04 
^ 54 \ 5 ^>' 52 * 2 i 

^ 5 ^>“ 5' 29*41 

657° 14' 6*62 

4 0 * 440 <i 748 

4 0*4428071 

4 0*4447152 
4 o*4466f)8i 

4 0*4487550 

13*72 

' 3*74 

13-76 

i 3 - 7 « 

13*80 

13*82 

13*84 

13*86 

13*88 

13-90 

-f 0 *T 02 II 2 I 

4 0*1057877 

+ 0*1094160 

4 0*1129955 

4 0*1165249 

- 0*1890191 
0*1868077 

- 0*1845252 

- 0*1821726 

- 0*1797510 

0*2148374 

0*2146815 

0*2145260 

0*2143708 

0*2142159 

658° 22' 43 W) 

659'' 31' 21 -12 

660° 39' 58*41 
06i° 48' 35*72 
662" 57' 13*05 

4 0*4508850 

4 0*4 5 508)1 
+ 0*4553603 
4 0*4577036 

4 0*4601 r6o 

13*82 

i 3*«4 

1 5*8(» 
13*88 

13 '60 

13*92 

13-94 

13-90 

13-98 

14*00 

+ 0*1200029 

4 0*1234282 

+ 0*1267995 

4 - 0*1301156 

+ 0 * 133375 ^ 

- 0*1772613 

- 0*1747048 

- 0*1720824 

- 0*1693954 

- o*i66()448 

0*2140614 

0*2139072 

0 2137533 
0*2135998 
0*2134466 

664" 5'50v|0 
665'' 14" 27*78 
666° 23' 5*18 
667° 31' 42*60 
068 ° 40' 20*04 

4 0*4625965 
4 0*1651439 

4 0*4677571 

4 0*4704350 
4 0*4731766 

13*92 

' 3*94 

1 5 *<i 6 

1 3 9 « 

14 00 
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TABLES OF BESSEL FUNCTIONS 


Table I. Functions of order zero 


Ih'J’wi 


+ 0-1683739 
+ 0-1656108 
+ o-i6‘27855 
+ 0-1598991 

+ 0-1569529 

+ 0-1539481 
-I- 0-1508861 
+ 0-1477681 

+ 0-1445954 

+ 0-1413694 

+ 0-1380914 
+ 0-1347629 
+ 0-1313851 
+ 0-1279596 
+ 0-1244877 

+ 0-1209709 
+ 0-H74107 
+ 0-1138085 
+ 0-1101658 
+ 0-1064841 

4- 0-1027650 
+ 0-0990100 
+ 0-0952206 
+ 0-0913984 
+ 0-0875449 

+ 0-0836617 
+ 0-0797504 
+ 0-0758127 
+ 0-0718500 
+ 0-0678641 

+ 0-0638565 
+ 0-0598288 
+ 0-0557827 
+ 0-0517198 
+ 0-0476418 

+ 0-0435503 
+ 0-0394470 
+ 0-0353334 
+ O-0312I13 
+ 0-0270823 

+ 0-0229481 
+ 0-0x88102 
+ 0-0146704 
+ 0-0105303 
+ 0-0063915 

+ 0-0022558 

- 0-0018753 

- 0-0060002 

- O-OIOII7T 

- 0 0142245 


+ 0-1304974 
+ 0-1337454 
+ 0-1369554 
+ 0-1400660 
+ 0-1431362 

+ 0-1461449 
+ 0-1490909 
+ 01519731 
+ 0-1547905 
+ 0-1575421 

0-1602268 
+ 0-1628437 

+ 0-1653919 

+ 0-1678704 
+ 0-1702783 

+ 0-1726147 
+ 0-1748790 
+ 0-1770701 
+ 0-1791875 
+ 0-1812302 

+ 0-1831977 
+ 0-1850893 
+ 0-1869042 
+ 0-1886420 
+ 0*1903019 

+ 0-1918835 
+ 0*1933862 
+ 0-1948095 
+ 0-1961530 
+ 0-1974163 

+ 0-1985989 
+ o- 1997005 
+ 0-2007208 
+ 0-2016595 
+ 0-2025163 

+ 0-2032910 
+ 0-2039834 
+ 0-2045933 
+ 0-2051206 
+ 0-2055652 

+ 0-2059270 
+ 0*2062060 
+ 0-2064022 
+ 0-2065157 
+ 0-2065464 

+ 0-2064946 
+ 0*2063603 
+ 0-2061436 
+ 0-2058^49 
+ 0-2054643 


0-2130243 

0-2128727 

0-2127214 

0-2125705 

0-2124198 

0*2122695 

0-2121195 

0-2119699 

0-2118205 

0-2116715 

0-2115227 

0 - 2 II 3743 

0-2112262 

0-2110784 

0-2109310 

0*2107838 

0-2106369 

0*2104904 

0-21034^1 

0*2101982 

0-2100525 

0*2099072 

0-2097621 

0-2096174 

0-2094729 

0*2093288 

0-2091849 

0*2090414 

0-2088981 

0-2087552 

0-2086125 

0-2084701 

0-2083280 

0-2081862 

0-2080447 

0-2079035 

0-2077626 

0-2076219 

0-2074816 

0-2073415 

0-20720T7 

0*2070622 

0-^2069229 

0-2067840 

0-2066453 

0-2065069 

0-2063688 

0-2062309 

0*2060934 

0-2059561 


75 z: 46; 38*36 
758° 55 26?25 
760® 4 14^14 
761® 13' 2-02 
762® 21 '49^89 

763° 30' 37*76 

764° 39 25*62 

765° 48 13*47 

766° 57 1-32 

768® 5' 49*16 

769° 14' 36*99 

770® 23' 24-81 
771° 32' 12-63 
772^41; 0;'44 
773° 49' 48^24 

774° 58' 36*03 
7761 7 ; 23?82 
777 16 11^60 
778“ 24; 59*38 
779 33 47*15 

780° 42' 34*91 
781-51 22*66 

783- o' 10*41 

784- 8' 58*1 6 

785° 17+5*89 

786° 26' 33 *61 

787° 35' 21*33 

788- 44 9*05 

789- 52 56^76 
791° 1-44*46 

792- 10' 32*1 5 

793- 19' 19*84 
794° 28' 7-52 

795°36 55 ; 2 o 

796-45 42-87 

797° 54' 30*53 
799 3 18*19 

800-12' 5*84 
801® 20' 53-40 
802° 29'41 -12 

803® 38' 28^75 

804- 47' 16*37 
805° 56 3*98 
807® 4 51-60 
808° 13' 39-21 

809° 22' 26-81 
810° 31' 14-40 
811° 40' 1^99 
812° 48' 49^57 
8 i 3 ° 57 ' 37 *I 4 


+ 01756839 
+ 0-1 788681 
+ 0-1819944 
+ 0-1850617 
+ 0-1880687 

+ 0*1910143 
+ 0-1938974 
+ 0-1967169 
+ 0-1994718 
+ 0-2021610 

+ 0*2047836 
+ 0-2073385 
+ 0*2098248 
+ 0*2122^16 
+ 0-2145880 

+ 0-2168632 
+ 0-2190663 
+ 0-2211964 
+ 0*2232530 
+ 0-2252351 

+ 0-2271421 
+ 0-2289733 
+ 0*2307281 
+ 0-2324058 
+ 0-2340059 

+ 0-2355279 

+ o- 23 () 97 io 
+ 0-2383350 
+ 0-2396194 
+ 0-2408236 

+ 0-2419474 
+ 0-2429903 
+ 0-2439521 
+ 0-2448324 
+ 0-2456309 

+ 0-2463475 
+ 0-2469820 
+ 0-2475341 
+ 0-2480038 
+ 0-2483909 

+ 0-2486955 
+ 0-2489173 
+ 0-2490565 
+ 0-2491132 
+ 0-2490872 

+ 0-2489788 
+ 0-2487881 
+ 0*2485152 
+ 0-248160^ 
+ 0-2477238 
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arg 


+ 0-1365770 
+ 0-1397201 
+ 0-1428030 
+ 0-14^8248 
+ 0-1487844 

+ 0-1516805 
+ 0-1545122 
+ 0-1572785 

+ 0-1599783 

+ 0-1626107 

+ 0-1651747 
+ 0-1676695 
+ 0-1700940 
+ 0-1724475 
+ 0-1747291 


•I- 0-1769380 

+ 0-1790734 
+ 0-1811346 
+ 0-1831209 
+ 0-1850317 


-I- 0-1868661 
+ 0*1886237 
4 O- 1903038 
4 - 0-1919059 
+ 0-1934295 

4 0-1948740 
4 - 0-1962389 
+ 0-1975240 
+ 0-1987287 
+ 0-1998527 

4 - 0-2008956 
4 - 0-2018572 
4 0-2027371 

+ 0-2035352 
+ 0-2042513 

4- 0-2048851 
+ 0-2054365 
+ 0-2059054 
+ 0-2062918 
4 0-2065956 

4 - 0-2068167 
4 - 0-2069553 

4- 0-2070113 
4- 0-2069849 
4- 0-2068762 

4 - 0-2066853 
4- 0-2064124 
4 - 0-2060577 
4- 0-2056215 
4- 0-2051040 


- 0-1638320 

- 0-1609579 

- 0-1580240 
‘ 0-1550314 

- 0-1519813 

- 0-1488752 

- 0-1457142 

- 0-1424998 

- 0-1392332 

- O I359159 

- O-I325491 

- 0-1291344 

- 0-1256731 

- 0-1221667 

- o- 1 1 861 66 

- 0-1150243 

- 0-1113912 

- 0-1077189 

- 0-1040089 

- 0-1002626 

- 0-09()48i6 

- 0-0926676 

- 0-0888219 

- 0-0849462 

- 0-0816421 

- 0-0771 III 

- 0-0731549 

- 0-0691749 

- 0-0651730 
' 0-06*11506 

- 0-0571093 

- 0-0530509 

- 0-0489769 
0-0448090 

- 0-0407888 

0-0366779 

0-0325580 

0-0284307 

0-0242970 

0-0201607 

0-0160212 

0-0118809 

0-0077415 

0-0036045 

0-0005283 


4- 0*004 
4- 0-0087750 
4- 0-0128857 
+ 0-0169858 
4- 0-0210736 


0-2132937 

O-2131411 

0-2129889 

0*2128370 

0-2126855 

0*2125342 

0*2123833 

0-2122327 

0-2120824 

0-2119325 

0-2117828 

0*2116335 

0-2114843 

0-2113358 

0-2111874 

0*2110394 

0-2108916 

0*2107442 

0-2105971 

0-2104502 

0-2103037 

O-2IOI575 

0-2100116 

0-2098660 

0*2097207 

0-2095757 

0-2094310 

0-2092866 

0-2091425 

0-2089987 

0-2088552 

0-2087120 

0*2085691 

0-2084265 

0-2082842 

0-2081422 

0-2080004 

0-2078590 

0*2077*178 

0-2075769 

0-2074363 

0-2072960 

0-2071560 

0-2070163 

0-2068768 

0-2067377 

0-206598& 

0-2064602 

0-2063219 

0-2061838 


669 48 57.51 + 0-4739804 

^70 57 35-00 + 0-47884S5 

672^ 612^51 +0-4817705 

*4 50-04 + 0-4847542 

674 23' 27^60 + 0-4877954 

675° 32' 5 '17 +0-4908927 

676^40 42^77 + 0-4940449 

0-4972506 
^70,57 58-03 +0-5005085 

680 6' 35^69 +0-503817*2 

+0-5071753 
682 23 51-08 +0-5105814 

683° 32' 28^81 + 0-5140341 

684^41' 6-55 +0-5175320 

005 49 44\^2 f 0-5210736 


686° 58' 22^11 
688° 6'59V2 
689° 15' 37 -75 
690° 24 15^60 
691^^32' 53 -47 

() 92 ° 41 ' 31 * 3 Z 
693“ 50' 9-26 

694° 58^47^22 
696° *7' 25^18 
697^16' 3 '-16 

698° 24'4i^i4 

699° 33' 19-15 

700°4 i' 57 ^i 8 

701° 50' 35 -23 

702°59'i3^y 

704° 7'51'Mo 
705° 16 29-51 
706° 25' 7-64 
707° 33' 45 -So 
708° 42' 23^^97 

709° 51' 2'-l6 
710° V)' 40 -39 
712° 8' 18-59 
713° 16' 56^84 
714° 25' 35-10 

715° 34' 13-39 

716° 42' 51 "69 
717° 51' 3o"or 
719° 'o' ‘8^36 

720° 8' 46-72 

721° 17' 25-09 
722° 26' 3-49 
723° 34; 41 -90 
20.33 

725 51 


f 0-5210736 

+ o-524f«575 
+ 0-5282821 I 
+ 0-5319460 1 

+ 0-5359477 
+ 0-5393857 

+ 0-5.131583 
+ O-54O9642 
+ 0-5508016 
+ 0-^546691 
+ 0-5*5^5651 

+ 0-5624879 

+ o- 56()43()I 
+ 0-5704080 
+ 0-5744019 
+ 0-5 784 1 (>3 

-{■ 0-5824496 
I 0-586 500 j 
+ o-5go5()()2 


+ 0-6028418 
+ 0-6069539 
+ 0-61 10734 
4 o-()I 51987 
+ 0-6193280 

+ 0-6234599 

+ 0-6275926 
+ 0-6317244 
+ 0-6358538 

+ 0-6399791 

+ o-(i 4J0987 

+ 0-6482109 

+ 0-(i523l42 

+ 0-6564068 
+ 0-6604873 
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Table I. Functions of order zero 


a 

JM 

i'oW 

I<W1 

arg 


D 

15*02 

15-04 

I5*00 

15*08 

15*10 

- 0*0183207 

- 0*0224042 

- 0*0264732 

- 0*0305263 

- 0*0345619 

+ 0*2050021 
+ 0*2044585 
+ 0*2038339 
+ 0*2031287 
+ 0*2023432 

0*2058191 

0*2056823 

0-2055459 

0*2054097 

0*2052737 

815“ 6' 24571 
816° 15 ' 12527 
fi 7 ° 23' 59 -83 
818° 32 47'38 
819° 41' 34593 

+ 0*2472058 
+ 0*2466066 
+ 0*2459265 
+ 0*2451659 
+ 0*2443252 

15*02 

15-04 

15-06 

15-08 

15-10 

I 5 *T 2 

1514 

I 5 *i() 

15*18 

15*20 

- 0-0385782 

- 0-0425738 

- 0*0465472 

- 0*0504967 

- 0*0544208 

+ 0*2014779 
+ 0*2005332 
+ 0*1995096 
4 - 0*1984076 
+ 0*1972277 

0*2051381 

0*2050027 

0*2048675 

0*2047327 

0*2045981 

820° 50' 22*47 
821° 59' lO-OI 
823° 7' 57 *54 
824° I (V 45^06 
823° 25*32557 

+ 0*2434048 
+ 0*2424052 
+ 0*2413268 
+ 0*2401701 
+ 0-2389357 

15*12 

15-14 

15*16 

15*18 

15*20 

15*24 

15*2() 

15*28 

15-30 

- 0*0583180 

- 0*0621868 

- 0*0660256 

- 0*0698330 

- 0*0736075 

+ 0*1959705 
+ 0*1946367 
+ 0*1932268 
+ 0*1917415 
+ 0*1901815 

0*2044638 

0*2043297 

0*2041959 

0*2040624 

0*2039291 

826° 34' 20*08 
827° 43' 7*58 
828° 51' 55 *08 
830° 0^42 *58 
83^° 9' 30*07 

+ 0*2376242 
+ 0*2362361 
+ 0*2347721 
+ 0*2332329 
+ 0*2316191 

15*22 

15-24 

15*26 

15*28 

15-30 

15*32 

15-34 

15 - 3 ^^ 

T 5 * 3 « 

15-40 

- 0-0773477 

- 0 0810521 

- 0*0847192 

- 0*0883477 

- 0*0919362 

0*1885475 
+ 0*1868403 
+ 0*1850607 
+ 0*1832093 

4- 0*1812872 

0*2037961 

0*2036633 

0*2035308 

0*2033986 

0*2032666 

832° 18' 17555 

833° 27' 5'o3 
834° 35' 52550 
835“ 44,39-96 
836*53 27542 

+ 0*2299315 
+ 0*2281707 
+ 0*2263377 
+ 0-2244331 
+ 0*2224578 

15-32 

15-34 

15-36 

15-38 

15-40 

15-42 

15-44 

^ 5 - 4 <> 

i 5 - 4 « 

15-50 

- 0-0954833 

- 0*0989876 

- 0*1024478 

- 0*1058626 

- 0*1092307 

4 - 0*1792950 
4- 0*1772338 
4- 0*1751045 
+ 0*1729078 

4- 0*1706449 

0*2031349 

0*2030034 

0*2028722 

0*2027412 

0*2026105 

838* 2; 14587 
839° 11' 2532 
840° I9'49'*76 
841° 28' 37*20 
842° 37' 24*63 

+ 0*2204127 
+ 0*2182987 
+ 0*2 1 Ol 166 
+ 0*2138674 
+ 0*2115520 

15-42 

15-44 

15-46 

15-48 

15-50 

15-52 

15-54 

15-5^ 

15-58 

15-00 

- 0*1125507 

- 0*1158215 

- 0*1 190418 

- 0*1222103 

- 0*1253260 

4 - 0*1683167 
+ 0*1659242 
+ 0*1634(185 

4 - 0*1609506 

4 o*I 583 ' 7 I 5 

02024801 

0*2023499 

0*2022199 

0*2020902 

0*2019607 

843° 46' I2'!^o6 
844 ° 54 ' 5 q '^8 

840 3' 46 -89 

847° 12' 34^30 
848“ 21' 2r*7i 

+ 0*2091715 
+ 0*2067269 
-f 0*2042191 
+ 0*2016493 
+ 0*1990185 

15-52 

15-54 

15-56 

15-58 

15-60 

I5*fi2 

r 5 *fH 

15*66 

15*68 

15-70 

- 0*1283875 

- 0*1313938 

- 0-1343438 

- 0-1372363 

- 0*1400702 

+ 0-1557325 

A 01530546 
+ o*T5027<)o 

A 0*1474668 
+ 0*1445992 

0*2018315 

0*2017026 

0*2015739 

0*2014454 

0*2013172 

849^30' 9*11 
850“ 38 ' 5^^-50 
851° 47; 43 -89 
852 56 31^27 
854° 5 ' 18^65 

+ 0*1963278 
+ 0*1935784 
+ 0*1907714 
+ 0*1879079 
+ 0*1849893 

15*62 

15-64 

15-66 

15*68 

15*70 

15*72 

15-74 

15*76 

15-78 

15-80 

- 0*1428446 

- 0*1455583 

- 0*1482104 

- 0*1507998 

- 0-15332.57 

4 - 01416775 

+ 0*1387029 

4 - 0*1 356766 

H 0*1326000 
+ 0*1294742 

0*2011892 

0*2010615 

0*2009340 

0*2008067 

0*2006797 

855° 14' 6*02 
85 ("»° 22' 53^39 

857“ 31' 40-75 

858° 40 28'-II 

859'' 49' 15 -46 

+ 0*1820166 
+ 0*1789911 
+ 0*1759141 
+ 0*1727868 
+ 0*1696105 

15-72 

15-74 

15-76 

15-78 

15-80 

15*82 

15-84 

15-86 

15*88 

15*90 

- 0*1557872 
* 0*1581832 

- OI60513O 

- 0-1627757 

- 0-1649705 

4 - 0*1263006 
+ 0*1 230805 
+ 0*119815*3 
+ 0*1165064 
+ 0*1131550 

0*2005530 
0*2004264 
O' 2003001 
0*2001741 
0*2000483 

860° 58' 2?8r 
8f)2'' 6' 50-15 
863 “i 5 '' 37 - 4 « 
864° 24 24*81 
865° 33 ' 12514 

0*1663866 
+ 0*1631163 
+ 0*1598009 
+ 01564420 
+ 0*1530407 

15*82 

iris 

15*88 

15-90 

15-92 

T5-94 

15*96 

15-98 

16*00 

- 0*1670966 

- 0*1691532 

- 0*1711396 

- 0-1730551 

- 0*1748991 

+ 0*1097626 
4 - 0*1063305 
4 - 0*1028603 
+ 00993533 
+ 0*0958110 

0*1999227 

0*1997974 

0*1996723 

0-1995474 

0*1994228 

866® 41 '59^46 
867° 50' 46^78 

868° 59' 34-09 
870° 8' 21^39 
871° 17' 8^69 

+ 0*1495986 
A - 0*1461170 
+ 01425972 
+ 0*1390409 

+ 0-1354493 

15*92 

15-94 

15*96 

15-98 

1 6*00 
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Table I. Functions of order unity 


X 

/iW 


ih'I’wi 

arg h\\x) 

H,W 

a 

15*02 

15-04 

15*06 

15*08 

15*10 

+ 0*2045057 
+ 0*2038267 
+ 0*2030675 
+ 0*2022286 
+ 0*2013102 

4 - 0*0251476 
+ 0*0292062 

4 - 0*0332478 
+ 0*0372707 

4 0*0412735 

0*2060460 

0*2059083 

0*2057713 

0*2056344 

0-2054977 

72 f o;37j25 
728° 9' 15-74 
729^17 54 -*^5 
730" 26 32^77 
731 35 11-31 

+ 0*6645540 

+ 0*6()8665'i 

+ 0*6726395 
+ 0 't )766552 

+ o*68o(>568 

15*02 

15-04 

15*06 

15*08 

15*10 

15-12 

15-14 

15*16 

15*18 

15*20 

+ 0*2003130 
+ 0*1992373 
+ 0*1980838 
+ 0*1968530 

+ 01955454 

4- 0*0452546 

4 - 0-0492124 
+ 0*0531454 
+ 0*0570521 
+ 0*0609309 

0*2053613 

0*2052252 

0*2050893 

0-2049537 

0*2048184 

73 i° 43 ' 4‘>-87 
733° ‘>2 28-45 
735 ° 1 7-04 
73 ‘>„ 45-'>5 

737 18' 241:28 

+ o*684(»246 

-I- o -()885753 

+ 0*6925011 
+ 0*6()('401^6 

4 - 0*7002724 

15*12 

15-14 

15*16 

15-18 

15-20 

15*22 

15-24 

15*26 

15*28 

15-30 

+ 0*1941618 
+ 0*1927027 
+ o*I 9II()86 
f 0*1895608 
+ 0*1878794 

+ 0*0647803 

4 0*0685990 

+ 0-0723853 

+ 0*0761378 
+ 00798551 

0*2046834 

0*2045486 

0*2044141 

0*2042798 

0*2041459 

738*27' 2l()3 
73‘)"35 41^59 

740 ° 44 20I27 

741*52 ,581(17 
743 ° i' 37-'>9 

+ 07041 148 
+ o* 70792()3 

4 0*7117056 

4 0 7154512 

4 0*7191616 

15*22 

15-24 

15*2(1 

1V28 

15-30 

15-32 

15-34 

15-36 

15-38 

15-40 

4- 0*1861255 
+ 0*1842998 
+ 0*1824032 
+ 0*1804363 
0*1784003 

H 0-0835358 

4 - 0*0871785 

4 0*0907816 

4 - 0*0943440 
0*0978642 

0*2040121 

0*2038787 

0-2037455 

0*2036125 

0*2034799 

744° 10' i6'?42 
745° i 8 '. 55-<7 
74 <>° 27 33-94 
747 ° 3 <> 12-72 
748° 44 51-52 

+ 07228353 
•f 0-7264711 
+ 0-7300674 
+ 0 - 733(.229 
•1 0-7371.363 

15-32 

15-34 

15 ' 3 <^ 

15-38 

15*40 

15-42 

15-44 

i 5 - 4 f> 

15-48 

15-50 

+ 0*1762958 
+ 0*1741239 
+ 0*1718855 
+ 0*1695816 
+ 0*1672132 

+ 0*1013409 
+ 0*1047727 
+ 0*1081584 

4 - 0*1114066 

4 0*1 147861 

0-2033475 

0*2032153 

0*2030834 

0*2029518 

0*2028204 

749 ° 53 ' 30-34 
751° 2' .JI17 
7,52“ 10 48I02 
753° 10' 2f)i89 

754 * 28 ' 5I77 

+ o*74o6o()I 

4 0*74(^0312 

4 0**7474101 

4 0*7507416 

4 0*7540245 

15-42 

15*44 

l 5 - 4 ^> 

15*48 

15-50 

15-52 

15-54 

15-58 

15-58 

15-80 

+ 0*1647812 
f 0*1622868 
+ 0*1597310 
+ 0*1571149 
f 0*1544396 

4 0*1180258 

4 0*1212142 
4 - 0*1243503 

4 0*1274329 
+ 0*1304608 

0*2026892 

0*2025584 

0*2021278 

0*2022974 

0*2021673 

755 \ 3 '>' 44*97 

759° 45 23I59 
757 ° 54 2-152 

759“ 2 4 ‘-47 
7()0° j I 20I43 

■+• 0757-^574 

4 0*7604392 
+ o* 7(>35687 
■4 0*7666447 

f 0-7ht)(}(>(>0 

15-52 

15-54 

15-5'* 

15-58 

15-60 

15*62 

15-64 

15*66 

15*68 

15-70 

+ 0*1517062 
+ 0*1489160 
+ 0*1460700 
+ 0*1431695 

4 0*1402157 

+ 0*1334329 

4 o*i 3 (> 34 So 
4 0*1392052 
+ 0*1420033 
+ 0*1447413 

0*2020374 

0*2019678 

0*2017784 

0*2016493 

0*2015204 

761* r.)' 5Qi4i 
762" -28' 38141 
793^37' 17-43 
794 45 59-49 
795° 54 35 - 5 " 

4 0*7726316 

4 o* 7755 - 1 o^ 

4 0 7783900 
f'781 1825 
4 0*78391516 

15*62 

I 5 -(M 

] 5 -( 4 ) 

15 •(»8 
15*70 

15*72 

15-74 

15-76 

15-78 

15-80 

0*1372099 
-H 0*1341533 

-1- 0*1310471 
+ 0*1278927 

- 4 - 0*1246913 

+ 0*1^74181 
h 0*1500329 
4 0*1525847 
4 0*1550724 

4 0*1574953 

0*2013918 

0*2012634 

020T1353 

0*2010074 

0*2008798 

7 ^'Z° 3 ;i 4;59 

7 () 8 ° ii', 53-94 
769° 20-32173 
770° 2(/ii184 
77 i° 37 ' 5 o -99 

4 0*7865845 
4- 0-7891929 
4 0*79173^3 
4 0*7942197 
4 0*7960362 

15-72 

15-74 

15*76 

i 5 - 7 « 

15-80 

15-82 

15-84 

15-80 

15-88 

15-90 

+ 0*1214444 
+ 0*1181532 
4 0*1148192 
+ 0*1114436 
4 0*1080279 

4 01 5985 24 
4 0*1621429 
4 0*1643^)59 
4 0*1665207 
4 0*1686064 

0*2007524 

0*2006252 

0*2004983 

0*2003717 

0*2002452 

772*46' 30I10 
773 ° 55; 9-25 
775 ° 3 , 48;42 
776 12 27-61 
777° 21' 6I81 

4 0-7989870 
o-8oi 2712 
4 0*8034880 

4 o*8o5(>365 

4 0*8077161 

15-82 

15-^4 

1 5-86 
15-88 
15-90 

15-92 

15-94 

15-96 
15-98 
1 6*00 

+ 0*1045735 
+ o*ioio8i8 

+ 0*0975542 

+ 0*0939922 
4 - 0*0903972 

4 0*1706224 
4 01 725680 
4 0*1744424 
4 0*1 702450 

+ 0*1779752 

0*2001190 

0*1999931, 

0* 1998674 

0*1997419 

0*1996167 

778° 29' 46I03 
779 ° 38' 25-29 
780*47' 4-50 

781° 55' 43-79 
783* 4 23-04 

4 - 0*8097259 
4- 0*8116653 
4 0*8135336 
4 0*8153300 
4 0*8170541 

15-62 

15-94 

15*96 

15-98 

16*00 
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Table 11 . Functions of imaginary argument, and e * 




e -‘ l ,{ x ) 


e ^ K ,( x ) 


o 

I -ooooooo 

0-0000000 

00 

00 

I -ooooooo 

0-02 

0-04 

0-00 

0'08 

o-io 

0-9802967 

0-9611738 

0-9426123 

0-9245939 

0-9071009 

0-0098025 

0-0192196 

0*0282657 

0-0369542 

0-0452984 

4-1098376 

3-4727083 

3-1142387 

2-8679911 

2*6823261 

50-9638701 

25-9404241 

17*5879738 

13-4048206 

10-8901827 

1*0202013 

1*0408108 

1-0618365 

1-0832871 

I- 105 1709 

0-12 

0*14 

O-IO 

o-i8 

0-20 

0-8901162 

0-8736233 

0-8576062 

0-8420496 

0-8269386 

0-0533111 

0-0610043 

0-0683899 

0*0754792 

00822831 

2*5344522 

2-4I23I73 

2-3087874 

2*2192980 

2*1407573 

9*2102792 
800767 94 
7-1036124 
6-3987260 

5-8333860 

1-1274969 

1*1502738 

I-I735I09 

1-1972174 

1*2214028 

0-22 

024 

O -20 

0-28 

0-30 

0-8122587 

0-7979961 

0-7841375 

0-7706698 

0-7575806 

0-0888122 

0-0950766 

o-ioio86i 

0-106850T 

0-1123776 

2-0709767 

20083522 

1-9516748 

I -90001 14 
1-8526273 

5-3696274 

4-9821285 

4-6533504 

4-3707591 

4-1251578 

1-2460767 

I-27I2492 

1*2969301 

1-3231298 

1-3498588 

0-32 

0-34 

0-36 

0-38 

0-40 

0-7448578 

0-7324896 

0-7204648 

0-7087725 

0-6974022 

0-1176774 

0-1227579 

0-1276272 

0*1322931 

0-1367632 

1-8089345 

1-7684552 

1*7307961 

I ‘<>95^301 
1-6626821 

3-9096449 

3-7189398 

3-5489328 

3-3963772 

3-2586739 

1-3771278 

1-4049476 

1-4333294 

1-4622846 

1-4918247 

0-42 

0-44 

0-46 

0-48 

0-50 

0-6863436 

0-6755870 

0-6651228 

0-6549419 

0-6450353 

0*1410447 

0-1451446 

0-1490697 

0-1528263 

0*1564208 

1*6317188 

1*6025406 

1-5749758 

i- 54%54 

1-5241094 

3-1337176 

3-0197845 

2-9154495 

2-8195242 

2-7310097 

1-5219616 

1-5527072 

1-5840740 

1*6160744 

1-6487213 

0-52 

0-54 

0-56 

0-58 

o-bo 

0-6353945 

0-6260111 

0-6168773 

0-6079851 

0-5993272 

0-1598592 

0-1631473 

0-1662906 

0- 1 092946 
0-1721644 

1*5005638 

X-4781381 

1-4,567432 

1*4363000 

1-4167376 

2-6490599 

2*5729537 

2-5020724 

2-4358821 

2*3739200 

1-6820276 

1-7160069 

I -7506725 

1-7860384 

1-8221188 

O-02 

0-64 

0-66 

0-68 

0-70 

0-5908962 

0-5826853 

0-5746875 

0-5668963 

05593055 

0-1749051 

0-1775214 

0-1800181 

0-1823995 

0-1846700 

1-3979927 

I -3800080 

1-3627320 

1-3461180 

1*3301237 

2-3157825 

2-2611160 

2-2096099 

2-1609894 

2*1150113 

1- 8589280 
1*8964809 

1*9347923 

1*9738777 

2- 0137527 

0-72 

0-74 

0-76 

0-78 

o*8o 

0-5519089 

0-5447006 

o-^ 5%748 

0-5308260 

0-5241489 

0-1868337 

0-1888946 

0-1908567 

0-1927235 

0-1944907 

I-3I47IO2 

1-2998425 

1-285488*1 

1*2710174 

1-2582031 

2*0714590 

2*0301393 

1-9908791 

1*9535227 

1-9179303 

20544332 

2*0959355 

2-1382762 

2-1814723 

2-2255409 

0-82 

0-84 

o-8() 

0-88 

0-90 

0-5176383 

0-5112892 

0-5050967 

0-4990561 

0-4931630 

01961857 

0-1977879 

0-1993083 

0-2007502 

0-2021165 

7-2452202 
i -23*26455 
1-2204575 
1-2086362 
1-1971634 

1-8839752 

1-8515429 

1-8205294 

1-7908399 

1-7623882 

2-2704998 

2-3163670 

2*3631607 

2-4108997 

2*4596031 

0-92 

094 

0-96 

0- 98 

1- OO 

0-4874128 

0-4818015 

0-4763248 

0-4709788 

0-4657596 

0-2034101 

0*2046336 

0-2057898 

0*2068813 

0-2079104 

1-1860217 

1*1751953 

1-1646692 

1-1544294 

1-1444631 

1*7350954 

1-7088892 

1*6837033 

1-6^94768 

1-6361535 

2*5092904 

2-5599814 

2-6116965 

2*6644562 

2-7182818 
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Table II, Functions of imaginary argument, and c® 





e* A'„(;r) 

0-4606636 

0-4556871 

0-4508266 

0-4460788 

0*4414404 

0-2088796 

0-2097912 

0-2106473 

0-2114501 

0-2122016 

1*1347579 

1-1253024 

1-1160860 

1-1070984 

1-0963303 

0*4369082 

0*4324792 

0-4281504 

0-4239190 

0-4197821 

0-2129039 

0-2135587 

0-2141680 

0*2147335 

0*2152569 

1-0897726 

1-0814169 

1*0732553 

1-0652802 

1-0574845 

0*4157371 

0-4117813 

0-4079123 

0-2157398 

0-2161838 

O-216SQOS 

1*0498615 

1-0424048 

1-0351082 

0-4041277 

0-4004249 

0-2169613 

0-2172976 

1-0279662 

1-0209732 

0-3968018 

0-39325^*1 

0-3897857 

0-3863883 

0-3830625 

0-2176008 

0-2178721 

0-2181129 

0-2183243 

0-2185076 

1-0141239 

1-0074136 

1*0008375 

0*9943910 

0-9880700 

0-3798057 

0*3766162 

0-3734922 

0*3704319 

o-3f*7433f* 

0-2186638 

0-2187941 

0-2188994 

0-2189809 

0-2190394 

0-9818703 

0-9757881 

0-9698197 

0-9639615 

0-9582101 

0-3644956 

0-3616163 

0-3587941 

0-3560275 

0-353J150 

0-2190759 

0-2190913 

0-2190865 

0-2190623 

0-2190195 

0-9525622 

0-9470148 

0-9415648 

0-9362095 

09309460 

0-3506552 

O-348O2I67 

0-3434881 

0-3429782 

0-3405157 

0-2189589 

o-2i888i2 

0-2187872 

0-218677^ 

0-2185528 

0-9257717 

0*9206842 

0-9156810 

0-9107597 

0-9059181 

0-3380993 

0-3357279 

0-3334003 

0-3311153 

0-3288719 

0-2184138 

0-2182610 

0-2180952 

0-2179167 

0-2177263 

0-901 1541 
0-8964656 
0-8918506 
0-8873072 
0-8828335 

0-3266691 

0-3245058 

0-3223810 

0-3202938 

0-3182432 

0-2175244 

0-2173115 

0-2170881 

0-2168548 

0-2166119 

0-8784278 

0-8740862 

0*8698132 

0-8656012 

0-8614506 

0*3162282 

0-3142481 

0-3123020 

0-3103890 

0-3085083 

0-2163599 

0-2160993 

0-2158304 

0*2155536 

0-2152693 

0-8573599 

0-8533277 

0-8493526 

08454332 

0-8415082 


1-6136817 

1-3920133 

1-371 1040 
1-3500141 

1-5314038 

1-51^3382 
1-4942846 
1-4760120 
I -459491 9 

i- 442 ii 976 

1-4268038 
1-4111872 
1-3960238 
1 -3812990 
1-3669873 

1*3330725 

1-3393373 
I -3263660 
I -31 35429 
1-3010537 

1-2888849 

1-2770235 

1-2654575 

1-2541752 

1-2431659 

1-2324190 
I -22 1 9249 


1-2016578 

1-1918676 

1-1822934 

1 1729335 

I -1637748 
1-1348123 
1-1460392 

1-1374494 

i-t 2903()8 
I -1 20793 3 

1-1127201 

1-1048034 

1-0970461 
I •0894376 

1-081975-2 

1-0746544 

i-067470f) 

1-0604208 
1 0333000 
1-0467048 
1-0400316 
i- 033 - 47''8 


27731948 

2-8292170 

2-8863710 

2 - 9440796 

3 - 0041660 

3-0048542 

3-1267684 

31800333 

3-1.S4373-1 
3-3201 1(>9 

3-3871877 

3-4.‘)50i35 

3-5-!54^‘5 

3-50()(>397 

3-6692967 

3-7434214 

3-8190435 

3-8961933 

3- 974<ioi6 

4 - 0332000 

4-1371204 

4* 2 2069 38 

4-3059595 

4-5722252 

4-6645903 


4-8549558 

4 - 9530324 

5- 0330903 
3-1351695 

2393108 

5 - 3 ^> 555 ^>o 

5-4739474 

5-5843283 

5-6973134 

5- 8124374 
3-9298564 

6 - 0496175 

6-1718384 

6-296338^ 

6-4237368 

6-5535049 

6-6858944 

6 8209383 

6 - 9587510 

7 - o<W 27 i 

72427430 

7-3890561 
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Table II. Functions of imaginary argument, and 



1 


e^K,(x) 


0*3060592 0*2149779 

0*3048408 0*2146797 

0*3030525 0*2143750 

0*3012935 0*2140643 

0*2995631 0*2137477 

0*2978606 0*2134256 

0*2961855 0*2130983 

0*2945369 0*2127660 

0*2929144 0*2124291 

0*2913173 0*2120877 

0*2897451 0*2117422 

0*2881970 0*2113927 

0*2866727 0*2110396 

0*2851715 0*2106829 

0*2836930 0*2103230 

0*2822366 0*2099600 

0*2808018 0*2095941 

0*2793881 0*2092256 

0*2779951 0*2088545 

0*2766223 0*2084811 

0*2752693 0*2081055 

0-2739356 0*2077279 

0*2726209 0*2073485 




0*2700404 I 0*2005046 


0*2687860 

0*2675429 

0*2663168 

0*2651072 

0*2639140 

0*2627367 

0*2615749 

0*2604285 

0*2592970 

0*2581801 

0*2570776 

0*2559092 

0*2549146 

0-2538534 

0-25^8055 

0*2517706 

0-2507484 

0-2497387 

0*2487412 

0-2477557 


0*2458198 

0*2448690 

0*2439292 

0*2430004 


0*2062005 

0*2058151 

0*2054285 

0*2050408 

0*2046523 

0*2042628 

0*2038727 

0*2034820 

0*2030907 

0*2026991 

0*2023071 

0*2019148 

0*2015224 

0*2011299 

0*2007374 

0*2003450 

0*1999527 

0*1 995606 
0*1991688 

0-1987773 

0*1983862 

0*1979955 

0*1976053 

0*1972157 

0*1968267 


377564 

o *8339966 

302075 
0*8266281 
0*8230172 

0-8194537 

0*8159366 

0*8124650 

0*8090377 

0*8056540 

0*8023128 

0*7990133 

0*7957545 

0*792535^ 

0*7893561 

0*7862149 

0*7831112 

0*7800443 

0*7770135 

0*7740181 

0*7710575 

0*7681308 

0*7652376 

0*76*23771 

0*7595487 

0*7567518 

0*7539859 

0*7512504 


0*7458682 

0*7432205 

0*7406011 

0*7380094 

0-7354449 

0*7329072 

0*7303957 

0*7279102 

0*7254500 

0-7230148 

0*7206041 

0*7182176 

0-7158548 

0-7135154 

0*7111989 

0*7089050 

07066533 

0*7043834 

0*7021551 

0*6999479 

0*6977616 


I 0270373 
1*0207097 


1*0003700 

1*0023681 


0*9906463 

0*9849292 

0*9793046 

0*9737702 

0*9683236 

0*9629626 

0*9576851 

0*9524890 

0*9473722 

0*9423329 

o* 9373 f >92 

0-9324793 

0*9276613 

0*9229137 

0*9182347 

0*9136228 

0*9090764 

0*9045941 

0*9001744 

0*8958159 

0*8915172 

0*8872771 

0*8850942 

0-8789673 

0-8748952 

0*8708767 

0*8669107 

0*8629961 

0-8591319 

0-8553^69 

0*8515502 

0*8478308 

0-8441577 

0*8405301 

0*8369469 

0-8334074 

0*8299106 

0*8264557 

0*8230420 

0*8196687 

0*8163349 

0*8130599 

0*8097830 

0*8065635 


7-5383249 

7*6906092 


8*1661699 

8-3311375 


tmiui 

9*0250135 

9*2073308 

9-3933313 

9*5830892 

9*7766804 

9*9741825 


IO*30I23()6 

10- 5909515 

10*8049029 

11*0231764 

n -2458593 

11- 4730407 
11*7048115 
11*9412644 
12*1824940 

12*4285967 

12*6796710 

12- 9358173 

13- 1971382 

i 3 - 4 f> 3738 o 

13- 7357236 

14*0132036 

14*2962891 

14- 5850933 

14- 8797317 

15*1803222 

15*4869851 

15- 7998429 

16*1190209 

16*4446468 

16*7768507 

17-1157655 

17*4615269 


10*1741454 

18-54128^ 

18-9158463 

19*2979718 

19*6878167 

20*0855369 




















TABLES OP BESSEL FUNCTIONS 
Table II. Functions of imaginary argument, and e’ 
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I,ix) 




X 

302 

3*04 

3 06 
3 *o8 
310 

0-2420822 

0-2411745 

0-2402772 

0*2393899 

0-2385126 

0-1964383 

0-1960506 

0-1956637 

0*1952775 

0-1948921 

0-6955958 

0-6934501 

0-6871311 

0*8033807 

0-8002339 

0-7971224 

0-71)40457 

0-7910030 

20-491292 

20- 905243 
21 * 3*^7557 

21- 758402 

22- 197951 

3*02 

3-04 

3 -06 
3*08 
3-10 

3*12 

3-14 

3*16 

318 

3. 20 

0-2376451 

0-2367871 

0*2359385 

0-2350991 

0-2342688 

0-1945076 

0- 1941 240 
0-I9374I2 
0*1933594 
0-1929786 

0-6850631 

0-6830138 

0-6809829 

0*6789701 

0*6769751 

0-7879938 

0-7850176 

0-7820756 

0-7791613 

0-771)2803 

22-646380 

25 -io 38()7 

23*570506 

24-04(754 

24*532530 

3*12 

3*14 

3*16 

H t 8 
3-20 

3. 22 

3-24 

3*26 

328 

330 

0*2334475 

O-2V20348 

0-2318308 

0-2310352 

0-2302480 

0-1925988 

0-1922200 

0-1918423 

0-1914657 

0-1910902 

0-6749978 

0-6730377 

0*6710948 

0*6691687 

0*6672592 

0 * 7734-^99 

0-7706096 

0-7678189 

‘•- 7'>.50573 

o- 7 ''-! 3^43 

25-02Kr2o 

2 ' 5 - 53 j 72 ^ 

2 t)- 04 Q 537 

^<'-. 57.'>773 

27-ii2f)3g 

5-22 

3*23 

3-26 

3-28 

3*30 

332 

3-34 

3-36 

3-38 

3*40 

0-2294689 

0-2286978 

0-2279346 

0-2271792 

0-22O4314 

0-1907158 

0-1903425 

0-1899704 

0-189.5995 

0-1892299 

0*6653660 

0-6634890 

0*6610278 

0-6597823 

0-6579523 

07596194 
0-75694*^^ 
0-7542922 
0-751 ()690 

0 7'j9072i 

27- 6(10351 

28- 2191 27 

28- 789191 

29- 370771 

3*32 

3*33 

3*36 

3*38 

3 40 

3‘42 

3*44 

3 ’ 4 S 

3*48 

3*50 

0-2256911 

0-2249582 

0-2242325 

0-2235140 

0-2228024 

0-1888614 

0-1884941 

0-1881282 

0-1877034 

0-1874000 

0-6.561375 

0-6543377 

0-6525527 

0*6507823 

0*6490263 

0-7465010 

0*7439555 

0*74 U 350 

0 73^9391 
0*7364075 

30- 5604^5 

31- 186958 

31- 816977 

32- 459722 

33*115452 

3*32 

3-44 

3*46 

3*38 

3*50 

3*52 

3*54 

3*56 

3*58 

3-60 

0-2220978 

0-2214000 

0-2207089 

0-2200243 

0-2193462 

0-1870378 

0-1866770 

0-1863174 

0-1839592 

0-1856022 

0*6472840 

0 - 645 S 5 (h 9 

0-6438430 

0*6421427 

0-6404560 

0-7340190 

0 * 73^5957 

0-7291017 

o-72f)8i65 

()- 72 .n()o '7 

33- 784428 

34 - 46 () 9 F 9 

35*163197 
35*87354 » 

36*508234 

3*52 

3*53 

3-56 

3 - 5 « 

3 -60 

3 -tj 2 

3*^>4 

3-66 

3-68 

3*70 

0-2186745 

0-2180091 

0-2173498 

o-2i6()966 

0-2160494 

0-1852467 

0-18489-24 

0-1845396 

0-1841880 

0-1838379 

0-6387825 

0-637122! 

o *^>354747 

0*6338401 

0*6322181 

0-7221 270 
0-7198150 

0 7175^45 

0 7 i 5 ^‘) 5 J 
0-7130065 

37*337568 

58-0918^7 

38-861343 

39 *(J 46394 

40-447301 

3-62 

3*63 

3 ’ 6 () 

3*68 

370 

3*72 

0-2154081 

0-2147726 

0-2141429 

0-2135187 

0-2129001 

0-1834891 

0-1831416 

0-1827956 

0-1824509 

0-1821076 

0*6306085 

0O290112 

0*0274261 

0*6258529 

0*6242916 

0-7107784 

0-7085704 

07065823 

0-7042139 

0-7020647 

4 > *264304 

4 2 007090 
42-948426 
45-816042 
4V701184 

3-72 

3*73 

3 76 

3*78 

3-80 

3-82 

ilJ 

3-88 

3-90 

0-2122870 

0-2116793 

0-2110768 

0-2104796 

0-2098875 

0-1817657 

o-i 8 iV^ 5 i 

0-1810860 

0-1807482 

0-1804119 

0*6227419 

0-6212038 

0*6196771 

0*6181617 

0*6166573 

0-6999345 

0-6978232 

0-6957302 

o- 6 g 36555 

0-6915988 

45-604208 

46*525474 

47- 465351 

48- 424215 

49- 402449 

3*82 

3*84 

1-86 

V88 

3 00 

3*92 

3*94 

3.96 

398 

4*00 

0-2093005 

0-2087186 

0-2081415 

0-2075693 

0-2070019 

0*1800769 

0-1797433 

0-1794111 

0-1790803 

0*1787508 

0*6151640 

0*613681-4 

0*0122090 

0*6107484 

0*6092977 

0-6895598 

0*6875382 

0-6855339 

0-6855466 
0-68157 59 

50- 400445 

51- 418601 

52- 457326 

53*517034 

54-598150 

3*02 

3 04 
3*96 
3*98 
4-00 
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TABLES OF BESSEL FUNCTIONS 


Table II. Functions of imaginary argument, and 


e ^ K ,( x ) e ^ K ,{ x ) 



0-2064393 

0-2058812 

0-2053278 

0-2047789 

0-2042345 

0-20369^5 

0*2031589 

0-202O275 

0-2021003 

0-2015774 

0-2010585 

0-2005438 

0-2000330 

0*1995262 

0-1990233 

0-1985242 

0-1980290 

0-1975375 

0-1970497 

0-1965656 

0-1960851 

0-1956081 

0-1951347 

0-1946648 

0-1941903 


194 1903 0-17095 


0-193735^ 

0 - 193^754 

0-1928190 

0-1923658 

0-1919159 

0-1914692 

0-1910256 

0-1905851 

0-1901478 

0-1897134 

0-1892821 

0-T888538 

0-1884283 

0-1880058 

0-1875862 

0-1871694 
o- 1 807554 
0-1863442 

0-1859357 

0-1855300 

0-1851269 

0-1847265 

0-1843287 

0-1839335 

0-1835408 


0-1784228 

0-1780961 

0-1777709 

0-1774470 

0-1771245 

0-1768033 

0-1764836 

0-1761652 

0-1758482 

0*1755325 

0*1752182 

or 749053 
0*1745937 
0-1742835 
0-1739746 

0-173667 1 
0-1733609 
0-1730560 
0-1727525 
0-1724502 

0-1721493 

0-1718497 

0*1715515 

0*1712545 

0*1709388 


0-1706644 

0-1703713 

0-1700795 

0-1697890 

0-1694997 

0-1692117 

0-1689250 

01G86395 

0-J983553 

0-1680723 

0-1677905 

0-1675100 

0-1672307 

0-1669526 

0-1666757 

0-1664000 
0-1661256 
o- 1658523 
o- 1 655802 
o- 1 653093 

0-1650396 

0-1647710 

0-1645036 

0-1642374 

0-1639723 


0-6078573 

0-6064270 

0-6050069 

0*6035968 

0-6021965 

0-6008060 

0*5994251 

0-5980537 

0-5966917 

0*5953390 

0*5939955 

0-5926611 

0*5913357 

0-5900192 

0-5887114 

0-5874124 

0*5861220 

0*5848400 

0-5835065 

0-5823013 

0-5810443 

0-5797954 

0-5785540 

0-5773218 

0-5760968 

0-5748796 

0-5736701 

0-5724683 

0-5712740 

0-5700872 

0-5689078 

0*5677357 

0-5665708 

0*5654131 

0-5642625 

0-5631189 

0-5619823 

0-5608525 

0*5597295 

0-5586133 

05575038 

0-5564008 

0*5553045 

0*5542145 

0*5531310 

0*5520539 

0*5509830 

0-5499184 

o* 54«8599 

0-5478076 


0*6796219 

0-6776840 

0-6757623 

0-6738564 

0*6719662 

0-6700914 

0-6682318 

0*6663872 

0-6645575 

0-6627424 

0-6609418 

0*6591553 

0*6573830 

0*6556246 

0*6538798 

0-6521486 

0*6504308 

0-6487262 

0-6470346 

0*6453559 

0-6436899 

0-6420364 

0-6403953 

0-6387065 

0-6371498 

06355450 

0-6339521 

0-6323708 

0-6308010 

0-6292426 

0-6276955 

0-6261595 

0-6246545 

0-6231203 

0-t32i6i69 

0-6201241 

0-6186418 

0-6171699 

0-6157082 

0-6142566 

0-6128151 

0-6113834 

0-6099616 


0-6071468 

0*6057537 

0-6043699 

0-6029955 

0-6016301 

0-6002739 


55- 701106 

56- 826343 

57 * 9743 ” 

59- 145470 

60- 340288 

61- 559242 

62- 802821 

64- 071523 

65- 365853 

66- 686331 

68- 033484 

69- 407852 

70- 809983 
72-240440 

73*699794 

75-188628 

76*707539 

78*257134 

79-838033 

81-450869 

83*096285 

84-774942 

86-487509 

88-234673 

90- 017131 

91- 835598 

93-690800 

95*583480 

97*514394 

99-484316 

101-494032 

103-544348 

105-636082 

107-770073 

109-947172 

112-168253 

114-434202 

116-745926 

119-10^350 

121-510418 

123-965091 

126*469352 

129-024202 

131-630664 

134-289780 

137-002613 

139*770250 

142*593796 

145*474382 

148-413159 











TABLES OP BESSEL FUNCTIONS 

Table II. Functions of imaginai,- argnment, and e» 




0-1831307 

0-1827631 

0-1823780 

0-1819933 

0-1816151 

0-1812373 

O-I808618 

0-1804887 

O-I8OII8O 

0-1797495 

0-^793833 

O-I79OI94 

0-1786377 

0-1782982 

0-1779409 

0-1775857 

0-1772327 

0-1768818 

0*^705331 

0-1761863 

0-1758417 

0-1754991 

0 'I 75 J 585 

0-1748199 

01744833 

O' I 74 1486 
0-1738159 
0-1734850 
0-1731561 
0-1728291 

o- 17^5039 

O-J 721806 
0-1718591 
0-1715394 
0-I7122I5 

0-1709054 

0-1705911 

0-1702785 

0-1699676 

0-1696584 

0-1693509 
0-16904 51 
0-1687410 
0-1684385 
0-1681377 

0-167838x1 
0-1675408 
0-1672448 
o- 1669503 
O' 1 6665 74 


0-1637083 
O’ 1 634x55 
0-1631838 
0-1629233 
0-1626639 

0-1624055 

0-1621483 

0-1618922 

0-1616372 

0-1613833 

0-1611304 

0-1608787 

0-1606280 

0*1603784 

0-1601298 

0-1598823 

o- 1.596358 

0’I593904 

0-1591460 

0-1589026 

0-1586603 

01584189 

0-1581780 

0*1579393 

0-1577010 

0-1574^)37 

0T572274 
0-1569920 
0-1567576 
0-1565242 1 

0-1562918 

oi56of)03 

0-1558298 

0-1556002 

0-1553716 

0-1551439 

0-1549171 

0-1546913 

01544O64 

0-1542424 

01 540193 

0-1537971 

0-1535758 

0-1533554 

O-1531359 

0-1529172 

0-1526995 

0-1524826 

0-1522666 

0-1520515 


0-5467613 

0-5457209 

0-5446865 

0-5430580 

0-5426354 

0-5416184 

o-540(x)72 

0-5396017 

0-5386017 

0-5370074 

0-5366185 

0-535O350 

0-5340570 

0-533O843 

0-5327170 

0-5317549 

o-53079«o 

0-5298462 

0-5288996 

0-5279580 

0-5270215 

0-5260899 

0-5251033 

0-5242416 

0-5233247 

0-5224127 

0-5215054 

0-5206028 

0-5197049 

0-5188116 

0-5179230 

0-5170389 

0-5161593 

0-5152842 

0’5Mti36 

0-5135474 

0-5126855 

0-5118280 

0-5109748 

0-5101258 

0-5092811 

0-5084406 

0-5076042 

0-5067719 

0-5059438 
0-505 I 197 

05042996 

0-5034835 

0-5026713 

0-5018631 


0-5989266 

0-5975881 

0-5962584 

‘^•5949375 

0-5936.J50 

0-5923211 

0-5910256 

0-5H97384 

0-5884594 

0-5871886 

0-5859x58 

0-5846710 

0-5834241 

0-5S21850 

0-5809536 

0-5797299 

0-5785137 

0-5773050 

0-5761038 

0-5749099 

0-5737233 

0-5725438 

0-5713715 

0-5702062 
o 5690480 

0-51)78966 

0-5667521 

o*5<>5^)r44 

t^)-5944«34 

0-5933590 

0-5^)22413 

0-5611300 

0-5000253 

0-5589269 

0-5578348 

0-5567491 

0-5559695 

05545962 

o-553528<) 

0-5524676 

0-551-1124 

0-5503031 

0-5493197 

0-5482821 

0-5472503 

0-5462242 

0-5452037 

0-5441889 

0-5431796 

0-5421759 


151-41130 

154-47002 

157-59052 

160-77406 

164-02191 

107-33537 

170-71577 

174-16446 

177-68281 

181-27224 

18x1-93418 

i88-()7oio 

102-48149 

196-36988 

200-33081 

204-38388 

208-51271 

212-72495 

217-02228 

221-40642 

225*87912 

230-44218 

235-09742 

239-84671 

244-69193 

249-93504 

254-07800 

259-82284 

265-07161 

270-42641 

x/.vss'jas 

281-46272 

287-14864 

292-94943 

298*86740 

304-90^(^2 

311-06441 

317-34833 

323-75910 

330-X29956 

336-97205 

34377934 

350-72414 

357-80924 

39503747 

372-41171 

379-93493 

387-61012 

395-44037 

403-42879 
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TABLES OP BESSEL FUNCTIONS 


Table II. Functions of imaginary argument, and e® 




e^K,(x) 



0-1663661 
o- 1 660763 
0-1657880 
0-1655012 
0-1652159 

0-1649321 

0-1646498 

0-1643689 

0-1640894 

0-1638114 

0-1635348 

0-1632596 

0-1629858 

0-1627134 

0-1624424 

0-1621727 

0-1619044 

0-1616374 

0-1613717 

0-1611073 

0-1608443 

0-1605825 

0-1603220 

0-1600628 

0-1598048 

0-1595481 

0-1592927 

0-1590385 

o- 1 587855 
0-1585337 

0-1582831 

0-1580336 

o-i577»54 

o-i5753«4 

0-1572925 

0-1570477 

0-1568042 
o- 1 56561 7 
01563204 
0-1560802 

0-1558411 

0-15^)031 

0*1553662 

0*1551304 

0-1548956 

0-1546619 

0-1544293 

0-1541978 

0*1539672 

0*1537377 


0-1518372 

0-1516237 

0-1514111 

0-1511994 

0-1509885 

0-1507784 
o- 1505691 
0-1503607 
0*1501531 
o-I 4994<>3 

0*1497403 

0*1495351 

0*1493307 

0-1491271 

01489243 

0-1487223 

0-1485211 

0-1483206 

0-1481209 

0-1479220 

0-1477238 

0-1475264 

0-1473297 

0-1471338 

0*1469386 

0-T467442 

0-1465505 

01463576 

0-1461653 

0145973^ 

0-1457830 

0-1455930 

0-1454036 

0-1452149 

0-1450270 

01448397 

0-J446532 

0-1444673 

0-1442821 

0-1440976 

0-1439138 

0-1437306 

0-1435481 

0-1433663 

0-1431852 

0-1430047 

0-1428248 

0-1426457 

0-1424671 

0-1422892 


0-5010588 

0-5002584 

0-4994618 

0-4980689 

0-4978799 

0-4970946 

0*4963130 

0*4955351 

0-4947608 

0-4939902 

0-4932232 

0*4924597 

0-4916998 

0*4909434 

0-4901905 

0-4894411 

0-4886950 

0-4879524 

0-4872132 

0-4864773 

0-4857448 

0-4850156 

0*4842896 

0-4835669 

0-4828474 

0-4821312 
0-4814181 
0-4807082 
0-480001 A 

0-4792970 

0-4785972 

0-4778997 

0*4772053 

0*4765138 

0*4758254 

0-4751400 

0*4744575 

0*4737779 

0*4731013 

0-4724276 

0*4717567 

0-4710887 

0-4704235 

0-4697612 

0-4691016 

0-4684449 

0-4677908 

0*4671395 


0-4658451 


0-5411776 

0-5401848 

0*5391973 

0-5382151 

0*5372382 

0-5362666 

0*5353001 

0-5343387 

0-5333825 

0-5324313 

0-5314851 

0-5305438 

0-5296075 

0-V28676I 

0-5277494 

0-5268276 

0*5259105 

0-5249982 

0-5240905 

0-5231874 

0-5222889 

0*5213950 

0-5205056 

0-5196207 

0-5187402 

0-5178642 

0-5169925 

0-5161251 

0-5152620 

0-5144032 

0*5135-4^6 

0-5126982 

0-5118520 

0-5110099 

0-5101719 

0*50933^0 

0-5085080 

0-5076821 

0-5068602 

0-5060421 

0-5052280 

0-5044178 

0-503611 


0-5020099 

0-5012149 

0-5004235 

0*4996359 

0-4988519 

0-4980716 


411-57860 

419-89303 

428*37544 

437-02919 

445*85777 

454-86469 

464*05357 

473-42807 

482-99196 

492-74904 

502-70323 

512-85851 

523-21894 

533-78866 

544-57191 

555*57299 

566-79631 

578-24636 

589*92771 

601-84504 

614-0031 1 
626-40680 
639-06106 

651*97095 

665-14163 

678*57839 

692-20658 

706-27169 

720-53933 

735 095 1 9 

749*94510 

765-09499 

780-55094 

790-31911 

812-40583 

828-81751 

845-56074 

862-64220 

880-06872 

897-84729 

915-98501 

934-48913 

953-36707 

972-62636 

992-27472 

1012-31999 

1032-77021 

1053*63356 

107^-91837 

1096-63316 











TABLES OP BESSEL PUNOTIONS 
Table II. Functions of imaginary ailment, and e* 






0*1535093 

0*1532819 

0*1530554 

0*1528300 

0*1526056 

0*1421120 

0*1419354 

0*1417594 

0*1415840 

0*1414093 

0*1523822 

0*1521597 

0*1519382 

o-i5i7i77 

0-1514982 

0*1412352 

0*1410617 

0*1408889 

0*1407166 

0*1405450 

0*1512796 

0*1510620 

0*1508453 

0*1506295 

0*1504147 

0*1403739 

0*1402035 
0*1400337 
0*1398641 
01 396958 

0*1502007 

0*1499877 

0*1497756 

0*1495644 

0*1493541 

0*1395277 

0*1393603 

0*1391934 

0*1390271 

0*1388613 

0*1491447 

0*1489362 

0*1487285 

o*ii8')2t8 

0*1483158 

0*1386962 

0*1385316 

0*1383676 

0*1382041 

0*1380412 

0*1481108 

0*1479066 

0*1477032 

0*1475007 

0*1472990 

0*1378789 

0*1377171 

0*1375559 

0*1373952 

0*1372350 

0*1470981 

0*1468981 

0*1466988 

0*1465004 

0*1463028 

0*1370754 

0*1369164 

0*1367579 

O- 1 365999 

0*1364424 

0*1461060 

0*1459100 

01457148 

0*1455203 

0*1453267 

0*1362855 

0*1361291 

0*1359732 

0-1358179 

0*1356630 

0-1451338 

01449417 

0*1447503 

0*1445597 

0*1443699 

0*1355087 

0-1353549 

0-1352016 

0-1350488 

0-1348965 

0*1441808 

01439924 

0*1438048 

01436170 

0-1434318 

0-1347447 

01345934 

0-1344426 

0-1342923 

0-1341425 




0*4652019 

0*4645614 

°-4639235 

0*4632882 

0*4626556 

0*4620255 

0*4613980 

0-4607731 

0*4601507 

0-4595308 

0*4589134 

0-4582985 

0*4576861 

0*4570761 

0*4564686 

0-4558634 

0-4552607 

0*4546604 

0*4540625 

0*4534669 

0*4528736 

0*4522827 

0*4516941 

0*4511077 

0*4505237 

04499419 

0-4493O24 

0-4487851 

0*4482101 

0-4476372 

0-4470665 

0-4464981 

0-4459317 

0-4453676 

0*4448056 

0*4442457 

0*4436879 

0*44313^ 

0*4425786 

0*4420271 

0*4414776 

0*4409302 

0*4403848 

0*4398414 

0*4393001 

0*4387607 

0*4371545 

0*4366230 


e‘KAx) 


0-4972948 

0-4965217 

0-495752* 

0*4949860 

0*494*2235 

0*4934644 

0*4927087 

0*4919565 

0*4912077 

0*4904623 

0*4897202 

0*4889814 

0*4882459 

0*4860501 

0-4853365 

0*4846172 

0*4839010 

0*4831880 

0*4824780 

0*4817712 

0*4810674 

0*4803667 

0*4796689 

0*4789742 

0*4782825 

0*4775937 

0*4/69079 

0*4762249 

0-4755440 

0*4748678 

0-474^035 

0-4735220 

0*4728534 

0*4721876 

0*4715245 

0*4708642 

0*4702066 

0*4695518 

0*4688997 

0*4682502 

0*4676034 

0*4669593 

0*4663178 

0*4656789 

0-4650426 

0*4644089 

0-4637777 

0*4631491 


1118*7866 

1141*3876 

1164*4452 

1187*9685 

1211*9671 

1236*4504 

1261*4284 

1286*9109 

1312*9083 

1339*4308 

1366*4891 

1394-0940 

1422*2565 

1450*9880 


1510*2040 

1540*7121 

1571*8306 

1603*5898 

^ 635-9844 

1669*0335 

7702*7502 

1737*1181 

1772*2408 

1808*0424 


1910*8455 

1958*6290 

1998-1959 

2038*5621 

2079*>43« 

2121-7574 

2164-6198 

2200-3480 

2252-9596 

2298 - 4'724 

2344-9046 

2392-2748 

2440*6020 

2489*9054 

2540-2048 

2591*5204 

2643*8726 

269‘7*2823 

2751*7710 

28 o 7 - 36 o 5 

2864*0730 

2921*9311 

2980*9580 




W. D. P. 


45 
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e ^ K ,{ x ) 


e^K,(x) 


o-I432^64 

01430617 

0*1428777 

0*142694^ 

0*1425118 

0*1423290 

0*1421488 

0*1419683 

0*1417885 

0*1416094 

0*1414309 

0*1412532 

0*1410761 

0*1408997 

0*1407239 

0*1405488 

0*140374^ 

0*1402006 

0*1400274 

0-1398549 

0*1396830 

^’1395118 

0*1393412 

0*1391712 

0*1390018 

0*1388331 

0*1386650 

0-1384975 

0-1383306 

0*1381642 

0-1379985 

0-1378334 

0*1376689 

0*1375050 

0*1373417 

0*1371789 

0*1370167 

0*1368551 

0*1366941 

o*I36:)336 

0-1363737 

0-1362144 

0*1360556 

0*1358974 

0*^357397 

0*1355826 

0*1354260 

0*1352700 

0*1351145 

0*1349595 


0*1339932 

0-1338443 

0*1336960 

0*1335481 

0*1334007 

01332538 

01331073 

0*1329613 

0*1328158 

0*1326708 

0*1325262 

0*1323821 

0*1322384 

0*1320952 

0*1319524 

0*1318101 

0*1316683 

0*1315269 

0-1313859 

0-1312454 

0*1311053 

0*1309657 

0*1308265 

0*1306877 

0*1305494 

01304114 

0*1302740 

0*1301369 

0*1300003 

0*1298641 

0*1297283 

0*1295929 

0*1294579 

0*1293234 

0*1291892 

01 290555 
01289222 
0*1287892 
0*1286567 
0*1285246 

0*1283929 

0*1282615 

0*1281306 

0*1280001 

0*1278699 

0*1277402 

0*1276108 

0*1274818 

01 273532 

0*1272250 


0*4360935 

0-4355658 

0*4350401 

0*4345163 

0*4339944 

0*4334743 

0*4329562 

0-4324398 

0*4319254 

0*4314127 

0*4309019 

0*4303929 

0*4298857 

0*4293803 

0*4288766 

0*4283748 

0*4278747 

0-4273763 

0*4268797 

0*4263840 

0*4258917 

0*4254002 

0*4249104 

0*4244224 

0*4239360 

0-4234513 

0*4229682 

0*4224868 

0*4220071 

0*4215289 

0*421052^ 

0*4205776 

0*4201043 

0*4196326 

0*4191625 

0*4186940 

0*4182270 

0*4177616 

0-4172978 

0-4168355 

0-4163747 

0-4159155 

0-4154578 

0*4150016 

0*4145468 

0*4140936 

0*4136419 

04131917 

0*4127429 

0*4122955 


0*4625230 

0*4618994 

0*4612783 

0*4606597 

0*4600436 

0*4594299 

0*4588186 

0*4582097 

0-4576033 

0-4569992 

0-4563974 

0-4557981 

0*4552010 

0*4546063 

0*4540139 

0-4534238 

0-452^359 

0*4522504 

0*4516670 

0*4510859 

0*4505070 

0-4499303 

0-4493559 

0-4487835 

0*4482134 

0*4476454 

0-4470795 

0*4465158 

0*4459542 

0-4453946 

0-4448372 

0*4442818 

0-4437285 

0-4431772 

0*4426280 

0*4420808 

0-4415356 

0-4409923 

0*4404511 

0*4399119 

0-4393746 

0*4388392 

0-4383058 

0*4377743 

0*4372448 

0*4367171 

0*4361913 

0-4356674 

0-4351454 

0*4346252 


3041*1773 

3102*6132 

3165*2901 

3229*2332 

3294*4681 

3361*0207 

3428-9179 

3498*1866 

3568-8547 

3640-9503 

3714-5024 

3789-5403 

3866*0941 

3944*1944 

40238724 

4103*1600 

4272-6948 

43590089 

4447-0667 

4536-9035 

4628-5550 

4722-0580 


4914*7688 

5014*0538 

5115-3444 

5218*6812 

5324*1055 

5431-6596 

5541-3864 

5653-3298 

6002*9122 

6124*1791 

6247-8957 

63741116 

6502*8772 

6634*2440 

6768*2646 

6904*9926 

7044-4827 

7186*7907 

7331-9735 

7480*0892 

7631*1971 

7785*3575 

7942*6321 

8103*0839 
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X 


BBQ 

A'oW 

e*K,{x) 


X 

9>02 

904 

9'o6 

9-08 

9*10 

0-1348051 

0-1346512 

o- 1344978 
01 343450 

0-I34I927 

0-1270971 
o- 1 269697 
0-1268420 
0-1267159 
0-1265895 

0-4118497 

0-4114053 

0-4109623 

0-4105207 

0-4100806 

0-4341069 

0-4335904 

0-4330758 

0-4325629 

0-4320519 

8266-7771 

8433-7771 

8604*1507 

8777-9660 

8935-2927 

9*02 

9-04 

9 -o(> 

9*08 

9-10 

9*12 

9 'I 4 

9*i6 

9-18 

9*20 

0-1340409 

0-1338896 

o-i337|88 

0133588s 

0-1334388 

0-1264636 

0*1263380 

0-1262127 

0-1260879 

0-1259634 

0-4096419 

0-4092045 

0-4087686 

0*4083341 

0-4079010 

0-4315427 

0-4310352 

0-4305295 

0-4300256 

0-4295234 

9136-2016 

9320-7651 

9509-0571 

9701-1528 

9897-1291 

9-12 

9-14 

9-16 

9-i8 

9*20 

9*22 

924 

9*26 

9-28 

9.30 

0-1332895 

0-1331408 

0-1329925 

0-1328447 

0-1326975 

0*1258392 

0-1257154 

01255920 

0-1254689 

0-1253462 

0-4074692 

0*4070388 

0-4066098 

0-4061821 

0-4057558 

0-4290230 

0-4285243 

0-4280273 

0-4275321 

0-4270385 

10097-0643 
10301-0386 
10509 - 1 333 
10721-4319 
10938-0192 

9*22 

9-24 

9-26 

9-28 

9-30 

9-32 

9*34 

9*36 

938 

9-40 

0-1325507 

0-1324044 

0-1322586 

O-I32II33 

01319684 

0-1252239 

0-1251018 

0-1249802 

0-1248589 

01247379 

04053308 

0-4049071 

0-4044848 

0-4040638 

0-4036441 

0-4265467 

0-4260565 

0-4255680 

0-4250811 

0-4245960 

11158-9819 

11384-4082 

11614-388^ 

11849*0148 

12088-3807 

9-32 

9-34 

9-36 

9-38 

9-40 

9*42 

9*44 

9-46 

9-48 

950 

0-1318240 

0-1316801 

0-1315367 

0-1313938 

OI3I25I3 

0-1246173 

0-1244970 

0-1243771 

01242575 

0-1241382 

0-4032257 

0-4028087 

0-4023929 

0-4019784 

0-4015651 

0*4241124 

0-4236305 

0-4231502 

0-4226716 

0-4221945 

12332-5822 

12381-7169 

I 2835 -S 844 

13095-1864 

i 3359 - 72 f >8 

9-42 

9*44 

9-46 

9-48 

9*50 

9*52 

9*54 

9*59 

9-58 

9*00 

O-I3IIO92 

0-1309677 

0*1308266 

0-1306859 

01305457 

0-1240193 
o- 1 239008 
01237825 
0-1236646 
0-1235470 

0-4011532 

0-4007425 

0-4003331 

0-3999249 

0-3995180 

0-4217191 

0-4212452 

0-4207730 

0-4203023 

0-4198332 

13629-6112 

13904-9476 

14185-8462 

14472-4193 

14764-7816 

9-52 

9*54 

956 

9-58 

9-60 

9'62 

9*64 

9-66 

9-68 

970 

0-1304060 

0-1302667 

0-1301278 

0-1299894 

0-1298514 

0-1234298 
0-1233128 
0-1231962 
0-1230800 
01 229640 

O-399II23 

0-3987078 

0-3983046 

0-3979026 

0-3975018 

0-4193656 

0-4188996 

0-4184351 

0-4179721 

0-4175107 

15063-0499 

i 53 <> 7-3437 

15677 * 7«47 

15994-4969 

16317-6072 

9-62 

9-64 

9-66 

9-68 

9-70 

9.72 

974 

97O 

9-78 

9-80 

0-1297139 

0-1295768 

O-I2944OI 

0-1293039 

0-1291681 

0-1228484 

0-I22733I 

0-I226i8i 

0-1225034 

0-1223891 

0-3971023 

0-3967039 

0-3963067 

0-3959167 

0-3955159 

0-4170508 

0-4165924 

0-4161355 

0-4156801 

0-4152261 

16647-2447 

16983-5414 

17326*0317 

17676-6329 

18033-7449 

9-72 

0-74 

9-76 

9-78 

9-80 

982 

9-84 

9*80 

9-88 

9.90 

0-1290328 

0-1288978 

0-1287633 

01286292 

0-1284955 

OI22275I 
OI22I6I3 
o- 1 220479 
0-1219348 
0-1218220 

0-3951223 

0-3947299 

0-39433^6 

0-3939485 

0-3935596 

0-4147737 

0-4143227 

0-4138731 

0-4134250 

0-4129784 

18398-0507 

18769-7160 

19148-8894 

19535-7227 

19930-3704 

9-82 

9-84 

9-86 

9-88 

9.-90 

9-92 

9-94 

9-96 

9-98 

10-00 

0-1283623 

0-1282294 

0-1280970 

0-1279650 

0-1278333 

0-1217096 

0 -.I 2 I 5974 

o-I2I485‘) 

0-1213739 

0-1212627 

0-3931717' 

0-3927851 

0-3923996 

0-3920152 

0-3916319 

0-4125332 

0*4120894 

0-4116471 

0-4112061 

0-4107666 

20332-9906 

20743-7443 

21162-7957 

21590-3125 

22026-4658 

9-92 

9-94 

9-96 

9-98 

10-00 


45 — 
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0-1277021 
0-1275713 
0-1274409 
0-1273109 
0-1271813 

0-1270521 
0-1269233 
0-1267948 
0-1266668 
0-1265392 

0-1264119 
0-1262830 
0-12C1585 
0-1260324 
0-1259067 

0-1257813 
0-1256563 
0-1255317 
0-1254075 
01252836 

2 0-1251601 

4 0-1250369 

6 0-1249141 

8 0-1247917 

0-1240697 

0-1245480 
0-1244266 
0*1243056 
0-1241850 
0-1240647 

0-1239448 
0-1238252 
0-1237059 
0-1235870 
0-1234685 

0-1233503 

01232324 
0-1231149 
0-1229977 
0-1228808 

01227642 
0-1226480 
0-1225322 
0-1224166 
0-1223014 

0-1221865 
0-1220719 
01219577 
0-1218438 
0-1217302 


I 0-1211517 
0-1210411 
0-1209307 
0-1208206 
0-1207109 

0-1206014 

0-1204922 

0-1203833 

0-1202747 

0-1201604 

0-1200584 

0-1199506 

0-1198432 

0-1197360 

0-1196292 

01195226 

0-1194162 

0-1193102 

0-1192044 

0-1190990 

0-1189938 

0-1188888 

0-1187842 

0-1186798 

0-1185757 

0-1184718 
o- 1 183682 
0-1182649 
0-1181619 
0-1180591 

0-1179566 

0-1178544 

01177524 

0-1176507 

0-1175492 

0-1174480 
01173471 
0-1 172464 
0-1171459 
0-1170458 

o- 1 169458 
0-1168462 
0-1167467 
0-1166476 
0-1165487 

o- 1 164500 
0-1163516 
0-1162534 
0-1161554 
0-1160578 


0-3912498 

0-3908688 

0-3904889 

0-3901101 

0*3897324 

o- 38§3558 

0-3809803 

0-3886059 

0-3882325 

0-3878603 

0-3874891 

0-3871189 

0-3867498 

0-3863818 

0-3860149 

0-3856489 

0-3852841 

0-3849202 

0-3845574 

0-3841956 

0-3838348 

0-3834750 

0-3831163 

0-3827586 

0-3824018 

0-3820461 

0-3816913 

0*3813375 

0-3809848 

0-3806330 

0-3802821 

0*3799323 

0*3795834 

0-3785424 

0-3781973 

0-3778532 

0-3775100 

0-3771677 

0-3768264. 

0-3764860 

0-3761465 

0-3758079 

0-3754702 

0-3751335 

0-3747976 

0-3744627 

0-3741287 

0-3737955 


0-4103284 

0-4098917 

0-4094563 

0-4090223 

0-4085897 

0-4081584 

0-4077285 

0-4073000 

0-4068727 

0-4064468 

0-4060223 

0*4055990 

0-4051771 

o*40475(>5 

0*4043372 

0-4039191 

0-4035024 

0-4030869 

0-4026728 

0-4022598 

0-4018482 

0-4014378 

0-4010286 

0-4006207 

0-4002140 

0-3998085 

03994043 

0*3990013 

0-3985995 

0*3981989 

0*3977995 

0*3974013 

0-3970043 

0-3966084 

0-3962137 

0*3958202 

0*3954279 

0*39503^7 

o- 39464<37 

0*3942578 

0-3938701 

0*3934835 

0*3930980 

0*3927137 

0*3923305 

0-3919484 

0*3915573 

0-391187^ 

0-3908086 

0-3904309 


22471*430 

22925-383 

23388-506 

23860-986 

24343009 

24834-771 

25330*466 

25848-297 

26370-467 

26903-186 

27446*666 

28001-126 

28566-786 

29143-874 

29732-619 

30333*258 

30946-030 

31571-181 

32208-961 

32859-626 

33523*434 

34200-652 

34891-551 

35596-408 

36315-503 

37049-12^ 

37797-566 

38561-128 

39340*114 

40134-837 

40945-615 

41772-771 

42616-637 

43477*550 

44355*855 

45251*903 

46166052 

47098-668 

46050-124 

49020-801 

50011-087 

51021-378 

52052-078 

53103-600 

54176-364 

55270-799 

56387-343 

57526-443 

58688-554 

59874-142 
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e ‘ K ,{ x ) 


X 

11*02 

11*04 

11*00 

11*08 

II*IO 

01216169 

0*1215039 

0*1213912 

0*1212789 

0*1211669 

0*1 159603 
01158631 
0*1157602 
0*1156694 
0*1155730 

0-3734632 

0-3731319 

0-3728014 

0-3724717 

0-3721430 

0-3900543 

0-3896788 

0-3893043 

0-3889309 

0-3885586 

61083*680 

62317-652 

66171*160 

11 02 
11*04 

11 06 

11 08 
11*10 

I 

0*1210551 

0*1209437 

0*1208326 

0*1207218 

0*1206113 

0*1154767 

0*1153807 

0*1152849 

0*1151894 

OII5094I 

0-3718151 

0-3714881 

0-3711619 

0-3708367 

0-3705122 

0*3881873 

0*3878171 

0*3874480 

0*3870799 

0*3867128 

67507*906 
68871*656 
70262 *956 
71682*362 

73130*44^ 

11*12 

1114 

11*16 

ll*l8 

n*2o 

1 

0*1205011 

0*1203912 

0*1202817 

0*1201724 

0*1200634 

0*1149990 
0*1149042 
0*1148096 
0*1147152 
oil 462 II 

0*3701886 

0*3698659 

0-3695440 

0*3692229 

0*3689027 

0*3863468 

0*3859818 

0*3856178 

0*3852548 

0*3848929 

74607-775 

76114-952 

77652-576 

79221-262 

80821-638 

1 1*22 

1 1*24 

I r *26 
11*28 
11*30 

11*32 

11-34 

11*36 

11*38 

11*40 

0*1199547 
01 198463 
01197382 
0*1196303 
0*1 195228 

0*1145272 

0-1144335 

0*1143401 

0*1142468 

0*1141538 

o-3^'»85833 

0*3682648 

o-3<>79470 

0*3676301 

0*3673140 

0*3845320 

0*3841721 

0*3838132 

o- 3«34553 

0*3830984 

82454-343 

84120*031 

8')8i9'368 

87553-035 

89321-723 

n *32 

11*34 

1 1*36 
11*38 
11*40 

11*42 

11*44 

11*46 

11*48 

11*50 

0*1194156 
0*1193086 
0*1192020 
0*1190956 
0*1 189895 

0*1140610 
0*1139685 
0*1138762 
0*1137841 
0*1 136922 

0-3669987 

0*3666843 

0*3663706 

0*3660578 

o-y >57457 

0*3827^25 

0*3823875 

0*3820336 

0-3816806 

0-3813286 

91126*142 
92967*012 
94845-070 
96761 -068 

98715-771 

1 1*42 

11*44 

1 1*46 

1 1 *48 

1 1*50 

11*52 

11-54 

11*56 

11*58 

11*60 

o*ii888^7 
0*1187782 
01186729 
0*1 185680 
01184633 

0*1136005 

0*1135090 

0*1134178 

0*1133268 

0*1132360 

0-3954344 

0*3651240 

0-3648143 

0-3945054 

0-3641973 

0-3809775 

0-3800275 

0-3802783 

0-3799302 

0-3795830 

100709*962 

102744-438 

104820*013 

106937*518 

109097*799 

11*52 

11*54 

1 1 • 56 
11*58 
11*60 

11*62 

1 1 *64 
11*66 
11*68 
11*70 

0*1183589 

0*1182548 

01181509 

0*1180473 

0*1179440 

0*1131454 

0*1130551 

0*1129649 

0*1128750 

0*1127852 

0*3638900 

0-3935834 

0-393^777 

0*3629727 

0*3626084 

0-3792367 

0-3788914 

0-3785470 

0-3782035 

0-3778610 

111301*721 

113550165 

115844030 

118184*235 

120571*715 

1 1 *02 
j i*f )4 
j i *66 
11*68 
11*70 

11*72 

11*74 

11*76 

11*78 

1 1 -So 

0*1178410 
0*1177382 
01176357 
i 0 - 1 1 75335 
0*1174315 

0*1126957 

0*1126064 

0*1125173 

0*1124284 

0*1123398 

0*3623650 

0*3620623 

0*3617603 

0*3614591 

0-3611587 

0-3775194 

0-3771787 

0-3768389 

0*3765001 

0*3761621 

123007*425 

125492*340 

128027*453 

130613*780 

133^5-2*353 

11*72 

11*74 

1 1*76 
11*78 
11*80 

11*82 

11*84 

11*80 

11*88 

11*90 

0*1173298 

0*1172284 

01171272 

0*1170263 

0*1169256 

0*1122513 
0*1121630 
0*1120750 
0*1119871 
01 118995 

0*3608590 

0*3605600 

0*3602618 

03599643 

03596676 

0-3758251 

0-3754890 

0-3751537 

0-3748194 

0-3744859 

135944*^,^9 

I 38 () 9 o* 4.85 
i 4 i 492 *-iio 

144350*551 

147266*625 

11*82 

1 1*84 
11*86 
11*88 

1 i*go 

11*92 

11*94 

11*96 

11*98 

12*00 

0*1168252 

0*1167251 

0*1166252 

0*1165256 

0*1164262 

0 *III 8 I 20 
0*1117248 
0*1116378 
0*11 15509 
0*1114643 

0-3593719 

0-3590765 

0*3587818 

0*3584880 

0 * 35^*949 

0-3741533 

0*3738216 

0*3734908 

0*3731608 

0*3728318 

150241*608 
153276*690 
159373*08.5 1 
159532*031 
162754*791 

11 * 9 - 

11*94 

1 1 *96 

1 1 *98 
12*00 
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TABLES OF BESSEL FUNCTIONS 


Table II. Functions of imaginary argument, and 


fi-* /iW 


e^K,{x) 



o-i 163271 
0*1162283 
01161296 
0*1160313 

0*1159332 

01158353 

0-II57377 
0*1156404 
0*1155432 
01 I 54464 

OII53497 

0*1152533 

0*1151572 

0*1150613 

0*1149656 

0*1148702 
01 147750 
0*1146801 
0-1145853 
0*1144909 

0*1143966 

0*1143026 

0*1142088 

01141153 

0*1140219 

0*1139288 

0*1138360 

0*1137433 

0*1136509 

0-1135587 

0*1134668 

01133750 

0*1132835 

0*1131922 

0*1131011 

0*1130103 

0*1129196 

0*1128292 

0*1127390 

0*1126490 

0*1125592 

0*1124697 

0*1123803 

0*1122912 

0*1122023 

0*1121136 
o I I 2025 I 
0*1119368 
0*1118487 
0*1117608 


0*1113779 

0*1112916 

0*1112056 

0*1111197 

0*1110341 

0*1109487 
0*1108034 
0*1107783 
0*1106935 
0*1 106088 

0*1105243 
0*1 104400 
01 103559 

0*1102720 

0*1101883 

0*1101048 

0*1100215 

0*1099383 

0*1098553 

0*1097726 

0*1096900 

0*1096076 

0-1095253 

0*1094433 
0*1 09361 4 

o* 1092798 
0*1091983 
0*1091169 
0*1090358 

0*1089549 

0*1 088 741 
0-1087935 
0*1087131 
0*1086328 
0*1085527 

0*1084728 

0*1083931 

0*1083136 

0*1082342 

0*1081550 

0*1080760 
0*1079971 
0*1079184 
o* 1078399 
0*1077616 

0*1076834 

0*1076054 

o*io752'76 

0*1074499 

0*1073724 


0-3579025 

0*3576108 

0-3573199 

0-3570296 

0*3567401 

0-3564513 

0*3561631 

0-3558757 

0-3555890 

0-3553029 

0-3550176 

0-3547329 

0*3544489 

0*3541656 

0-3538830 

0-3536010 

0*3533198 

0-3530392 

0*3527592 

0*3524800 

0*3522014 

0-3519234 

0*3516461 

0-3513695 

0-3510935 

0*3508182 

0-3505435 

0*3502694 

0-3499960 

0-3497233 

0*3494512 

0-3491797 

0*3489088 

0*3486386 

0*3483690 

0*3481000 

0-3478317 

O-3475039 

0-3472968 

0-3470303 

0-3467644 

0-3464991 

0-3462345 

0-3459704 

0-3457070 

0-3454441 

0-3451818 

0-3449202 

o-344<'59i 

0-3443986 


0-3725035 

0*3721762 

0-3718497 

0-3715240 

0-3711992 

0-3708753 

0-3705522 

0*3702299 

0*3699085 

0-3695879 

0*3692681 

0*3689492 

0*3686311 

0-3683138 

0-3679973 

0*3676816 

0*3673667 

0*3670527 

0*3667394 

0*3664269 

0*3661152 

0*3658044 

0-3654943 

0*3651849 

0*3648764 

0-3645687 

0*3642617 

0-3639555 

0-303^500 

0-3633453 

0-3630414 

0-3627383 

0-3624359 

0*3621342 

0-3618333 

0-3615332 

0-3612337 

0-3609351 

0*3606371 

0-3603399 

0*3600434 

0-3597477 

0-3594527 

0*359158^ 

0*3588648 

0*3585719 

0-3582798 

0-3579683 

0-3576976 

0-3574076 


166042*66 

169396-94 

172818*99 

176310*16 

179871*86 

183505-51 

187212*57 

190994-52 

194852*86 

196789*15 

202804*96 

206901*89 

211081*59 

21534572 

219695-99 


224134*14 

228661*95 

233281*23 

237993-82 

242801*62 

247706-54 

252710-54 

257815-63 

263023*85 

268337*29 

273758-06 

279288*34 

284930-34 

290686*31 

296558-57 

302549-45 

308661*35 

314896*72 

32125806 

327747*90 

334368*85 

341123-55 

348014*70 

35504506 

362217*45 

369534-73 

376999-82 

384615*73 

392385*48 

400312*19 

40839903 

416649*24 

425006*11 

433653-02 

442413*39 















TABLES OF BESSEL FUNCTIONS 
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Table II. Functions of imaginary argument, and e* 




0-1116732 

0-1115857 

0-1114985 

0-1114114 

0-1113246 

01112379 

0-1111515 

0-1110052 

0-1109792 

0-1108934 

0-1108077 
0-1107223 
0-1100370 
o-i 105520 
0-1104671 

0-1103825 

0-1102980 

0-1102138 

0-1101297 

0-1100458 

0-1099621 

0-1098786 

0-1097953 

0-1097122 

0-1096292 

0-1095465 

0-1094639 

0-1093816 

0-1092994 

0-1092174 

0'I09I356 

0-1090540 

0-1089725 

0-1088912 

0-1088102 

0-1087293 

0-1086485 

0-1085680 

0-1084876 

0-1084074 

0-1083274 

0-1082476 

0-1081679 

0-1080885 

0-1080092 

0-1079300 

0-1078511 

0-1077723 

0-1076937 

0-1076153 


0-1072951 ] 

0-1072179 

0-1071409 

0-1070640 

0-1069874 

0-1069109 

0-1068345 

0-1067563 

0-1066823 

0-1066064 

0-1065307 

0-1064552 

0-1063798 

0-1063046 

0-1062295 

0-1061546 

0-1060798 

0-1060052 

0-1059308 

0-1058565 

0-1057824 

0-1057084 

0-1056346 

0-1055609 

0-1054874 

0-1054140 

0-1053408 

0-1052677 

0-1051948 

01051221 

0-1050495 

0-1049770 

0-1049047 

0-1048325 

0-1047605 

0-1046886 

0-1046169 

0-1045453 

0-1044739 

0-1044026 

0-1043315 

0-1042605 

0-1041896 

0-1041189 

0-1040484 

0-1039779 

0-1039077 

0-1038375 

0-1037675 

0-1036977 


0-3441388 0-3571182 

03438795 0-3568296 

0-3436208 0-3565417 


0-3433626 

0-3431051 

0-3428481 

0-3425917 

0-3423359 

0-3420807 

0-3418260 

0-3415719 

0-3413184 

0-3410654 

0-3408130 

0-3405611 

0-3403098 

0-3400591 

0-3398089 

o 3395593 

0*3393102 

0-3390616 

0*3385662 

0-3383193 

03380729 

0-3378271 

0-3375818 

0-3373371 

0-3370928 

0-3368491 

0-3366060 

o- 33<>3633 

0*3361212 

0-3358796 

0-3356385 

0-3353980 

0-3351579 

0-3349184 

0-3346794 

0-3344409 

0-3342029 

0-3339654 

0-3337*85 

0-3334920 

0-3332560 

0-3330206 

0-3327856 
0-332551 1 

0-3323171 

0-3320836 


0-35654*7 

0-3562544 

0-3559679 

0-3556820 

0-3553968 

0-3551*23 

0-3548285 

0-3545454 

0-3542629 

0-3539811 

0-3537000 

0-3534*95 

0-353*398 

0-3528606 

0*3525821 

o- 352‘3043 

0-3520272 

0-3517506 

0-35*4748 

0-35**995 

0-3509250 

0-3506510 

0-3503777 

0-3501051 

0-3498330 

0-3495616 

0-349*2909 

0-3490207 

0-3487512 

0-3484823 

0-3482140 

0-3479403 

0-3476793 

0-3474*28 

S:i!aS!S 

0-3466172 

0-3463532 

0-3460897 

0-3458269 

0-3455647 

0-345303* 

03450420 

0-34478*6 

0-34452*7 

0-3442624 

0-3440037 

0-3437456 


45*350-74 

460468*63 

469770-7* 

479260-71 

488942*41 

498819-71 

508896-53 

519176-92 

529664-99 

540364-94 

551281-03 

562417-65 

573779-24 

5S5370-35 

597195-61 

609259-77 

621567-63 

634124-13 

646934‘‘29 

660003-22 

673336- *7 

686938-47 

700815-54 

714972-96 

7294*6-37 

744*5* -56 
759*84-42 

774520*96 

790167-32 

806129-76 

822414-66 

839028-54 

855978-04 

873269-94 

890911 17 
908908-77 

927269-94 

940002-04 

965112-54 

984609-11 

1004499-53 

1024791-77 

1045493-94 

1066614-32 

1088161*36 

1110143-67 

1132570-06 

1155449-50 

1178791*12 

1202604-28 
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TABLES OF BESSEL FUNCTIONS 


Table II. Functions of imaginary argument, and 


D 


14-02 

14-04 

14-06 

14*08 

14-10 

0-1075370 

0-1074589 

0-1073810 

01073032 

0-1072256 

1412 

14-14 

14-16 

14-18 

14-20 

0-1071482 
0-1070710 
0- 1069939 
0-1069169 
0-1068402 

14-22 

14-24 

14-26 

14-28 

14-30 

[ 0-1067636 
0-1060872 
0-1066109 
0-1065348 
0-1064589 

14-32 

0-1063831 


0-1063075 

0-1062321 

0-1061568 

0-1060017 

0-1060067 

0-1059319 

0-1058572 

0-1057827 

0-1057084 

0-1056342 
0-1055602 
0-1054863 
o- 10541 26 
OI05339I 

0-1052657 
0-1 051924 
0-1051193 
0-1050464 
0-1049736 

0-1049009 

0-1048284 

0-1047561 

0-1046839 

0-1046119 


0-1045400 

0-1044082 

0-1043966 

0-1043252 

0-1042539 

0-1041827 
0-1041117 
0-1040408 
0-I03970I 
o- 1038995 


«-* /l(*) 

d'KM 

K ^( x ) 

0-1036279 

0-1035584 

0-1034889 

0-1034196 

0-1033505 

0*3318506 

0-3316181 

0-3313861 

0*3311546 

0-3309235 

0-3434881 

0*3432311 

0*3429747 

0-3427189 

0-3424637 

0-1032814 

0-1032126 

0-1031438 

0-1030752 

0-1030067 

0-3306930 

0-3304629 

0*3302333 

0-3300042 

0*3297755 

0-3422090 

0*3419549 

0-3417013 

0-3414484 

0-3411959 

0-1029384 

0-1028702 

0-1028021 

0-1027342 

0-1026663 

0-3295474 

0-3293197 

0-3290924 

0-3288657 

0-3286394 

0-3409441 

0-3406927 

0-3404420 

0-3401918 

0-3399421 

o- 1025987 
0-1025311 
0-1024637 
0-1023965 
o- 1023293 

0-3284136 

0-3281882 

0 ' 3279<>33 

0-3277389 

0-3275149 

0 ' 339693 o 

0-3394444 

0-3391964 

0-3389489 

0-3387020 

0-1022623 

0-1021954 

0-1021287 

0-1020621 

0-1019956 

0-3272914 

0-3270684 

O-326845S 

0-3266236 

0-3264019 

0-3384555 

0-3382097 

0*3379643 

0*3377195 

0-3374752 

01019292 

0-1018630 

0-1017969 

0-1017309 

0-1016650 

0-3261807 

0-3259599 

0*3257396 

0*3255197 

0-3253002 

0-3372315 

0-3369883 

0*3367455 

0-3365034 

0-3362617 

0 -I 015993 

01015337 

0-1014682 

0-1014029 

0 -IOI 3377 

0-3250812 

0-3248626 

0*3246445 

0-3244268 

0-3242096 

0-3360206 

0-3357799 

0-3355398 

0-3353002 

0-3350611 

0-1012726 

0-1012076 

0-1011428 

0-1010780 

01010135 

0-3239928 

0*3237764 

0*3235604 

0*3233449 

0-3231298 

0-3348226 

0-3345845 

0-3343469 

0-3341098 

0-3338733 

0-1009490 

0-1008846 

0-1008204 

0-1007563 

0-1006923 

0-3229152 

0-3227010 

0*3224872 

0-3222738 

0-3220608 

0-3336372 

0-3334017 

0-3331600 

0-3329320 

0-3326979 

0-1006284 

0-1005647 

0-1005011 

0-1004376 

0-1003742 

0-3218483 

0-3216362 

0-3214245 

0-3212132 

0-3210024 

0-3324644 

0-3322313 

0-3319987 

0-3317665 

0-3315349 


1226898-5 

1251683-5 

1276969-2 

1302765-7 

1329083-3 

1355932-5 

1383324-2 

1411269-2 

1498537-2 

1528809-7 

1559693-7 

1591201-6 

16233460 

1656139-7 

16895960 

1723728-1 

1758549-7 

1794074-8 

1830317-5 

1867292-4 

1905014-2 

I943498-0 

1982759-3 

2022813-7 

2063677-2 

2105366-2 

2147897-5 

2191287-9 

2235554-8 

2280716-0 

2326789-6 

2373793-8 

2421747-6 

2470670-2 

2520581-0 

2571500-1 

2623447-9 

2676445-1 

2730512-8 

2785672-8 

2841947-2 

2899358-3 

2957929-2 

3017683-4 

3078644-6 

3140857-4 

3204286-5 

3269017-4 








TABLES OF BESSEL FUNCTIONS 


718 


Table II. Functions of imaginary argument, and e* 




0 -I 0382 QI 

o - io 375|8 

0*1036887 

0*1036186 

0*1035488 

0*1034791 

0*1034095 

0*1033400 

0*1032707 

0*1032016 

0*1031325 

0*1030630 

0*1029949 

0*1029263 

0*1028578 

0*1027895 

0*1027213 

0*1026532 

0*1025853 

0*1025175 

0*1024498 

0*1023823 

0*1023149 

0*1022476 

0*1021805 

0*1021135 

0*1020466 

0*1019799 

0*1019135 

0*1018468 

0*1017805 

0*1017143 

o * ioi 6482 

01015822 

0*1015164 

0*1014507 

01013851 

0*1013197 

0*1012544 

0*1011892 

01011241 
01010592 
0*1 009944 
0*1009297 
0*1008651 

0*1008007 

0*1007363 

01006722 

0*1006081 

0*1005441 


0*1003109 

0*1002478 

0*1001847 

0*1001218 

0*1000590 

0*0999964 

0*0999330 

0*0998714 

0*0998090 

0*0997468 

0*0996847 

0*0996228 

0*0995609 

0*0994991 

00994375 

0*0993760 

0*0993 1 

0*0992533 

0*0991921 

0*0991310 

0*0990701 

0*0990002 

0*0989485 

0*0988879 

0*0988274 

0*0987670 

0*0987067 

0*0986465 

0*0985864 

0*0985265 

0*0984666 

0*0984069 

00983472 

0*0982877 

0*0982283 

0*0981690 
0*0981097 
o* 09805 06 
0*0979916 
0*0979328 

0*0978740 

0*0978153 

0*0977567 

0*0976983 

0*0976399 

0*0975816 

0*0975235 

0*0974654 

0*0974075 

0*0973496 


0*3207919 

0*3205819 

0*3203723 

0*3201631 

0*3199543 

0-3197459 

0*3195379 

0*3193303 

0*3191231 

0*3189164 

0*3187100 

0*3185040 

o *3 i 82985 

S:il» 

0-3176841 

0-3174801 

0-3172766 

0-3170734 

0-3168705 

0*3166681 

0*3164661 

0*3162644 

0*3160632 

0*3158623 

0*3156618 

0*3154617 

0*3152619 

0*3150626 

0*3148636 

0*3146650 

0*3144668 

0*3142689 

0*3140714 

0-3138743 

o-inOpO 

0*3134812 

0*3132852 

0*3130896 

0*3128943 

0*3126994 

0*3125049 

0*3123107 

0*3121169 

0*3119235 

0*3117304 

0*3115370 

0-3113453 

0*3111533 

0*3109616 


0-3313037 

0-3310731 

0*3308429 

0*3306132 

0-3303839 

0-3301552 

0*3299269 

0*3296990 

0-3294717 

o -32<)2448 

0*3290184 

0*3287924 

0*3285670 

0-328341Q 

0-3281174 

0-3278933 

0*3276696 

0-3274464 

0-3272237 

0*3270014 

0*3267796 

0*3265582 

0-3263372 

0*3261168 

0*3258967 

0*3256771 

0*3254580 

0*3252392 

0*3250210 

0*3248031 

0*3245857 

0*3243687 

0*3241522 

0*3239361 

0*3237204 

0*3235052 

0*3232903 

0*3230759 

0*3228620 

0*3226484 

0*3224353 

0*3222226 

0*3220103 

0*3217985 

0*3215870 

0*3213760 

0*3211654 

0*3209552 

0*3207454 

0*3205360 


3335055-9 

3402428*5 

3471162*1 

3541284*2 

3612822*9 

3685806*8 

3760265*0 

3836227*4 

3913724-4 

3992786*8 

4073446-5 

4155735-6 

4239687*0 

4325334-3 

4412711-9 

4501854*6 

4592798*1 

4685578*8 

4780233*7 

4876800*9 

4975318*8 

5075826*9 

5178365*4 

5282975-3 


5498577-6 

5609656*2 

57229’78*8 

5838590-7 

5956538-0 

6076868*1 

6199628*9 

6324869*8 

6452640*6 

6582992*6 

6715977-9 

6851649*6 

6990062*1 

7131270*7 

7275332*0 

7422303-4 

7572243-9 

7725213-4 

7881273*0 

8040485*3 

8202913-9 

8368623*7 

8537681*1 

8710153*7 

8886110*5 
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Table III. Functions of order one-third 


I w!" w I 






2 + 0-2412455 

4 + 0-3038819 

6 + 0-3477275 

0 08 4 - 0-3825227 

o-io + 0-4117819 

+ 0-4372223 
+ 0-4^98264 
+ 0-4802143 
+ 0-4988049 
+ 0-5158967 

+ 0-5317088 
+ 0-5464087 
+ O-560I27I 
+ 0-5^9677 
+ 0-5850148 

+ 0*5963375 
+ 0-6069935 
+ 0-6170312 
4 0-6264920 

4 0-6354112 

4 0-6438195 
4 0-6517435 
4 0-6592067 
4 0-6662297 
4 0-6728308 

4 0-6790265 
4 0-6848313 
4 0-6902585 
4 0-6953202 
4 0-7000271 

4 O-7OA3893 
4 0-7084159 
4 0-7121152 

+ O-7IS495I 

4 0-7185627 I 

4 0-7213248 
4 0-7237876 
+ 0-7259570 
4 0-7278387 
4 0-7294377 

+ 0-7307591 
4 0-7318076 
4 0-7325877 
4 0-7331037 

+ 07333598 

+ 0-7333600 
4 0-7331080 
4 0*7326077 
4 0-7318627 
+ 07308764 


181574 3-8257712 

641628 2-9796980 

398832 2-5635758 

665744 2-2986264 

2-0682566 2-1088503 

1-9140102 1-9633131 

1-78^275 1-8465950 

1-6828031 1-7499806 

I -591 7752 1-6080991 

1-5118289 1*5974279 

1-4405408 1-5355364 

1-3761797 1-4806867 

1-3174682 1-4315952 

1-2634392 1-3872889 

1-2133449 1-3470145 


■ 1-1665964 

• 1-1227224 

■ 1-0813409 
1-0421378 
1-0048529 

0-9692681 

0-9351091 

• 0-9024892 
0-8710041 
0-8406278 

0-8112601 

0-7828134 

O-7552II2 

0-7283861 

0-7022788 

0-6768367 

0-6520129 

0-6277661 

0-6040589 

0-5808580 

0-5581337 

0-5358591 

0-5140100 

0-4925646 

0-4715032 

0-4508080 

0-4304628 

0-4104530 

0-3907653 

0-3713877 

0-3523093 

0-3335201 

0-3150111 

0-2967741 

0-2788016 


1-3101777 

1-2763020 

1*2450002 

Wsmi 

1-163608^ 
1-1398978 
1-1176047 
1 -0965902 
1-0767342 

I 0579319 
1-0400917 
1*0231329 
I -0069839 

0-9915813 

0-9768683 

0-9627948 

0-949314^ 

0-9363868 

0-9239742 

0-9120431 

0-9005629 

0-8895054 

0-8788453 

0-8685590 

0-8586249 

0-8490233 

0-8397359 

08307458 

0-8220374 

0-8135962 

0-8054086 

0-7974623 

0-7897454 

0-7822472 


84° 8^47-63 
82*^ 12' 15^40 
80® 25' 14^29 
78® 44' 23^54 

77 l 7; 57*21 

75 l 34 51*16 

74 4 23*06 

72® 36' 3^21 


69" 44 26^57 
68® 20 40^45 
66° 58' 1^30 
65® 36' 20-8i 

64“ 15' 32-17 

62® 55' 29-69 
61® 36' 8-^57 
60® 17' 24^70 
58® 59' 141^57 
57 41 35*13 

56® 24' 23^72 
55® 7; 38^01 
53 ° 51 15*93 
52" 35 15*65 
51 19 35-54 

50® 4' 14^14 
48 49' io'i4 
47 ° 34' 22';35 
4O 19 49'69 
45® 5' 31 *20 

43° 51' 25-98 
42 37, 33-23 

41° 23 52^19 
40° 10' 22-19 
38® 57' 2 -60 

37° 43; 52^84 
36® 30' 52^38 
35® 18' 0^72 
34® 5; 17*40 
32® 52' 42^00 

3 i®4o;i4?i2 
30° 27 53 *39 
29° 15^ 39*47 
28® r 32*^02 
26® 51' 30^76 

25° 39' 35 *39 
24 27 45-66 
23® 16' 1^32 


20® 52 ' 47 *84 


5*8973367 

4-5650965 

3-9129445 

3-4996127 

3-2048056 

2-9795927 

2-7996089 

2-6511003 

2-5256038 

2-4175728 

2*3231916 

2-2397331 

2-16S1865 

2-0980307 

20370894 

1-9814363 

1-9303301 

1-8831690 

i'Wj 

1-7608136 
1-7252429 
1*6918274 
T -6603530 
1-6306366 

1-6025156 

1-5758501 

1-5505163 

1-5264049 

1-5034188 

1-4814718 

1-4604863 

1-4403931 

1-4211296 

1-4026393 

1-3848710 

1-3677782 

1-3513186 

1*3354533 

1-3201469 

I *3053^^70 

1-2910835 

1-2772690 

1-2638979 

1-2509467 

1*2383936 

1-2262184 

1-2144022 


1-1917700 



To compute functions of order - 1/3, increase the phase by 60®. 














TABLES OF BESSEL FUNCTIONS 


716 


Table 111. Functions of order one-third 



^i/.W 

1 1 




1-02 + 07296524 

1*04 + 07281940 

I *06 + 07265045 

i*o8 + 07245872 
1*10 + 07224452 

i'i2 + 07200818 
1-14 + 07175000 

i-io + 07147030 
i-i8 + 07116937 
1-20 + 07084752 


- 0-2610869 0*7749574 i 

- 0-2436239 0*7078666 

- 0-2264069 0-7609657 

- 0-2094308 0-7542466 

- 0-1926912 0-7477012 

- 0-1761839 0-7413222 

- 0-1599051 0-7351026 

- 0-1438514 0-7290360 

- 0-1280198 0-7231162 

- 0-1124076 0-7173372 


+ 0-7050506 
+ 0*7014229 
+ 0-6975950 

+ 0-6935699 

+ 0*6893506 

+ 0-6849400 
+ 0-6803413 

+ 0-6755573 

+ 0-6705909 
, + 0-6654453 

+ 0-6601234 
+ 0-6546281 
+ 0-6409626 

+ 0-6431297 

4 0-6371326 

+ 0-6309743 

+ 0-6246578 
+ 0-6181862 
+ 0-6115625 
+ 0-6047900 

+ 0-5978715 
+ 0-5908104 
+ 0-5836096 
+ 0-5762725 
+ 0*5688020 

+ 0-5612014 
+ 0-5534739 
+ 0-5456226 
+ 0-5376509 

+ 0*5295619 

+ 0-5213588 

+ 0-5130449 
+ 0*5046236 
+ 0-4960979 
+ 0-4874713 

+ 0-4787471 
+ 0-4699285 
+ 0-4610189 
+ 0-4520215 
+ 0-4429398 


- 0*0970123 

- 0-0818317 

- 0-0668639 

- 0-0521072 

- 0-0375600 

- 0-0232209 

- 0-0090889 
+ 0-0048372 
+ 0-0185581 
+ 0-0320747 

+ 0-04S3875 

+ 0-0584971 
+ 0-0^4038 
+ 0-0041081 
+ 0-0966101 

+ 0-1089100 
+ o- 1 21 0079 
+ 0-1329039 

+ 0-1445980 
+ 0-1500900 


+ 0-1673799 
+ 0-178467S 
4 0-1893528 
+ 0-2000354 
+ O-2IO5152 

+ 0-2207919 
+ 0-2308653 
+ 0-2407351 
+ 0-250401 I 
+ 0-2598629 

+ 0-2691204 

+ 0-2781733 

+ 0-2870212 
+ 0-2956640 
+ O-304IOI4 

+ 0-3123332 
+ 0-3203591 

+ 0-3281790 

+ 0-3357927 

+ 0-3432000 


10® 41' 18^29 1-1809384 1-02 

18° 29' 53^27 11703945 ‘•04 

17® 18' 32*58 I-I601329 l-o6 

16® 7' l6-o6 I-1501411 l-o8 

I 4 '‘ 56 ' 3-54 11404073 i-io 


0-7116936 

0*7061802 

0-7007921 

06955245 

0-6903730 

06853330 

0-6804020 

0*6755746 

0-6708477 

0-6662179 

0-6616819 

0-6572366 

0-6528790 

0-6486062 

0-6444156 

0*6403046 

0*6362706 

0-6323113 

0-6284245 

0-6246079 

0-6208594 

0-6171771 

0-6135590 

0-6100034 

0-6065083 

0-6030722 

0-5996933 

0-5963702 

0-5931013 

0-5898852 

0-5867204 

0-5836056 

o' 58 o 5395 

0-5775209 

0-5745485 

0*5716212 

0-5687379 

0-5658974 

0-5630987 

0*5603409 


13° 44; 54*86 

12® 33 49*87 
II® 22 48-44 
10® 11' 50*43 
9® o' 55^70 

7® 50' 4*15 
6® 39 15*66 
5® 28' 30*11 
4° 17; 47-41 
3 7 7*45 

1® 56' 30^14 

o® 45; 55 *29 
o® 24' 361^88 
T° 35' 6-76 
2° 45' 34 *33 

3'" 55' 59 *67 
5® 6' 22*83 
i>® 16' 43-91 
7® 27' 2^94 
8® 37 20-02 

9:47:35:18 
10® 57 48\50 
12® 8' 0-02 
13® 18' 9*8 i 
14® 28' 17-91 

15® 38' 24^37 

16® 48' 29*23 
17® 58' 32-56 

19° 8' 34*38 

20® 18' 34-74 

21® 28' 33*69 
22® 38' 31-26 
23® 48' 27*48 
24® 58' 22 V 
2(> 8' 16^05 

27® 18' 8^57 
28® 27' 59"f^8 
29: 37; 49:72 
30° 47 38:62 
31® 57 26-41 

33® 7' 13712 

34" 16' 58 *77 
35: 26 43^39 
30° 36' 27^01 
37® 46' 9*65 


1-1309205 1-12 

1-1216703 1-14 

1-1126461^ 1-10 

1-1038412 1-18 

I 0952444 1-20 

1-0868482 1*22 

1-0786451 1-24 

1-0706275 1-20 

1-0627885 1-28 

1*0551215 1-30 


I 0476204 1-32 I 

1-0402790 1-34 

1*0330918 i'3() 

1*0260535 1-38 

1-0191588 1-40 

1-0124030 1-42 

1-0057813 1*44 

0-9992894 r4(» 

0-9929231 1-48 

0-9866783 1-50 

0-9805512 1-52 

0-97^5381 1*54 

0-9686354 1*56 

0-9628399 1-58 

0-9571482 i-6o 

0-0515574 1*62 

0-9460644 1-64 

0-9406663 1-60 

0-9353606 1-68 

0-9301444 1 * 7 ^* 

0-9250154 17- 

0-9199712 1-74 

0-9150093 1*76 

0*9101276 1-78 

0-9053239 I'oo 

0-9005961 I -82 

0-8959423 

0-8913605 1-86 

0-8868489 1*88 

0-8824057 1*90 

0-8780291 1*92 

0-8737176 1*94 

0-8694694 1-96 

0-8652832 1*98 

0-8611573 2-00 


1 . f2-00) =0-5603409 X COB 97® 46' 9^65 = - 0 0757500. 

(2*00) =0*5603409 X 81 " 97 ® 46' 9*65 - +0-555197 • 
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Table III. Functions of order one-third 


X 

/l/sW 


1 1 

argHjJ’w 


B 

202 

+ 0-4337771 

4 0-3504008 

0-5576229 

38° 55; 51-34 

0-8570002 

0-8530808 

2-02 

2-04 

+ 0-4245367 

+ 0-3573949 

0-5549437 

40 5 32-10 

2-04 

2-o6 

+ 0-4152219 

4 0-3641824 

0-5523025 

41° 15' 1IJ95 

0-8491275 

2 -06 

2-o8 

+ 0-4058363 

4 0-3707631 

0-5496984 

0-5471306 

42® 24' 50^91 

0-8452290 

2-08 

2*10 

0-3963830 

4 O-377137I 

43 34 29-00 

0-8413842 

2-10 

2-12 

+ 0-3868655 

+ 0-3833043 

0 - 544598 I 

44° 44' 6^25 

0-8375917 

2-12 

2-14 

+ 0-3772872 

4 0-3892647 

4 0-3950185 

0-5421002 

45 ° 53 42-67 

0-8338505 

2-14 

2 ’lb 

+ 0-3676514 

0-5396362 

47 3 18^29 

0-8301592 

216 

2-i8 

-t- 0-3579615 
+ 0-3482210 

4 0-4005657 

0-5372051 

48° 12' 53^12 

0-8265169 

2-i8 

2-20 

4 0-4059065 

0-5348065 

49° 22' 27*18 

0-8229225 

2-20 

2-22 

+ 0-3384331 

4 O-4IIO4II 

0-5324394 

50^32' 0^49 

0-8193748 

2-22 

2*24 

+ 0-3286012 

4 0-4159696 

0-5301033 

5 I® 4 i' 33 ^'o 6 

0-8158730 

2-24 

2-2 b 

+ 0-3187288 
+ 0-308819^ 

4 0-4206923 

0-5277974 

52^51' 4*91 

54“ 0' 36^06 

0-8124159 

2-26 

2-28 

4 0-4252096 

0-5255212 

0-8096028 

2-28 

2-30 

+ 0-2988759 

4 0-4295216 

0-5232740 

55° 10' 6^52 

08056325 

2-30 

2.32 

+ 0-2889021 

4 0-4336289 

0-5210551 

56° 19' 36*32 

08023043 

2-32 

2-34 

+ 0-2789012 

-t- 0-4375318 

0-5188641 

57° 29' 5*46 

0-7990173 

0-7957706 


2-36 

+ 0-2688766 

4 0-4412307 

0-5167002 

58“ 38' 33-95 

2-38 

+ o-2s883i6 

4 0-4447262 

4 0-4480187 

0-5145631 

59° 48 1*81 

07925634 

2*38 

2-40 

4 0-2487696 

0-5124521 

60° 57' 29-06 

0-7893949 

2-40 

2*42 

+ 0-2386939 

4 0-4511090 

0-5103666 

62° 6' 55-70 

0*7862643 

2-42 

2-44 

2-46 

+ 0-2286079 

O '4539075 

0-5083063 

63° 16' 21^75 

0-7831710 

2-44 

+ 0-2185149 

4 0-4566849 

0-5062705 

64° 25' 47-23 

0-7801140 

2*46 

2-48 

+ 0-2084181 

4 0-4591720 

0-5042589 

65 35 12-14 

0-7770928 

2-48 

2-50 

+ 0-1983209 

4 0-4614595 

0-5022709 

60 ° 44' 36^50 

0-7741066 

2-50 

2-32 

+ 0-1882266 

4 0-4635482 

0-5003061 

67° 54' 0^31 

0-7711547 

0-7682366 

2-52 

2-54 

+ 0-1781384 

4 0-4654389 

0-4983640 

69 3 23*59 

2-54 

2-56 

2-56 

+ 0-1680595 

4 0-4671*325 

0-4964442 

0-4945462 

70° 12' 46*35 

o- 7 b 535 i 5 

2-58 

+ 0-1579933 1 

4 0-4686300 

71° 22' 8^59 

0-7624989 

2-58 

2-60 

+ 0-1479429 I 

4 0-4699324 

0-4926698 

72° 31' 30^34 

07596781 

2 -60 

2-62 

+ 0-1379115 

4 0-4710406 

0-4908144 

73° 40' 51*60 

0-7568886 

2-62 

2-04 

+ 0-1279023 

0-4719557 

0-4889797 

74" 50' 121:38 

0-7541297 

2-64 

2-66 

2-bb 

4 0-1179186 

4 0-4726788 

0-4871653 

75° 59' 32^68 

0-7514009 

2-bS 

+ 0-1079633 
+ 0-0980398 

4 0-4732111 

0-4853708 

7 Z° 8 52\52 

0-7487017 

2-68 

270 

0-4735538 

0-4835959 

78° 18' HI92 

074^0315 

2-70 

272 

+ 0-0881509 

+ 0-4737081 

0-4818402 

79° 27' 30186 

07433898 

2-72 

274 

+ 0-0783000 

0-4736754 

0-4801034 

80° 36' 49137 

0-7407762 

274 

2-76 

276 

4 0-0684899 

+ 0-4734569 

0-4783851 

81° 46' 7I45 

0-7381900 

278 

4 0-0587238 

+ 0-4730540 

4 0-4724682 

0-4766850 

82°55 25I11 

0 7356309 

2-78 

2-8o 

4 0-0490046 

0-4750028 

84 4 42I36 

07330983 

2-8o 

2-82 

+ 0-0393353 

4 0-4717009 

0-4733382 

85 °i 3 ; 59 i 2 i 

0-7305919 

2-82 

2-84 

4 0-0297189 

4 0-4707537 

0-4716909 

86 23 15I66 

0-7281111 

2-84 

2-86 

4 0-0201583 

1 4 0-4(39628 1 

0-4700605 

87° 32' 31172 

1 0-7256555 

2-86 

2-88 

2-90 

4 0-010656*4 

4 0 - 00 I 2 I 6 i 

4 0-4683256 

4 0-4668400 ■ 

0-4684469 

0-4668496 

88 ° 4 l' 47 i 39 
89° 51 2I69 

1 07232247 
0-7208183 

, 2-88 
2-90 

2-92 

- 0-0081598 

4 0-4651970 

0-4652685 

91° 0' 17I63 

07184359 

2-92 

2-94 

- 0-0174685 

+ 0463374 1 

4 0-4613813 

0-4637033 

92° q' 32120 

0*7160770 

2-94 

2-96 

- 0-0267073 

- 0-0358733 

- 0-0449638 

0-4621537 

93° 18' 46I41 

0-7137413 

2-96 

2*98 

4 0-4592203 

0-4606194 

94° 28' 0I28 

0-7114285 

2-98 

3.00 

4 0-4568930 

0-4591002 

95 ° 37' 13I81 

0-7091381 

3-00 


To compute functions of order - 1/3, increase the phase by 60®. 
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3*02 

3*04 

3*00 

3*08 

3-10 

3*12 

3*14 

316 

3*i8 

320 

3. 22 
3*24 
3-26 
3*28 
3*30 

3*32 

Ut 

3*38 

3*40 

3*42 

3*44 

3 * 4 ^^ 

3*48 

3*50 

3*52 

3*38 

3-60 

3-62 

3-64 

3-66 

3*68 

3*70 

3*72 

Pyt 

3*78 

3-80 

3*82 

!;& 

3*88 

3*90 

3*92 

3*94 

3-96 

3*98 

4*00 


/i/a W 


- 0 0539763 

- 0*0629080 

- 0*0717564 

- 0*0805188 

- 0*0891928 

- 0*0977759 

- 0*1062656 

- 0*1146595 

- 0*1229552 

- 0*1311505 

- 0*1392429 

• 0*1472303 

- 0*1551105 

- o*i6'288i3 

- 0*1705405 

- 0*1780862 

- 0*1855162 

- 0*1928286 

- 0*2000215 

- 0*2070929 

- 0*2140411 

- 0*2208642 

- 0*2275605 

- 0*2341283 

- 0*2405659 

- 0*2468718 

■ 0*2530444 

0*2590821 

- 0*2649836 

■ 02707474 

0*2763722 

0*2818508 

• 0*2871997 
0*2924000 
0*2974564 

0*3023678 

0*3071333 

0*3117518 

0*3162224 

0*3205442 

0*3247164 

0-3287383 

0*3326092 

0*3363283 

0-3398952 

0*3433091 

0*3465698 

0*3496766 

0*3526292 

0*3554274 


y./,w 


+ 0-4544013 
+ 0-4517471 
+ 0-4489323 
+ 0-4459590 
+ 0-4428292 

-t- 0-4395451 

+ 0*4361086 
+ 0*4325221 
+ 0*4287877 
+ 0*4249076 

+ 0*42088^0 
+ 0*4167194 
f 0*4124159 
+ 0*4079761 
+ 0*4034022 

4 - 0*3986968 
4- 0*3938622 
4 - 0*3889010 
4 - 0*3838156 
4 - 0*3786087 

f 0*3732827 

4 - 0*3678404 
4 - 0*3622843 
+ 0*3566170 
+ 0*3508413 

4 - 0*3449599 

+ 0-3389754 

4 - 0*3328906 

4- 0*3267083 
+ 0*3204313 

4 - 0*3140623 
+ 0*3076042 
4 - 0*3010598 

+ 0*2944320 

4 - 0*2877236 

4 - 0*2809376 
4 - 0*2740767 
4 0*2671440 
4- 0*2601423 
4 - 0*2530746 

4 - 0*2459438 
4 - 0*2387529 
4- 0*2315048 
4 - 0*2242025 
4 - 0*2168489 

+ 0*2094471 

4 - 0*2020000 
+ 0*1945106 
4- 0*1869819 
-h 0*1794168 


I I 


0-4575959 

0*4561061 

0*4546308 

0*4531696 

0-4517223 

0*4502888 

0*4488687 

0-4474619 

0-4460682 

0-4446874 

04433192 

0-4419636 

0*4406202 

0*4392890 

0*4379697 

0*4366621 

0-435366! 

0*4340816 

0*4328083 

0*4315461 

0*4302948 

0-4290543 

0-4278244 

0-4266049 

0-4253958 

0-4241969 

0-4230080 

0*4218290 

0-4206598 

0*4195001 

0*4183500 

0*4172693 

0*4160778 

0-4149554 

0*4138420 

0-4127375 

0*4116417 

0-4105546 

0*4094760 

0*4084058 

0*4073440 

0*4062904 

0*4052448 

0*4042073 

0*4031776 

0*4021558 

0*4011416 

0*4001351 

0*3991361 

0*3981444 




96® 46' 26"()9 

97° 55' 39-85 

99 ° 4 52-38 

100 14 4^59 

loi® 23' 16-49 

102® 32' 28^08 
103° 41; 39-37 
104^^ 50 5o'-'3() 
106° o' I "05 
107® 9' 11^46 

108® 18' 21^58 
109® 27' 31^^42 
1 10® 36' 40-99 
III® 45' 50^^29 
112® 54' 59*32 

114° 4' S'^og 
1 1 5® 13' 16^61 
116® 22' 24^87 
117® 31' 32^89 
118® 40' 40-60 

119° 49' 48^19 
120® 58' 55*48 
122° 8' 2*54 
123;; 17; 9-37 
124® 26 15^)7 

125® 35' 22^35 
126® 44 28^51 
127° 53' 34 V^ 
129® 

130® II' 45^72 

131® 20' 5i'o3 
132° 29' 56 '!^i 5 

133° 39' ' I -06 
134-48; .1-78 
135 57 10-30 

139° 24' 22^73 
140® 33'26?5i 
141° 42' 30-10 

142° 51' 33-52 

144® o' 36'76 

145° 9' 39-83 

I4()° t8' 42^72 

147° 27' 45^45 

148° 36' 48^01 

149° 45' 50 ; 4 i 

150° 54 52-65 
152° 3 54 '73 
153° 12' 56^65 




0*7068697 

0*7046231 

0*7023978 

0*7001936 

0*6980101 

0*6958470 

0*6937040 

0*6915807 

0*6894769 

0*6873922 

0-6853264 

06832792 

0*6812503 

0*6792394 

0*6772463 

0-6752708 
0-6733124 
0*6713711 
0*6694 4(> 5 

0*6675385 

0*6656467 
0*6637710 
0*661911 1 
0*6600668 
0*6582379 

0*6564241 

0*6546254 

0*6528413 

0*6510719 

0*6493168 

0-0475758 

O 64 58489 

0*6441357 

0*6424361 

0*6407500 

00390771 

0-6374173 

0-0357703 

0-6341362 

0-6325146 

0-6309054 

0*6293085 

0*6277236 

0*6261508 

0*6245897 

0*6230403 

0*6215023 

0*6199758 

0*6184605 

0*6169562 


302 

304 

306 

3-08 

3-10 

3*12 

3 ‘M 

3-16 

3*18 

3*20 

322 

3*24 

3*26 

3*28 

330 

3-32 

3-34 

3 - 3 (^ 

338 

340 

342 

3-44 

3-48 

3-50 

352 

3-54 


J (4 00) =0*3981444 X cos 213® 12' 56^65= -0-3330932. 
(4 00) =0*3981444 xsin 213® 12' 56*65= -0*2181008. 
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TABLES OF BESSEL FUNCTIONS 


Table 111. Functions of order one-third 


arg W1/3W 




0-3580707 

0*3^05591 

0-3628923 

0-3650702 

0-3670927 

0-3689599 

0-3706718 

0-3722285 

03736302 

0-3748770 

0-3759693 

0-3769073 


0-3703220 

0-3787997 

0-3791248 

0-3792981 

0-3793201 

0-3791916 

0-3789131 

0-3784856 

0-3779098 

0-3771866 

0-37^^3170 

0-3753019 

0-3741423 

0-3728394 

0-3713941 

0-3698078 

0-3680815 

0-3662167 

0-3642144 

0-3620762 

o- 359 «o 33 

0*3573972 

0-3548595 

0-3521915 

0-3493949 

0-3464712 

0-3434221 

0-3402493 

0 - 33^^9544 

0-3335393 

0-3300057 

0-3263554 

0-3225903 

0-3187124 

0-3147234 

0-3106254 

0-3064205 


+ 0-1718183 0-3971601 

+ 0-1641895 0-3961831 

+ 01565333 0-3952132 

+ 0-1488527 0-3942503 

4 - 0-1411506 0*3932945 


+ O-I334301 
+ 0*1256940 

+ 0-1179455 

+ 0-1101873 
-f- 0-1024224 

+ 0*0946539 

+ 0-0808845 
+ 0-0791172 
+ 00713550 
+ 0-0636006 

+ 0-0558570 
+ 0-0481270 
+ 0-0404134 
+ 0-0327191 
+ 00250469 

+ 0-0173995 
+ 0-0097798 
+ 0-0021904 

- 0-0053659 

- 0-0128864 

- 0-0203684 

- 0-0278093 

- 0-0352065 

” 0-0425573 

- 0 0498592 

- 0-0571096 

- 0-0643061 

- 0-0714460 

- 0-0785 2 70 

- 0-0855406 

- 0-0925024 

- 0-0993921 

- o- 1062 133 

- 0-1129637 

- 0-1196411 

- 0-1262432 

- 0-1327677 

- 0-1392127 

- OT455758 

- 0-1518551 

- 0-1580485 

- 01641539 

- 0-1701695 

- 0-1760932 

- 0-1819232 ; 


0*3923455 

0*3914034 

0-3904679 

0-3895391 

0-3886169 

0-3877012 

0-3867919 

0-3858890 

0-3849923 

0-3841018 

0-3832175 

0-3823392 

0-3814669 

0-3800006 

0-3797400 

0-3788853 

0-3780363 

0*3771930 

0 * 37^3553 

0*3755231 

0-3746963 

0*3738750 

0*3730591 

0*3722485 

0*3714431 

0-3706429 

0-3698478 

0*3690578 

0-3682729 

0-3674929 

0-3667178 

0*3659476 

0-3651822 

0-3644216 

0*3636657 

0-3629145 

0-3621679 

0-3614258 

0-3606883 

0*3599553 

o 3592267 
0-3585026 

0-3577827 

0-3570672 

o-35<>3559 



21' 

58:42 



0:04 


40 

i-gi 

157° 

49 

2 '83 

158° 

58 

4^00 

160® 

7' 

5*03 

161° 

16' 

5*91 

162*’ 

25' 

6:66 


34' 

7:26 

164° 

43 

7*73 



8:07 


179° 40 2U 
180° 49' 0-91 
181° 57' 59-52 

183’ 6' 58-03 
*84° 15' 56^43 
185° 24; 54 -72 
186° 33' 52^90 
187“ 42' 50^97 

188° 51' 48-94 



0-6154630 

0-6139805 

0-6125087 

0-6110475 

0-6095967 

0*6081563 

0-6067260 

0-6053058 

0-6038956 

0-6024952 

0-6011045 


209" 32' 55^86 
210° 41' 52^06 


To compute functions of order - 1/3, increase the phase by 60®, 


















TABLES OP BESSEL FUNCTIONS 
Table III. Functions of order one- third 


■ 

y./.w 


1 1 



X 

5*02 

504 

5-06 

5 -08 
510 

- 0-3021105 

- 0-2976976 

- 0-2931838 

- 0-2885714 

- 0-2838023 

- 0-1876576 

- 0-1952947 

- 0-1988326 

- 0-2042696 

- 0-2096041 

0-3556489 

0-3549460 

0-3542473 

0-3535527 

0-3528621 

211 ^ 50' 48-18 
212'^ 59' 44?22 
214° 8' 40-17 
215" 17; 36^05 
21(y® 26 31-84 

o* 5523 y >4 

0-5512650 

0-5501998 

0-5491408 

0-5480878 

5-02 

5*04 

5-06 

508 

yio 

5-12 

5-i6 

5 -i 8 

5*20 

- 0-2790589 

- 0*2741632 

- 0-2691776 

- 0-26^1042 

- 0-2589454 

- 0-21483.15 

- 0-2199588 

- 0-2249760 

- 0-2298843 

- 0-2346822 

o- 352 i 75 <j 

0*3514930 

0-3508144 

0*3501397 

0-3494688 

217" 35; 27^56 

218® 44 23-20 
219° 53 ' 18^76 
221° 2' 14-25 
222° 11' 9-67 

0-5470410 

0-5460001 

0*5449651 

0*5439360 

0-5429127 

5-12 

5*14 

5*16 

518 

5*20 

5*22 

5-24 

5-26 

5*28 

530 

- 0-2557034 

- 0-2483807 

- 0-2429794 

- 0-2375020 
-- 0-2319509 

- 0-2393685 

- 0-2429417 

- 0-2484004 

- 0-2527435 

- 0-2569696 

0-3488018 

0-3481386 

0*3474791 

0-3468234 

0-3461714 

223® 20' 5701 
224® 29' 0^27 
225° 37 ' 55 

226® 46' 50-59 
227° 55 ' 45 *64 

0-5418952 

0-5408834 

0*5398773 

0-5388767 

0-5378818 

5*22 

5*24 

5-26 

5*28 

5*30 

532 

PA 

538 

5-40 

- 0-2263285 

- 0-2206371 

- 0-2148793 

- 0-2090575 

- o-203174'i 

- 0-2610776 

- 0-2650664 

- 0-2689549 

- 0-2726820 

- 0-2763068 

0*3455230 

0-3448782 

0*3442370 

0*3435994 

0*3429653 

229® 4' 40-62 
230° 13' 35*53 
231® 22' 301^37 
232° 31' 25 ‘I 4 
233° 40' 19*85 

0-5368923 

0*5359082 

0-5349296 

0*5339563 

0-5329883 

5*32 

5*34 

5 36 
5*38 

5*40 

5*42 

5*44 

5*45 

5*48 

5*50 

- 0-1972317 

- 0-1912327 

- 0-1851797 

- 0-1790751 

- 0-1729216 

- 0-2798083 

- 0-2831855 

- 0-2864378 

- 0-2895642 

- 0-2925640 

0-3423346 

0-3417075 

0-3410837 

0-3404634 

0-3398464 

234° 49 ' 14*49 

235^58 9*07 

237° 7 3*58 
238® 15 58-02 
239“ 24' 52^40 

0-5320256 
0-5310681 
0 * 5301 1 §7 
0-5291685 
0-5282263 

5*42 

5*44 

5*46 

5*48 

5*50 

5*52 

5*54 

5*59 

5*58 

5-60 

- 0-1667216 

- 0-1604777 

- 01541924 

- 0-1478(^84 

- 0-1415082 

- 0-2954566 

- 0-2981813 

- 0-3007974 

- 0-3032845 

- 0-3056420 

0-3392328 

0-3386224 

0-3380154 

0-3374116 

0-3368109 

240® 33' 46^72 
241® 42' 40-97 
242® 51' 35*J(> 
244® 0' 29-30 
245° 9' 23-37 

0-5272892 

0*5263570 

0-5254298 

0-5245074 

0-5235899 

5*52 

-5 

5*58 

5 *60 

5-62 

5 *t >4 

5-66 

5-68 

■5-70 

- 01351143 

~ 0-1286894 

- 01222361 

- 0-1157569 

- 0-1092543 

- 0-3078695 

- 0-3099667 

- 0-3119330 

- 0-3137683 

- 0*3154723 

0-3362135 

0-3356193 

0-3350282 

0*3344401 

0*3338552 

24()® 18' 17^38 
247® 2f 11^33 
248 36 5 "22 

249® 44' 59-o6 
250° 53 ' 52 '84 

0-5226772 
0-5217693 
0-5208661 
0-5 I 99676 

0-5190737 

5-62 

^64 

5 -(^() 

5*68 

.V70 

5*72 

PA 

It 

- 0-1027311 

- 0-0961898 

- 0-0896330 

- 0-0830632 

- 0-0764830 

- 0-3170448 

- o- 3 tM 57 

- 0-3197948 

- 0-320Q721 

- 0-3220176 

0*3332733 

03326945 

0-3321186 

0*3315457 

0*3309758 

252° 2' 46-56 
253® 11' 40^22 

254“ 20' 33*83 

255® 29 27-38 
256° 38' 2o"88 

0-5181844 

0-5172997 

0-5164195 

0-5155438 

0 ' 5 I 4(;725 

5*72 

5*74 

576 

5-78 

5*80 

5-82 

5-84 

5-80 

5-88 

5*90 

- 0-0698951 

- 0-0633019 

- 0-0567061 

- 0-0501102 

- 0-0435167 

- 0-3229313 

- 0-3237134 

- 0-3245639 

- 0-3248832 

- 0-3252714 

0*3304088 
0-3298446 
0-3292834 
0-3287250 
0-3281 ()i94 

257° 47; 14:33 
258° 56' 7*72 
20o° 5' I '-06 
261® I y 54*34 
26'^® 22' 47 -57 

0-5138056 
0-51 294^ 
0-5120850 
0-5112312 
0-5103816 

5-82 

5-84 

5 - 8 () 

5-88 

5-90 

5*92 

5*94 

5*96 

5*98 

6-00 

- 0-0369283 
” 0-0303473 

- 0-0237764 

- 0 0172181 

- 0-0106747 

- 0-3255288 
" 0-3256557. 

- 0-3256526 

- 0-3255199 

- 0-3252580 

0-3276166 

0-3270667 

0-3265194 

0-3259749 

0*3254331 

263® 31' 40-75 

264° 40' 33^88 
265® 49' 26-96 
266° 58' 19-98 
268® ' 7' 12-96 

0-5095362 

0-5086951 

'* 5078 ’ 58 t 

0-^370252 

0-5061964 

5*92 

5 -M 4 

5 -.90 

5- 98 

6- 00 


^_i/#(6'Oo)=o-325433I xcos 328’’ 7' 12 V = +0-2763443. 
(6*00) =0-3254331 xsin 328® / 12^96= -0-1718736. 
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TABLES OF BESSEL FUNCTIONS 


Table 111 . Functions of order one-third 


I <!(^) 


u">/ % 




- 0 ' 004 i 490 

+ o*oo2J568 
+ 0*0088402 
+ 0*0152987 
+ 00217298 

+ 0*0281313 
+ 00345007 
+ 0*0408356 
+ 0*0471337 
+ 00533927 

+ 005961 03 
4 - 0*0657842 
+ 0*0719122 
+ 0*0779920 
+ 0*0840213 

+ 0*0899981 
+ 0*0959202 
+ 0*1017854 
+ 0*1075917 
+ 0*1133370 

+ 0*1190192 
+ 0*1246363 
+ 0*1301863 

-I- 0*1356673 

+ 0*1410775 


+ 0*1510774 
+ 0-1568635 
+ 0*1619714 
+ 0*1669992 

+ 0*1719453 

+ 0*1768080 
+ 0*1815856 
+ 0*1862766 
+ 0*1908793 

+ 0*1953922 
4 0*1998139 


+ 0*208377 
+ 0212517I 

+ 0*2165596 
+ 0*2205041 
4 0*2243491 
+ 0*2280935 
4 0*2317362 

4 o* 23 S 276 o 
4 0*2387118 

4 

4 0*2452074 
4 0*2483853 


0*3248675 

0*3243490 

0*3229304 

0*3220317 

o-3iioo77 

0-3198593 

0*3185872 

0*317192^ 

0-3156758 

0*3140384 

0*3122813 

0*3104053 

0*3084118 

0*3063018 

0*3040764 

0*3017371 

0*2992849 

0*2967212 

0*2940474 

0*2912648 

0*2883748 

0*2853790 

0*2822787 

0*2790756 

0*2757711 

0*2723669 

0*2680647 

0*2652659 

0*2615725 

0*2577860 
0*2539082 
0*2499409 
0*2458860 
0*2417452 j 

0*2375205 

0*2332136 

0*2288267 

0*2243615 

0*2198201 

0*2152044 

0*2105165 

0-2057584 

0*2009321 

0*1960398 

0*1910836 

0*1860655 

0*18098/7 

0*1758524 

0*1706616 


0*3248940 


0*3238238 

0*3232926 

0*3227640 

0*3222380 

0*3217146 

0*3211936 

0*3206753 

0*3201594 

0*3196460 

0*3101350 

0*3186265 

0*3181204 

0*3176167 

0-3171154 

0*3166164 

0*3161198 

0*3156255 

0-3151335 

0*3146438 

0*3141564 

0-3136712 

0*3131883 

0*3127076 

0*3122291 

0*3117527 

0*3112786 

0*3108066 

0-3103367 

0*3098690 

0*3094033 

0-3089398 

0-3084783 

0-3080189 

0-30756*5 

0*3071062 
0*3066528 
0*306201 5 
0*3057522 

0-3053048 

0*3048593 

0*3044159 

0-3039743 

0-3035347 

0*3030969 

0*3026610 

0*3022271 

0*3017949 

0*3013646 


271 33 51 -oo 

272° 42; 44*39 

273 51 37-12 

275° 6' 29-81 


277® 18' 15*05 
278° 27' 7*6 o 
279^36' 0*11 

280“ 44' 521:57 
281° 53, 44 -99 
283° 2' 371:36 
284° 11' 29*69 
285° 20' 21-98 

286® 29' 14*22 
287® 38' 6-42 
286® 46' 

289° 55' 50-70 
291 4 42-77 

292® 13' 34*80 
293® 22' 26*80 

294° 31; 18-75 

295° 40' lo’-oj 
296° 49' 2154 

297° 57; 54 -38 
299® 6' 46U8 
300® 15' 37'^94 
301® 24 29*66 
302® 33' 21^34 

303° 42' 12*98 
304® 51' 4^59 
305° 59 5 t>*i 6 
307® 8 47-70 
308° 17 39^20 

309® 26' 30^66 
310® 3«)' 22^08 
13-47 

312® 53 

314° i'5f>*i5 

315° 10; 47^44 
316° 19 38^70 
317® 28' 29*92 
318® 37' 21^11 
319® 46' 12^26 

320" 55; 3-38 

322^ 3,54-47 
323® 12 45^52 

324® 21' 30*55 

325® 30' 27-^54 


0*5053717 

0*5045509 

0*5037342 

0*5029215 

0*5021126 

0*5013077 

0*5005066 

0*4907094 

0*4989160 

0*4981263 

0*4973404 

0-4965582 

0-4957796 

0*4950048 

0-4942335 

0-4934659 

0*4927018 

0-4919413 

0*4911843 

0*4904308 

0*4896807 

0*4889341 

0*4881909 

0*4874510 

0*4867145 

0*4859814 

0*4852516 

0*4845250 

0*4838017 

0*4830817 

0*4823648 

0*4816511 

0*4809406 

0*4802333 

0-4795290 

0*4788279 

0*4781298 

0-4774347 

0*4767427 

0*4760537 

0-4753677 

0*4746846 

0*4740045 

0*4733273 

0*4726530 

0*4719815 

0*4713130 

0*4706472 

0*4699043 

0*4693242 


To compute functions of order - 1/3, increase the phase by 60®. 
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Table III. Functions of order one- third 


+ 0-2513952 
+ 0*2542904 
+ o* 257 oS 8 i 

+ 02597694 
+ 0-2623395 

+ 0-2647979 
+ 0-2671439 
+ 0-2693769 
+ 0-2714962 
+ 0-2735015 

+ 0-2753921 
+ 0-2771678 
+ 0-2788281 
+ 0-2803727 
^ + 0-2818013 

I + 0-2831136 
+ 0-2843096 
+ 0-2853889 
+ 0-2863516 

+ 0-2871974 

+ 0 - 287926 C) 

+ 0*2885390 
+ 0-2890347 
+ 0-2894138 
4 0-2896766 

4 0-2898232 
4 0-2898538 
4 0-2897689 
4 0-2895686 
4 02892534 

4 0-2888237 
•I 0-2882799 
4 0-2876227 
4 0-2868525 
4 0-2859699 

4 0-2849756 

4 0-2838702 
4 0-2826545 
4 0-2813292 
4 0-2798952 

4 0-2783532 
4 0-2767042 
4 0-2749490 
4 0-2730886 

4 0-2711241 

4 0-2690564 
4 0-2668867 
4 0-2646159 
4 O-26224S4 
4 0-25977^2 


y./,w 

1 1 

arg hJ)’ (*) 

- 0-1654177 

- 0-1601228 

: 

- 01 43954* 

0*3009362 

O' 3005095 
0-3000847 
0-2996617 
0-2992404 

326° 39' 18^50 

327- 48' 0^42 

328- 57' 0^32 
330° 5'5i"i9 
331° 14 42'03 

- 0 -I 384774 

- 0-1329609 

- 0-12741068 

- 0-1218174 

- 01161950 

02988209 

0-2984032 

0-2979872 

0*2975730 

0-2971604 

332° 23' 32^83 
333 ° 3 ^' ■ 23 ;;‘ji 
334-41 14-36 
335 ° 50 5-07 

33 <> 58 55-76 

- 0-110^419 

- 0*1048604 

- 0-0991527 

- 00934213 

- 0-0876683 

o- 2967496 
0-2963405 
0-2959330 

02955273 

0-295x232 

338- 7; 46-42 

339- 16' 37^05 
340' 25' 27^65 

341° 34' 18-22 
342-43' 8^77 

- 0-0818961 

- 0-0761070 

- 00703033 1 

- 0-06^4874 

- 0-0586615 

0-2947207 

0-2943199 

0-2939207 

0*2935231 

0-2931272 

343 ° 5 *' 59-28 

345 ° 0 49-77 
346° g, 4‘>;23 
347 18 30-66 
348° 27' 21'!07 


- 0-0528279 

- 0-0469890 

- 0-0411470 

- 0 0353042 

- 0-0294630 

- 0-0236256 

- 0 0177943 

- 0 - 01197*3 

- 0-0061589 

- 0-0003594 

4 0-0054250 
4 0-0111920 
4 0-0 1 69396 
4 0-0226654 
4 0-0283672 

4 0-0340430 
4 0-0396905 
4 0-0453076 
4 0-0508922 
4 0-0564422 

H 0-0619554 

4 0-0674298 
4 0 0728635 
4 0-0782542 
4 0-0836001 

4 0-0888991 

4 0 0941493 

4 0 - 09934 ®° 

4 0-1044956 
4 0-1095878 


0-2927328 

0-2923400 

0-2919488 

0-2915592 

0-2911711 

0-2907845 

02903995 

0-2900160 

0*2896341 

0-2892536 

0-2888746 

0-2884971 

0-2881211 

0-2877465 

0-2873734 

0-2870018 

0-2866315 

0-2862627 

0-2858954 

0-2855294 

0-2851648 

0-2848017 

0-2844399 

0-2840794 

0-2837204 

o- 283362'7 

0-2830063 

0-2826513 

0-2822976 

0-2819453 


34^1 3 ^ 

350^45 

35 i" 53 52;*2 

333 ^ 2 42*42 

354° 11' 32^70 

355" 20; 22^-05 
356** 29' 13*17 
357^3®' 3*37 
358" 4^>; 53*54 
359° 55 43*69 

3 f>i° 4' 33 *®* 
3(^2° 13' 23*91 
363° 22' 13-98 

364° 3*; 4:^3 

3^5 39 54 *^>5 

366® 48' 44-05 
367° 57; 34-03 
369° 6' 23^98 

‘ 370 °* 5 '* 3 ' 9 I 
371® 24' 3-82 

372° 32; 53:70 
373 ° 41 , 43:56 
374 ° 50^ 33:40 
375 ° 59 , 23;22 

377° 8' 13^01 

378° 17; 2-78 
3 Z‘J° ^5 5-';33 
360“ 34 42 -^5 
381-43 3' y> 
382° 52 21-64 


e'J\y,(x) 


0-4686668 

0-4680122 

0-4673004 

0-.46671I3 

0-4660648 

0-4654211 

0-4647800 

0-4641415 

0*4635057 

0-4628725 

0-4622419 

0-46161J8 

0*4609804 

0-4603654 

0*4597450 

0-4591271 

0-458^116 

0*4578986 

0-4572881 

0*4566801 

0-4560744 

0-4554712 

0*4548703 

0-4542718 

0*4536757 

0*4530819 

0-4524905 

0*4519013 

0*4513145 

0-4507299 

0*4501476 

0*4495676 

0-4489898 

0-4484142 

0-4478408 

04472697 

0-4467007 

0-4461330 

0*4455692 

0-4450067 

0*4444463 

0-4438880 

0*4433318 

0-44277)7 

0-4422257 

0-4416757 

0-4411278 

0-4405819 

0-4400381 

0-4394962 


./ ,,, (8-00) =0-28194 53 X cos 442° 52' 21^64= +°'^ 349 ^ 3 - 
y'j/J (8-00) =0-2819453 X sin 442® 52' 21 -64- +0-2797667. 


W. B. F. 
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B 

J 1/3 (^) 


1 1 

arg hJ)’ ( af) 


B 

8-02 

8-04 

806 

8-o8 

8*10 

+ 0*2572095 
+ o* 25454<)7 
+ 0*2517890 

4- 0*2489377 

+ 0*2459942 

4 - 0*1146236 

4 - 0*1196012 

4 - o*I 24«)187 

4 - 0*1293743 

4 - 0*1341664 

0*2815942 

0*2812445 

0*2808961 

0*2805489 

0*2802030 

384® i' 11-30 
385° 10' 0^94 
386° 18' 50*56 
387° 27' 40*16 

388° 36' 29*74 

0-4389564 

0-4384185 

0-4378827 

0-4373487 

o*4368i68 

8*02 

8*04 

8*06 

8*08 

8*10 

8-12 

8-14 

8-i6 

8-i8 

8*20 

+ 0*2429598 
+ 0*2398360 
+ 0*2366242 
+ 0*2333259 

+ 0*2299425 

4 - 0*1388931 

+ 0*1435528 

4 - 01481438 

4 - 0*1526645 
+ 0*1571133 

0*2798584 

0*2795151 

0*2791730 

0*2788322 

0*2784927 

389° 45' 19*29 

390° 54; 8*83 
392° 2 58*25 
393 ° 11 47'84 
394 20 37-32 

0*4362867 

0-4357586 

0-4352324 

0-4347081 

0-4341857 

8*12 

814 

8*i6 

8*i8 

8*20 

8-22 

8*24 

8-26 

8-28 

8-30 

+ 0*2264758 
+ 0*2229271 
+ 0*2192981 

+ 0*2155904 

+ 0*2118057 

4 - 0*1614886 

4 - 0*1657888 

4 - 0*1700125 

4 - 0*1741581 

4 - 0*1782243 

0-2781543 

0*2778172 

0-2774813 

0*2771467 

0*2768132 

395 ° 29' 26^78 
396° 38' 16^21 
397N7; 5*<>3 
398® 55 55 *03 
400 4 44^^41 

0*4336652 

0*4331466 

0*4326298 

0*4321148 

0*4316017 

8*22 

8*24 

8*26 

8*28 

8*30 

8-32 

8-38 

840 

+ 0*2079456 
+ 0*2040118 
+ 0*2000061 
+ 0*1959501 

■f 0*1917857 

4 - 0*1822096 

4 - 0*1861127 

4 0*1899322 

4 - 0*1936668 
+ 0*1973152 

0*2764809 

0*2761498 

0*2758200 

0*2754912 

0*2751637 

401° 13' 33-76 

402° 22 23^10 
403° 31' 12^42 

404 >o' 1^73 

405 48 51*01 

0*4310905 

0-4305810 

0*4300733 

0*4295675 

0*4290634 

8-32 

ill 

8*38 

8*40 

8‘42 

8-44 

8*46 

8*48 

8-50 

+ 018757^7 
+ 0*1832989 
+ 0*1789600 
+ 0*1745601 

4- 0*1701008 

4 - 0*2008763 

4 - 0*2043488 

4 - 0*2077315 

4 - 0*2110234 

4 - 0*2142234 

0-2748373 

0-2745121 

0*2741880 

0*2738651 

0*2735433 

406° 57' 40^27 
408° 6 29'^52 
409° 15' 18 *74 
410° 24 7'^95 

411° 32' 57^14 

0*4285611 

0*4280605 

0-4275617 

0*4270646 

0*4265693 

8*42 

lAt 

8-48 

8-50 

8.52 

8-54 

8*56 

8-58 

8-6o 

4 - 0*1655842 

4 - 0*1610121 

4 - 0*1563865 

4- 0*1517093 

4 - 0*1469824 

+ 0*2173304 

4 - 0*2203434 

4 - 0*2232615 

4 - 0*2260837 

4 - 0*2288092 

0*2732227 

0*2729031 

0-2725847 

0*2722674 

0*2719512 

412° 41' 46^32 

413° 50; 35*48 

4iA° 59 24^61 
416° 8' 13^73 
417° if 2:83 

0*4260757 

0*4255038 

0*4250936 

0*4246051 

0*4241183 

8*52 

Ut 

8-58 

8*6o 

8-62 

8-64 

8-66 

8-68 

870 

4- 0*1422070 
+ 0-1373878 
+ 0-1325240 

4 - 0*1276185 

4 0*1226734 

+ 0*2314370 
+ 0*2339664 
+ 0*2363966 

4 - 0*2387270 

4 - 0*2409567 

0*2716361 

0*2713221 

0*2710092 

0*2706973 

0*2703866 

418“ 25; 51*92 
419° 34 40'99 
420° 43' 301^04 
421° 52' 19*08 
423° I' 8^10 

0*4236331 

0*4231496 

0*4226678 

0*4221876 

0*4217090 

8*62 

8*64 

8*66 

8*68 

8*70 

872 

tit 

878 

8-8o 

4 - 0*1176907 

4- 0*1126725 

4 - 0*1076208 

4 - 0*1025377 

4 - 0*0974252 

+ 0*2430852 

4 - 0*2451118 

4 - 0*2470360 

4 * 0*2488572 
+ 0*2505751 

0*2700768 

0*2697682 

0-2694606 

0*2691541 

0*2688486 

424® g; 57-10 
425° 18' 40*08 
42fe® 27' 35*04 
427° 36 23-99 
428° 45' 12*93 

0*4212321 

0*4207568 

0*4202831 

0*4198109 

0*4193404 

8*72 

tit 

8*78 

8*8o 

8-82 

8-84 

8-86 

8-88 

8*90 

4 - 0*0922855 

4 - 0*0871206 

4 “ 0*0819327 

4 - 0*0767237 

4 - 0 07 14958 

+ 0*2521890 

4- 0*2536987 
+ 0*2551038 

4 - 0*2564039 
+ 0*2575988 

0*268544.1 

0*2682407 

0*2079383 

0*2676369 

0*2673365 

429*54' 1*85 
431° 2 50*75 

432° “,39-63 

433 20 28*50 
434° 29' 17-36 

0*4188715 

0*4184041 

0*4179383 

0*4174740 

0*4170113 

8*82 

8*84 

8*86 

8*88 

8*90 

8-02 

8-94 

8 ()S 

8-c)8 

9*00 

4 - 0*0662512 

4 - 0*0609918 

+ 00557199 

+ 0*0504375 

4 - 0*0451467 

4 - 0*2586882 

4 - 0*2596720 

4 - 0*2605500 

4 - 0*2613221 

4 - 0*2619882 

0*2670371 

0*2667388 

0*2664414 

0*2661450 

0*2658496 

435° 38' 6*20 
436° 46' 55-03 
437 ° 55 43;83 
439° 4 32-62 
440° 13' 21*40 

0*4165501 

0*4160905 

0*4156323 

0-4151757 

0*4147206 

8*92 

la 

8*98 

9*00 


To compute functions of order - 1/3, increase the phase by 60**. 
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JvM 


1 1 

arg h '''1( x ) 



0-02 + 0-0398497 + 0-2625482 0-2655552 441° 22' 10*17 0-4142670 9-02 

9*04 +0-0345485 +0-2630023 0'263‘26i8 442*" 30' 58*91 0-4138148 9 04 

0*06 +0-0292452 +0-2633504 0-2649693 443‘’ 39' 47*64 0-4133642 9-06 

0*08 + 0-0239420 + 0-2635927 0-2646778 444 48 36*^36 0-4129150 9-08 

9*10 +0-0186408 +0-2637293 0-2643873 445° 57' 25-06 0-4124673 910 


o-oi 33439 + 0-2637603 

■ 0-0080532 + 0-2636861 

- 0-0027709 + 0-2635068 

• 0-0025010 + 0-2632227 

- 0-0077604 + 0-2628342 


0-2643873 445 57 25-06 

0-2640977 447“ (>' 13-75 

0-2638090 448° 15 2*42 


0-4129150 9-08 

0-4124673 9-10 


0*4120210 

0-4115762 


0-0130053 

0-0182336 

0-023A434 

0-0286326 

00337991 

0-0389411 

0-0440566 

0-0491435 

0-0541999 

- 0-0592239 

- 0-0642137 

- 0 0691672 

- 0-07^0826 

- 0-0789581 

- 0-0837918 

- 0-0885819 

- 0-0933266 

- 0-0980241 

- 01026727 

- o- 1072706 


+ 0-2623417 
-f 0-2617456 
+ 0-2610463 
f 0-2602443 
+ 0-2593402 


0-2626639 
0-2623799 
0-2620968 
j 0-2618147 

I 0-2615334 


+ 0-25833^6 I 
+ 0*2572281 
+ 0-2560212 
+ 0-2547148 I 
+ 0-2533095 

+ 0-2518062 
+ 0-25020S5 
+ 0-2485083 
4 - 0-2467156 
+ 0-2448282 

+ 0-2428471 
+ 0-2407732 
+ 0-2386075 
-K 0-2363512 
+ 0-2340052 


O-III816I + 0-2315707 

0-1163076 f 0-2290489 
0-1207433 + 0-2264409 

01251217 + 0-2237479 

O-I2944II 0-2209712 

0*1336999 + 0-2181120 

0-1378966 + 0-2151716 

■ 0-1420297 + 0-2121514 

- 0-1460977 + 0*2090527 

■ 0*1500990 + 0-2058768 


452° 50' i6iq7 
453° 59; 5-57 
455° 7,54;iO 
456“ lO 42-74 
457 25 31 ■30 


0*4098112 

0*4093733 I 

0-4089372 
[ 0-4085023 
0-4080687 


0*2612531 458° 34' ^9^84 0*4076366 

0*2609737 459° 43' 8^37 0-4072058 

0*2606951 460*' 51' 56^89 0-4067764 

0*2604175 462® o' 45*40 0-4063483 

0-2601407 463® 9' 33*89 0-4059216 


+ 0-2058768 

+ 0-2026253 
1 + 0-1 992996 


0-1540322 + 0-2020253 

0*1578960 + 0-1992996 

01616889 + 01939010 
0-1654096 + 0-1924311 

0-1690567 + 0-1888915 

- 0-1726290 + 0-1852836 

■ 0*1761252 4 0*1816090 

' 0*1795441 + 0-1778693 

- 0-1828843 + 0-1740662 

- 0-1861452 + 0170201 1 


0-2598648 

0-2595898 

0-2*593157 

0-2590424 

0*2587700 

1 0-2584984 
0-2582277 
0-2*579579 
o- 2576889 
0-2574207 

0*2571534 

0-2568069 

0-2566212 

0-2563563 

0-2560923 

0-2558290 

0-255566^) I 
0-2*553050 

0*2550442 

0-2547842 

0-2545250 

0-2542665 

0*2540089 

0*2537520 

0*2534959 

0-2532406 

0-2529860 

o*2'527323 

0-2524792 

0-2522270 


464® 18' 22*^37 


465® 27' 10*83 
466“ 35 59'2» 
467° 44' 47;72 
40f(° 53' 30^5 


470° 2'24'5(> 
471“ 11' 12-96 
472° 20' 1-35 
473° z8' 49-72 
474° 37' 38-08 

475° 4f>' 26-43 
47<> 55 i4’77 
478° 4 3-09 

479° i->'5i;4l 

48 o° 2 i' 39-7> 

481° 30' 28 ^ 04 ) 
482° 39' 16^27 
483* 48' 4^53 

484° 5^-' 52-78 

486° 5' 41 -02 

487° M;29'25 
488° 23' 17M7 
489*32; 5;67 
490* 40' 53-87 
491* 49' 42-05 

' 492* 58' 30-22 

494° 7'>8;37 

495° 16' 6*52 
496° 24' 54*66 

497° 33' 42*78 


0-4054962 

0-4050722 

0-4046405 

0-4042281 

0-4038080 

o* 4«>33893 

0-4029718 

0-4025557 

0*4021408 

0-4017272 

o 4013149 
009038 
0-4004940 

0*4000855 

0-3996702 

0*3992721 

0-3988673 

0-3984637 

0-3980614 

0-3976602 

0-3972603 

0-3968616 

0-396^641 

0-3960677 

0-3956726 

0*3944942 

0-3941637 

0-3937M4 


fa; i !:si s? S :S!! : = wS 









724 


TABLES OF BESSEL FUNCTIONS 


Table III. Functions of order one-third 


B 

J 


1 1 

arg 


X 

1002 

~ 0*1893250 

+ 0*1662759 

0-2519755 

498° 42' 30^90 

0-3933263 

10*02 

1004 

- 0*1924230 

+ 0*1622921 

0*2517247 

499° 51' 19^00 

0-3929393 

10*04 

lo-oh 

~ o-i 9543 «o 

+ 0*1582514 

0*2514747 

501° 0' 7?09 

0-3925534 

io*o6 

io*o8 

- 0*1983690 

+ 0*1541556 

0*2512254 

502° 8 ' 55 ’I 7 

0*3921687 

10*08 

lo-io 

- 0*2012150 

+ 0*1500064 

0*2509769 

503° 17 ‘ 13-24 

0-3917851 

10*10 

1012 

- 0*2039750 

+ 0*1458056 

0*2507291 

504° 26' 31 "30 

0*3914026 

10*12 

1014 

- 0*2066482 

-f 0*1415548 

0*2504820 

505° 35' 19-35 

0*3910213 

10*14 

loib 

- 0*2092336 

+ 01372559 

0*2502357 

506° 44' 

0*3900411 

1016 

1018 

- 0*2117305 

3 * 0*1329107 

0*2499901 

507^52 53-41 

0*3902619 

io*i8 

10*20 

-- 0-2141379 

+ 0*1285209 

0'2497452 

509° 1' 43-43 

o* 389«839 

10*20 

10-22 

- 0-216JS5I 

+ 0*1240885 

0*2495010 

510° 10' 31 -43 

0-3895070 

10*22 

10*24 

- 0*2186814 

3 - 0*1196151 

0*2492576 

511° 19 19'*42 

0*3891311 

10*24 

10*26 

- 0*2208160 

f 0*1151028 

0*2490148 

512*28' 7-41 

0*3887564 

10*20 

10-28 

~ 0*2228584 

+ 0*1105533 

0*2487728 

513° 3 ^'' 55-39 

0*3883827 

10*28 

10*30 

- 0*2248078 

3 0*1059685 

0-2485314 

314 ° 45 43-35 

0*3886101 

10*30 

10*32 

- 0*2266637 

+ 0*1013503 

0*2482908 

515° 54' 31-30 

0*3876386 

10*32 

10*34 

- 0*2284253 

f 0*0967006 

0*2480*; 09 

317“ 3' 19-2 5 

0*3872681 

10*34 

10*36 

- 0*2300928 

-f 0 0920212 

0*2478116 

518° 12' 7*i8 

0*3868987 

10*36 

10*38 

- 0*2316649 

3 - 0*0873142 

0-2473731 

519° 20' 55^11 

0*3865304 

10*38 

10*40 

- 0*2331416 

3 - 0*0825814 

0-2473352 

520° 29' 43^03 

03861631 

10*40 

10*42 

' 0*2343224 

3 - 0*0778247 

0*2470980 

521® 38' 30I93 

0-3857968 

10*42 

10*44 

- 0*2358069 

3 - 0*0730460 

0*2468615 

522® 47' i8-82 

0-3854316 

iO '44 

10*46 

- o- 2369<)48 

3 - 0*0682473 

0 * 246 () 2 S 7 

5 ^ 3 ° 50' 6"70 

0*3850674 

10*46 

10*48 

- 0*2380858 

■» 0*0634306 

0 2463905 

5-25* 4' 54-58 

0-3847043 

10*48 

10*50 

- 0*2390797 

3 - 0*0585977 

0*2461560 

526° J3' 42^44 

03843422 

10*50 

10*52 

- o* 239()763 

+ O-O53750O 

0*2459222 

527° 22’ 30-30 

0-3839811 

10*52 

10*54 

“ 0-2407733 i 

4 0*0488913 

0*2456891 

528 31 18-14 

03836210 

10*54 

10*56 

- 0*2414768 

4 0*0440217 

o- 24545 t»f> 

■520° 40' 5I98 

0*3832620 

10-56 

10*58 

- 0*2420805 

3 - 0 * 0391.137 

0*2452248 

530° 48' 53 - 8 i 

0*3829039 

10*58 

10*60 

- 0*2425864 

+ 0*0342593 

0*2449936 

53 1 ° 57' 41 -^>2 

0*3825468 

10*60 

10*62 

- 0*2429945 

4 0*0293704 

0-2447631 

533 ° (>' 29^43 

0*3821908 

10*62 

10*64 

- 0*2433049 

4 - 0-0244790 

0-2445332 

534 15 17-23 

0-3818357 

io-6a 

10*66 

- 0*2435175 

1 0*0195870 

0*2443040 

535 ° 24' 5-02 

0*3814816 

10*66 

10*68 

- 0*2436325 

3 - 0*0146963 

0*2440754 

53^' 32 52-80 

0*3811285 

10*68 

10*70 

- o* 243 () 50 i 

)- 0*0098090 

0*2438474 ' 

537 ° 41' 40-57 

0*3807764 

10*70 

10*72 

- 0*2435703 

3 0*0049268 

0*2436201 

538* 50' 28133 

0*3804253 

10*72 

10*74 

- 0*2433934 

3 - 0*0000518 

0 - 24^935 

539 ° 59 i6-o8 

0*3800751 

10*7^ 

10*76 

- 0*2431198 

- 0*0048141 

0-2431674 

541° 8 3 83 

0-3797259 

10*76 

10-78 

- 0*2427495 

- 0*0096692 

0-2429420 ^ 

•542° 16 51156 

0-3793777 

10-78 

io*8o 

- 0*2422830 

- O OI45II3 

0*2427172 

543 25' 39?29 

0-3790304 

10*80 

10*82 

- 0*2417207 

- 0*0193387 

0*2424930 

544 ° 34' 27-00 

0*3786841 

10*82 

10*84 

-- 0*2410629 

- 0*0241495 

0*2422695 

545 ° 43 , I 4 ' 7 ' 

0-3783387 

10-84 

10*86 

- 0*2403100 

- 0*0289417 

0*2420466 

540*52 2:41 

0-3779942 

10*86 

10*88 

- 0*2394626 

- 0*0337136 

0*2418242 

548® 0' 5OIIO 

0*3776507 

10*88 

10*90 

- 0*2385212 

- 0 0384633 

0*2416025 

549 ° 9' 37-78 

0-3773082 

10*90 

10*92 

- 0*2374863 

- 0*0431888 

0*2413814 

550° 18' 25-46 

0*3769665 

10*92 

10*94 

- 0*2363584 

- 0*0478886 

o*24ii6io 

551° 27' 13-12 

0*3766258 

10*94 

10-96 

- 0-2351382 

- 0*0525606 

0*2409411 

552*30 0^78 

0*3762860 

10*96 

10*98 

- 0*2338264 

" 0*0572030 

0*2407218 

553 44 48-43 

0-3759472 

10*98 

11*00 

^ 0*2324236 

- 0*0618143 

0*2405031 

554 53 30^07 

0-3756092 

1 

11*00 


To compute functions of order - 1/3, increase the phase by 60°, 
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■ 

/i/aW 

Fi/ 3 (^) 

1 «,«(^) 1 

11-02 

- 0-2309306 

- 0*0663924 

0-2402850 

11-04 

- 0-2293480 

- 0 - 070 <j 358 

o- 240 o ()73 

1 1 -06 

- 0-2276768 

- o-f> 7544 ^<> 

0 - 2 : 4 t) 8 so 6 

11 -08 

- 0-2259176 

- 0-07991 IT 

^•23963.12 

II-IO 

-- 0-2240715 

- 0*0843397 

0-2394185 

II-I 2 

- 0-2221392 

- 0-0887266 

0-2392033 

11-14 

- 0-2201217 

- 0-0930702 

0-238(1887 

1 I-T 6 

- 0*2180199 

- o- 09 7 3689 

o- 23«7747 

II-l8 

- 0*2158348 

- 0-1016210 

0*238561 3 

11-20 

- 0-2135675 

- 0-1058249 

0-2383484 

11-22 

- 0 * 2 IT 2 l 8 q 

“ 0-1099790 

0*2381 361 

11-24 

- 0*2087902 

- O IIAOHK) 

o- 2‘379244 

11-26 

- 0*2062824 

01181319 

0'2377132 

11-28 

- 0*2036967 

- 01221276 

o* 237502 () 

II '30 

- 0*2010343 

- o-i2()0674 

0 - 2 J 7292 (» 

11-32 

- 0*1982963 

- 01 299409 

0-2370831 

Ai -34 

~ 0*1954839 

- o ' 33773 '> 

0-2368741 

11-36 

- 0*1925985 

■- 01 373373 

0-2 366()58 

11-38 

- 0*1896412 

- 01412393 


11-40 

” 0*1866134 

- 0*1448785 

0-2 3()250() 

11-42 

- 0*1835164 

- o-M« 4 .S 35 

0-2360439 

IT -44 

" 0*1803515 

- o i 5 l 9()29 

0 - 235 B 377 

11-46 

- 0*1771202 

- 0*1534055 

0*2356320 

11-48 

- 0-1738238 

- 01587801 

o- 23542 ()Q 

1 1 - 50 

- o-I704(>36 

- o* 1620853 

0*2352223 

11-52 

- 0*1670413 

- 01653202 

0*7350182 

I *-54 

- 0*1635582 

- 0-1684833 

0*2348147 

11-56 

- 0*1600158 

- 0171573^ 

o-234()ii7 

11-58 

- 0*1564157 

- 0-1745904 

0-2344092 

1 1 -60 

- 0 1527593 

- 01775320 

02342072 

1 1 -62 

- 0-1490482 

- 0-1803977 

0-23(0058 

11-64 

~ o- 1 452839 

- 0-18^1865 

0-2338049 

11-66 

- 0-1414681 

- 0-1858973 

0-2336044 

11-68 

- 0-1376024 

- o i8852<>2 

0-2334046 

11-70 

- 0-1336883 

- 0-1910814 

0-2332052 

11-72 

- 01297276 

- 01935528 

0-2330063 

11-74 

- 0-1257217 

- 0-1959428 

0-2328076 

11-76 

- 0-1216725 

- o- 1982505 

0-2326101 

11*78 

- 0-1175816 

- 0*200,4750 

0-2324127 

IT -So 

- 0-1134507 

- 0-2026158 

0 2322I5<) 

11-82 

- 0-T092815 

- 0*2046720 

0-2320195 

11-84 

- 0-1050756 

- 0-2066430 

0-2318237 

11-86 

- 0-1008350 

- 0-2085282 

o-23I(>283 

11-88 

- 0-09656 T1 

- 0-2103269 

0*2314335 

1 1 -90 

- 0-0922560 

- 0-2126386 

0-231 2391 

11-92 

- 0-0879212 

- 0-2136627 

0-2310452 

11-94 

- 0-0835585 

- 0-2151988 

0-2308518 

11-96 

- 0-0791(^)8 

- o-2I()6464 

0-2306389 

1 1 -98 

■- o-o 7475()8 

- 0-2180050 

o- 2304()(>4 

12-00 

- 0-0703214 

- 0-21927:14 

0-2302745 


arg H['hx) 


2 ' 

537 ° II' 
35 «° lo' 
5 so*’ 28' 
5»>o° 37' 

5(>i° 46' 

55 ' 
3^M° 3' 
505° 12' 
5(>f ° 21' 

507° 30' 

5 ^>« V> 
5<‘o" 47 ' 
570 ° 5^' 
57-’° 5' 


374 23 4^08 

575 3 ^ 52-17 
57^)*’ 40 ^c)^C)() 
577° 4^/ 27'^! 4 

578" 58' 14-61 
580*’ 2^08 
58 1"’ 15' 40-53 

582° 24' 36 -(jS 

5<'^3° 33' 24 '42 

584° 42' 11-86 

585° 50' 3(^?29 

586° 50' 4(>-70 
588*’ 8'v4’ii 
581/ 17' 21^52 

300*’ 2 (/ 8-02 

501° 34' 5^’\3i 

562“ 43' 43?()0 

563° 52' 31*67 

50 S"^ I i 8'^44 

5()6‘’ to' 5'-8i 
V) 7° i^' 53*16 
5(>8“ 27' 40^5 r 
5c)(}° 36' 27 -'85 
600^ 45' r5"i8 

6nT" 54' 2"5i 
603“ 2' 40-84 
604" it' 37-15 
603” 20' 24'-46 
600“ 20' 11-76 

607“ 37' 5<r03 
608” 40' 46-34 
6o(i“ .55' 33''62 

61 T** 4' 20'-<K> 
612“ 13' 8^17 




6*3752722 

6-3740300 

0*3746008 

6-37-J2065 

6 3730336 

0-3736005 

6*3732688 

0-3720380 

0-3726081 

0-3722701 

6*37*0300 

o- 37 i 023 () 

0-3712072 
6*37007 16 
0-3706460 

6*3763236 

0-3700000 
o 3 (‘ 0677 o 

6*3605565 

o-36( >031.0 
0-3687 1 (>4 

6*3683075 

o 368 o7()5 
6*3677623 
6*3674460 

0-3671304 
o-3(>68i 57 
1 o- 366501 8 
I 0-3661886 
0-3658763 

o 5053648 
6 - 36323 - 1 I 

6*3640441 

6*3646356 , 
0-31)4 326() 

f) 36401C)0 

0-3637122 

6 ' 3034 C )(»2 

o- 3 () 3 i ()()0 

0-31)27064 

o 3624077 
0-362 1807 
o- 3()18875 
o- 561 5861 
0-3612854 

o- 560(^854 
o- 5i)0()8< )2 
0-3003878 
o- 56o(u>oi 

6-3507031 


, 7 _i /3 (12-00) =:o-2302745 X C08 672° 13' 8'^I7= +0134 7365. 
5^1/3(12-00) =0-2302745 X8in 672® 13' 8-17= -0-1705373. 
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TABLES OF BESSEL FUNCTIONS 


Table III. Functions of older one-third 


X 

/i/sW 

Vi/aW 

1 wJIsW 1 



D 

12*02 

12*04 

12*00 

1 2 08 
12*10 

- 0*0658652 

- 0 061 3901 

- 0*0568980 

- 0*0523905 

- 0*0478696 

- 0*2204540 
~ 0*2215437 

- 0*2225430 

- 0*2234519 

- 0*2242700 

0*2300830 

0*2298920 

0*2297015 

0*2295114 

0*2293219 

613° 21' 55*43 
614° 30' 42^69 
615° 39 ' 29-93 
616° 48' ty’-ij 

617° 57' 4-41 

0*3594968 

0-3592013 

0-3589065 

0-3586125 

0-3583191 


H 

- 0*0433371 

- 0*0387947 

- 0 0342^43 

- 0*0296877 

- 0*0251267 

-* 0*2249971 

- 0*2250333 

- 0*2261782 

- 0*2266320 

- 0*2269945 

0*2201327 

0*2289441 

0*2287559 

0*2285682 

0*2283809 

619° 5' 51 -64 
620** 14' 38^86 
621° 23' 25^08 
622® 32' 13'^29 
623^41' 0^50 

0*3580265 

0-3577346 

0-3574434 

o- 357 i 529 

0-3568631 

12*12 

12*1A 

12*10 

12*18 

12*20 

12*22 

12*24 

12*20 

12*28 

12*30 

- 0*0205632 

- 0*0159989 

- O-OIIA350 

- 0*0068753 

- 0*0023 19O 

- 0*2272658 

- 02274458 

- 0-2275347 

- 0*2275326 

- 0*2274397 

0*2281941 

0*2280078 

0*2278219 

0*2276365 

0*2274515 

624“ 49' 47'70 
625° 58' 34-89 
627® 7 22'o8 
628° 16' 9^26 
620° -24' 56^43 

0-3565741 

0-3562857 

0-3559980 

o- 3557 ”o 

0*3554248 

12*22 

12*24 

12*26 

12*28 

12*30 

12*32 

12*34 

12*30 

12*38 

12*40 

+ 0*0022296 
+ 0*0067705 
-H 0*0113014 
+ 0*0158205 
+ 0*0203259 

- 0*2272560 

- 0*22^)9819 

- 0*2266176 

- 0*2261634 

- 0*2256196 

0*2272670 

0*2270829 

0*2268993 

0*2267161 

0*2265333 

630° 33' 43-60 

G31 42 30*76 
632“ 51' 17*92 
634° 0' 5^07 
635 8' 52^21 

0-3551392 

0-3548543 

0-3545700 

0*3542865 

0*3540036 

12-32 

12-34 

12*36 

12*38 

12*40 

12*42 

12*44 

12*40 

12*48 

12*50 

+ 0*0248159 

+ 0*0292889 

+ 0*0337429 

+ 0*0381763 
+ 0*0425874 

- 0*2249866 

- 0*2242647 

- 0*2234544 

- 0*2225562 

1 - 0*2215705 

0*2263510 

0*2261692 

0*2259877 

0*2258067 

0*2256262 

636® I 7 ' 3<^\35 
637® 26' 26'i^48 
638® W 13-61 
639® 44' 0^73 
640® 52' 47^84 

0-3537215 

0-3534400 

0-3531591 

0*3528790 

0-3525995 

12*42 

12*44 

12*46 

12*48 

12*50 

12*52 

12*54 

12*56 

12*58 

12*60 

+ 0*0469744 
+ 0*0513356 
+ 0*0556694 

+ 0*0599741 

+ 0*0642479 

- 0*2204979 

- 0*2103390 

- 0*2180943 
“ 0*2167645 

- 0*2153502 

0*2254460 

0*2252064 

0*2250871 

0*2249082 

0*2247298 

642® i' 34*95 
643° 10' 22*05 
644® 19' 9*15 
645® 27' 56^24 
646® 36' 43^33 

0*3523206 

0*3520424 

0-3517049 

0-3514881 

0-3512118 

12*52 

12-54 

12*56 

12*58 

12*60 

12*62 

12*64 

12*00 

12*68 

12*70 

+ 0*0684894 
+ 0*0726967 
+ 0*0768684 
+ 0*0810028 
{■ 0*0850983 

- 0*2138521 

- 0*2122710 

- 0*2106077 

- 0*2088628 

- 0*2070373 

0*2245518 

0*2243743 

0*2241971 

0*2240204 

0*2238441 

648^ 54 , 17 '49 
650^ 3' 4\56 

651® II' 51^02 

652° 20' 38^68 

o- 35 °<) 3 <i 3 

0*3506614 

0-3503871 

0-3501135 

0*3498405 

12*62 

12*64 

I 2 - 6 o 

12*68 

12*70 

12*72 

12*74 

12*76 

12*78 

12*80 

+ 0*0891534 
+ 0*0931665 

4 - 0*0971361 
+ 0*1010607 
+ 0*1049388 

- 0*2051320 

- 0*2031477 

- 0*2010854 

- 0*1989460 

- 0*1967305 

0*2236682 

0*2234927 

0*2233176 

0*2231429 

0*2229687 

653° 29; 25^73 

654® 38' 12^78 

655° 46' 59^82 

656® 55' 46^86 
658® V 33-89 

0-3495681 

0*3492964 

0-3490254 

0-3487549 

0*3484851 

12*72 

12-74 

12*76 

12*78 

I 2 * 6 o 

12*82 

12*84 

12*86 

12*88 

12*90 

+ 0*1087869 
+ 0*1125496 
+ 0*1 162795 

+ 0*1199571 

+ 0*1235811 

- 0*1944399 

- 0'i920752 

- 0*1896374 

- o*i87i'278 

- 0-1845472 

0*2227948 

0*2226214 

0*2224484 

0*2222757 

0*2221035 

659® 13' 20*92 
660® 22' 7^94 
661® 30' 54^96 
662° 39' 41 "97 
663® 48' 28^97 

0*3482159 

0-3470473 

0-3476794 

0*3474120 

0-3471453 

12*82 

12*84 

12*80 

12*88 

12*90 

12*92 

12*94 

12*96 

12*98 

1300 

+ 0*1271502 
+ 0*1306629 
+ 0*1341180 
+ 0*1375142 
+ 0*1408503 

- 0*1818970 

- 0*1791782 

- 0*1763920 

- 0*1 735397 

- 0*1706224 

0*2219317 

0*2217602 

0*2215892 

0*2214186 

0*2212483 

664® 57' 15^97 
666® 6' 2*96 
667® 14' 49:95 
668° 23' 36:94 
669° 32' 23:92 

0*3468792 

0*3466137 

0-3463488 

0*3460846 

0*3458209 

12*92 

12-94 

12*96 

12*98 

13*00 


To compute functions of order - 1/3, increase the phase by 60**. 
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Table 111. Functions of order one-third 


JiiaW 

v-i/.W 

|. 

+ 0-1441250 

- 0-1676415 

0- 

+ 0-1473371 

- 0-1645982 

0* 

+ 0-1504854 

- 0-1614938 

0- 

+ 0-1535688 

- 01583297 

o- 

+ 0-1565861 

- 01551071 

o* 

i + 0-1595363 

- 0-1518276 

O' 


arg W,/3(^) 


670° 41' lo^8c) 
67I®49'57-^^<J 
672° 58' 44^82 I 

674^ 7^31-78 
675'^ 16' 18^74 




0-3455578 
0*3452954 I 
0*3450335 

0-3447722 

o*3445”5 


13-16 + 0-1652310 

13-18 + 0-1679735 

13-20 + 0-1706447 

13-22 + 01732437 

13-24 + 0-1757096 

13-26 + 0-1782214 

13-28 + 0-1805984 
13-30 + 0-1828996 

13.32 + 0-1851244 

13-34 + 0-1872718 

13-36 + 0-1893413 

13.38 + 0-1913320 

13-40 + 0-1932433 

13-42 + 0-1950745 

13-44 + 0-19O8252 

13-46 + 0-1984946 
13-48 + 0-2000822 

13.50 4 * 0-2015875 

13.52 + 0-2030101 

13-54 0-2043496 

13-56 + O-2OS6054 

13.58 + 0-2067772 

13-60 + 0-2078647 

13-62 + 0-2088676 

13-64 + 0-2097855 

13-66 + 0-2106183 

13-68 + 0-2113658 

13.70 + 0-2120278 

13.72 + 0-2126040 

13.74 + 0-2130946 

13-76 + 0-2134993 

13-78 + 0-2138181 

13-80 + 0-2140510 

13-82 + 0-2141981 I 

13-84 + 0-2142594 

13-80 + 0-2142350 

13-88 + O-214125I 

13-90 + 0-2139298 

13.92 + 0-2136494 
13*94 + 0-2132840 

13-96 + 0*2128339 

13.98 + 0-2122994 

1 14-00 + 0-2116809 


0-1518276 0-2202350 676^25' 5-69 0-3442514 13-12 

0-1484923 0*2200675 677° 33' 52^63 0-3439919 13*M 

0-1451029 0-2199003 678° 42' 39-57 0-3437330 1316 

0-1416606 0-2197335 679® 51' 26-50 0*3434747 ^3 ^8 

0-1381670 0-2195671 681® o' I3'43 0-3432169 13-20 

0-1346234 0-2194011 682" 9' 0-35 0-3429597 13-22 

0-1310315 0-2192355 683® 17' 47*27 0-3427031 13*24 

0-1273926 0-2190702 684® 26' 34**8 0-3424471 13*20 

0-1237083 0-2189053 685® 35' 21^09 0-3421917 13*28 

- 0-1199802 0-2187408 686® 44' 8"oo 0-3419368 13*3® 


0-1162097 

0-1123985 

0-1085481 

0-1046601 

0-T007361 


0-2185766 

0-2184128 

0-2182494 
I 0-2180864 
0-2179237 


- 0-0967777 0*2177613 

- 0-0927866 0-2175994 

- 0-0887643 0-2174378 

- 0-0847125 0*2172765 

- 0-0806329 0-2171157 


0-0765272 

0-0723969 

0-0682438 

0-0640696 

0-0598759 

0-0556645 
o- 05I437<5 
- 0-0471951 
0-0429407 
. 0-0386752 


0-2169551 

0-2167949 

0-2166351 

0*2164757 

0*2163166 

0*2161578 

0*2159994 

0-2158413 

0*2156836 

0*2155262 


- 0 0344006 0*2153692 

- 0-0301184 0-2152125 

- 0-0258305 0-2150561 

- 0-0215384 0*2149001 

I - 0-0172440 0*2147445 


- 0-0129489 

- 0*0086548 

- 0-0043635 

- 0-0000766 
+ 0-0042041 

+ 0-0084770 
+ 0-0127404 
+ 0-0169926 

+ 0-0212319 

+ 0*0254567 


0*2145891 

0*2144341 

0*2142795 

0*2141251 

o* 21397 i '2 

0*2138175 

0*2136642 

0*2135112 

0*21 33585 

0*2132061 


687® 52' 54*90 « 

689° I '41 '*^79 ' 

690® 10' 28h)8 < 

691® 19' 15\57 ' 
692® 28' 2 *45 ' 

693^ 36; 49-33 
604° 45 36-20 
695" 54 23*06 

(yqf 3 9*92 

698® II 56^78 

099'’ 20' 43 -6 J 
700° 29' 30^48 

701® 38' 17-33 

702® 47 4*17 

703^^55 51^00 

705° 4'37;83 

706® 13' 24-65 
707® 22' 11-47 
708® 30' 58^29 
709" 39' 45*11 

710® 48' 31^92 
711® 57' 18^72 
713° 6' 5^52 

714® 14' 52-31 
715*’ 23' 39-10 

776®32'25'J89 
717® 12^67 

718^ 49' 59-45 

719° 58' 46-22 
721® 7' 32-99 

722® 16' 19-76 
723® 25' ^'\52 
724’' 33' 53-28 
725® 42' 40*03 
726® 51' 26*78 


0-3416825 

0-3414288 

0'3411756 

0*3409230 

0-3406709 

0-3404194 

0-3401685 
0-3399181 
0-3396683 I 
0-3394190 


0-3391702 13*52 I 

0-3389221 13*54 

0*3386744 13*56 

0-3384273 13*58 

0-3381808 13*60 


0-3379347 13*62 

0*3376892 I 13 64 

0-3374443 13*66 

0*3371999 I3’6€' 

0-3369560 13*70 

0-3367126 13-72 

0-3364698 13*74 

0*3362275 13*76 

0*3359857 13*78 

I 0*3357444 i3*8o 

0-3355037 13*82 
0-3352635 13*84 I 
0-3350237 13*86 

0*3347845 13*88 

0-3345459 13*90 

0-3343077 13*92 

03340700 13-94 

0*3338329 13*96 

0*3335962 13*98 

0-3333600 14*00 


J , fi*-oo)=o-2i32o6ixooe786»5i'26^7«=+°‘>^9«- 

r:i;!(U-^)=°«3206. xrin SI' *6'78= +0 -960494. 
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TABLES OF BESSEL FUNCTIONS 


Table III. Functions of order one-third 


n 

/1/3W 


1 <(^) 1 



14*02 

14*04 

14*06 

14*08 

1410 

+ 0*2109787 
+ 0*2101933 

+ 0*2093250 
+ 0*2083743 
+ 0-2073417 

4 - 0*0296652 

+ 0*0338559 

4 - 0 0380272 

4 - 0*0421773 

4 - 0-0463046 

0*2130541 

0*2129024 

0*2127510 

0*2126000 

0*2124493 

728° 0' 13^52 
729° 9' 0^26 

730° 17' 47-00 

731” 26 33 73 

732 35 20 - 4 «> 

0*3331244 

0*3328892 

0-3326546 

0-3324^4 

0-3321867 

1412 

14*14 

14*16 

14*18 

14*20 

4 0*2062277 

4 0-2050330 
4 - O-20375H0 
4 - 0-2024034 

4 - 0*2009699 

+ 0*0504076 
4 - 0*0544847 

+ 0*0,585342 

4 - 0-0625547 

4 - 0*0665445 

0*2122989 

0*2121488 

0*2119990 

0*2118495 

0*2117004 

733° 44' 7*18 
734 ° 52 53 '90 
736 1 40*62 

737° 10' 27^33 
738*^ 19 14^04 

0-3319536 

0-3317209 

0*3314887 

0-3312570 

0*3310257 

14*22 

14*24 

14*26 

14*28 

14*30 

4 - 0-1994581 

4 - 0*1976687 
4 - 0-1962026 
4 - 0*1944604 
4 - 0*1926429 

4 - 0-0705021 

4 0*0744259 

+ 0*0783145 
+ 0*0821664 

4 - 0-0859801 

0*2115516 

0*2114031 

0*2112549 

0*2111070 

0*2109594 

739 ° 28' o ?75 

740° 36 47-45 
741° 45 , 34-14 
742° 54 20:83 
744 3 7-52 

0-3307950 

0-3305648 

0-3303350 

0-3301057 

0-3298769 

14*32 

14*34 

14*35 

14*38 

14*40 

+ 0*1907510 

4 - 0-1887856 
4 - 0*1867475 
+ 0-1846376 
4 - 0*1824569 

4 - 0*0897541 

4 - 0-0934869 

•+ 0*0971773 

4 - 0*1008236 

+ 0*1044246 

0*2108121 

0-2106652 

0*2105185 

0*2103721 

0*2102261 

745 ° 54-21 

746° 20 40*89 
747° 2q; 27^57 
746° 38 14:24 
749 * 47 ' 0:91 

0*3296485 

0-3294206 

0-3291932 

o-'^28966 ^ 

0-328739S 

14-42 

M -44 

14-46 

14-48 

>4-50 

4 - 0*1802063 

4 - 0*1778868 

+ 0*17^4995 

+ 0*1730454 
4 - 0*1705256 

4 - 0*1079789 

4 - 0*1114852 

4 - 0*1149420 

4 - 0*1183482 
+ 0*1217023 

0*2100804 

0*2099349 

0 2097898 
0*2096449 
0*2095004 

750® 55; 47-58 
752° 4 34-24 
753 13 20?90 

754^22' 7^55 
755 30' 54-20 

0-3285138 

0-3282883 

0-3280632 

0*3278386 

0-3276145 

14-54 

14-5^ 

14-5** 

14*60 

4 - 0*1679410 

4 - 0-1652930 
4 - 0*1623825 

4 0-1598109 

+ 0*1569792 

4- 0*1250032 
+ 0*1282497 

4 - 0*1314404 

+ 01345743 

+ 0*1376501 

0*2093562 

O-2092V22 

0*2090686 

0-2089252 

0*2087822 

75^1 39; 40*85 
757° 48/27-49 
758° 57 M-I 3 
760 6 0*77 

761* 14' 47:40 

0-3273908 

0-3271676 

0-3269448 

0-3267225 

0-3265006 

14*62 

14-64 

14*66 

14*68 

14*70 

4 0-1540886 

4 - 0-1511404 

4 0-1481359 

4 - 0-1450763 

4 - 0*1419629 

4 - 0-1406666 

4 - 0*1436229 

4 0*1465178 
+ 0-1493501 

4 - 0*1521190 

0*2086394 

0*2084969 

0*2083548 

0*2082129 

0*2080713 

762° 23' 34:03 
763* 32' 20:05 

764 >i' 7-27 

7 <’ 5 ° 49 53-89 
766° 58' 40:51 

0-3262792 

0*3260583 

0-3258378 

0-3256177 

0-3253981 

14*72 

M *74 

14*76 

14-78 

14*80 

4 - 0*1387970 

4 0*1355800 

4 - 0*1323131 

4 - 0*1289979 

4 0*1256355 

■t 0-1548233 

4 - 0-1574621 

+ 0*16003^4 

4 - 0*1625393 
+ 0-1649758 

0*2079300 

0-2077889 

0*2076482 

0*2075077 

0-2073676 

768° 7-27:12 
709° 16' 13:73 
770*25' 0:33 
771° 33' 4 f >'93 
772 42 33'53 

0-3251789 

0-3249602 

0-3247419 

0-3245240 

0*3243066 

14-82 

14*88 

14*90 

4 - 0-1222275 

+ 0*1187753 

4 - 0*1152803 

+ 0*1117439 

4 - 0*1081677 

4 0*1673432 

4 - 0-1696405 

4 o*i 7 i 8 te 9 

+ 0-1740217 

4 - 0-1761041 

0-2072277 

0*2070881 

0*2069488 

0*2068097 

0*2066710 

773° 51' 20:12 
775° o' 6:71 
776° 8 53:20 
777 ° 17 39-88 
778 26 26:46 

0*3240896 

0-3238731 

0-3236570 

0-3234413 

0*3232261 

14*92 

14*94 

14*96 

14-98 

15*00 

4 01045530 

4 - 0*1009014 
■4 0*0972143 

+ 0*0934933 

4 - 0-0897400 

4 - 0*1781133 

4 - 0*1800487 
+ 0-1819095 
+ 0*1836952 

4 - 0*1854051 

0-2065325 

0*2063943 

0*2062564 

0*2061187 

0*2059813 

779 ° 35' 13-04 
780“ 43 59-61 
781° 52 46:18 
783° i' 32:75 
784° TO' 19:31 

0*3230112 

0-3227969 

0*3225829 

0*3223694 

0-3221562 


1 - 4*02 

14*04 

14*06 

14*08 

14*10 

14*12 

14*14 

14*16 

14*18 

1.4*20 

14*22 

14*24 

14*26 

14*28 

14*30 

14*32 

M *34 

14*35 

14*38 

14*40 

14*42 

14*44 

14*46 


14*50 

14*52 

14*54 

14*56 

14*58 

14*60 

i ['62 

;:a 

14-68 

14*70 

14*72 

^ 4*74 

14*76 

t4'78 

14*80 

14*82 


14* 
14-88 
r4*go 

14*92 

f 4*94 

14*96 

[4*98 

15*00 


To compute functions of order - 1/3, increase the phase by 6o^ 
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/i/aM 


1 "vlw 1 




llm 


+ 0-0859558 
+ 0-0821423 
+ 0-0783010 
+ oo 74433 ^> 
+ 0-0705416 

+ 0-0666265 
+ 0-0626899 
+ oo 58733<> 

+ 0-0547589 

+ 0-0507677 

0-0467614 
+ 0-0427416 
+ 0-0387101 
-h 0-0346684 
+ 0-0306181 

+ 0-0265609 
+ 0-0224983 
+ 0-0184321 
+ 0-0143638 
+ 0-0102950 

+ 0-0062274 j 
+ 0-0021626 ' 

- 0-0018978 

- 0-0059522 

- O -0099090 

- O-OT 40366 

- 0-0180634 

- 0-0220777 

- 0-0260781 

- 0-0300630 

- 0-03 f0307 

- 0-0379798 

- 0-0419086 

- 0-0458157 

- 0-0496995 

- 0-0535585 

- 0-0573911 

- 0-0611960 

- 0-0649716 

- 0-0687165 

- 0-0724292 

- 0 0761082 

- 0-0797522 

- 0-0833597 

- 0-0869294 

- 0-0904599 

- 0-0939498 

- 0-097:5077 I 

- 0-1008025 j 
“ 0-1041627 


+ 0-1885955 
+ 0-1900745 
+ 0*^914758 
+ 0-1927988 

+ 0-1940450 
+ 01952080 
+ 0-1962935 
+ 0-1972992 
+ 01982247 

+ 0-1990697 
+ o- 1 998342 
+ 0-2005178 
+ 0-2011203 
+ 0-2016418 

+ 0-2020820 
+ 0-2024408 
+ 0-2027184 
+ 0-2029145 
+ 0-2030294 

+ 0-2030630 
+ 0-2030154 
0-2028867 
+ 0-2026772 
+ 0-2023869 

+ 0-2020162 

4 - 0-2015652 
+ 0-2010343 
+ 0-2004237 
+ 0-1997338 

+ 0-1989651 

+ o-iq8ii'78 

+ 0-1971924 
f 0-1961894 
f o- 1951093 

0-1939526 
+ 0-1927199 

+ 0-1914118 
+ 0-1900289 
+ 0-1885717 

4 0-1870411 
+ 0-1854377 
4 0-1837622 
4 0-1820154 
f 0-1801980 

+ 0-1783110 
+ 0-1763550 
+ 0 - 17433^1 
4- 0-1722400 
4- 0-1700828 


0-2058442 

0-2057074 

0*2055709 


7«5‘' 19' 5*«7 

786“ 27 ' 5 J ^42 


0-2052986 I 789° 54' 12^07 


0-2051628 

0-2050273 

0-2048921 

0-2047572 

0-2046225 

0-2044881 

02043540 

0-2042201 

0-2040865 

0*2039531 

0-2038200 

0-2036872 

0-^035546 

0-2034223 

0-2032902 

0-2031584 

0-2030269 

0-2028956 

0-2027646 

0-2026338 

0-2025032 

0-2023730 

0-2022429 

0-202IT32 

0-2019836 

0-2018544 

0-2017253 

0-2015965 

0-2014680 

0*^013397 

0-20T21I7 

0-2010839 

0-2009563 

0-2008290 

0-2007019 

0-2005751 

0-2004483 

0-2003221 

0-2001960 

0-2000701 

0-19994-45 

0-1998191 

0-1996939 

0-1995690 

o- 1994442 


792" ir 45*15 
793° 20' 31I69 
794° 29' 18I22 
795° 38' 4-75 

796® 46' 51*28 

707° 55' 37*8 o 
799 4 24-32 

800° ry 10-84 
801^^21' 571^35 

802° 30" 43^86 
803® 39; 30'^p 
804® 48 16*87 

805° 57' 3-37 
807 5 4<»"87 

808® 14' 36*36 
809° 23' 2 2 185 
8jo\ 32' oU'4 

811^ 40 55*83 

812® 49' 42^31 
813° 58' 28*79 

Sis'" ‘7' 15-27 

8i6« 16' 1^741 
817° 24' 48*21 
818° 33' 34*68 

8j9° 42' 21 -IS 
820^*51' 7-61 
821^ 59' 54*07 
823° 8'40'^52 
824"' 17' 26-98 

825° 26^ 13*43 

826'’ 34' 59-88 

827° 43' 46*32 

828° 52' 32*76 
830° i' 19^20 

831° 10' 5*63 
8*^2° 18' 52*06 

833° 27' 38"4') 
834 3f> 24 "0.2 
8.^5° 45' ”’34 

83<>° 53' .57’7<'' 
838° 2' 44*18 
839'" 1 1 ' 30*^>o 
840° 20' 17*01 
841° 29' 3*4 2 


0-3219435 

o 3217313 
0-3215194 
0-3213080 
0-3210970 

0-3208864 

0-3206762 

0-3204664 


0-3200401 

0-3198395 

0-3196314 

0-3194237 

o- 3 i 92 i ()4 

0-3190094 

0-3188029 
0-3185968 
0-318391 1 
0-3181857 
0-3179808 

0*3177763 

0-3175721 
0-31 731.84 
0-3171650 
0-316962 1 

0-3167595 

0*3165573 

0-3163555 

0-3161541 

0-3159531 

0-3*57524 

0-3155522 

0-3153523 

0-^151528 

0*3149537 

0*3147549 
0-3145565 
0*3143586 
0-3141609 
I 0-3139637 

0-3137668 

0*3135703 

0-31337-4* 

0-3*31784 

0-3129830 

0-3127879 

0-3T 2^)12 

0-3123989 
0-3122050 
0-31201 14 



J_ 1 ,- ( 16 - 00 ) =01994442 X COS 901 ° 2 q' 3 V = -O I99377V 
1 ^^ 1 / 3 ( 16 * 00 ) = 0-1994442 xsin 901 ° 29 ' 3^2= - 0 - 00516 O 2 . 
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TABLES OF BESSEL FUNCTIONS 


Table IV. Values of Jn(^) 


X 

7 .W 

J»{x) 

y.w 


X 

o-i 

+ 0-0012490 

+ 0-0000208 

+ 0-0000003 




0-1 

0-2 

+ 0-0049834 

+ 0-0001663 

+ 0-0000042 

4 

0-0000001 

0-2 

0*3 

+ 0-0111659 

+ 00005593 

+ 0-0000210 

4 

0-0000006 

0-3 

0-4 

+ 0-0197347 

+ 0-0013201 

+ 00000661 

4 

0-0000026 

0*4 

0*5 

+ 0-0306040 

+ 0-0025637 

+ 0-0001607 

4 

0-0000081 

0-5 

0*6 

+ 0-0436651 

+ 0-0043997 
+ 0-0009297 

+ 0-0003315 

4 

0-0000199 

0-6 

0-7 

-1- 0-0587869 

+ 0 - 00061 01 

4 

0-0000429 

0-7 

0*8 

+ 0-0758178 

+ 0-0102468 

+ 0-0010330 

4 

0-0000831 

0-8 

0-9 

+ 0-0945863 

+ 0-0144340 

+ 0-0016406 

4 

0-0001487 

0-9 

1-0 

+ O-I 149035 

+ 0-0195634 

+ 0-0024766 

4 0-0002498 

i-o 

i-i 

+ 0-1365642 

+ 0-0256945 

+ 0-0035878 

4 

0-0003987 

I-I 

1-2 

1*3 

+ 0-1593490 
+ 0-1830267 

+ 00328743 
+ 0-0411358 

+ 0-0050227 
+ 0-0068310 

4 

■1' 

0-0006101 

0-0009008 

1-2 

1*3 

1*4 

+ 0-2073559 

+ 0-2320877 

+ 0-0504977 

+ 00090629 

4 

000I290I 

1*4 

1*5 

+ 0-0609640 

+ 0-0117681 

4 

0-0017994 

1*5 

1-6 

+ 0-2569678 
+ 0-2817389 

+ 0-0725234 
+ 0-085149Q 

+ 0-0149952 
■f 0-0187902 

4 

4 

0-0024524 

0-0032746 

1-6 

1-7 

1-6 

+ 0-3061435 

+ 0-0988020 

+ 00231965 

4 

0-0042936 

1-8 

1-9 

+ 0-3290257 

+ O-I I 34234 
+ 0-1289432 

+ 0-0282535 

4 

0*0055385 

1-9 

2-0 

+ 0-3528340 

+ 00339957 

4 

0-0070396 

2-0 

2*1 

+ 0-3746236 

+ 0-1452767 
+ 0-1623255 

+ 0-0404526 
+ 0-0476471 

4 

0-0088284 

2-1 

2-2 

+ 0-3950587 

4 

0-0109369 

2-2 

2*3 

+ 0-4139146 

+ 0-1799789 
+ 0-1981148 

+ 0*0555957 

4 

00133973 

2-3 

2-4 

+ 0-4309800 

-h 0 064 3070 

4 

0-0162417 

2-4 

2-5 

+ 0-4460591 

+ 0-2166004 

+ 0-0737819 

4 

0-OT950I6 

2*5 

2-6 

+ 0-4589729 

-f 0-2352938 

+ 0-0840129 

4 

0-0232073 

2-6 

2-7 

+ 0-4695615 

+ 0-2540453 

4 0-0949836 

4 0-1066687 

4 

0-0273876 

2.7 

2-8 

+ 0-4776855 
+ 0-4832271 

+ 0-2726986 

4 

0-0320690 

2-8 

2'9 

+ 0-2910926 

f 0-1190335 

H 

0-0372756 

0-0430284 

2-9 

3*0 

+ 0-4860913 

+ 0-3090627 

4 0-1320342 

4 

3*0 

3*1 

3*2 

+ 0-4862070 
+ 0-4835277 

+ 0-3264428 
+ 0-3430664 
+ 0-3587689 

4 0-1456177 

4 0-1597218 

4 

4 

0*0493448 

0-0562380 

3*1 

3*2 

3*3 

+ 0-4780317 

4 01742754 

4 0-1891991 

4 

0-0637169 

3*3 

3*4 

+ 0-4697226 

+ 0*3733889 
+ 0-3867701 

4 

00717854 

3*4 

3*5 

+ 0-4586292 

4 0-2044053 

4 

0-0804420 

3*5 

3*6 

37 

+ 0-4448054 
+ 0-4283297 

+ 0-3987627 
+ 0-4092251 

4 0-2197990 

4 0-2352786 

4 

4 

0-0896796 

0-0994854 

3*6 

3*3 

+ 0-4093043 

+ 0-4180256 

4 0-2567362 

4 

0-1098400 

3*8 

3*9 

+ 0-3878547 
+ 0-3641281 

+ 0-4250437 

4 0-2660587 

4 

0-1207178 

0-1320867 

3*9 

4-0 

+ 0-430I7I5 

-t 0-2811291 

4 

4*0 

4*1 

+ 0-3382925 

+ 0 - 4333 M 7 

4 0-2958266 

4 

0-1439079 

4*1 

4-2 

+ 0-3105347 

+ 0*4343943 

4 0-3100286 

4 

01 561363 

4*2 

4*3 

+ 0-2810592 

+ 0-4333470 

4 0-3236110 

4 

0-1687200 

4*3 

4*4 

-1- 0-2500861 

+ 0-4301265 

4 0-3364501 

4 

0-1816009 

4*4 

4*5 

+ 0-2178490 

+ 0-4247040 

4 0-3484230 

4 

OI947I47 

4*5 

4-6 

+ 0-I84593T 

+ 0-4170686 

+ 0-3594094 

•f 

0-2079912 

4-6 

47 

+ 0-1505730 

+ 0-4072280 

4 0-3692925 

4 

0-2213550 

47 

4 *» 

4*9 

+ 0-1160504 
+ 0-0812915 

+ 0-3952085 
+ 0-3810551 

4 0-3779603 
+ 0-3853066 

-I- 

4 

0-2347252 

0-2480168 

4-8 

4*9 

50 

+ 0-0465651 

+ 0-3648312 

4 0-3912324 

4 

0-2611405 

5*0 
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Table IV. Values of 


+ 0-765198 
+ 0-223891 

- 0-260052 

- 0-397150 

- 0-177597 

+ 0-150645 

0-300079 

0-171651 

- 0 09033A 

- 0-245930 

- 0-171190 
0-047689 


+ 0-000250 
0-007040 
+ 0-043028 
+ 0-132087 

+ 0 - 2 (>l I 41 

+ 0-362087 


4 0-000021 
+ 0-001202 
+ 0011394 
+ 0-049088 

4 0-131049 

4 0-245837 

+ 0-339197 
+ 0-337576 
4 0-204317 

- 0014459 

- 0-201584 
0-243725 


+ 0-000002 
+ 0-000175 
+ 0-002547 
4 0-015176 
+ 0-053376 
4 - 0-129587 

+ 0-233584 
+ 0-320589 
4 0-327461 
+ 0-216711 
4- 0-018376 
- 0-170254 I 


+ 0-000022 
+ 0-000493 
4- 0-004029 
+ 0-018405 
4 0 056532 

4 O-I2797I 
4 0-223455 
4 0-305067 
4 0-317854 
4 0-224972 
4 0 045695 


4 0-000002 

4 0-000084 
4 0-000939 
4 0-005520 

4 0-021105 

4 0-058921 
4 O-I2632T 
4 0-214881 
4 0-291856 
4 0-308856 
4 0*230381 


4 0-000013 
4 0-000195 
4 0-001468 
4 0 006964 

4 0-023539 
4 0-060767 
4 0-124694 
4 0-207486 
4 0-280428 
4 0-300476 


4 0-000002 
4 0-000037 
4 O-OO035T 
4 0-002048 

4 0-008335 
4 0-025597 
4 0-062217 
4 0-123117 
4 0-201014 
4 0-270412 


Jm {^) 

J isi^) 

/»(*) 

7 u(-r) 


4 0-000006 
4 0-000076 
4 0-000545 

4 0-002656 

4 0-009624 

4 0 027393 

4 0-063370 
4 0 -I 2 I 600 

4 0-195280 

4 0-00000 1 

4 0-000015 

4 0-000133 

4 0-000770 

4 0-003275 

4 0-010830 

4 0-028972 

4 0-064295 

4 0-120148 

4 0 000003 

4 0-000030 

4 0-000205 

4 O-OOIOI9 

4 0-003895 

4 0-011957 

4 0 030369 

4 0-065040 

4 0-000006 

4 0-000051 

4 0-000293 

4 0-001286 

4 0-004508 

4 0-013009 

4 0-031613 

4 0-000001 

4 0-000012 

4 0 000078 

4 0 000393 

4 0-001567 

4 0-005110 

4 0-013991 


4 0-000002 
4 0-000019 
4 0-0001 1 2 
4 0-000 506 
4 0-001856 
4 0-005698 
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TABLES OF BESSEL FUNCTIONS 



- 0-2881947 ^ 0*1750103 + 0-2298579 + 0-3282489 

- 0-0259497 - 0-3026672 - 0*0605266 + o*2()8o8o6 

+ 0-2235215 - 0-1580605 - 0-2630366 4 0-0265422 

■H 0-2499367 4-0-1043146 - O-22O7557 - 0-2050949 

4 - 0-0556712 f 0-2490154 - 0 0058601 - 0-2513627 


4 - 0-0983910 6 

4 - 0-2903100 7 

4 - 0-2829432 8 

+ 0-0900258 9 

- 0-1449495 


- 0-1688473 V 0-1637055 4- 0-1986120 - 0-0914830 “ 0-2485118 

- 0-2252373 - 0-0570992 + 0-2157208 4 - 0*1290061 - O-I512177 


V5W 





- 0-T970609 

4 - 0-0637022 

4 - 0-2564011 

4 - 0-2851178 

+ 0- 1354030 

~ 0-0892528 

- 0-2298179 

- 0-4268259 
•- 0-1993068 
+ 0 ' 037 ' 558 « 

4 - 0-22(77718 

4 0-2803526 

4 - 0-1673728 

- 0-0402973 

- 0-6565908 

- 0-4053710 

- 0-2000639 

4 - 0-0172446 
+ 0-2010200 

+ 0-2718414 
+ 0-1895207 

- I-TO52194 

- 0-6114352 

- 0-3876699 

- 0-1999469 

4 0-0010755 

+ 0-1786071 
f 0-2614047 

- 2-2906609 

- 0-9921953 

- o’ 57527 ^o 

- 0-3727057 

- 0-1992993 

- 0-0120492 

4- 0- 1 5901 89 


^10 

^ 11 w 


V'loW 

- 57 (><> 7<'’33 

- I •9309240 

- 0-9067010 

- 0-5454645 
0-3598142 

- 0-1983240 

- 0-0228763 

- 16-9318836 

- 4-5504447 

- 1-6914765 

- 0-839437'"^ 

- 0-5203290 

- 0-3485399 
' 0-1971461 

- 56-3168097 

- k- 36 i 4737 

- 3 - 744«505 

- 1-5064942 

- 0-7849097 

- o- 4 o 875|)8 

- 0-3385583 

' 208-3353554 
" 37 -« 3 I 7507 

- 9-5431018 

- 3-1778801 

- i- 3^>34543 

" 0-7396546 

- 0-4799704 
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A 

y.w 

y.w 



X 

o-i 

0-2 

0-3 

0-4 

0*5 

0-6 

tl 

0 - 9 
1*0 

1- i 

1-2 

^•3 

1-4 

1*5 

1-6 

\-l 

1 - 9 

2- 0 

2*1 

2-2 

2-3 

2'4 

2*5 

2-6 

U 

2 - 9 

3 - 0 

3*1 

3*2 

3*3 

3 - 4 
3*5 

u 

3*9 

4 - 0 

4*1 
4*2 
4*3 
4*4 ! 
4*5 

4*6 

a 

4-9 

5*0 

- 1-5342387 

- 10811053 

- 0-8072736 

- 0-6060246 

- 0-4445187 

- 0-3085099 

- 0-1906649 

- 0-0868023 
+ 0-0056283 
+ 0-0882570 

+ 0-1621632 
+ 0-2280835 
+ 0-2865354 
+ 0-3578951 
+ 0-3824489 

+ 0-4204269 
+ 0-4520270 
+ 0-4774317 
+ 0-4968200 
+ 0-5103757 

+ 0*5182937 

+ 0-5207843 
+ 0-5180754 
+ 0-5104147 
+ 0-4980704 

+ 0-4813306 
+ 0-4605035 
+ 0-4359160 
f 0-4079T18 
+ 0-3768500 

f 0-3431029 
+ 0-3070533 
+ 0-2690920 
+ 0-2296153 
+ 0-1890219 

+ 0-1477100 
+ 0-1060743 
+ 0-0645032 
+ 0-0233759 

- 0-0169407 

- 0-0560946 

- 0 - 0937 2 

- 0-1295939 

- 0-1633365 

- o- 1 947950 

- 0-2234600 
-- 0-2493876 

- 0-2723038 

- 0-2920546 

- 0-308517^ 

- 6-4589511 

- 3 ' 323 y -259 

- 2-2931051 

- 1-7808720 

- 1*4714724 

- 1-2603913 

- 1-1032499 

- 0-9781442 

- 0*8731266 

- 0-7812128 

- 0-6981196 

- 0-6211364 

- o- 54 « 5 i 97 

- 0-4791470 

- 0*4123086 

- 0-3475780 

- 0-2847262 

- 0-2236649 

- 0-1644058 

- 0-1070324 

- 0*0516786 
+ o-oot4»78 
+ 0-0522773 

H 0-1004889 
-1- 0-1459181 

•f 0-1883635 

4 0-2276324 
+ o- 2(>35454 

4 0-2959401 

4 0-3246744 

4 0-3496295 

4 0-3707113 

4 0-3878529 

4 0-4010153 

4 0-4101884 

+ 0-4153918 

o- 4 i 6(>744 

4 0-4141147 

4 0-4078200 

4 0-3979257 

4 0-38^5940 

4 0-3680128 
+ 0-3483938 

4 0-3259707 

4 0-3009973 

4 0-2737452 

4 0-2445013 

4 0-2135652 

4 0-1812467 

4 0-1478631 

- 127-0447832 

- 32 -i 57 i 44 f' 

- I a -4800940 

- «*^983357 

- 5-4413708 

- 3-8927946 

- 2-9614776 

- 2-3585582 

- 1-9459096 

- 1-6506826 

- 1-4314715 

- 1-2633108 

- 1 1304 1 19 

- 1-0223908 

- 0-9321938 

“ 0-8548994 
“ 0-7869991 

- 0-7259482 

- 0-6698787 

- 0-6174081 

- 0-5675115 

- 0-5194317 

- 0-4726169 

- 0-4266740 

- 0-3813358 

- 0-3364356 

- 0-2918869 

- 0-2476693 

- 0-2038152 

- 0-1604004 

- 0- 11 753^5 

- 0-0753587 

- 0-0340296 
+ 0-0062 760 
+ 0-0453714 

4 0*0850632 

4 0-1191551 

0-1534519 1 

4 0-1857626 

4 0-2159036 

4 0-2437015 

4 0-2089954 

4 0-2916395 

4 0-3115049 

4 0-3284816 

4 0-3424796 

0-3531308 

4 0-3612893 

4 0-3660328 

4 0-3676629 

~ 5099-33^3786 

- 639-8190662 

- 190-7748150 

81-2024845 

- 42*0594943 

- 24 -(k )15728 

- i 5 - 8 i 9479 i 

- 10-8i4646(> 

“ 7*7753605 

- 5-8215176 

■' 4-5072313 

- 3-5898996 

- 2-9296706 

- 2-4419696 
“ 2-0735414 

- 1-7896705 

- 1-5670362 

- > 3895534 

- 12458()5I 

- 1-1277838 

- 1-0292956 

- 0-9459092 

- 0-8742197 

- 0-8116122 

- 0-7560555 

- 0-7059567 

- o- 6()00575 

- 0-6173586 

- 0-5770644 

- 0-5385416 

- 0-5012882 

- 0-41349097 

- 0-4291009 

- 0-3936317 

- 0-3583353 

- 0-3230993 

- 0-2878581 

- 0-2525864 

- 0-2172943 

- 0-1 820221 

- 0*1468365 

- 0-1118267 
-- 0-0771012 

- 0-0427844 

- 0-0090137 

4 0-0240631 

4 0-0562908 

4 0 08 7 5092 

+ 0-1175556 

4 0-1462672 

0-1 

0-2 

0-3 

0-4 

0-5 

0-6 

U 

0 - 9 

10 

1- i 

1-2 

1-3 

1-4 

1*5 

1-6 

U 

1 - 9 
20 

2- 1 
2-2 
2-3 
2*4 
2*5 

2-6 

U 

2 - 9 

30 

31 

3*2 

3*3 

3*4 

3*5 

3*6 

U 

3 - 9 
40 

4 - 1 
•1*2 
4*3 
4*4 
4 “) 

4 - 6 

U 

4*9 

5 - 0 
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305832 -*970 

- I9i62-4id8 

- 3801 0162 

- 12097389 

- 499 2726 

- 243 02293 

- 132-63406 

“ 7875129 

- 49 08983 

- 33-27842 

: 

- 12-391145 

- 9-443193 

- 7-361972 

- 5 856365 

- 4-743717 

- 3-905897 

- 3-264432 

- 2-765943 

“ 2-3733331 

- 2-0603205 
“ 1-8079562 

- 1-6023566 

- 1-4331973 

- 1-2926953 

- 1-1749076 

- 1-0752421 

- 0-9901112 

- 0-9166828 

- 0-8526997 

- 0-7963470 

- 0-7461539 

- 0-7009203 
“ 0-6596606 

~ 0-6215621 

- 0-5859520 

- 0-5522725 

- 0-5200615 

- 0-4889368 

- 0-4585842 

- 0-4287478 

- 0-3992226 

- 0-3698472 

- 0-3404998 

- 0-3110929 

- 0-2815701 

- 0-2519027 

- 0-2220872 

- 0-1921423 


- 24461A84-502 

- 765H56775 

- 101169-657 

- 24ii3'57<> 

- 7946-301 

■ 3215-61^2 

1499*9983 

- 776-6983 

- 435 6898 

- 260-4059 

- 163-88133 

- 107-65135 

- 7332353 

- 51*51913 

- 3719031 

- 27-49215^ 

' 20-756338 

“ 15*969907 

- 12-499113 

- 9*935989 

- 8-011973 

- 6-546165 

- 5*414324 

- 4*529576 

- 3-830176 

- 3-271567 

- 2-821150 

- 2-454762 

- 2-154277 

“ 1*905946 

- 1-6992271 

- 1*5259577 

- 1*3797571 

- 1*2555924 

- 1-1494603 

- 1-0581497 

- 0-9790651 

- 0-9100926 

- 0-8494985 

- 0-7958514 

- O-74796IQ 

- 0-7048359 

- 0-6656385 

- 0-6296652 

- 0-5963194 

- 0-5650943 

- 0-5355591 

- 0-5073471 

- 0-4801469 i 

- 0-4536948 I 


- 2445842617-9 

- 38273676-3 

- 3368520-9 

- 601029-7 

- 158426-8 

53350*547 

21295-913 

- 9(>29-977 

- 4791-108 

- 2570-780 

- 1466-6768 

- 880-4084 

- 551*0360 

- 358*5506 

- 240-5734 

- 165-96960 

- 117*35239 

- 84-81625 

- 62-52037 

- 46*91400 

- 35*77892 

- 27-69498 

- 21-73258 

- 17-27088 

- 13*88751 

- 11-290256 

- 9-273796 

- 7-691764 

- 6-43843'> 

- 5-436476 

- 4-628678 

- 3-972271 

- 3-434928 

- 2-991999 

- 2-624512 

- 2-3177427 

- 2-0601699 

- 1-8427079 

- 1-6581398 

- 1-5006918 

' - 1*3657130 
• - 1-2494327 

- 1*1487739 

- 1-0612100 

- 0-9846543 

- 0-9173730 

- 0-8579174 

- 0-8050705 

- 0-7578045 

- 0-7152474 I 


- 293476652667 

- 2295654722 

- 134639066 

- 18024776 
- 3794296 

1063795-33 

- 363572-80 

- 143672-96 

--htm 

- 15836-229 

- 8696-433 

- 5018-701 

- 3021-772 
- 1887-397 

- 1217*2798 

- 807-6135 

-* 549*4717 

- 382-366 

- 271-5480 

- 196*43901 
- 144*51734 

- 107-97306 

- 81-82481 

- 62-82986 

- 48*83731 
" 38*39572 

- 30*50994 

- 24-48750 

- 19*83994 


- 16-218237 3-1 

- 13-370058 3-2 

11-110890 3-3 

- 9*304403 3-4 


6-667659 3-6 

5-702567 3-7 

4.908985 3-8 

4-252470 3-9 

3-706224 

3*249247 

2-864972 
2-5A0242 
2-264544 
2-029425 

1-8280526 
1-6548682 

1*5053290 
^‘3757009 
1-2628988 
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o-i 

0*2 

0*3 

0-4 

0*5 

0*6 

U 

0 - 9 

1- o 

i-i 

1-2 

1*3 

1-4 

1-5 

1*6 

U 

1- 9 

2 - 0 

2-1 

2-2 

2-3 

2-4 

2-5 


2*6 

2 

2 

2- 9 

3- 0 


.1 


3*1 

3-2 

3*3 

3-4 

3*5 

3- 6 

P 

3*9 

4- 0 

4-1 

4 - 2 

4*3 

4*4 

4*5 

4*6 

u 

4*9 

5- 0 


VsW 


410842855308 

- 1606575569! 
- 62798 1 59| 

- 6302655 

- 10608191 

24768540-5 

- 7250160*1 

- 2504646*8 

- 982142*7 

- 425674*6 

- 200085*33 

- 100577*97 

- 53495*91 

- 29859*17 

- 17375*^3 

- 10485*229 

: 


•52 


- 2754*916 

- 1853*922 

- 1273*8144 

- 891*9608 

- 635*4947 

- 4600405 

- 337*9597 

- 251*67985 

- 189*81514 

- 144*85794 

- 111*77710 

- 87*14989 

- 68*61497 

- 54*52173 

- 4ii*702i8 

- 35*32025 

- 28*77095 

- 23*612043 

- i 9 *si 7IIO 

- 16*243027 

- 13*607138 

- 11*471092 

- 9*729277 

- 8*300474 

- 7*121782 

- '^’•144157 

- 5*329114 

- 4*646265 

- 4*o7M77 

- 3*585472 

- 3*; 72769 

- 2*820869 


Y.{x) 


251925971 

- 339 o 825 [ 


6573J922o8278[3 

- i 28503 o 8895 r 3 

- 334788875 3 

[3. 

- 659430617 

- 165354373 

- 49949263 

- 17306869 
- 6780205 

2894495*9 

1332343*2 

- 653392*5 

- 338225*9 

- 183447*3 

- 10363501 

- 60684*92 

- 36684*77 

- 22816*93 

- » 455<)-83 

- 9508*814 

- 6342*^71 

- 4312*860 

- 2985*112 

- 2100*112 

- 1499-9618 

- 1086*4347 

- 797*2497 

- 592-2137 

- 444*9595 

- 337*92355 

- 259*23861 

- 200*77848 

- 156*90853 

- 123*67548 

- 98*27476 

- 78*69575 

- 63*48271 

- 5i-57i<>8 

- 42*17814 

- 34*71866 

- 28*75588 

- 23*95941 

- 20*07785 

- 16*91853 

- 14*3328/0 

- 12*205480 

- 10*446246 

- 8*984362 

- 7*763883 




”8313351320451 
- 11563671430 

- 200810527 

- 11330366 
- 1219636 

- 197581 500I 

- 424471941 

- 11213538 I 


- 1216180 


- 47164393 

- 19884570 

- 8993478 

“ 4318759 

- 2183993 

1155408-6 

- 636012*7 

- 362658*9 

- 213405*5 

- 129184*5 

- 80230-30 

- 51000*98 

- 33117*32 

- 21928*30 

- 14782*85 

- 10132*671 

- 7053 083 

- 4980*319 

- 3564 032 

- 2582*607 

- 1893*5218 

- 1403*6955 

- 1051*4532 

- 795*3720 

- 607*2744 

- 467*7617 

- 363*3271 

- 284*4645 

- 224*4160 
“ 178-3306 

- 142*69412 

- 114*93902 

- 63*17343 

- 75*99248 

- 62*34502 

- 51*43888 

- V2’6729I 

- 35*58795 

29*85101 

- 2512911 


0*1 

0*2 

0*3 

0*4 

0*5 

0*6 

n 

0*9 

1*0 

1*1 

1*2 

1*3 

1*4 

1*5 

1*6 

\-i 

1*9 

2*0 

2*1 

2*2 

2*3 

2*4 

2*5 

2*6 

U 

2*9 

3*0 

3*1 

3*2 

3*3 

3*4 

3*5 

3- 6 

U 

3*9 

4*0 

41 

4*2 

4*3 

4*4 

4*5 

4*6 

P 

4 - 9 
5*0 


■at 14 are given. 
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Table TV. Values of e~*I„{x) 


X 





X 

o-i 

OOOII32O 

0-0000189 

0-0000002 

_ 

O-I 

0*2 

0-0041073 

0-0001368 

0-0000034 

0-000000 1 

0-2 

0-3 

0-0083969 

0-0004191 

0-0000157 

0-0000005 

0-3 

0*4 

0-0135860 

0-0009027 

0-0000450 

0-0000018 

0-4 

0-5 

0-0193521 

0-0016043 

0-0001000 

0-0000050 

0*5 

0*6 

00254458 

0-0025257 

0-0001886 

0-0000113 

0-6 

0-7 

0-0316770 

0-0036585 

00049877 

0-0003182 

0-0000222 

0-7 

o-tt 

0-0379022 

0-0004948 

0-0000394 

0-8 

0-9 

0-0440151 

0-0064938 

0-0007233 

0-0000647 

0-9 

1*0 

0-04993^18 

0-0081553 

0-0010069 

0-0000999 

i-o 

I-I 

00556193 

0-0099497 

0-0013479 

0-0001468 

I-I 

I ‘2 

O-OOIO2O6 

0-0118547 

0-0138486 

0-0017471 

0-0002072 

1-2 

1*3 

0-0661209 

0-0022045 

0-0002826 

I *3 

1*4 

0-0709088 

0-OI591IO 

0-0027189 

00003746 

0-0004843 

1*4 

1*5 

00753811 

0-0180231 

0-0032885 

1-5 

1*6 

0-0795406 

0*0833947 

0-0201679 

0-0039110 

0-0006129 

1-6 


0-0223299 

0-0045834 

0-0007611 


l-S 

0-0869539 

002 A 4955 

0-0266527 

0-0053023 

0-0009298 

1-6 

1-9 

0-0902306 

0-0060642 

0-0011192 

1-9 

2*0 

0-0932390 

0-0287912 

0-0068654 

0-0013298 

2-0 

2*1 

00959939 

0-0985103 

0-0309022 

0-0077019 

0-0015615 

2-1 

2-2 

0-0329781 

0-0085701 

00018142 

2-2 

2*3 

0-1008034 

0-0^50127 

0-00946^9 

0-0020879 

2*3 

2*4 

0-1028881 

0-0370010 

0-0103857 

0-0023819 

2-4 

2-5 

0- 1047787 

0-03893S7 

0-0113259 

0-0026960 

2-5 

2-6 

0-1064892 

0-0408227 

0-0122829 

0-0030293 

2-6 

2- 

0-1080327 

0-0426507 

0-0132534 

00033813 

27 

2-8 

2-9 

o- 1094217 
O-I 106680 

0-0444207 

00461318 

0-0142344 

0-0152228 

0-0037511 

0-0041380 

2-8 

2-9 

3-0 

0-1 117825 

00477833 

0-0162159 

0-0045409 

30 

3*1 

0-1127758 

0*0493750 

0-OI72I12 

0-0049590 

31 

3*2 

01136572 

0-0509071 

0-0182063 

0-0053913 

3*2 

3-3 

01 144358 

0-0523802 

0-0191910 

0-0058369 

3*3 

3-4 

0-TT5II97 

0*0537949 

0-0201876 

0-0062947 

0-0067638 

3*4 

3*5 

0-1157167 

0*0551523 

0-02 1 1 700 

3*5 

3 *^> 

0-1162339 

00564535 

0-0221447 

0-0072431 

3*6 

37 

0-1166776 

00576999 

0-0588928 

0-0231102 

0-0077318 

0-0082288 

37 

3-8 

0-1170540 
o- 1 I 73686 

0-0240654 

3 » 

39 

0-0600338 

0-0250090 

0-0087333 

3*9 

4*0 

0-1176265 

0-0611243 

0-0259400 

0-0092443 

40 

4*1 

O-I 178323 

0062 1661 

'O-O268576 

0-0097611 

4*1 

4-2 

4*3 

0-1179905 

0-1181048 

0-0631607 

0-0641096 

0-0277610 

0-0286495 

0-0102826 

0-0108082 

4-2 

4*3 

4*4 

0-1181791 

0-0650147 

0-0295227 

O-OII337I 

0-0118685 

4*4 

4*5 

0-1182166 

0-0658774 

0-0303800 

4*5 

4-6 

0-1182204 

0-0666994 

OO3I22I2 

0-0 12401 7 

4-6 

t'l 

0-1181933 

0-1181380 

0-0674822 

0-0682274 

0-0320458 

0-0328538 

0-0129361 

0-OI347II 

U 

4*9 

o- 1 1 80568 

0-0689364 

00336440 

0-0140060 

4*9 

5*0 

O-I 1 705 T 9 

0-0696107 

0-0344190 

00145403 

5*0 
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Table IV. Values of {x) 


X 

KAx ) 

KAx ) 

KAx ) 

A’j (jr) 

X 

OI 

0-2 

0-3 

0-4 

0-5 

2*4270690 

1*7527039 

1*3724601 

1*1145291 

0*9244191 

9-8538448 

4-7759725 

3*0559920 

2*1843544 

1*6564411 

199*5039646 

49*5124293 

21-7457403 

12*0363013 

7-5501836 

7990*0124305 

995-0245583 

292*9991958 

122*5473670 

62*0579095 

01 

0-2 

0*3 

0-4 

0-5 

0-6 

0-9 

1*0 

0*7775221 

0*6605199 

05653471 

0*4867303 

0*4210244 

1*3028549 

1*0502835 

0*8617816 

0716533O 

OOOI9O72 

5*1203052 

3*6613300 

2*7198012 

2*0790271 

1*6248389 

35 - 43 « 203 > 

21-9721690 

14*4607876 

9-9566542 

7-1012628 

0-6 

Zl 

0-9 

1*0 

i*i 

1-2 

1*3 

1-4 

1*5 

0*3656024 

0*3185082 

0*2782476 

0*2436551 

0*2138056 

o- 5097600 

0*4345924 

0-3725475 

0-3208359 

0-2773878 

1*2924388 

T *0428289 
0*8513976 

0*7019921 

0*5836560 

5-2095375 

V 9 106886 

2-9922325 

2-3265275 

1-8338037 

1*1 

1*2 

1-3 

1-4 

1-5 

1*6 

1-9 

2*0 

0*1879548 

o- 1654903 
01459314 

0*1288460 

0*1138939 

0*2406339 

0*2093625 
0*1826231 
0*1596602 
0*1 '398659 

0*4887471 
0*4118051 
o- 3488460 
0*2969093 
0 -^ 53759 ” 

i-4(»250i8 

1-1783157 

0-9578363 

o- 7»47324 

0*6473854 

1*6 

1 9 

2*0 

2*1 

2*2 

2*3 

2-4 

2-5 

0*1007837 

0*0892690 

0*0791399 

0*0702173 

0*0623476 

0*1227464 

0*1078968 

0*0949824 

0*0837248 

0*0738908 

0*2176851 

0-1873570 

0*1617334 

O' 1399880 
0*1214602 

i>- 5373«-17 

o-.Hn 5459 

o- 370257 <i 
0-3 1 70382 
0-2682271 

2-1 

2-2 

2-3 

2-4 

2-5 

2*6 

U 

2 9 
3-0 

0*0553983 

0*0492554 

0*0438200 

0*0390062 

0*0347395 

0*0652840 

0*0577384 

0*0511127 

0*0452864 

00401564 

0*1056168 

0*0920246 

0*0803290 

0*0702383 

0*0615105 

0*2277714 
0-1940711 
o- 1658085 

0 1421668 
0-1221704 

2-6 

n 

2 - 9 

3 - 6 

3-1 

3-2 

3-3 

3-4 

3-5 

0*0309547 

0*0275950 

00246106 

0*0219580 

00195989 

0*0356341 

0*0316429 

0*0281169 

0*0249990 

0-0222394 

00539444 

0*0473718 

0-0416512 

0*0366633 

0-0323071 

0-1052398 

0-090857/ 

0-0786032 

o-o() 8 i 323 

0*0591610 

3-1 

3-3 

3-4 

3-5 

3-6 

P 

3 - 9 

4 - 0 

0*01 74996 
0*0156307 
00139659 
00124823 

0*0111597 

0-0197950 

0*0176280 

0-OT57057 

0*0139993 

0*0 12483 5 

0-0284968 

00251593 

0-022232T 
0-0196614 
0-0 1 74014 

0-0514581 

0-0448273 

0-0391079 

0-0341649 

0-0298849 

3-6 

3-7 

3 « 

3 - ‘> 

4 - 0 

4*1 

4-2 

4-3 

4*4 

4*5 

4 - 6 

4*9 

5 - 0 

0*0099800 
000892 75 
0*0079800 
0*0071491 
0*0063999 

00057304 

0*0051321 

0*0045972 

0*0041189 

0*0036911 

00TI1363 

0*0099382 

0*0088722 

0*0079233 

0*0070781 

0*0063250 

0*0056538 

0-0050552 

0-0045212 

0-0040446 

001 54123 
0*0136599 

0*0124146 

0*0107506 

00095457 

0*0084804 

0*0075380 

0*0067036 

0*0059643 

0*0053089 

0-0261727 

(j-0229477 

0-0201416 

(>•0176965 
O-OI 55631 

0-0136993 

O-OI 2069 1 
0-0106415 
0-0093960 
0-0082918 

4-1 

4 -^ 

43 

4*4 

4-5 

4-6 

4-7 

4-8 

4 - 9 

5 - 6 


47 

W. B. F. 




738 TABLES OF BESSEL FUNCTIONS 


Table IV. Values of K „ ( x ) 


X 

KM 

KM 

KM 


X 

01 

479600-2498 

38376010-00 

3838080599*8 

460608047990 

O-I 

0 2 

29900-2492 

1197004-99 

59880149-8 

3594005995 

0-2 

0-3 

58817297 

1850-2468 

157139-12 

5243852-5 

209911239 

27038248 

0*3 

0-4 

37127-48 

9300373 

0-4 

0*5 

752-2451 

12097-98 

242711-8 

5837182 

0*5 

0-6 

359 - 50 ^ 33 (> 

4828*8027 

80839-547 

1621619-74 

0-6 

0-7 

191-994207 

111-175708 

2216-1917 


548248-34 

0-7 

0-8 

1126-2179 

14188-899 

213959*70 

0-8 

0-9 

68-456722 

618-4609 

6940-244 

3 (> 53 - 83 S 

93155-05 

0-9 

i-o 

44-232416 

360-9606 

44207-02 

i-o 

i-i 

29-708098 

221-26843 

2041-2393 

22489-333 

II 

r-2 

20-596272 

141-21917 

1197-4227 

12115-446 

1*2 

1*3 

14-661702 

93-21809 

731-7239 

6847-593 

1-3 

1-4 

10-672824 

63 * 314<59 

462-9164 

4031*169 

1-4 

1*5 

7-918871 

44-06778 

301-7041 

2457-700 

1-5 

1-6 

17 

5-9731^9 

4-.570597 

31-328146 

22-686804 

201-77404 

138-02271 

i 544-^>334 

996-9648 

1-6 

1-8 

3-541634 

16-698431 

96-31069 

658-7697 

1-8 

1-9 

2-775OII 

12-468991 

68-40128 

444*4771 

305-5380 

1-9 

2-0 

2-195916 

9-431049 

49-35116 

2-0 

2-1 

1-7530699 

7-215746 

5-578234 

36-113765 

213-58012 

2-1 

2-2 

1-4106641 

26-766271 

151-57608 

2-2 


1-1432756 

o- 9325 » 3 ^ 

4-352869 

20-068791 

109-05961 

2*3 

2*4 

3-425650 

15*206127 

79-45628 

2-4 

2-5 

0-7652054 

2-716884 

11-632743 

58-55405 

2-5 

2*() 

0-6312432 

2-1700581 

8-977621 

6-984668 

43-60523 

2-6 

27 

0-5232937 

J - 74457 ” 



2*8 

0-43576^5 

I -410901 2 

5-474694 

2-8 

2-9 

0-3643794 

0-3058512 

1-1473430 

4-320731 

19-02623 

2-9 

30 

0-9377736 

3-431763 

14-66483 

3-0 

31 

0-2576343 

0-7701024 

2-7418356 

11-383600 

3*1 

3-2 

0-2177299 

0-6351824 

2-2026750 

8*895214 

3-2 

3-3 

0-1845662 

015689O7 

0-5260364 

1-7786158 

6-993730 

3-3 

3'4 

0-437301 1 

'■4430764 

1-1760828 

5-530512 

3'4 

3 '5 

0-1337274 

0-3648244 

4*397108 

3-5 

3-6 

0-1142604 

0-3053701 

0-9625106 

3-513739 

3-6 

37 

0-0978523 

0-2563998 

0-7908246 

2-821236 

3-7 

3-6 

00839814 

0-2159108 

0-6521676 

2-275387 

3-8 

3*9 

0-0722228 

0-182314T 

0-5396949 

1-842914 

1-498598 

3-9 

40 

0-0622288 

01543425 

0-4480852 

4-0 

4-1 

0-0537139 

0-1309802 

• 0-3731778 

1-2232080 

4*1 

4-2 

0-0464423 

0-1114092 

0-3117023 

1-0019872 

4-2 

4‘3 

0-0402191 

0-0949678 

0-0811187 

0-2610745 

0-8235478 

4-3 

4-4 

0-0348822 

0-2192429 

0*6790539 

4-4 

4 -.5 

0-0302965 

0-0694236 

0-1845713 

0-5616138 

4'5 

4-6 

0-0263491 

0*0595239 

0*1557490 

0-4658258 

4-6 


0-0229453 

00200054 

0-0511250 

0*0439839 

0-1317219 

0-1116385 

1 0-0948088 

0-3874361 

0-3230800 

t'l 

4-9 

0-0174623 

0*0378998 

0 2700847 
0-2263181 

4-9 

5 « 

0-0152591 

0-0327063 

0-0806716 

5*0 
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0*1 

0-2 

0*3 

0*4 

0-5 

o-G 

0-9 

1*0 


i-i 

1*2 

1*3 

1*4 

1*5 

1*6 

\l 

1- 9 

2 - 0 

2*1 

2*2 

2-3 

2-4 

2*5 

2*0 

XI 

2- 9 

3*0 

3*1 

3*2 

3*3 

3 - 4 
3-5 

3-6 

3- 9 

4- 0 

4*1 

4*2 

4*3 

4*4 

4*5 

4-6 

XI 

4*9 

5*0 




644889647992 [2] 
25i6402998r-^ 
98011017' 


K.M 


9787687[2] 
i636838[2j 

37918633-59 

10996818*69 

375848372 
1456018*75 
622552*12 

288269*12 
142544*29 
74475*03 

40774-60 
23240*24 

I37i7*3i^> 
8348*321 
5220075 
3343*49G 
2188*117 

1459*9812 

991-5413 
683*9099 

478*7011 

339*5354 

243-77501 

176*99414 

129-84408 

96-17151 

71*86762 

5415191 
41-11923 
31*44899 
24*21577 
18*76452 

14-627050 

11*465773 
9*035174 
7-155283 
5-693179 

4*549986 

3*651659 
2*942393 
2-379869 
1*931814 

::sgll§ 

1-0539552 
0*8664794 

0*7143624 


I03i8694975920[3l 

20I348 i 7990[3] 

5243719131 

1012785182 

251904104 

75383634 

25977933 

10005041 

421549470 

1912706*01 

923463-36 

470026*62 

250353-61 

1387x7*80 

7956940 

47059-44 

28600*23 

17810*48 

11337*247 
7361-331 
4866*694 

3270 797 

2231-581 

1543-7592 
1081*6417 
766*8400 
549*6277 
397*9588 

290*87739 
214-49139 
159-47366 
119*48709 

90*17775 

68*52285 
52*40296 
40*31822 
31*19792 
24*27131 

18*979250 

14*913071 
11*771986 
9.333122 
7*430286 

5*938798 

4*764583 

3 •836264 

3 099405 

2*512278 




18574295846304W 

181238525941:5] 

3i38592i2[5j 

I7640i97[5l 

i 889376[5J 


30421474U2J 
6488S309I 
1 6998902 [ 
52ioi47[ 
18071 




2] 
2J 

... 2 ] 

»33f2] 

60269092 

28833^4 

12860891 

6083974 

302748.1 

•56 


475814 


-Sj, 

-46 
274203-04 
162482*40 

98636*38 

61220*41 

38771-08 

25009*68 

16406*92 

10931-338 

7387-939 

5059530 

3507'654 

2459-620 

1743-1174 

1247-0333 

901-3053 

6s6*7945 

482-5358 

357-2413 

266*3991 

200*0162 

151-1457 

114*9141 

87-87352 

67-56482 

52*220^7 

40*56082 

31*65296 


24*812255 

19-533125 

15-439946 

12252049 

9-758563 


0*1 

0*2 

0*3 

0*4 

0- 5 

0*6 

ll 

0*9 

1*0 

1 

2 

1- 3 

1-4 

1-5 


1*6 

\'l 

1-9 

2*0 


2*1 

2*2 

2-3 

2-4 

2- 5 

2*6 
2 
2 
2*9 

3- 0 

31 

3-2 

3-3 

3-4 

3-5 

3-6 

U 

3- 9 

4- 0 

41 

4-2 

4-3 

4'4 

4-5 

4*6 

x-l 

4-9 

50 


The numbers in f 1 ere the numbers digite between the last digits given end 
The numoers m i j ^ ^ number containmg 19 digits 

points. For example, the mtegral part of Aj® I ) 

erst 14 are given 


tlic decimal 
of which tb© 

47-2 
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Table V. Values of ^ j) (x) 


AW 


/-I w 


7 j[ W 

y-j w 

X 

4 0-000807 

4 90-079718 

t 

4 0-015887 

4 0-077598 

+ 50340 -i 8 

2 

H 1-269137 

3 

4 0-199300 

f 0-625147 

4 

+ 0-333663 

+ 0-332945 

5 

4 0-384612 

4 0-280034 

^ 0-054598 
0-193887 

7 

1- 0*047122 
- 0*183879 

0-304868 

8 

- 0 - 2 I 7577 

4 0-004188 

9 

- 0-266416 

10 

- 0-151943 

4 0-200397 

11 

4 0*064507 

4 0-230091 

1 2 

4 0-213437 

4 o-o 8 iooo 

13 

4 0-183011 

4 0-007984 

- 0-120260 

14 

- 0-210673 

15 

- 0-161920 

- 0-123323 

16 

- 0-187495 

4 0*0604 ^8 


- 0-055005 

f 0-182978 

18 

1 0*116519 

4 0*144546 

19 

( 01801 11 

- 0-014639 

20 

4 0-086555 

- 0153403 

21 

0*077008 

6* 153^94 

22 

■ 0*166640 

0-021 14 \ 

^3 

0*107753 

1 0-124043 

'-^4 

-1 0-042601 

< 0 * 155^33 

'^5 

0-149737 

1 6049333 

2() 

4 0-1 21 443 

- 0 095706 


- 0-012633 

- 0-151235 

- 0-0*7 1438 

28 

- 0-130821 


- 0-129349 

I- 0-068766 

30 

- 0 013372 

^ 0 T43437 

4 0-088450 

31 

4 0-110760 

3 ^ 

+ 0-132602 

- 0-043448 

33 

+ 0-035744 

- 0-132704 

34 

- 0-090154 

- 0-101062 

35 

- 0-132005 

4 0-0199 I 2 

39 

- 0 05471 7 

4 0-119745 


4 0-069461 

4 0-109751 

38 

4 0-128176 

4 0-00 1705 

39 

4 0-070464 

- 0-105122 

40 

- 0-049057 

- 0-114951 

0-021284 

41 

- o-i 21619 

42 

- 0 083 128 

4 0-089305 

43 

4 0 029265 

4 0-117016 

44 

f 0-112774 

f 0-038744 

45 

-+ 0-092836 

- 0-010367 

- 0102038 

- 0-072710 

- 0-116187 

46 

- 0-056004 

48 

49 

50 

- 0-099715 

- 0-007388 

4 0-055710 

4 0-112833 


9 

10 

11 

12 
13 
M 

15 

16 

\l 

ig 

20 

21 

22 

23 

24 

25 

26 

29 

30 

31 

32 

33 

34 

35 

36 

39 

40 

41 

42 

43 

44 

45 

46 

49 

50 


+ 0*007186 
-f 0*068518 
+ 0*210132 
+ 0*365820 
f 0*410029 

+ 0*267139 

- 0*003403 

- 0*232568 

- 0*268267 
■ 0099653 

+ 0129440 
+ 0-234840 
+ o- 140709 

- 0 002450 

- 0*199063 

- 0-158507 
+ 0*014610 
f 0*165146 
+ 0*164856 
+ 0*021518 

- 0*133507 

- 0*164423 

- 0*049581 
h 0*103998 

+ 0*159426 

4 0*071548 

- 0-076458 

- 0-151096 
-- 0-088575 

+ 0*050802 

+ 0-140218 
+ 0-101394 

- 0*027012 

- 0-127357 

- 0-110507 

-f 0-005119 
H 0-112964 

+ 0*116289 

4 0-014818 

- 0*097428 

- 0*119045 

- 0-032729 
4 0-081099 

4 O- 1 1 9045 
+ 0*048542 

- 0*064303 

- 0-116541 

- 0*062195 

4 0*047346 
4 0*111781 


~ 13-279444 

- 1-674928 

- 0-702076 

- 0-348902 

- 0-027552 

4 0-237949 

4 0-32241 1 
4 0-184099 

- 0*067254 

- 0*240524 

- 0-210178 

- 0-015220 
4 O- 1 76039 
4 0-20741 1 
4 0*063130 

0*124998 

- 0-195020 

- 0-093620 
4 0 083050 
4 0-178478 

^ 0-113625 

- 0-047611 

- 0-159810 

- 0*126452 
4 0-017196 

4 0*139950 

•I 01 33898 
^ o- 009064 

- 0-119436 

- 0137049 

- 0 031691 
+ 0-098646 
h 0-136634 
H 0-051012 

- 0-077891 

- 0-133192 

- 0-067238 
4 0-057447 
4 0-127156 
4 0-080519 

- 0*037567 
0-118904 

- 0-090974 
f 0-018494 
4 0-108779 

4 0-098712 

- 0*000443 

- 0-082918 

- 0*103842 

- 0 016375 
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Table V. Values of ± (n + J) (®) 


X 

7vW 

/-V w 

A-.w 

/-vW 

X 

I 

+ 0-000074 

“ 797*438019 

+ 0-000006 

4 - 8681-738496 

I 

2 

4 0 002973 

- 20-978200 

4 - 0-000467 

4 - 110-346069 

2 

3 

4 

+ 0022661 
+ 0082606 

- 3*105334 

“ 1*057678 

+ 0-005493 

4 - 0-027866 

4 - 10-117087 

4 - 2-283448 

3 

4 

5 

+ 0-190564 

- 0*571750 

+ 00855 79 

4 - 0-924903 

5 

6 

+ 0-309779 

- 0-319846 

4- 0-183316 

+ 0-531787 

+ 0'3o88o2 

6 

1 

1 0-363446 
+ 0-285580 

4 0-084388 

- 0 073127 

4 0-291096 

7 

8 

9 

4 ' 0*158877 

4- 0-284832 

+ 0-236755 

+ 0*345551 

4 - 0-287020 

4 - 0 0864 1 2 
- 0130550 

8 

9 

lO 

- O-I4OI2I 

f 0-112283 

- 0-264618 

10 

11 

12 

- 0-253757 

- 0186414 

4 - 0-046217 
- 0-157348 

- 0-101814 

- 0-235447 

- 0-207468 

- 0-246614 

- 0085855 

IT 

12 

13 

4 - 0-007055 

- 0-232116 

4- 0-115406 

13 

14 

4 - 0-186113 

- 0-130102 

- 0-041513 

4 - 0*222482 

14 

15 

+ 0-203854 

4 - 0-063274 

+ 0*141509 

I- 0-164272 

15 

16 

4 - 0-067428 
- 0-113872 

4 0*194373 

4 - 0-208276 

- 0-010308 

16 


+ 0-163023 

4 0-113813 

- 0-165924 

17 

18 

“ 0-192649 
- 0-109663 

4 - 0-002131 

0-062725 

- 0-184280 

- 0-056824 

18 

19 

- 0-151520 

- 0*180008 

19 

20 

^ 0-059532 

- 0-171891 

- 0-147369 

4 - 0-109179 

20 

21 

4 - 0-170603 

- 0-047880 

1 0*002808 

4 - 0-178483 

21 

22 

+ 0-132919 

4 - 0-110486 

4 - 0-143468 

4- 0-098451 

22 

23 

- 0-015626 

4 - 0*168084 

4 - 0-159167 

- 0-059244 

- o-ioo68i 

^3 

24 

“ 0-144405 

+ 0-079936 

4 - 0*041567 

24 

25 

- 0-144089 

- 0*073044 

- 0-106000 

- 0-122994 

25 

26 

- 0-019716 

- 0-157027 

- 0*158079 

4 - 0*017102 

26 


4 - 0-116939 

- 0*101996 

- 0-073801 

4 - 0-137260 

Xk 

26 

+ 0-1470^5 

+ 0*039548 

+ 0-070397 

-y 0-135698 

29 

+ 0-047975 

- 0*089606 

4 - 0*141606 

4- 0-149019 

4 - 0-017726 

29 

30 

4 - 0*116419 

f 0-096493 

- 0111453 

30 

31 

- 0-144100 

- 0-009951 

- 0-037760 

0-139905 

31 

32 

- 0*070242 

- 0-123523 

- 0-134906 

- 0-045989 

4 0-085043 

32 

33 

4 - 0*063176 

- 0124785 

- 0-015884 

- O-III543 

33 

34 

4 - 0*136818 

4 - 0-008521 

+ 0-137843 

4 - 0-068414 

34 

35 

4 - 0-087324 

+ 0*103879 

+ 0- 1 1 7599 

35 

36 

- 0-038120 

4- 0*128214 

4 0*120357 

- 0-059088 

36 

% 

- 0-126274 

- o-o <)9837 

4 - 0 0381 10 
- 0-083440 

4 - 0-017176 
- 0-098362 

- O I3IO75 

- 0-085598 

P 

39 

4 - 0-014761 

- 0-127550 

- 0-056866 

0-124012 

4 0 034271 

39 

40 

+ 0-113283 

- 0-039312 

4 0*120760 

40 

41 

4 - 0-108276 

4 0-062800 

4 - 0-078107 

h 0-098102 

41 

42 

4 - 0-006668 

4 - 0-120424 

+ 0123365 

- 0*010256 

42 

43 

- 0-098498 

4 0 072282 

+ 0-057931 

- 0-107796 

- 0-106408 

- 0-010259 

43 

44 

45 

- 0-113059 

- 0-025987 

- 0-042429 

- 0-116528 

- 0 057530 

- O-II9127 

44 

45 

46 

4 - 0-082467 

- 0-084486 

- 0-073116 

4 - 0-092913 

46 

4Z 

4 - 0114556 

0-022091 

4 * 0-037178 

4 - 0-110876 

47 

48 

49 

+ 0-043062 
- 0-065662 

4 - 0-093419 

4 - 0-093609 

4 - O- 1 11907 

4 - 0-084974 
- 0-017490 

+ 0034596 

- 0-076725 

- 0-111958 

48 

49 

50 

- O-II3IIO 

- 0 003933 

50 
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./v.W 


/y {*) 


+ 0*000063 + 0*000008 + 0*000001 
+ 0*001140 + 0*000207 + 0*000034 + 0000005 
+ 0*007957 + 0*001974 0*000^34 + 0 000086 

+ 0*031941 +0*010243 0*002887 +0 000727 + ^ 

+ 0*087406 + 0*035199 + 0*012324 + 0003827 + 0*001069 + 

+ 0*177161 4 0*088535 0*037852 + 0 014205 4 0 004763 4 

+ 0*275940 + 0*171837 + 0*089213 + 0 040045 4 0*015904 + 

+ 0*330196 + 0*263308 4 0*167162 + o oSQ59b + 0*041882 + 

+ 0*286089 + 0*316850 + 0*252556 + 0*163007 + 0089759 4 

+ 0*133432 +0*283766 +0*305116 +0*243253 +0159277 4 
- o*o68653 + 0*149630 + 0*280630 + 0 294700 + 0-235095 4 

- 0*040059 +0*162139 + 0*277030 + 0*285372 + 

I - 0*192706 ' 0*015412 + 0*171849 + 0 273186 + 

-0*222722 -0*171205 +0005862 +0*179412 ■ 

-0*112842 -0*221691 -0*150416 +0024269 

+ 0*063457 - 0*137449 - 0*217076 - 0*130704 4 0 040241 

+ 0*185515 +0*027861 -0*156106 -0*209985 - 0*T12207 

+ 0*169350 ^ 0*165024 - 0*004326 ' 0*169805 0*201228 

+ 0*030877 + 0*181568 4 0*141612 - 0*032875 



/y W 

/y W 

/v 

/yW 

7y (^) 

+ 0*000007 

+ 0*000001 

— 

— 

— 

+ 0*000063 
+ 0*000402 
+ 0*001846 
+ 0*006568 
+ 0*018837 

+ 0*000014 
+ 0*000103 
+ 0*000551 
+ 0*002261 
+ 0*007421 

+ 0*000003 
+ 0 000024 
+ 0*000152 
+ 0*000718 
+ 0*002683 

+ 0*000001 
+ 0*000005 
+ 0*000039 
+ 0*000212 
+ 0*000898 

4 0*000001 

1 0*000009 
+ 0000058 

4 0*000280 

+ 0*044768 
+ 0*089695 
+ 0*152818 
+ 0*221379 
+ 0*269315 

+ 0*020106 
+ 0*045914 

4 0*089532 

+ 0*149989 
+ 0*215531 

+ 0*008237 
+ 0*02 1263 
+ 0*046907 
+ 0*089312 

+ 0-147378 

+ 0*003108 
+ 0*009017 
+ 0*022324 
+ 0*047774 
+ 0*089050 

+ 0*001086 
+ 0003532 
+ 0*009760 
+ 0*023297 
+ 0048533 

+ 0*265267 
+ 0*189882 
+ 0*054141 

- 0*094968 

- 0*191398 

+ 0*262335 
+ 0*261336 

+ 0*193419 
+ 0*066273 
- 0*078969 

+ 0*210215 
4 0*255927 
+ 0*257478 
+ 0*196122 
+ 0*076893 

1 

+ 0*144957 

+ 0*205354 

+ 0*250016 

+ 0*253715 
+ 0*198153 

+ 0*088758 
+ OI427OI 
+ 0- 200884 
♦ 0*244541 
+ 0*250059 


Jv W 


+ 0*000002 8 
4 0*000015 9 

0*000082 10 

40*000355 II 
4 0*001288 12 
4 0*003955 13 
+ 0*01 0469 14 

4 0*024193 ^5 

+ 0*049201 16 
4 0*088443 17 
4 0*140592 18 
+ o*I 96'755 
+ 0*239451 20 
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Table V. Fresners integrals 



ijjitOK 

4- 0-550247 

4- 0-721706 

4 - 0-779084 

4 - 0-753302 
+ 0-670986 

+ 0-092366 
+ 0-247558 
+ 0-415348 

4 - 0-562849 
4 - 0-665787 

+ 0-561020 
+ 0-452047 
+ 0-368193 

4 - 0-325249 
+ 0-328457 

4 - 0-711685 
4- 0-700180 

1 0-642119 
+ 0-556489 
^ 0-465942 

4 - 0-372439 
+ 0*443274 

4 - 0-522202 

4- 0-590116 

4 - 0-631845 

+ 0-391834 
H 0-349852 
i 0-347099 

4 0-381195 
4 0-441485 

+ 0-639301 

4- 0-612868 

4- 0-560804 

4 - 0-496895 

4 - 0-436964 

f 0-512010 

+ 0-575457 

4 0-617214 

4 0-628573 
f 0-608436 

f 0-395087 
h 0-380390 
+ 0 - 395 M 9 

+ 0-563176 
^ 0-504784 

1 0-447809 


f 0-5A251T 

+ 0 - 5^4583 
+ 0 - 604^1 
f 0-598871 
t o-; 56 q 335 

h 0-524009 
I 0-474310 
-f 0-432343 
+ 0-407985 
-I 0-406589 

f o -/(27837 
) 0-405971 
^ 0-511332 

+ 0-552774 

h 0-580389 

I 0-587849 
I 0-5738^2 
I 0-542266 
+ 0-501167 
+ 0-460707 

+ 0-430662 
+ 0-418080 
+ 0-425635 
f- 0-451078 

I- 0-487880 


+ o-!^ 05 H;o 

♦ 0-388217 

+ 0-398268 
H 0-432489 

I 0-481770 
+ 0-533736 
+ 0-575803 

I 0-598183 
+ 0-596126 
I 0-570890 
+ 0-529259 
+ 0-481750 

f 0-439989 
+ 0-413893 
< O- 409 J 36 
4 0-426853 
t- 0-461646 

f 0-504875 
' 0-545885 
+ 0-574811 
-f 0-584939 
1 0-574246 

+ 0-545782 
+ 0-506824 
4 - 0-467029 
4 - 0-436051 
+ 0 - 42 x 217 



j/;y)«).« 

4 - 0-526896 
+ 0-558628 
+ 0-575524 
0-573766 
+ 0-554127 

4 - 0-425797 

4 - 0-448300 

4 - 0-482927 

4 - 0-521054 
+ 0-553369 

4- 0-521695 
+ 0-484566 

4 - 0-451832 

4 - 0-431358 
+ 0-427908 

+ 0-572142 
+ 0-575060 
+ 0-556212 

+ 0-525995 

4 - 0-489969 

4- 0-442034 

4 - 0-470019 
+ 0-504844 
+ 0-537944 
+ 0-561307 

-1- 0-456974 

+ 0-434973 

4 - 0*429129 

4- 0-440605 

4 - 0-466343 

+ 0-569407 

4 - 0-560508 
+ 0-537026 
f 0-504881 
h 0-472012 

+ 0-499873 

+ 0-532930 
+ 0-557490 

4 0-567709 

4 0-561313 

+ 0-446415 

4 - 0-434212 

4 - 0-438182 

4 - 0-457140 

4 - 0-486272 

+ 0-540094 
+ 0-509417 
+ 0*476871 
+ 0-450396 
+ 0-436345 

+ 0-518359 
+ 0-545560 
+ 0-561321 
+ 0-561957 
+ 0-547503 

+ 0-437971 

+ 0-454670 

4 0-482187 
+ 0-513690 
+ 0-541464 

+ 0-521665 

4 - 0-490870 
■i 0-462670 

+ 0-443897 

4 - 0-439006 

+ 0-558799 
+ 0-561608 

4 0*549384 
-1- 0-525282 
+ 0-495309 

+ 0-449025 
+ O-47134I 

4 - 0-500382 

4 - 0-529002 
+ 0-550239 

+ 0*466829 

+ 0-446755 

4 - 0-439878 

4 0-447720 

4 0-468209 

4 0-559004 
+ 0-553301 

+ 0-534576 

4 - 0-507802 
+ 0-479313 

4 0-496215 

4 0-524837 

4 0-547099 

4 0-557650 

4 0-554044 

4 - 0-456160 
+ 0 - 4439 JO 

4- 0-445486 

4- 0-460311 

4- 0-484658 

+ 0-537309 

4 0-511657 

4 0-483428 

+ 0-459523 

4 0-445722 
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X 



0*02 

0*04 

O-OD 

o-o8 

o-io 

+ 0-1128334 

+ 0-1595514 

+ 0-1953707 
+ 0-2255314 
+ 0-2520611 

4 - 0-0007522 

4 - 0-0021274 

4 - 0-0039078 
+ 0-0060153 

4 0 0084044 

012 

O'lA 

O-IO 

o-i8 

0-20 

+ 0-2759976 
+ 0-2979565 
+ 0-3183378 
+ 0-3374186 
+ 0-3554002 

4 - 0-0110444 
+ O-OI39124 

4 - 0*0109904 

4 - 0 0202639 

4 - 0-0237204 

0-22 

0-24 

0-20 

0-28 

030 

+ 0-3724338 
+ 0-3886365 
+ 0-4041012 
+ 0-4189028 

4 0-4331026 

4 - 0-0273496 

4 - 0*0311421 

4 0 03 50898 

4 - 0-0391853 

4 - 0-0434218 

0-32 

0*34 

0-30 

0-38 

0-40 

4- 0-4467517 
+ 0-4598932 

+ 0-4725635 
+ 0-4847941 
+ 0-4966121 

4 - 0-0477932 

4 - 0 0522937 

4 0-0569181 
+ 0-0616612 
f 0 0665 1 85 

0-42 

0*44 

0-46 

0-48 

0-50 

4 0-5080410 

H 0-5191018 

4- 0-5298125 

4 0-5401895 
+ 0-5502472 

4- 0-0714853 

4 0-0765575 

4 0-0817309 
f 0*0870016 

4 0 0923658 

0-52 

0-54 

0-56 

0-58 

o-6o 

+ 0-5599985 

+ 0-5694551 

4 - 0-5786275 

+ 0-5875253 

4 0-5961571 

4 0*0978198 

4 0-1033602 

4 0-1089835 

4 O- 1 1 46863 

4 0-1204654 

0-62 
064 1 
O -60 1 
0-68 1 
0-70 

+ 0-6045308 
+ 0-6126537 

4 - 0-6205324 

4 0-6281731 
+ 0-6355815 

4 0-1263176 

4 01322398 

4 01382290 

4 0-1442820 

4 0-1503961 

0-72 

0-74 

0-76 

0-78 

080 

f 0-6427627 

4 * 0-6497217 
+ 0-6564631 
+ 0-6629910 
+ 0-6693095 

4 O- 1 565683 

4 0-1 627958 

4 0-1690757 

+ 0*1754054 

4 0-1817820 

0-82 

0-84 

0-86 

0-88 

0-90 

+ 0-67542^4 

+ 0-6813330 
+ 0-6870448 
+ 0-6925609 
+ 0-6978843 

4 0-1882030 

4 0-1946656 

4 0-2011673 

4 0-2077055 

4 0-2142775 

0-92 

0-94 

0-96 

0- 98 

1- OO 

1 

+ 0-7030179 
+ 0-7079643 
+ 0-7127261 

4 - 0-7x73059 

4 - 0-7217059 

4 0-2208809 

4 O-227513I 

4 0-2341717 

4 0-2408543 

4 0-2475583 


Maxima and minima 
of Fresnel’s integrals 


X ^ (n - i)r 

ip-iWdt 

1-570796 

4-712389 

7-853982 

10-995574 

14-137167 

17-278760 

20-420352 

23 - 5<^1945 

26-703538 

29-845130 

32-986723 
36- 1283 1 6 
39-269908 
42*4x1501 
45 * 553^93 

48-694686 

4 0-779893 

4 0-321056 

4 0-640807 

4 0-380389 
f 0-605721 

4 0-404260 

4 0-588128 

4 0-417922 

4 0-577121 

4 0 4 27036 

4 0*569413 

4 0-433666 
+ 0-563631 

4 0-438767 
-f 0-559088 

4 0-442848 


X -- Vn 


9-424778 

12-566371 

15.707963 

+ 0-713972 
■ i - 0-3434 '5 
] 0-628940 

1 0-387969 

4 0-600361 

18-849556 

21-991149 

25-132741 

28-274334 

31*415927 

4 0-408301 

4 0-584942 

4 0-420516 

H 0-574957 

f 0-428877 

34*557519 

37-699112 
40-840704 
43-982297 
47. 1 23890 

-f 0-567822 
^ 0-435059 

4 0-562398 

4 0-439068 

4 f> 558096 

50-265482 

+ 0-443747 
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Table VI. Functions of equal order and argument 


n 

/.(«) 

j. («) 

(«) 


n 

1 

0-4400506 

0-4400506 

0-3251471 

0-3251471 

I 

2 

0-3528340 

0-4445430 

0-2238908 

0-3554045 

0-3682342 

2 

3 

0-3090627 

0-4457456 

0-4462646 

0-4465441 

0-1770285 

3 

4 

5 

0-2811291 

0-2011405 

O-I49O422I 

0-1300918 

0-3755633 

0-3803908 

4 

5 

6 

0-2458369 

0'2335836 

0-4467152 

0-4468293 

0-1162502 

0-3838497 

6 

Z 

0-1056150 

03864704 

7 

8 

9 

0-2234550 

0-2148806 

0-4469100 

0-4469696 

0-0971341 

0-0901 86 5 

0-3885364 

0-3902143 

0-3916089 

8 

9 

10 

0-2074861 

0-4470153 

0-0843696 

10 

11 

12 

O-2OIOI4O 

0-1952802 

0-4470512 

0-4470800 

0-0794142 

00751323 

0-3927897 

0-3938047 

0-3946882 

11 

12 

13 

0-1901489 

0-4471036 

0-0713880 

13 

14 

0-1855174 

0’447I233 

0-0080806 

0-3954655 

14 

15 

0-1813063 

0-4471399 

0-0651336 

0-3961557 

15 

16 

0*1774532 

0-4471540 

0-4471662 

00624879 

0-3967734 

16 

^Z 

0-1739079 

0-0600969 

0-3973300 

^Z 

18 

19 

20 

0-1706299 

0' i 675857 

0-1647478 

0-4471768 

0-4471861 

0-4471943 

0-0579234 

0-0559374 

0-0541141 

0-3978347 

0-3982948 

o-‘3987i63 

18 

19 

20 

21 

22 

0-1620927 

0-1596009 

0-4472015 

0-4472080 

0-052.^32 

0-0508777 

0-3991041 

0-3994624 

0-3997946 

21 

22 

23 

01572555 

0-4472138 

0-0494332 

23 

24 

01550422 

0-4472191 

0-0480874 

0-4001035 

24 

25 

0-1529484 

0-4472239 

0-0468301 

0-4003917 

25 

26 

0-1509633 

0-4472282 

0-0456522 

0-4006614 

26 


0-1490774 

0-1472823 

0-4472321 

0-0445460 

0-4009143 


28 

0-4472358 

0-0435048 

0-4011521 

28 

29 

0-1455706 

0-4472391 

0-0425226 

0-4013762 

0-4015877 

29 

30 

0-1439359 

0-4472422 

0-0415942 

30 

31 

0-1423721 

0-4472450 1 

0-0407151 

0-0398812 

0-4017879 

31 

32 

0-1408742 

0-4472476 

0-4019775 

32 

33 

0-1394373 

0-4472500 

0-0390889 

0-4021576 

0-4023268 

33 

34 

0-1380567 

0-4472523 

0-0383350 

0-0376165 

34 

35 

01 367305 

0-4472544 

0-4024918 

35 

36 

0-1354531 

0-4472564 

0-0369309 

0-4026472 

36 

3Z 


0-1342222 

0-4472583 

0-0362758 

0-4027956 

38 

0-1330349 

0-1318885 

0-4472600 

0-0356491 

04029374 

38 

39 

0-4472616 

0-0350489 

0-4030732 

39 

40 

o- 1 307805 

0-4472632 

0-0344734 

0-4032033 

40 

41 

0-1297089 

0-4472646 
0-4 ^72660 
0-4472673 
0-4472685 

*00339210 

0-4033281 

41 

42 

43 

44 

0-1286716 

0-1276667 

0-1266925 

0-0333904 

0-0328800 

0-0323888 

«*4034479 

^^■4035031 

0-4036738 

0-4037S05 

42 

43 

44 

45 

01257473 

0-4472697 

0-0319156 

45 

46 

0-1248297 

0-4472708 

0-0314594 

0-4038833 

46 


0-1239383 

0-4472718 

0-0310192 

0-4039824 


48 

0-1230719 

0-4472728 

0-0305941 

0-4040781 

49 

0-1222291 

0-4472738 

0-0301833 

0-0297861 

0-4041705 

49 

50 

0-1214090 

0-4472747 

0-4042599 

50 


For values of n 
accuracy; 

Ain) 


Jh in) 


exceeding 30, the following approximations may be used with seven-figure 
^ 044730 73184 r I “I _ 0 005869 2885 r _ 1213 " ] 

ni L “2'25»*J" nf L i4625n*J* 

^ 0-41085 01939 r 2^ -\ _ 0-08946 14637 r. _ 947 "1 

nl "L 3i5on*J”' L 6930on*J 
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Table VI. Functions of equal order and argument 
n -y..(n} -n^Vnin) V,/ («) YV («) « 


1 o- 78 i 2 I 28 

2 0-6174081 

3 0*5385416 

4 0-4889368 

5 0-4536948 

6 0-4268259 

7 0-4053710 

8 0-3876699 

9 0-3727057 

10 0-3598142 

11 0-3485399 

12 0-3385583 

13 03296303 

14 0-3215755 

15 0-3142546 

10 0-3075580 

17 0-3013982 

18 0-2957040 

IQ 0-2904173 
26 0-2854894 

21 0-2808800 

22 0-2765546 

23 0-272^839 

24 0-2686456 

25 0-2650095 

26 0-2615652 

27 0-2582933 

28 0-2551791 

29 0-2522100 

30 0-2493744 

31 0-2466622 

32 0-2440643 

33 0-2415724 

34 0*2391794 

35 0-2368784 

36 0-2346635 

32 0-2325292 

38 0-2304705 

39 0-2284828 

40 0-2265620 

41 0-2247042 

42 0-2229059 

43 0-2211637 

44 0-219474^ 

45 0-2178364 

46 0-2162458 

47 0-2147007 

4& 0-2131988 

49 0-2117381 

50 0-2103166 


0-7812128 I 

0-7778855 

0-7767114 

0-7761387 

0-7758072 

07755941 

077544^ 

0-7753399 

0-7752590 

0-7751961 

0-7751458 

0-7751049 

0-7750711 

0-7750426 

0-7750184 


0-8694698 

0*5103757 

0-3781412 

0-3069147 

0-2615525 

0-2297650 

0-2060622 

0-1876060 

0-1727588 

0-1605149 


O' 8694 698 I 
0-8101709 2 

0-7865654 3 

0-77337^5 4 

0-7647843 5 

0-7580672 6 

0-7540520 7 

0-7504241 8 

0-7474840 9 

0-7450441 10 


01502159 0-7429809 II 

0-1*414121 0-7412092 12 1 

01337852 07396683 13 

0-1271029 0-7383135 M 

01211915 0-7371112 15 


o- 774997 ^> 

0-7749796 

07749638 

0-7749490 

0-7749374 

0-1159184 
Oil 1 1803 

0-1068955 

0-1029987 

0-0994367 

0-7360358 

0-7350671^ 

0-7341890 

<>•7333887 

o- 73 X'' 55 y 

r 6 

ll 

19 

20 

07749266 

0-7749168 

0-7749079 

0-7748999 

0-7748925 

0-0961658 

0-0931499 

0-0903586 

0-0877663 

0-0853514 

o- 7319 »I 7 

0-7313591 

0-7307820 

0-7302453 

0-7297446 

21 

22 

23 
-24 
25 

07748859 

07748790 

0-'/ 748742 

0-7748690 

0-7748642 

o-o 830 <i 53 

0-0809819 

0-0789973 

0-0771295 

0-0753678 

0-7292763 

0-7288371 

0-7284242 

0-7280352 

0-7276680 

26 

u 

2() 

30 

0-7748598 

0-7748557 

07748519 

0-7748483 

0-7748450 

0-0737029 

0-0721267 

0-070O318 

0-0692116 

0-0678605 

0-7273206 

0-7269914 

0-7266790 

0-7263820 

0-7260991 

31 

3-2 

33 

34 

35 

0-7748419 

0-7748389 

0-7748362 

0-7748336 

0-7748312 

0-0665732 

0065345 1 

0-0641718 

0-0630496 

0-0619751 

0-7258295 

0-7255720 

0-7253259 

0-7250904 

0-72x^8647 

30 

U 

39 

40 

07748289 

0-7748267 

0-7748246 

0-7748227 

0-7748208 

o-o 6 w )450 

0-0599565 

0-0590071 

0-0580942 

0-9572157 

0-7246483 

0-7244405 

0-7242407 

0.7240486 

0-7238636 

41 

42 

43 

44 

45 

07748x91 

07748174 

0-7748150 

1 0 ’ 774 |M 3 
0-7748128 

0-0563695 

oo '555539 

0-0547671 

0-0540074 

0-0532735 

0*7236853 

0-7235134 

0-7233475 

0-7231873 

07230324 

46 

49 

50 


For values of n exceeding 50. the following appro^mations may 
ror vH-iuc 0 010165905^ 


be used with seven -figure 


r 1213 "1 

1 _^ ” 1 4625n*J ’ 


0-15495 18004 I 


Th. «. .,ua. to tM- th. .o«.,K>ndin* . .. («. 

J. (n). 
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TABLES OP BESSEL FUNCTIONS 


Table VII. Zeros, j,, » , Po. n , k n . Pi, «. 


of Jq (a:), Tj (*), tij (a;), {x) 


n 

Jo,H 

yo,n 



n 

1 

2 

3 

4 

5 

6 

6 

9 

10 

11 

12 

14 

15 

16 

\l 

19 

20 

21 

22 

23 

24 

25 

26 

29 

30 

3 ? 

32 

33 

34 

35 

36 

11 

39 

40 

2-4048250 

5-5200781 

8*6537279 

II7915344 

14-9309177 

18-0710640 

21-2116366 

24-3524715 

27-4934791 

30-6346065 

33-7758202 

36-9170984 

40-0584258 

43 -I 9979 J 7 

46-3411884 

49-4826099 

52-62405I8 

557655108 

58-9o6<)839 

62-0484692 

65-1899648 

68-3314693 

71-4729816 

74-0145006 

77-7560256 

80*8975559 

84-0390908 

87-1806298 

90-3221726 

93-4^37188 

96-6052680 

99-7468199 

; 102-8883743 
106-0299309 
109- 1 71 4896 

1 12-3130503 
115-4546127 

1 18-5961766 
121-7377421 
124-8793089 

0-8935770 

3-9576784 

7 08605 I I 
10-2223450 

13-3610975 

16-5009224 

19-6413097 

22-7820280 

25-9229577 

29*0640303 

32-2052041 

35-3464523 

38-4877567 

41*6291045 

44-7704866 

47-9118963 

51-0533286 

54-1947794 

57-3362457 

60-4777252 

63-6192158 

66-7607160 

69-9022246 

73-0437403 

76-1852624 

79-3267901 

82-4683228 

85-6098598 

88-7514008 

91-8929453 

95-0344930 

98-1760436 

101-3175968 

104-4591523 

107-6007100 

110-7422697 

113-8838313 

ii 7 -oa 53944 

120-1669592 

123-3085253 

3-8317060 

7-0155867 

10-1734681 

13-3230919 

16-4706301 

19-6158585 

22-7600844 

25*9036721 

29-0468285 

32*1896799 

35-3323076 

38-4747662 

41-6170942 

44-7593190 

47*9014609 

51-0435352 

54-1855536 

57-3275254 

60-4694578 

63-6113567 

66-7532267 

69-8950718 

73-0368952 

76-1786996 

79-3204872 

82-4622599 

8s-6o40T94 

88-7457671 

91-8875043 

95-0292318 

98-1709507 

101*3126618 

104-4543658 

107-5960633 

110-7377548 

113*8794408 

117-0211219 

120*1627983 

123-3044705 

126*4461387 

2*1971413 

3-4296811 

8-5960059 

11*7491548 

14-8974421 

18-0434023 

21*1880689 

24-3319426 

27-4752950 

30-6182865 

33*7610178 

36-9035553 

46-3303993 

49-4725057 

52-6145508 

62-04041x1 

65*1822951 

68-3241522 

71-4659861 

74-6077996 

77-7495953 

808913753 

84-033141* 

87-1748947 

90-3166370 

93 - 4583<^2 

96-6000923 

99-7418072 

102-6835147 

106-0252153 

109-1669097 

112-3085985 

115-4503820 

118-5919607 

121*7336349 

124*8753051 

1 

2 

3 

4 

5 

6 

1 

9 

10 

11 

12 

13 

14 

15 

16 

\l 

19 

20 

21 

22 

23 

24 

25 

26 

ll 

29 

30 

31 

32 

33 

34 

35 

36 

ll 

39 

40 




TABLES OF BESSEL FUNCTIONS 


Table VII. Zeros, jj, „ , y,, „ j,, „ , y,, „ , of (jr), }', (.t), 


n 


Ji,.. 

Ja H 

3 s, »• 

« 

1 

2 

3 

5-1356-2^3 

8-4172441 

ii*6i984I2 

3-3842418 

6*7938074 

10-0234780 

13-2099868 

6-3801 619 
9-7610231 
13-0152007 

4-32702.17 

«- 0975.538 

11-3964667 

1 

4 

14-7959518 

16-2234640 

14-6236726 

17-8184543 

4 

5 

17-9598195 

16-3789666 

19-4094148 

5 

6 

21-1169971 

19-5390400 

22-5827295 

20-9972845 

6 

1 

24-2701123 

27-4^05736 

22-6939559 

25-8456137 

2V7481667 

28-9083508 

32-0648524 

35-2186707 

24-1662357 

27-3287998 


9 

30-5692045 

28-9950804 

30-4869896 

9 

lO 

33-7165195 

32-1430023 

33 -(> 4204()4 

10 

II 

3G-8628565 

35*2897939 

38-3704714 

3(1-7947910 

II 

12 

40-0084467 

43 -I 5 :H 538 

38-4357335 

41-5207197 

39 - 9457 f >72 

12 

13 

41-5810149 

44-6697431 

47-8177857 

43 'O <)53075 

13 

14 

46-2979967 

44-7257771 

47-8701227 

4 <'i 430744 

49-3914980 

14 

15 

49-4421641 

50-9650299 

15 

lO 

52-5860235 

51-0141287 

54-1116156 

52 - 53»3976 

55'6846964 

58*8304911 

(>1-9758587 

16 

\l 

19 

55-7296271 

58-8730158 

62-0162224 

54-1578545 

57-3013461 

60-4446401 

63-5877658 

57-1570511' 

60-4032241 

63-5484022 

19 

20 

^^5-1592732 

66-6932417 

65-1208612 

20 

21 

68-3021898 

66-7307471 

09-8736034 

69-8377884 

(>8-2655491 

21 

22 

71-4449899 

74-5876882 

72-9820804 

71-4099642 

22 

23 

73-0163509 

76-1261492 

74-5541409 

77-6981084 

^3 

24 

77-7302971 

8o«8728269 

76-1590031 

79-2700214 

^4 

25 

79-3015713 

82-4137195 

60-8418910 

^5 

2 b 

84-0152867 

82-4440651 
8S-5864927 
88 -j* 2886 1 2 

85 - 5571''19 

83-0855095 

2() 


87-1576839 

88-7006678 

91-6439487 

94-9871177 

87-1289817 


zH 

go- 30002 52 

90-2723230 

28 

29 

93 - 4423 T^»o 

(ji-SynyMi 

03 ' 4 I 5.5465 

9 O- 558 t >037 

-!9 

3 t> 

9 <^>* 58456 M 

950134441 

98-1301857 

30 

3 ^ 

32 

99-7267657 

102-8689327 

981556685 

101-2978536 

101-2731621 

IO4-4I6O552 

99 - 70 I(jHi 8 

102-6446186 

105-9874728 

109-1302542 

31 

3 ^ 

33 

34 

106-0110655 

109-1531673 

104-4400031 

107-5821201 

107-5588722 

110-7016197 

33 

34 

35 

112-2952406 

110-7242073 

ii 3 ' 8443«33 

112-2729O91 

35 

39 

115-4372877 

118-5793107 

113-8662672 

1 16-9869284 

115-4156229 

118-5582204 

36 

3 Z 

1170083021 

1201294994 

^ 3 ^ 


121-7213115 

120-1503138 

123-2720205 

i 2 i- 7 bo 7(>59 

124-6432635 

127 - 98571^>7 

39 

124-8632917 

123-2923041 

126-4144954 

39 

40 

128-0052530 

126-4342746 

i 29 - 556927 f> 

10 


749 
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TABLES OF BESSEL FTTNOTIOBS 


Table VII. Zeros, j^, „ , ^ 4 . „ , «, „ , 


of (x), (®), i/j (*), Y f (x) 


n 

ji,n 

yA,n 


.V 5 .B 

n 

1 

2 

3 

4 

5 

6 

1 

0 

10 

11 

12 

13 

M 

15 

16 

\l 

19 

20 

21 

22 

23 

24 

25 

26 

29 

30 

31 

32 

33 

34 

35 

3 f> 

39 

40 

7-5883427 

11*0647095 

14 - 372536‘7 

17*6159660 

20*8269330 

24*0190195 

27*1990878 

30*3710077 

33 ‘ 537 i 377 

36*6990011 

39*8576273 

43-0137377 

46*1678535 

49-3203607 

52-4715514 

55*6216509 

58*7708357 

61*9192462 

65-0669953 

68-2141749 

71*3608607 

74*5071155 

77*6529918 

80-7985341 

83-9437799 

87*0887615 

90-2335065 

93-3700390 

96-5223797 

99-6665468 

102-8105563 

105-9544223 

109-0981571 

112-2417718 

115-3852762 

118-5286792 

121-6719886 

124-8152114 

127-9583541 

131*1014225 

5-6451479 

9-3616206 

12-7301445 

15.9996271 

19*2244290 

22*4248106 

25-6102671 

28-7858937 

31-9526867 

35*1185295 

38*2786681 

41*4359606 

44*5910182 

47*7442881 

50*8961052 

54-0467255 

57-1963482 

60-3451302 

63*4931972 

66-6406512 

69-7875753 

72-9340384 

76-0800980 

79-2258022 

82-3711919 

85-5163019 

88*6611620 

91*8057980 

94*9502321 

98*0944839 

JOI23857O4 
104*3825064 
107* 5263053 

1 10*6699780 

113-8J35372 

116*9569899 

120*1003451 

123*24136104 

126*3867924 

129-5298972 

8-7714838 
12-3386042 
15 -7001 74 1 
18*9801339 
22*2177999 

mmi 

31*8117167 

41-3263833 

44-4893191 

47-6493998 

50*8071652 

53*9630266 

57*1173028 

60-2702451 

63*4220540 

66*5728919 

69*7228912 

72-8721613 

76*0207934 

79*1688641 

82*3164380 

85-4635703 

88*6103082 

91*7566925 

9^9027585 

98*0485369 

101*1940546 

104-3393353 

107*4843990 

110*6292667 

113*7739523 

116*9184713 

120*0628368 

123*2070606 

126-3511534 

129*4951246 

132-6389830 

6-7471838 

10-5971767 

140338041 

17-3470864 

20*6028990 

23*8265360 

27*0301349 

30-2203357 

33-4011056 

30-5749725 

39*7436277 

42*9082482 

46*0696791 

49-2285437 

52-3853121 

55-5403458 

58-6939271 

61-8462803 

64-9975855 

68*1479890 

71*2976113 

74*4465520 

77*5948946 

80*7427095 

83*8900562 

87-0369859 

90-1835423 

93-3297033 

96-4756819 

99-6213268 

102-7667232 

105*9118934 

109*0568569 

112*2016312 

115-3462317 

118*4906725 

121*6349657 

124*7791228 

127*9231536 

131*0670674 

1 

2 

3 

4 

5 

6 

1 

9 

10 

11 

12 

13 

15 

16 

ll 

19 

20 

21 

22 

23 

24 

25 

26 

U 

29 

30 

31 

32 

33 

34 

35 

36 

ll 

39 

40 
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TABLES OP BESSEL FUNCTIONS 

Table VII. Zeros, i.n> yva.n> ot , (x), , (x) ; with zeros, 

««. d«, of ^_,„ (*) + J„s {*), (*) _ (^) 

[Note. The last two functions are equal to 

n/ 3 - (•^mWeosso'- I',„(a!)im 3 o'‘l, ^ 3 . I J,„(a:)coe 120'- sin uo«( 

respectively.] 


n 


yiii, II 



H 

1 

2 

3 

4 

5 

6 

1 

9 

10 

11 

12 
13 

M 

15 

16 

\l 

19 

20 

21 

22 

^3 

24 

25 

20 

ll 

29 

30 

31 

32 

33 

34 

35 

36 

ll 

39 

40 

2-9025862 

60327471 

9-1705067 

12-3101938 

I5-450O49O 

18-5914863 

21-7325412 

24*8737314 

28-0150117 

31*1563549 

34*2977437 

37-4191666 

40-5806158 

gCS 

50-0050715 

53-465821 

56*2881019 

59-4296294 

62-5711634 

65*7127030 
68-8542475 
71 ‘9957961 

75-1373484 

78-2789040 

81-4204625 

84-5620234 

87-7035867 

90*8451519 

93-9867191 

97-1282878 

100-2698581 

103*4114297 

106*5530025 

109*6945765 

112*8361516 

115.9777275 

119*1191044 

122*2608821 

125*4024605 

i' 3530 iy<i 

4-^657883 

7-6012412 

10-7^02128 

i 3 *oSo 3575 

17-0210330 

20-1619929 

^3*3031228 

26*4443623 

29-5856767 

32*7270444 

35-8684514 

390098884 

4^-1513485 

45-2928269 

48-4343202 

51-5758256 

inim 

61-0003956 

64-1419325 

67-2834747 

70-4250213 

73 - 5 <i‘i 57 i 8 

76-7081259 

79-8496829 

82-9912426 

86-1328048 

89*2743691 

92*4159353 

95*5575032 
98 6990728 
101-8406437 
104-9822160 
108-1237894 

111-2653639 

114-4069394 

ii7‘5485159 

120-0900931 

123-8316712 

2-3834466 

5-6101956 

0-6473577 

11-7868429 

14-9272068 

i 8 -o 679<)53 

21-2090210 

24-3501925 

2 7 -.19 14601 
30-6327941 

33-7741762 

36*9155941 

40*0570394 

41-1985061 

46*3399899 

49-4814874 

52*6229964 

557645147 

58*9060410 

62-0475740 

65-1891127 

68-3306564 

71*47220.14 

74*6137562 

77*7553112 

80-8968692 

84-0384298 

87-1799926 

90*321557^* 

93*4631244 

96-6046929 

99-7402629 

102-8878343 

106-0294070 

109-1709808 

112-3125557 

115*4541315 

118-5957082 

0-8477186 

3-9441020 

7*0782997 

10-2169407 

i 3 ‘ 35^>9532 

16*4975630 

19-6384856 

22*7795923 

25-9208165 
29-062 1 20\ 

32-2034801 

41-6277704 

44-7692461 

47-9107371 

51-0522406 

54 -J 937545 

57*3352769 

60-4768067 

63-6181427 

66-7598840 

69-90142(39 

73-0429798 

76-1845333 

79-3200800 

82-4676492 

85-6092109 

88-7507749 

91-8923408 

95 0339085 

98*1754777 

101-3170485 

1 04 -4586205 
107-6001938 

110-7417681 

113*8833435 

117-0249197 

120-1664969 

123-3080748 

1 

2 

3 

4 

5 

6 

1 

9 

10 

11 

12 

13 

M 

15 

16 

\l 

19 

20 

21 

22 

23 

24 

25 

26 

ll 

29 

30 

31 

32 

33 

34 

35 

39 

ll 

39 

40 
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TABLES OF BESSEL FUNCTIONS 


Table VIII. Integrals of functions of order zero 

Maxima and minima of 
^ »nd i Yo (0 dl 


X 

il’jo (‘) d ( 

J ® 


002 

+ 0-0099997 

- 0-0320078 

004 

00199973 

- 0-0551846 

o-o6 

^ o-o299()io 

- 0-0750205 

o-o8 

+ 0-03997^7 

- 0-0926801 

0‘10 

+ 0-0499583 

- 0-1087153 

0-12 

+ 0-0599280 

~ 0-1234500 

0-14 

+ 00698858 

0-1370979 

o-io 

o-i8 

+ 0-0798295 

+ 0-0897573 

4- 0 0990672 

- 0-1498103 

- 0-1617001 

0*20 

“ 0-1728544 

0-22 

+ 0-1095571 

- O' 1833430 

0-24 

+ 0-1194252 

- 0-1932224 

0-20 

0-28 

+ 0-1292695 
+ 0-1390880 

- 0-2025397 
0-2113348 

0-30 

+ 0-1488788 

- 0-2196416 

0-32 

+ 0-1586399 

~ 0-2274894 

0.34 

0-36 

0-38 

+ 0-168369^ 

-1- 0-1780654 

4 0-1877260 

- 0-2349040 
-- 0-2419080 
0-2485215 

0-40 

+ o-J 973493 

- 0-2547624 

0-42 

! 0-2069333 

- 0-2606471 

0*44 

4 0-2164763 

0-2661901 

0-46 

4 0-225976*4 

4 0-2354316 

1 0-2448403 

0-2714049 

0*48 

0*30 

- 0-2703037 

- 0-2808977 

0*52 

4 0-2542004 

0-2851974 

<^'54 

4 0-2635103 

- 0-2892124 

o- 5 () 

0*58 

o-Oo 

4 0-2727682 

4 0-2819722 
f 0-2911206 

- 0-2929516 

- 0-2964234 

- 0-2996350 

0*62 

t 0-3002117 

- 0-3025900 

0-64 

4 0-3092437 

- 0*3053111 

0-66 

f 0-3182150 

- «'3077877 

0-68 

4 0-3271238 

- 0-3100319 

070 

0-3359684 

- 0-3120498 

072 

074 

0-3447472 

r 0-3534586 

- "'3138471 

- 0-3154290 

- 0-3168010 

076 

4 0-3621010 

0-78 

4 0-3706727 

- 0-3179678 

- 0 -* 3 i 8 g 344 

o-8o 

4 0-3791722 

0*82 

0-84 

o-8o 

0-88 

0-3875979 

+ 0-3959484 

0-3197054 
- 0-3202852 

4 0-4042220 

4 O-4I24174 

0-3206781 
- 0-3208884 

oyo 

4 0-4205330 

- 0-3209201 

o-g2 

4 0-4285674 

- 0-3207771 

0-94 

0*96 

1- 0-4365192 

- 0-3204634 

4 0-4443870 

0-3199827 

098 

4 0-4521694 

- 0-3193386 

I-OO 

4 0-4598652 

- 0*3185347 


^ = lo. « 

iJjoWdi 

2-4048256 

5-5200781 

^•6537279 

11-7915344 

14-9309177 

+ 0-7352208 
+ O-J34423O 
-+ 0-6340842 

+ 0-3845594 

+ 0-6028269 

18-0710640 

21-2116366 

24-3524715 

27*4934791 

30-6346065 

^ 0-4064156 

J 0-5864441 
+ 0-4192836 
+ 0-5759911 
^ 0-4279931 

33-7758202 

36-9170984 

40-0584258 

43-19979*17 

46-3411884 

+ 0-5685888 

f "'4343856 

1 0-5629957 
+ "' 439333 * 

+ "'5585784 

49-4826099 

+ "'4433085 



J |[y„ (/) Jt 

"'893577" 

3-9576784 

7-0860511 

10-2223450 

13-3610975 

- 0-3209291 
+ 0-1920149 

- 0*1474447 

H O I2374II 

- 0-1085949 

16-5009224 

19-6413097 

22-7820280 

25-9229577 

290640303 

}- 0-0978827 
-- 0-0898033 
+ 0-0834339 
~ 0-0782474 
+ 0-0739188 

32-2052041 

35-3464523 

38-4877567 

41-6291045 

44-7704866 

- 0-0702357 

4 0-0670523 

- 0-0642652 
-f 0-0617985 

- 0-0595953 

47-9118963 

4- 0-0576118 


For values of x between o and i6, the integrals may be calculated with the help of Table I 
from the formulae (cf. § 1074) 

In In 
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GENERAL INDEX 

[The numhere refer to the pcbgee.^ 

Addition theoreniB, 858-372 (Chapter xi) ; for Bessel coedioients of order zero, 128, 359; for Bessel 
coefficients of order i\, 29; for Bessel functions of the first kind (Gegenbauer’s type), 362, 367; 
for Bessel functions of the first kind (Graf’s type), 130, 148, 359 ; for Bessel functions or cylinder 
functions of any kind (Gegenbauer’s type), 363 ; for Bessel functions or cylinder functions pf any 
kind (Graf’s type), 143, 361 ; for hemi-cylindrical functions, 354; for Lommel’s functions of two 
variables, 543; for Schlafli’s function 344; for Schlafli’s polynomial, 289; integrals de- 

rived from, 367 ; physical significance of, 128, 130, 361, 363, 366; special and degenerate foi'ms 
of, 866, 868 ^ 

Airy’s Integral, 188; exin-essed in terms of Bessel functions of order one-third, 192; generalised by 
Hardy, 320; Hardy’s expressions for the generalised integral in tenns of the functions of Bessel, 
Anger and Weber, 321 ; references to tables of, 659 
Analytic theory of numbers associated with asymptotic expansions of Bessel functions, 200 
'Anger’s function 3v ( 2 ), 308; connexion with Weber’s function, 310; differential equation satisOed 
by, 812; integrals expressed in tcims of, 312; recurrence formulae for, 311; r^resentation of 
Airy’s integral (generalised) by, 321; with large argument, asymptotic expansion of, 313; with 
large argument and order, asymptotic expansion of, 816 
Approximations to Bessel coefficients of order zero with largo argument, 10, 12 ; to Bessel functions 
of large order (Carlini), 6, 7 ; (extensions due to Meissel), 226, 227, 232, 247, 521 ; (in transitional 
regions), 248; to functions of large numbers (Darboux), 233; (Laplace), 421 ; to Legendre func- 
tions of large degree, 65, 155, 157, 158 ; to remainders in asymptotic expansions, 213; to the sum 
of a series of positive terms, 8. See also Asymptotic expansions. Method of stationary phase and 
Method of steepest descents 

Arbitrary functions, expansions of, nee Neumann series and Kapteyn series (for complex valuables); 

Dlnl series, Fourier-Bessel series, Neumann series and Bchlbmlloh series (for real variables) 
Arg^ument of a Bessel function defined , 40 

Asymptotic expansions, approximations to remainders in, 213; conversion into convergent series, 
204; for Bessel coefficients of order zero with large argument, 10, 12, 194; for Bessel functions 
of arbitrary older with large argument, 194-224 (Chapter vii) ; (functions of the first and second 
kinds), 199 ; (functions of the third kind), 196; (functions of the third kind by Barnes’ methods), 
220; (functions of the third kind by Schlafli’s methods), 215; (functions with imaginary argu- 
ment), 202; for Bessel functions with onler and argument both large, 225-270 (Chapter viii); 
(order gieater than argument), 241 ; (order less than argument), 244 ; (order nearly equal to argu- 
ment), 245; (order not nearly equal to argument, both being complex), 262; for combinations of 
squares and products of Bessel functions of large argument, 221, 448; for h'resnel’s integmls, 
545 ; for functions of Anger and Weber (of arbitrary order with large argument), 313 ; (with order 
and argument both large), 316; for Lommel’s functions, 351; for Lommcl’s functions of two 
variables, 549; for Struve’s function (of arbitrary order with laige argument), 332; (with order 
and argument both large), 383 ; for Thomson’s functions, her (z) and bei (z), 203 ; for Whittaker’s 
function, 340; magnitude of remainders in, 206, 211, 213, 236, 314, 332, 352, 449; sign of 
remainders in, 206, 207, 209, 215, 315, 333, 449. See also Approximations 

Basic numbers applied to Bessel functions, 43 

Bateman’s type of definite integral, 379, 382 

Bei (z), Ber (z). See Thomson’s functions 

Bemoullian polynomials associated with Poisson’s integml, 49 

Bernoulli’s (Daniel) solution of Biccati's equation, 85, 89, 128 

Bessel coefficient of order zero, Jq (z), 8, 4; differential equation satisfied by, 4, 5 ; (general solu- 
tion of), 5, 12, 59, 60; expressed as limit of a Legendre function, 65, 155, 157; oscillations of a 
uniform heavy chain and, 8, 4 ; Parseval’s integral representing, 9 ; with large argument, asymp- 
totic expansion of, 10, 12, 194; zeros of, 4, 5. See also Bessel coefficients, Bessel functions and 
Bessel’s differential equation 

Bessel coefficients (z), 5, 6, 13, 14-37 (Chapter ii); addition theorem for, 29; Bessel’s integial 
for, 19; expansion in power series of, 15; generating function of, 14, 22, 23 ; inequalities satisfied 
by, 16, 81, 268; notations for, 18, 14; order of, 14; (negative), 16; recurrence formulae for, 17; 
square of, 32; tables of (of orders 0 and 1), 662, 666-697; (of orders), 664, 730-732; (with equal 
order and argument), 664, 746; tables of (references to), 654, 655, 656, 658. See also Bessel 
coefficient of order zero, Beesel’s differential equation and Bessel functions 
Bessel functions, 38-84 (Chapter iii) ; argument of, defined, 40 ; differential equations of order 
higher than the second satisfied by, 106 ; expressed as limits of Lam^ functions, 159; expressed 
as limits of P-fuiictions, 158 ; history of, 1-13 (Chapter 1 ) ; (compiled by Maggi and by Wagner), 
13 ; indefinite integials containing, 132-138 ; order of, defined, 38, 68, 63, 67, 70 ; rank of, de- 
fined, 129 ; relations between the various kinds of, 74 ; representation of cylinder functions in 
terms of, 82 ; solutions of difference equations in teims of, 83, 355 ; solutions of Laplace’s 
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equation containing, 83, 124 ; solutions of the ^ 

tom rdatioDs connecting, 300; with negate 

following entncK, and Cylinder ftinctlone 7o. See alno the two iirfcfdtM/; ,ntd ten 

plane to render uniform, 45; differential equation (B^Jwl’g) saSd 

ascending senes, 40 ; expansion of, in descendinR sLier^*^^ ^ 

ns a ^nerolised hypergeometric function. 100. im • • expressed 



v/uapier xm, pa»«tm ; oi complex order 46* ofordpr»a.i . L 

fomnlaa (or. J70; tabicc of (of ordem Oand 1), 662, 666-697 (of 010 ^, I) BM 7 aL 7 S ? 

Aeymptotlc expansions ; zeros of, Zeros of Bessel f^cUons ^ argument, .re 

BeBBrtft^oneoftheeewndklnd,Y.(z)(afterHankel),67.63; (L (s) (after Heine) 66- y'«Wz) 

iOT*®144*36l'^*365 BeLS canonical form), 63; addition UiooreL 
£n . n representing, 177 ; component parts of, 71, 72, 

?o°flQ ^ ^heir order), 63; differential equation (Bessel’s) satisfied by 

f; “1®®* • expansion of! in descending serie^: 

f ’ expressed as an mtegral containing functions of the first tnd, 6, 
133, 382, 433 , infinite integrals containing, 386, 887, 393, 394, 424, 425, 426, 428 429 430 433- 
1 oisson’s type of integral representing, 68, 73, 165 ; (modifications of). 169, 170 ; products of* 
149 ; (represented by infinite integrals). 221. 441,' 446 ; (asymptotic expansions of), 221 448 •' 
recuwence formulae for, 66, 71; represented by intcgials containing Legendre functions', 174* 
s^bolic formulae for, 170 ; tables of (of orders 0 and 1), 662, 666-697 ; (of order n) 604. 782- 
735 ; (of order ^), 664, 714-729; (of order - J, method of computing), 664 ; (with equal order 
and argument), 664, 747 ; (zeros of), 748-751 ; tables of, u‘ferenceB to, 656, 666, 658; with large 
argument, see Asymptotic oxpaasiona ; with negative argument, 75 ; zeros of, see Zeros of 
Bessel fimotions. See also Neuxaaim’s pol 3 naomial 

BoMel flinotlons of the third kind, (z), (z), 73; Barnes’ integrals representing, 192 

Beasers type of mtegral representing, 178; Poisson’s tvpe of integral representing, 106; (modi- 
noations of), 168, 169, 170; represented by integrals containing Legendre functions, 174- 
symbolic formulae for, 170; tables of (of oilers O' and 1), 662, 666-697; (of order j(), 664, 714 ' 
729 ; tables of (references to), 657 ; with large argument, asymptotic expansions of, 199, 210, 
216; with large argument and order, asymptotic expansions of, 244, 245, 262; with negative 
argument, 76 


Bessel ftmcUons whose order and argument are equal, approximations to, 229, 281, 282, 269, 260, 
448, 516 ; asymptotic expansions of, 245; integrals representing, 268; tables of, 658, 664, 746, 
747 ; tables of (references to), 668 

Bessel potions whose order is a fraction. Of orders (and Airy’s integral), 190; (and the 
stability of a vertical pole), 96 ; tables of, 664, 714-729 ; taWea of (references to), 659 ; zeros of, 
751. Of orders ±|, tables of (references to), 659. Of orders ±1, tables ol (references to), 
659. Of small fractional orders, tables of zeros of (references to), 502, 660. See also Bessel 

fonetions whose order Is Sc (n + i) 

Bessel fhnetions whose order ie largo, 225-270 (Chapter vm) ; asymptotic expansions of, 241, 244, 
245, 262 ; Garlmi’s approximation to, 6, 7 ; (extended by Moissel), 226, 227 ; Horn’s (elementary) 
approximation to, 225 ; Laplace’s approximation to, 7, 8, 9 ; method of stationary phase applicfl 
to, 232; method of steepest descents applied to, 237; miscellaneous properties of, 252-261; 
tables of (reference to), 658; transitiontU formulae for, 248; zeros of, 613, 616, 617, 618. See 
also Bessel functione whose order and argument are equal 

Bessel fhnotlons whose order Is .c(n ^i). 10, 52, 80 ; expressible in finite tenns, 52 ; notations fo)', 
66, 80 ; tables of, 664, 740-745 ; tables of (references to), 668, 669 

Bessel fhuotions with imaginary argument, Ki/(z), 77, 78; differential equation 

□atisfied by, 77 ; integrals representing (of Bessel’s type), 181 ; (of Poisson’s- type), 79, 171, 172; 
(proof of equivalence of various types), 185-188; monotonic property of, 446 ; of order ^ (»i i (i), 
80 ; recurronoe formulae, 79 ; tables of (of orders 0 and 1), 063, 698-713 ; (of order J), 664, 714- 
729 ; (of various integral orders), 664, 736, 737-739; tables of (references to), 657, 658; with large 
argument, asymptotic expansions of, 202 ; zeros of, 511 ; (computation of), 512 ; (references to), 
660 

BeMsl’s differential equation, 1, 19; (generalised). 38* for functions of order zero, 6, 12, 59, 60; 
for functions with imaginary argument, 77 ; fundamental system of solutions of, 42, 75 ; has no 
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algffbraic integral, 117 ; soluble in finite terms when and only when the functions satisfying it 
are of order n + 52, 119; solution of, in ascending series, 39, 40, 57, 69-61 ; solution of, in 

descending series, sec Asymptotic expansions ; symbolic solution of, 41 ; transformations of. 94, 
97. JSIce also Bessel ooefllclents and Bessel ftinctions 
Bessers integral representing Bessel coefficients, 19, 21; generalisations and extensions of, see 
Anger’s function, Bourget’s function, Bruns* function and Weber's function; modifications of, 
to represent Bessel functions of arbitrary order, 176, 176, 177, 178, 181 ; Theisinger’a transforma- 
tion of, 184 ; used in theory of diffraction, 177 ; used to obtain asymptotic expansions, 215. S'ee 
also Parseval's Integral 
Bounds, npper, see Inequalities 

Bourget's function J,. (z), 326; differential equation satisfied by, 327 ; recurrence formulae for, 

826 

Bruns’ function J (z\v,k)y 327 

Carllni’s approximation for Bessel functions of large order, 6, 7 ; extended by Meissel, 226, 227 

Cauchy’s numbers 324 ; recurrence formulae for, 326 

Casrley’s solution of Riccati’s equation, 88 

Chain, oscillations of a uniform heavy, 3, 4, 576 

Cognate Biccati equations, 91 

Complex variables, expansions of arbitrary functions of, see Kaptesm series and Keumann series 
Complex zeros of Bessel functions, 483 ; of Bessel functions with imaginary argument, 511 ; of 
Lommel’s polynomials, 306 

Composition of Bessel functions of the second kind of integral order, 840 

Computation of zeros of Bessel functions by various methods (Groeffe’s), 600, 502; (Stokes’), 603; 

(Sturm’s, for the smallest zero), 616. See also Zeros of Bessel functions 
Constant phase, Schlafli’s method of, 216 

Constants, discontinuity of arbitrary (Stokes* phenomenon), 201, 203, 238, 336 
Continuants, connected with Schlafli’s polynomial, 288 

Continued fractions representing quotients of Bessel functions, 153 ; convergence of, 164, 303 
Convexgent series, Hadamaid’s conversion of asymptotic expansions into, 204 
Creller's Integral for Schlafli’s polynomial, 288. See also Neumann’s Integral for Neumann’s 
polynomial 

Cross-ratio of solutions of Bidcati’s equation, 94 
Cube of a Bessel function, expansion of, 149 
Cut necessary for definition of Bessel functions, 46, 77 
Cylinder (circular), motion of heat in, 9, 10, 576, 577 

Cylinder functions, 4, 82, 480; addition theorems, 143, 361, 865; connexion with Bessel 

functions, 83 ; origin of the name, 83 ; rank of, 129; solutions of differential equations of order 
higher than the second by, 106 ; three-term relations connecting, 300. See also Bessel functions 
and Heml-cylindrical functions 

Darboux’ method of approximating to functions of large numbers, 233 

Definite integrals, containing Bessel functions under the integral s^gn, 373-382 (Chapter xii); 
evaluated by geometrical methods, 374, 376, 378; the Ramanujan-Hardy method of evaluation, 
382. See also Infinite integrals 

Definite integrrals representing special functions, see Bessel functions and Integ^rals 
Determinants, representing Lommel’s polynomials, 294 ; Wronskian, 42, 76, 77 
Difference equations (linear with linear coefficients) solved by means of Bessel functions, 83. See 
also Functional equations aiid Recurrence formulae 
Differentiability of Fourier-Besscl expansions, 605; of special Sclilomilch series, 635 
Differential coefficients, fractional, 107, 126 

Dlfflsrential equations (ordinary), linear of the second order, equivalent to the generalised Biccati 
equation, 92 ; of order higher than the second solved by Bessel functions, 106 ; oscillation of 
solutions of, 518 ; satisfied by the product of two Bessel functions, 145, 146 ; solved by elemen- 
tary transcendants, 112; symbolic solutions of, 41, 108. See also under the nahies of special 
equations^ such a^ Bassal’s differentisl equation, ajid under the names of various functions atul 
polynomials satisfying differential equations^ such as Anger’s function 
Differential equations (partial), solution of by an integral containing Bessel functions, 99 ; see also 
Laplace’s equation arid Wave-motions, equation of 
Diffraction, theory of, connected with Airy’s integral, 188; with Bessel’s type of integral, 177 ; with 
Sohlfimilch series, 633 ; with Struve’s functions, 417 
Diffuion of salts in a liquid, and infinite integrals containing Bessel functions, 437 
Dini expansion, 580. See also Dlnl series 
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Piid Beries, 677, 580, 596-605, 615-617 (Chapter xviii), 651-653; exptinsion of an arbitrary func- 
tion of a real variable into, 580, 600 ; niethodR of theory of funciiotiH of complex variables applicMl 
to, 596, 602; Biemann-Leliesgue lemma, analogue of, 599; Kiemann’s theorem, analogue of, 
649; summability of, 601, 615 ; uniformity of convergence of, 601, 604 ; uniqueness of, 616, 651 ; 
value at end of range, 602 
XMrioblet’B dlBOontlnuouB factor, 406 

IMBOontlnulty of arbitrary constants (Stokes’ phenomenon), 201, 203, 238, 336 
DlBContlnuouB factor (Dirichlet’s), 406; (Weber’s), 405 
DlBContinuoiiB integrals, 398, 402, 406, 408, 411, 415, 421 
Domain K (Kapteyn’s), 650 ; diagram of, 270 

Du BoIb Reymond’B integrals with oscillatory integrands expressed in terms of Bessel functioiiK, 183 


Electric waves, 56, 226, 449 
Electromagnetic radiation, 551, 556 

Elementary transccndants, definition of, 111 ; order of, 111 ; solution of differential equations bv, 
112 

Equal order and argument, Bessel functions with, 231, 232, 258, 260 ; tables of, 746, 747 ; tables 
of (references to), 658, 664 
Euler’s solution of Kiccati’s equation, 87 

Exponential function, tables of, 698-713 ; tables referred to, 663, 664 


Factors, discontinuous (Dirichlet’s), 406 ; (Weber’s), 405 ; Neumann’s ( = 1 or 2), 22 ; expression 
of Bessel functions as products of Weierstrassian, 497 
Fejdr’s theorem, analogue of, for Fourier- Bessel expansions, 610 

Finite terms, Bessel functions of order -fc (w +4) expressed in, 62 ; Bessel functions of other orders 
not so expressible, 119 ; solutions of Riccati’s equation in, 85, 86, 89 ; the solution of lliccati’s 
equation in, not possible except in Daniel Bernoulli’s cases and their limit, 123 
Flights, problem of random, 419 

Fourler-Bessel expansion, 580. See aUo Fouxler-Bessel series 
Fourier-Bessel functions, 4, 84 

Fourler-Bessel Integrals, see MulUple Infinite Integrals 

Fourler-Bessel series, 676-617 (Chapter xvin), 649-651; expansion of an arbitrary function of a 
real variable into, 576, 680 ; Fej^r’s theorem, analogue of, 610 ; Kneser-Sommerfeld expansion 
of a combination of Bessel functions into, 499 ; methods of theory of functions of complex vari- 
ables applied to, 582, 607 ; order of magnitude of terms in (Sheppard’s theorem), .>95 ; lliemann- 
Lebesgue lemma, analogue of. 589 ; Riemann’s theorem, analogue of, 649 ; 

606, 613; term-by-term differentiation of, 678, 605; uniformity of conver^nce of, ; 

(near origin), 616 ; uniformity of summability of, 612 ; uniqueness of, 616, 649 ; value at end ( 
range, 694, 603 

Fractional differential coeffldente, 107, 125 

Ftesnel’s integrals, 544 ; asymptotic expansion of, 545 ; tables of, 744, 745 ; tables of maxima 
and minima of, 745 ; tables of (references to), 660, 661, 604 
Functional equations defining cylinder functions, 82 ; generalised by Nielsen, 355 
Functions of largo numbers, approximations due to Darboux, 233 ; approximations due to 

“fAwToWtlS.. A«yinpt«Uc.xpaMton., Method of .taUonary pHwe ««</ Mothod 
Of steepest descents 

Fundamental system of solutions of Bessel’s differential equation, 42, 7o, 78 

Oallop’o dlMontlnooiu indnlte Intesralo. 421 

evaloatUmof infinito 

to determinatron ot asymptotic expansions, 352 ^ 

OOKonbaner’i addition thoorem for Bessel functions, 362. 368, 367 

formulae for, 283 
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Oeneralised Integrals (with implied exponential factor), 186, 441, 463, 464 

Oeneratiiiff function of Bessel coefiioients, 14, 22, 23 ; of Neumann’s polynomials, 261, 282 

aUbert ’8 Integrals, 548, 649 

Giuliani's function, see Bourget’s function 

Oraeffe’s method of calculating zeros, 500, 502 

Grafs addition theorem for Bessel functions, 359, 361 

Group velocity, 229 

Growth of zeros of Bessel functions, 485 

Hankers infinite integrals, 884, 386, 389, 390, 393, 395, 424, 427, 428, 434 
Hansen’s upper bound for (:r), 81 ; generalised, 406 

Hardy’s ftmctlons (a). (generalisations of Aiiy’s integral), 320; expressed in 

terms of functions of Bessel, Anger and Weber, 321, 322 
Hardy’s integrals representing Lommel’s functions of two variables, 546 
Hardy’s method of evaluating dofluite integrals, 382 
Heat, conduction of, 9, 10, 450, 576, 577, 616 

Hemi-cylindrioal functions 8 „( 2 ), defined, 353; expressed in terms of the function of order zero, 
353 ; addition theorem for, 354 

Hypergeometrlc functions, limiting forms expressed as Bessel functions, 154 
Hypergeometrlc functions (generalised), 90, 100; Bessel functions expressed in terms of, 100, 101 ; 
notations for, 100 ; relations between (Rummer’s formulae), 101, 102 ; Sharpe’s differential equa* 
tion solved by, 105 

Imaginary argument, Bessel functions with, see Bessel functions with imaginary argument; 

Struve’s functions with, 329, 332 

Indefinite integrals containing Bessel functions under the integral sign, 132-138, 360, 581 ; tables 
of, 744, 745, 752 ; tables of (references to), 660, 661, 664 
Inequalities satisfied by Bessel functions, 16, 31, 49, 255, 269, 268, 406; by Neumann’s poly- 
nomial, 273, 282 ; by Struve’s function, 328, 337, 417 ; by zeros of Bessel functions, 485, 489, 
490, 492, 494, 515, 516, 521 

Infinite integrals containing Bessel functions under the integral sign, 383-449 (Chapter xin) ; dis- 
continuous, 398, 402, 406, 408, 411, 415, 421 ; generalised, 441 ; methods of evaluating, described, 
383 ; Ramanujan’s type (integrals of Bessel functions with respect to their order), 449. See also 
under the names of various integrals^ e.g. Lipschitz-Hankel infinite integral 
Infinity of the number of zeros of Bessel functions and cylinder functions, 4, 478, 481 , 494, 495 
Integrals, expressed in terms of Lommel’s functions of two variables, 640; expressed in terms of 
the functions of Anger and Weber, 312; Fresnel’s, 544, 545, 660, 661, 664, 744, 745; Crilbert’s, 
648, 549 ; values of, deduced from addition theorems, 367 ; with oscillatory integrands, 183 ; 
with the polynomials of Neumann and Gegenbauer under the integral sign, 277, 285. See also 
Definite integrals and Infinite integrals 
Interference, 229 

Interlacing of zeros of Bessel functions and of cylinder funotions, 479, 480, 481 
Irrationiaity of rr, 90, 485 

Jacobi’s transformation connecting sin n6 with the hi — l)th differential coefficient of sin^*^ ' $ with 
respect to cos 6, 26 ; erroneously attributed to Rodrigues, 27 ; various proofs of, 27, 28 

Kapteyn’s domain A", 559 ; diagram of, 270 

Xapteyn series, 6, 13, 651-575 (Chapter xvii); connexion with Kepler’s problem, 561 ; expansions 
into, derived from Kepler’s problem, 564, 556 ; expansion of an arbitrary analytic function into, 
670; fundamental expansions into, 567, 559, 561, 564, 666, 668, 571 ; Kapteyn’s domain A", of 
convergence of, 559 ; (diagram of), 270 ; nature of convergence outside and on the boundary of 
K, 574 ; second kind of, 672 

Kapteyn’s poljmomial (t), 568; expressed in terms of Neumann’s polynomial, 569 
Kaptejm’s type of definite integral, 380 

Kepler’s problem, 6, 661, 554; Bessel’s solution of, 13; Lagrange’s solution of, 6 
Kinds of Bessel functions, (first) 40 ; (second) 68, 63, 64, 65, 67 ; (third) 73 
Kneser-Bommerfeld of a combination of Bessel functions as a Fourier-Bessel series, 499' 

Kummer’s formulae connecting generalised hypergeometric funotions, 101, 102 

Lam^ functions, limiting forms expressed as Bessel functions, 159 

Laplace's equation, general solution due to Parseval, 9 ; general solution due to Whittaker, 124 ; 
solutions involving Bessel functions, 83, 124; used to obtain addition theorems for Bessel func- 
tions, 127 
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Lai^lace’s methods of approximating to functions of large numbers, 8, 421 

Laplace's transformation, 280, 395 

Laxga BimlMn, methods of approximation to functions of (Dorboux), 283 ; (LiiDlacel 8 421 s,v 

aUo Approzlmatloiu and Asymptotic «rpnn«inn. »• Vf 

Laqr* ordw, Angor-s ftmotlon, Bessel nmctions whose order Is large, Btmve's foncUon a,ui 
Wooer s lunotion 

Lebesffue*s lemma, sie Rlemann-Lebesgne lemma 


Legendre functions, Barnes’ notation for, 156; integrals containing, 50, 173, 174 3;j9 475* limits 
of, expressed as Bessel functions, 66, 156, 157 ; (physical significance of), 156 ; of ’largo degree 
approximations to, 158 ; relation between two kinds of, 174 ; Whipple’s transformation of 387’ 
See also Oegenl>auer*s ftmotlon C^v (z) ’ ' 

Llpsohlts-Hankel Infinite Integral, 384 ; generalised, 389 

Lommel's functions Sit , v { z ), .‘jia.it (^), 346, 347 ; cases of expression in finite terms, 360; integrals 
representing, 846, 350; recurrence formulae, 348; special cases expressible by the polynomials 
of Gegenhauer, Neumann and Schlafli, 360; special cases with ft ^ if an odd negative integer, 
348 ; with large argument, asymptotic expansion of, 351 
liOmmel's ftmotlons of two yariables, Vv (w, z), V„ (le, z), 537, 538 ; addition forniulao for, 543 ; 
integrals representing, 540, 546 ; reciprocation formulae. 542 ; recurrence formulae, 539 ; Hpecml 
case of, 681, 762 ; tables of, 752; tables referred to, 660; with large argument, asymptotic expan- 
sions of, 549 

Lommel’s polynomial Rm, v (2), 294, 295 ; differential equation satisfied by, 297 ; Hurwitz' notation 
{fm,v (^)» 303 ; limit of, expressed as a Bessel function, 302 ; of negative order, R^m.^ (*), 299; 
recurrence formulae, 298; recurrence formulae in Hurwitz’ notation, 303; relations witn Bessol 
functions, 295, 297, 302 ; three-term relations connecting, 300, 301 ; zeros of, 304, 305, 806 


Magnitudes of remainders in asymptotic expansions, 206, 211, 213, 236, 314, 332, B52, 449 

of Bessel functions, 488; of Fresnel’s integrals, table of, 745; of integrals of Bess**! func- 
tions, table of, 752 

Mean anomaly, expansions of elements of an orbit in trigonometrical senes of, 6, 13, 662, 564, 556 
klebler-Diilchlet integral representing Legendre functions, limiting form expressed os Poisson’s 
integral, 157 

Mehler-Sonlne integrals representing Bessel functions, 169, 170 

Meissel’s approximations to Bessel functions of large order, 226, 227, 232, 247, 621 ; types of 
Kapteyn seiies, 567, 561, 664, 666 

Membrane, vibrations of a circular, 6, 676, 618 ; vibrations of a sectorial, 610 

Method of constant phase (Scblafii’s), 216 

Method of stationary phase, 225, 229 ; applied to Bessol functions, 231, 233 
Method of steepest descents, 235 ; applied to Bessel functions, 237, 241, 244, 245, 202; applied to 
functions of Anger and Weber, 316 ; applied to Struve’s function, 333; connexion with Laplacci s 
method of approximation, 421 

of Bessel functions, 488 ; of Fresnel’s integrals, table of, 745 ; of integrals of Bessel func- 
tions, 752 

Monotonic properties of */„ {vx)IJv (i'), 267 ; of Jy (i') and Jy (f), 260 ; of A'y (.r), 44 > 

Multiple infinite tntegrals, 450-476 (Chapter xiv) ; investigated bj Neumann, 463 470 ; (KP^ralis^ 
by Hankel), 453. 456, 465; (generalised by Orr), 456; (inodified by Weber), 468, Kiemann- 
Lebesgue lemmas, analogues of, 457, 471 ; Weber’s type of, 450 

NAiunann series 622-537 (Chapter xvi); expansion of an arbitrary analytic function into, 623, 
“ a 30/81. af 69 71. 151 i ^aurent-H cx^n»,on analo^o ^ 694; 

Pincherlc’s theorem on the singularities of, Ad^tlon’ theorems 

138, 139, 140, 527, 581 ; Webb-Kapteyn (real variable) theory of, o3d. Seenlno aaoiwon wieorwi » 

and Lommel's functions of two variables 

Neumann’s factor ( = 1 or 2), 22 

K.«n«ux;. 509 ; connaeux. 

inteeralB containing. 277; differential 

InnctionB. 850; formerly (”)• genc^^^^^ 2Hl‘. 282 ; .nequali- 

UeTeaS tj. ^ ^nUnSg. 488 ; Neunmnn'B integral mpreBenting, 
278 280" of negative order defined, 276 ; recurrence formulae ^ , _f,i«„omiaI 

Neumann’s polynomial n„(0» 290, 291 ; ; recurrence 

On (*)* ; Gegenhauer s generalisation of, see Clegenbau po yn 

formula for, 292 

Nicholson's infinite Integrals, 431 , 441 
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Nieleen-Hankal functions » %ee Bessel functions of the tUlrd kind 

Null-fUnotlons, Leroh’s theorem on integrals representing, 382 ; represented by Schlomilch series, 
634, 636, 642, 647 

Numbers, analytic theory of, associated with asymptotic expansions of Bessel functions, 200 
Numbers, Cauchy’s, 324 ; recurrence formulae for, 825 

Order of a Bessel function defined, 38, 58, 63, 67, 70 ; integrals with regard to, 449 
Ordinary differential equations, mc Differential equations 
Osculation of solutions of linear differential equations, 518 
Osculations of membranes, 5, 510, 576, 618 ; of uniform heavy chains, 3, 4, 576 
Oscillatory integrands, Du Bois Ileymond’s integrals with, expressed in terms of Bessel functions, 
183 

P'fnnctions, limiting forms expressed as Bessel functions, 158 
Farseval's Integral representing Jq ( 2 ), 9, 21 ; modidcations of, 21 

Partial differential equations, ue Differential equations 

Phase, method of stationary, general principles of, 225, 229; applied to Bessel functions, 231, 283 
Phase, Sohladi’s method of constant, 216 

Plncberle's theorem on singularities of functions defined by Neumann series, 526 
Poisson’s integral for Bessel coefficients, 12, 24, 25; for Bessel functions, 47, 48, 49 ; (generalised by 
Oegenbauer), 50 ; (symbolic form of), 50 ; for Bessel functions of imaginary argument, 80 ; for 
Bessel functions of the second kind, 68, 73 ; limit of the Mehler-Dirichlet integral for Legendre 
functions as, 157 ; transformation into contour integrals to represent Bessel functions of any order 
(of the first kind), J61, 163, 164 ; (of the second kind), 165 ; (of the third kind), 166, 167; (with 
imaginary argument), 171, 172; transformations of the contour integrals, 168, 169, 170. See 
also Paneval’B Integral ami Struve’s function 

Polar coordinates, change of axes of, used to obtain transformations of integrals, 51, 374, 376, 378 ; 

used to express Bessel functions as limits of Legendre functions, 155 
Probltoe de moments of Stieltjes, 464 

Products of Bessel functions, 30, 31, 32, 82, 146, 147, 148, 149 ; Bateman’s expansion of, 130, 370 ; 
expansions of arbitraiy functions into series of, 525, 572 ; integrals representing, 31 , 150, 221 , 438, 
439, 440, 441, 445, 446, 448 ‘ series of, 30, 151, 152 ; with large argument, asymptotic expansions 
of, 221, 448 

Products of Weierstrassian factors, Bessel functions expressed as, 497 
Quotient of Bessel functions expressed as a continued fraction, 153, 154, 303 

Radius vector of an orbit, expansion as trigonometrical scries of the mean anomaly, 6, 13, 552, 553,554 

Bamanqjan’s Integrals of Bessel functions with respect to their order, 449 

Ramanujan’s method of evaluating definite integrals, 382 

Random flights, problem of, 419 

Rank of Bessel functions and cylinder functions, 129 

Real variables, expansions of arbitrary functions of, see Dlni series, Fourier- Bessel series, 
Neumann series (Webb-Kapteyn theory), and Bohlbmlloh series 
Reality of seros of Bessel functions, 482, 483, 511 
Reciprocation formulae for Lommel’s functions of two variables, 542 

Recurrence formulae for Anger’s functions, 311 ; for Bessel coefficients, 17 ; for Bessel functions 
of the first kind, 45 ; for Bessel functions of the second kind, 66, 71 ; for Bessel functions of the 
third kind, 74 ; for Bessel functions with imaginary argument, 79 ; for Bourget’s functions, 326; 
for Cauchy’s numbers, 325 ; for cylinder functions, 82 ; for Gegenbauer’s polynomials, 283 ; for 
Lommel’s functions, 348 ; for Lommel’s functions of two variables, 539 ; for Lommoi’s poly- 
nomials, 298, 303 ; for Neumann’s polynomials 0„ fi), 274 ; for Neumann’s polynomials (t), 
283; for SchUfli’s functions, 71, 342, 343; for Scnlafli’s polynomials, 285; for Struve’s func- 
tions, 329 ; for Weber’s functions, 311 ; for Whittaker’s functions, 839. See also Functional 
equations, Heml-cyllndrical ftmctlons and Three-term relations 
Reduced funotlons, Gailler’s, 536 

Remainders In asymptotic expansions, magnitudes of, 206, 211, 236, 314, 332, 352 ; signs of, 206, 
207, 209, 216, 316, 333 ; Stieltjes’ approximations to, 213 
Repetition of zeros of Bessel functions and cylinder functions, impossibility of, 479 
Riooatl’s differential equation, 1, 2, 85-94; connexion with Bessel’s equation, 1, 90| equation 
cognate to, 91; limiting form of, 86; soluble cases of (D. Bernoulli’s), 85; soluble cases of. 
exhausted by D. Bernoulli’s formula and its limit, 123 ; solutions by various mathematicians 
(D. Bernoulli), 2, 85, 89 ; (Cayley), 88 ; (Euler), 87 ; (Schlafii), 90 ; solved by means of infinite 
series by James Bernoulli, 1 ; transformations of, 86 
Riocati’s differential equation generalised, 3, 92, 94 ; cross mtio of solutions. 94 ; equivalence 
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with the linear equation of the second order fto. 

bers (two, one or none) of quadmtures, 3, 93’ ’ 8in(fularitio8 of. 94 ; Holuble by various num- 

Riemaim-Lebeeffae lemma, analogues of the, 457, 471 689 599 

“Si « “£s.u™s, Mr M,. M, , 

BodrlKUM' traatformation, tee Jacobl’a transformation 


BohallialtUn’a dlacontinuiraa Inilnite intogral. 398, 402, 405, 400 , 408, 4H 

“"'I cylinder f unctionH, 168, 169, 490 491 493 

equations eatiZd fy,%42, 343 /of "ga’tw; o?ier,t48frectwncc 
Solilafll B hypergeometrlc function. 90 ' * * 

Sir 

SohUlfll'B solution of liiocati’s equation, 90 

Sobldmlloli Berles, 618-649 (Chapter xix) ; definition of. 621 ; de6nition of generalised 623 ■ ex 
function of a real variable into, 619, 628, 629 ; nature of convergence of 
637, 645; null-functions expressed by, 634 ; Riemann’s theorem on trigonometrical series (ana- 
logue oQ, 642, 647; special cases of, 632; symbolic operators in the theory of, 626, 027- theory 
of functions of complex variables connected with, 623 ; uniqueness of, 643, 647 * ^ 

BorlM conW^ Bessel fimettons, nee Dlni series, Fourter-Bessel series, Kapteyn series, Neumann 
series and Bchlttmilch series # -v-*®., noiumuu 


Series of Bessel functions, dehnition ot, 580 

Berles of positive terms, approximation to the sum of (greatest term method), 8 
Sharpe's dUferential equation, 105 ; solution by generalised hypergeometric functions, 105 
Sign of remainders in asymptotic expansions, 206, 207, 209, 215, 316, 333, 449 ; of Struve’s func- 
tion, 337, 417 


Sine-integral expressed as a series of squares of liessel coolficients, 162 

BingulariUes of functions deHned by Neumann series (Rinchcrle’s theorem), 526 ; of the generalised 
Bicoati equation, 94 

Smallest seros of Bessel functions, 5, 500, 516 

Bommerfeld’s expansion, see Kneser^Bonmierfeld expansion 
Sonine-Mehler integrals representing Bessel functions, 169, 170 
Bonlne's definite integral, 373 ; generalised, 382 

Sonlne's discontinuous infinite integrals, 415 
Sonlne’s infinite integrals, 432 

Spherical geometry used to obtain transformations of integrals, 51, 374, 376, 37K ; used to express 
Bessel functions as limits of Legendre functions, 155 
Bound, Sharpe’s differential equation in tlic theoiy of, 105 

Squares of Bessel functions, see Products of Bessel functions 


Stability of a vertical pole associated with Bessel functions of order onc-tiiird, 96 
Stationary phase, method of, 225, 229 ; applied to Bessel functions, 231, 233 
Steepest descents, method of, 285 ; applied to Bessel functions, 237, 241, 244, 245, 262 ; applied 
to functions of Anger and Weber, 316 ; applied to Struve’s function, 333 ; connexion with 
Laplace’s method of approximation, 421 

Stokes’ method of computing zeros of Bessel functions and cylinder functionK, 503, 505, 507 


Stokes* phenomenon of the discontinuity of arbitrary constants, 201, 203, 238, 336 
Btrnve’e function Hp (2), 328 ; connexion witli Weber’s function, 336 ; differential equation satisfied 
by, 329 ; inequalities connected with, 328 ; infinite integrals contiiining, 392, 397, 417, 425, 436; 
integral representations of, 328, 330 ; occurrence in genemiised Sclilomilch scries, 622, 623, 631, 
645, 646, 647; of order ^ (nn ^), 333 ; recurrence formulae for, 329 ; sign of, 337, 417 ; tables of, 
663, 666-697; Theisinger’s integral for, 338; with imaginary argument, 329, 332; with largo 
argument, asymptotic expansions of, 332 ; with laige argument and order, asymptotic expan- 
sions of, 333 ; zeros of, 479 
Struve’s infinite integrals, 396, 397, 421 

Sturm’s methods applied to determine the reality of zeros of Bessel functions, 483 ; of Tiommel h 
polynomials, 304, 305, 306 ; applied to estimate the value of the sniallcBt zeio of Bessel furie, turns 
and cylinder functions, 517, 518 

Symbolic operators in expressions representing Bessel fiinctioiiK. 60, ]7(/; in expressions repre- 
senting solutions of various differential equations, 41, 51, 108; in the tlieory of hchlonnlch 
series, 627 
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TaUM of Bessel ooefHcients (of orders 0 and 1), 662, 666-697; (of order n), 664, 730-782; (with 
equal order and argument), 664, 746 ; of Bessel functions of the first kind (of orders n h - n - i), 
064, 740-741 ; (of order 4), 664, 714-729 ; of Bessel functions of the second kind (of orders 0 and 
1). 662, 666-697 ; (of order n), 664, 732-735 ; (of order i), 664, 714-729 ; (with equal order and 
arffument). 664,''747 ; of Bessel functions of the third kind (of 01x101*8 0 and 1), 662, 666-697 ; (of 
order. ^), 664, 714-7^#; of Bessel functions witli!Hmaginary argument (of orders 0 and 1), 663, 
698-718 ; (of order u), 664, 736, 737-739 ; (of order li), 664, 714-729 ; of c*, 663, 698-713 ; of l^esneP s 
integrals, 664,..744-745 ; of integrals of Bessel functions of order zero, 664, 752 ; of Struve’s func- 
tions (of orders 0 and 1), 663, 666-697 ; of zeros of Bessel coehicients and functions of integral 
order n and of order ^ , 664, 748-751 

Tablea (references to) of Airy’s integral, 659 ; of Bessel coefficients and iunctions derivable from 
them, 654, 655, 656, 658 ; of Bessel functions (of orders n + ^ - i)i 658, 659 ; (of orders ± | , 

±1), 659; (of orders =bV), 659; of Bessel functions of the second kind, 655, 656, 658; of 
Bessel functions of the third kind, 657 ; of Bessel functions with imaginary argument, 657, 658 ; of 
Fresnel’s integrals, 661 ; of integrals of Bessel functions and Struve’s functions, 661 ; of Lommel’s 
functions of two variables, 660 ; of Vhomson’s functions ber.r and bei .r, etc., 658 ; of zeros of 
Bessel coefficients, functions and associated functions, 659, 660 

Theislnger’s integral representation of Bessel functions, 184 ; of Struve’s and Weber’s functions, 
888 

Thomson’s (Sir WtUlam) functions, berr, bei 2 , 81 ; connexion with Bessel functions, 81 ; generali- 
sations, 81 ; references to tables of, 668 ; squares and products of, 82, 148 ; with large argument, 
asymptotic expansions of, 203 

Throe-term relattons connecting Bessel functions, cylinder functions and Lommel’s polvnomials, 
300, 801 

Transoendants, elementary, definition of, 111 ; order of. 111 ; solutions of differential equations 
by, 112 

Trahsitloiial regions associated with Bessel functions of large order, 248 

Uniformity of convergence of Dini series, 601 ; of Fourier-Bessel series, 593, 594 ; of Kapteyn series, 
576 ; of Schldmilch series, 632 

Uniqueness of Fourier-Bessel and Dim series, 616, 649, 651 ; of Scblomilch series, 643, 647 

Upper hounds, see Inequalities 

Viscous fluid, motion of, associated with Airy’s integi'al, 189 

Wave-motions, equation of, general solutions, 125 ; generalised to dimensions, 128 ; used to 
obtain addition theorems for Bessel functions, 129 

Waves, electric, 56, 226, 446 ; on Avater, and the method of stationary phase, 229 

Weber’s (H.) discontinuous factor, 405 

Weber’s (H.) inflnlte Integrals, 391, 393. 395, 396; (discontinuous typos of), 39H, 402, 405, 406, 
408, 411 

Weber’s (H. F.) function (zj, 308 ; connexion with Aiigoi’s function, 310 ; connexion with Struve’s 
function, 336 ; differential equation satisfied by, 312 ; integrals expressed in terms of, 312 ; re- 
currence formulae for, 311 ; representation of Airy’s integral (generalised) by, 321 ; tables of, see 
Struve’s function ; Theisinger’s integral for, 338 ; with large argument, asymptotic expansion of, 
813 ; with large argument and order, asymptotic expansion of, 316 

WalSFStrassian products, expression for Bessel functions as, 497 

Whipple’s transformation of Legendre functions, 387 

Whittaker’s function Wi. (z), 339 ; differential equation satisfied by, 339 ; recurrence formulae for,. 
339 ; with large argument, asymptotic expansion of, 340 

Wronsklan determinant, 42, 76, 77 ^ 

Zeros of Bessel functions, 477-521 (Cbnptor xv) ; computation of (various methods of), 142, 500, 502, 
503, 516; inequalities connected with, limits of, rates of growth of, 485, 489, 490, 491, 494, 507, 
513, 516, 518 ; infinity of, 4, 478 ; intorlacing of, 479, 480, 481 ; non-coincidence of (Bourget’s 
hypothesis), 484 ; non -repetition of, 479 ; number of, in a strip of arbitrary width, 495; reality of, 
482, 483; tobies of, 664, 748- 751 ; tobies of (references to), 6-39 ; values of, 4, 5, 512, 516 ; with 
imaginary argument, 511 ; Avith unrestrictedly large order, 513, 516 

Zeros of Lommel’s polynomials (reality of), 304, 305, 306 

Zeros of Struve’s function, 479 



